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Abstract

By using the heat kernel parameter expansion with respect to the frozen SDEs, the
intrinsic derivative is estimated for the law of Mckean-Vlasov SDEs with respect to the
initial distribution. As an application, the total variation distance between the laws of
two solutions is bounded by the Wasserstein distance for initial distributions. These
extend some recent results proved for distribution-free noise by using the coupling
method and Malliavin calculus.
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1 Introduction

Let %2, be the set of all probability measures on R? with finite second moment, which is
called the Wasserstein space under the metric
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Wo(u,v):= inf (/ |z —y|27r(dx,dy)) . WV E Py,
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where & (u,v) is the set of all couplings of u and v. Consider the following distribution
dependent SDE on R%:

where W, is an m-dimensional Brownian motion on a complete filtration probability space
(Q,{Z:}i>0,P), L, is the law of X, and

b:Ry xRIx Z, - RY o:Ry xRIx Py > RI@QR™

are measurable. This type equations, known as Mckean-Vlasov or mean field SDEs, have
been intensively investigated and applied, see for instance the monograph [2] and references
therein.

To characterize the regularity of the law Zxr with respect to the initial distribution s,
we investigate the derivative estimate of the functions

Py 3> s Pof(p) =Ef(X}), feBy(RY,t>0.

When the noise coefficient o,(z, 1) does not depend on p, the Harnack inequality and deriva-
tive formula have been established in [11, 9] for P, f by using the coupling by change of mea-
sures and Malliavin calculus respectively. See also [1, 6, 7, 10] for extensions to distribution-
path dependent SDEs/SPDEs, singular distribution dependent SDEs, and distribution de-
pendent SDEs with jumps, where in [10] allows the noise to be also distribution dependent
and establishes the gradient estimate on P, f(z) := (P,f)(d,) when the initial distribution is
a Dirac measure. In this paper, we estimate the derivative of P, f(u) in p by using the heat
kernel parameter expansion with respect to the frozen SDE

(1.2) dX[" = by(z, py)dt + oy (2, gy )dW,

for fixed (z, ) € R? x 22(R?), where ji; := L. Since this SDE has constant coefficients,
the solution has a Gaussian heat kernel which can be easily analyzed.

Before introducing the main result, we first recall the intrinsic derivative and L-derivative
for functions on &,.

Definition 1.1. Let f: %, — Rand g: RY x &, — R.

(1) f is called intrinsically differentiable, if for any pu € &,

LQ(Rd N Rd;/vb) 3 gb — Déf(ﬂ) — I;E]l f(:u © (Id + 5€¢)1) — f(M) cER

is a well defined bounded linear functional. In this case, the unique map
Py > DR f(p) € LA(RY — RY; )
such that D} f(u) = (¢, D" f(1))12(u) holds for any p € 25 and ¢ € L*(R? — RY; 1)

is called the intrinsic derivative of f, and we denote
ID"f()]l = 1D fF(1) (M2, 10 € P
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If moreover

. flpo(dd+¢) ") = f(u) — DS f(p)
w(|8[2) -0 1(|9]?)

we call f L-differentiable, and in this case D* f is also called the L-derivative of f.

:Ov MGQQ,

(2) We denote f € C'(22,), if f is L-differentiable and its L-derivative has a version
DT f(u1)(z) jointly continuous in (x, u) € R? x 2,.

(3) We denote g € CHH(R? x 22,), if g(x,-) € CYDPy) for x € RY, g(-, u) € CH(RY) for p €
Py, g(x, 1), Vg(-, 1) (x) are jointly continuous in (z, ) € R x Py, and D¥g(z,-)(1)(y)
has a version jointly continuous in (z,y, 1) € R? x R x 2,.

(4) A vector- or matrix-valued function is said in a class defined above, if so are its com-
ponent functions.

To estimate the intrinsic derivative of P, f(u), we need the following condition. Let | - |
and || - || denote the norm in R? and the operator norm for linear operators repsectively.

(H) For any t > 0, by, 0 € CH(R? x 9,), and there exists an increasing function K :
[0,00) — [0, 00) such that for any ¢t > 0,2,y € R? and u € P5(R?),

K 'd < (0,07 (2, 1) < K,Id,

D5 {be(, )} (1) — D {bely, )} (W)l + 1D {oe(w, )} (1) — DH{ou(y, )} (w)]
< Kt|$ - y|

It is well known that SDE (1.1) is well-posed under the assumption (H), so that P, f
is well defined on &, for any t > 0 and f € %,(R?Y). In general, for any s > 0 and
Xt e L*(Q = RY, Z,,P) with Zyy, = p, let X[, be the unique solution of (1.1) for ¢ > s

(13) dX;j;t - bt(Xg;t?ZXf:t)dt + Ut(Xﬁt,ngt)th, t Z S"’%X;s = /1/ € egzg.

We denote Py, p = Zxr and investigate the regularity of

Ps,tf(ﬂ) = Ef(X:t) = Rd fd(Ps*,tM)7 f € c%b(]Rd)

By the uniqueness, we have the flow property

*  _ P* *
Ps,t - P’r,tP

ER

0<s<r<t.



However, due to the distribution dependence, Ps; is no-longer a semigroup, i.e. in general

Ps,t ?é Pr,tPs,r and
W [ P
R4

so that the regularity of P, f(u) in p € &2, can not be deduced from that of P, f(z) := P,f(0,)
for x € R, see for instance [11] for details.
We now state the main result of the paper as follows.

Theorem 1.1. Assume (H). Then for anyt > s and f € %,(R?), P,.f is L-differentiable,
and there ezists an increasing function C' : [0,00) — (0,00) such that

Cellf
Vit—s

Consequently, for anyt > s> 0,u,v € Py,

(1.4) ID*Posf ()] < , >8>0, f € B(RY).

Cill s
(15) P = Pl = sup |Pusf () = Pusf )] < <12

W2
Iflo<t Vit — (h-v).

Remark 1.1. We may also apply Malliavin calculus to establish a derivative formula for
DY P, f(u) as in [10], where the usual derivative in initial points (rather than in initial dis-
tributions) are studied. However, in this way we need stronger conditions on the coefficients,
i.e. by(x,p) and oy(x, p) also have bounded second order derivatives in x. Let us explain this
in more details.

Firstly, under (H), the Malliavin matrix

M, = { (X5, th)jm}lgigj

is invertible with E| M }'||* < oo for ¢ > s > 0, where D is the Malliavin gradient, H is the
Cameron-Martin space in Malliavin calculus and (X%,); is the i-th component of X,

Next, for any ¢ € L?(R? — R%; ), let vs,t = D} X, which exists in L*(P) and satisfies

Elvg,[* < e(t)p(9])

for some constant c(t) > 0, see [9, Proposition 3.2].
Then for any f € C}(R?), by the chain rule and the integration by parts formula for the
Malliavin gradient D, we have

DEPuf(u) = BV (XL v) = Y BIOF(XL) 0L

= D B[O (L) (M) (M) (00)4]

i,5,k=1



E[(Df(X20), DXL jha (M) (03 0)4]

1

I
&
~ #[M]=

= 3 B[F(XE)D (M) 002 )k D(XE); ],

i,5,k=1

S
o
Il

where D* is the Malliavin divergence. To make the above calculations meaningful, we need to
verify that (Mgtl)jk(vﬁt)kD(Xﬁt)j belongs to the domain of D*, for which the second order
derivatives of coefficients will be involved. For instance, as shown in [9, Proposition 3.2]
that vit solves an SDE involving in the first order derivatives of b and o, making Malliavin

derivative to this SDE we see that Dvﬁt solves an SDE containing the second order derivatives
of coefficients.

The remainder of the paper is organized as follows. In Section 2, we formulate P, f (1)
using classical SDEs with parameter p and the parameter expansion of heat kernels with
respect to the frozen SDE (1.2), and estimate the L-derivative for functions of P} u. With
these preparations, we prove Theorem 1.1 in Section 3.

2 Preparations

We first represent Ps,f(p) by using a Markov semigroup P}, with parameter , then intro-
duce the heat kernel expansion of P, with respect to the frozen SDEs. Since the frozen
SDE has explicit Gaussian heat kernel, this enables us to calculate the intrinsic derivative
of P,f(u) with respect to p.

2.1 A representation of P,

For any s > 0,z € R? and pu € %, consider the decoupled SDE
(2.1) dXTY = b(Xof, Pryp)dt 4 o (XS Pry)dW,, XJF =a,t > s.

st v s, st )T s,

In this SDE, the measure variable P;,u is fixed, so that it reduces to the classical time

inhomogeneous SDE. Let P, be the associated Markov semigroup, i.e.
Pl f(z) =Ef(XJ), t>s,f€ B[R, zeR

Since X}, solves (2.1) with the random initial value X} replacing x, and since Lxp = p,
by the standard Markov property of solutions to (2.1), we have

22 Puf)=Ef(X) = [ Plf@uda), 2 5] € BRY.ue 2o

Since for any g € Cj (R?) the function 1 — p(g) := [pa gdp is L-differentiable with D% pu(g) =
Vg, we first study the derivative of P}, f(z) in .
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Lemma 2.1. Assume (H). Then for any f € %,(R?) andt > s > 0, we have P, f € C*(R)
such that (VPL,f)(z) is continuous in (z, ) € R x Py, and

CEllf Il o

\/m ; t>57f€'@b(Rd)ﬂM€<@2

(2.3) VP flloe <

holds for some constant C' > 0.

Proof. Since (H) implies that P},u is Lipschitz continuous in 4 € &%, see for instance [11],
the desired assertions follow from (H) and the Bismut formula

(o,00)  HXEZE, PEopvst AW, ) |, v c R?

s,r

2 v -E|D

for f € By(RY), where vj} := L X7/*""|__, solves the linear SDE

(2.5)  dugt = {Vyrpbi (-, Popp) XAt + {Vyzpmo (-, PLop) HXGH)AWE, 2 s, 001 = v,

S,
By (H), vg}" is continuous in (z, ;1) € R? x &5 and
Elolf > < |v[?e", t > s,0€eR?

holds for some constant C' > 0, so that (2.4) implies that (VP f)(z) is continuous in
(z, 1) € RY x Py and satisfies (2.3).
To prove (2.4), for fixed t > s, take

b= [ {oi(on?) Y XT Pr)osidr, we [s.1)
Then the Malliavin derivative wy* := D, X# along h solves the SDE

durt = [{Vuzpbe(c P HXEE) + 0n(XEE Pl |dr + {9 0, (- Pl ) HXEE)AW,

Ss,r 7

= [{Vuspbrc PLYXEE) + vnt | dr 4+ { Vg0 (s L) HXIE)AW,, 7 € [s, 8], wit =0,

see for instance [9, Proposition 3.5]. It is easy to see from (2 5) that v, := (r — s)vi# solves
the same equation. By the uniqueness we obtain (t — s)v{" = D, X[/, so that the chain
rule and the integration by parts formula yield

VLB () = BV F(XIE),008) = ——B(VA(X2), DXTY)

— S ED(P) - E|

t—
f(X t'“ / <{o’ r0' 1} XM Ps* ) srvdW>

t s s,r

Combining (2.2) with Lemma 2.1, we have the following result.
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Lemma 2.2. Assume (H). Let t > s and f € %,(RY). If for any x € RY, the function
P! f(x) is L-differentiable with

(2.6) sup [ DH{P; f2)} ()| < oo,
zER?
then Py f(p) is L-differentiable in pn with
(2.7 DHPuf(u) = VP + [ DL f@)}pntca).
Consequently, there exists a constant C > 0 such that for any f € B,(R?) and pu € Ps,
CKilfll ¢
2.8 DY P, < 10 UK, DY{P t > ().
28) D" Puf(] < ZSEEEE - sup [DHPL @Y, 1> 52

Proof. Obviously, (2.8) is implied by (2.3) and (2.7). So, we only need to prove that Ps;f(u)
is L-differentiable and satisfies (2.7).

(1) We first prove that P, f(u) is intrinsically differentiable and satisfies (2.7). For any
g € C4(RY), the function p — pu(g) = [pa gdp is L-differentiable with D'u(g) = Vg. So,
for any pu € &5, the function

(2.9) Pysve PLf(v) = / Pl fdv
Rd

is L-differentiable with D(P,f)(v) = VP!, f, v € &,. Combining this with (2.2), (2.3)
and (2.6), and using the dominated convergence theorem, we conclude that the map

L' = RYp) 3 6 7> DEPuf (1) = (VRS 0) 10 + | DHP (@) Hwn(do)

is a bounded linear functional, so that by definition, P, f(u) is intrinsically differentiable in
€ P, and the formula (2.7) holds true.
(2) By (2.7), for any ¢ € L*(R? — R%; 11), we have

Ps,tf(:u o (Id + (/5)_1) - Ps,tf(:u) - DéP&tf(/uL)
= [ AP ok o) = PO (@) = (TP @), 00 o)

+ [ AP @) — P () - DHP ()0 bl
Rd
+ [ (TP @) = VL f(o), @) ()

Combining this with Lemma 2.1, (2.6), and the L-differentiability of P!, f(z) in p, we may
apply the dominated convergence theorem to derive

lim |Ps,tf(u o (Id + Qb)_l) - Ps,tf(:“’) - Déps,tf(:u’)‘ -0

1911240 191l 26
that is, Py, f(u) is L-differentiable. O




According to Lemma 2.2, to estimate ||D¥P,;f(u)|, it remains to investigate the L-
derivative of P, f(x) in p. To this end, we let pi;(x,y) be the heat kernel of P, for ¢t > s,
which exists and is differentiable in z and y under conditions (H). We have

(2.10) PLIG) = [ dhle )W), | € BRD.0> 50 R

So, to investigate the L-derivative of P, f(x), we need to study that of p,(z,y), for which
we will use the heat kernel parameter expansion.

2.2 Parameter expansion for p/,

Since heat kernel p’;t is less explicit, we make use of its parameter expansion with respect to
the heat kernel of the Gaussian process

t t
X =x +/ bu(z, Py, p)du +/ ou(z, Prp)dW,, t>r>s>0,2 € R

for fixed z € RY and u € 5. For any t > r > 5 > 0, let

8,8,t)

¢
mi, ::/ bu(2, Py p)du, mliy .= mly
(2.11) "

t
= [ (000) (e P, o = i
By (H), we have
(2.12) imi7 ] 4l S (t—1)Ky, t>r>s52>0.

Obviously, the law of X7;” is the d-dimensional normal distribution entered at x + m%’,

s ,Ty t
with covariance matrix a’’7,, i.e. the distribution density function is

srta

eXP[_%«ag}z,t)_l(?J i mgft)’ Yy—T— m’;ftﬂ

( )g(det{a’srt )%

When r = s, we simply denote p,7 = pi7;, so that

(2.13)  phrir,y) = . yeRLt>r> s

exp[—3((ayy) " (y —x —miy),y — x — miy)]
(27)% (det{al7})>
For any 0 < s <7 <t and y,2z € R? let
H:r,t(yJZ) = <b7"(Z7Ps*,r:U’> _bT<y7 F);< ) vpsrt( )(y>>

45t [{(0:07) (2, Poon) — (0,000, Poyit)} V2R3 2) )]

(2.14) pei(r,y) = . yeRLt> s

(2.15)



By the parameter expansion, see for instance [8, Lemma 3.1], we have

(216) pf:,t(x,z) .CC < +Z/ dT’/ srt pST(JJ y>dy>

where H!") for m € N are defined by

s,m,t
nglt = Hﬁrh
(2.17) 1
HLT (y /du/ HEW (2 2)HE, (y, 2)d2’, m > 2.

Combining (2.16) With (2 11), (2.13) and (2.14), to estimate D*P¥, f, it suffices to study the
L-derivative of b.(y, Py, ,,pt) and (0.07)(y, Py, ,,pt) in g for r > 0 and ug > uy > 0. So, we
present the followmg lemma.

Lemma 2.3. Assume (H) and let t > s > 0. Then for any F € C*(%,) with bounded
|DYF||, F(P;sp) is L-differentiable in pi such that

(2.18) IDEEP ) ()| < | DEF |1,

Consequently, for any r > 0,t > s > 0 and y € R?, b.(y, P;p) and (0,07)(y, Piyu) are
L-differentiable in u, and

max { D%, (y, Py ) (W)l 1D (0,07)(y, Pyr) ()|} < Kot S079, e 2y,

Proof. 1t suffices to prove the first assertion. We first prove the intrinsic differentiability.
Let p € P, and ¢ € L*(R? — R p). Since Zyp = p implies

Lxr vepxt,y = po (Id + ep)”!, >0,

we have ZLx: = Pyy(po (Id +¢e¢)” ') for XZ, solving (1.3) with initial value X7 = X +
ep(XE,). By [9 Proposition 3.1] for n = ¢(X}) and [9, (4.21)] for time s replacing 0, for any
>0,
X6+E _ X5
= DiX!, =lim —— 1 >
el0 g

exists in L*(Q — O([s, T'; Rd); P) for any T' > 0, and solves the linear SDEs:
Aof) = |V, bu(XE s L)+ BLUD 0z, )(Lag (XD, 080} s |

(2.19) | Vps0u(XE, Zag ) + B{D 02, )(Lag ) (XS )00}y |V,
vﬁf = ¢(Xp), t>s.

Fromm (H) we see that vﬁf is continuous in € and

(2.20) Elv?? 2 < p(jo?)e* 5t > 5,6 € LAR? x RY p).



By the chain rule, see for instance [9, Proposition 3.1], we have

221)  DEF(PL (0 = CF(%x)

Combining this with (H) and (2.20), we obtain

= E((D"F)(P; ) (X%, v2).

e=0

IDEF(Pr ) ()| < [(DRF)(Pr )|/ E[wl?|2
< |l 2 I DFF|| e ¢ € LHRE — RY p).

Therefore, F'(P;,u) is intrinsically differentiable in y such that (2.18) holds.
It remains to verify the L-differentiability. By the chain rule and (2.21), we obtain

P(PLro (1+0)™) = F(Pu) = DEP(PL ) = | P (i ) = DEF(PL )

/ [E(D F)(Plyno (I + 26) 1) (X5,), 005) — B((DEF) (Pl yu)(XE), 080) Yde.

Combining this with F' € C'(42,) with bounded || DFF||, the continuity of vi’f in €, (2.20),
and that Xg, — X, when [|¢[|z2(,) — 0, by the dominated theorem we prove

lim ’F(P*t,uo (Id+¢)™1) — F(P*tﬂ) Dq%F(Psit')(/i)’
161l 2,40 191l 2 ()

=0,

thus, F(P;;p) is L-differentiable in p.

3 Proof of Theorem 1.1

According to Lemma 2.2, (2. 10) and (2.16), to estimate ||D*P,,f(u)]|, it suffices to handle
the derivative of pf; and H[;" in pu. To this end, for fixed T > 0, we introduce the Gaussian
heat kernel

ly|2
OXPL™ 8skr
(3.1) hr(s,y) = (SW[S; I;E], ye R s> 0,
T

which satisfies the Chapman-Kolmogorov equation

(3.2) / hr(si,y — 2)hr(sg, 2)dz = hyp(sy + s2,9), s1,8, > 0,y € R
Rd

By (H), there exists a constant K;(7"), which increases in 7', such that

ly—z|2

Py, 2) S Ki(T)hr(t —ryy — 2)e %0y 2eRL0<s<r<t<T,u€ P,

10



Consequently, there exists a constant Ko(7"), which increases in 7', such that

. y—=2*  ly—=
e (y, 2 (1 | + )
pSﬂ’,t(y ) t_ r (t o ’]")%

< Ky(Dhp(t —ry—2), y,2€RV0<s<r<t<T,uc P,

(3.3)

Lemma 3.1. Assume (H). There exists a constant K1 > 0 which increases in T > 0, such
that forany0 < s <r <t <T,y,z € R andm > 1, Pari(y, z) and HL' are L-differentiable
n p € Py satisfying

(3.4) ID™"{p35i (v, 2) )| < Krho(t —ry — 2),
Ly 7?(1; _T)%_l
(35) |Hsrt( >| S F(%) ) hT<t_r7y_Z)7 mZ 17
(36)  IDHHETw Yl < T ), w1

I(g)

2

Proof. By (H), we have [m;,| < (t —r)Kr, so that (3.3) yields

ly =z —miul® | ly— 2= mi
— (t_r)é”t)gCl(T)hT(t—r,y—z)

67 L1+

for some constant C(7T) > 0 increasing in T, and all 0 < s < r <t < T,u € P and
v,z € R% Combining this with (H), (2.13), (3.7) and applying Lemma 2.3, we prove the
L-differentiability of p.7,(y, z) in p € &, and the estimate (3.4).

Next, by (H), (2.13), (2.15) and (3.7), we find constants Cy(T"), C5(T") > 0 increasing in
T > 0 such that forany 0 < s <r <t <T,u € P, and y, 2z € R?,

1 ly —2z—m tl2 ly — 2z —miy,
H* : < O (T~ ’ - ( Mgy, 5,7, )
| s,r.t(y Z)| = 2( )ps,r,t(y Z)ly Z| +— (t_T)Q + t—r

< Cy(T)(t —r) 2he(t — 1,y — 2).

(3.8)

Assume that for some k£ > 1 we have
[HEf (. 2)] < Co(D) (¢ =)’ <Hﬁ< 2) )it = ry =)
Combining this with (2.17), (3.2), and (3.8), we derive
< [ au [ HE )l

< C(T  hp(t —r,y — 2 <Hﬁ< >> /Tt(t—u)g_l(u—r)_édu

11



— Gy (=) it~y — z)(f[ﬂ(f )

22

In conclusion, for any m > 1, we have

;m m_ v 1
H 2 < O =0 F (1 8(505) )i —ry =),
i=1
which implies (3.5) for Ky = C3(T)I'(1), since
(39) "ﬁlﬂ(g 1) T IGrG)  rEr
i=1 2’ 2 i=1 F(%) F(%)
Finally, by (H), (2.14), (2.15), Lemma 2.3 and (3.8), we see that H}" is L-differentiable

in 4, and there exist constants Cy(7"), C5(T") > C5(T") increasing in 7" > 0 such that

IDM{H, o (y, 2) )l
1 |y—z—m§7’:¢|2 |y—z—m§7’:’t|>

, < Cy(T)pt= —
(3.10) < Cu(T)psre(y, 2)ly z!<t_r+ =2 P

< C5(T)(t =) 2hy(t — 1,y — 2),

Assume that for some & > 1 we have

|DELHE (. )} sw5<T>’f<t—r>’51(ﬁﬁ(g,§))hT<t—r,y—z>.

Combining this with (2.17), (3.2), and (3.10), we derive
|DH{HE . )}(u)H
/du/ LD ()Y )] - 1 (0. 2)
L HES (2 2)] - IIDHH 0,20} ()] e

< (k + D)O5(TY*  ho(t — 1,y — z)(ﬁﬁ(%, %)) /Tt(t — )3 (u— )" Edu
=+ G- et - - ([T6(5 1)),

This together with (3.9) implies (3.6) for K7 = C5(T)I'(3). O

We are now ready to prove the main result.

12



Proof of Theorem 1.1. By Lemma 3.1 with (2.16) and (3.2), p§(, 2) is L-differentiable in
u for t > s, and there exists a constant dr > 0 increasing in 7" > 0 such that

||DL{Pst(l” 2wl < KThT(t — 57— 2)
+1
(3.11) +Z <2n) / (t—s)2"~ dr/ hr(t —r,y — 2)hp(r — s,z — y)dy
2 s Rd
§5ThT(t—s,x ). O§s<t§T,x,z€Rd,u€@2.

This and (2.2) imply that P, f(z) is L-differentiable in y such that

IDHP; (@)}l < 1 f 1l /Rd 1D, (, 2)} (1) ldz < 07| £l

holds for all 0 < s <t < T, f € B,(R?) and p € H,. Combining this with Lemma 2.2, we
prove that Ps;f(u) is L-differentiable in p and (1.4) holds for some increasing C' : [0, 00) —
(0,00). According to the proof of [9, Corollary 2.2(2)], we can show that (1.4) implies (1.5).
We include below a simple proof for completeness.

Since C} (R?) is dense in L'(P;u+ P7,v), (1.5) is equivalent to

Cill fllo
N

Let f € C}H(R?) be fixed. We first prove this inequality for u, v with compact supports. Let
&,n be two bounded random variables such that .Z; = u, %, = v and

E[¢ — n* = Wy (u, v).

By Proposition 3.1 in [9] and (1.4), we obtain

(312) |Ps,tf(y“)_ stf( )| WQ( V)v t>8,f€Cbl(Rd),,u,I/€ @2-

! d

|Ps,tf(ﬂ’)_Ps,tf(V)|: = stf( ré+(1—r) )d?“

</ \E<DLPs,tf<zg+<H>n><rs+<1—r>n>,5—n>1dr< ),

So, (3.12) holds.
Next, for any p, v € Py, we choose {fin, Vn}n>1 C P2 with compact supports such that

lim {Wa(p, n) + W (v, 1)} = 0.

n—o0

Then by the last step,

Cell flos
Vi—s

(3.13) | Psif(pn) — P f (vn)| < Wa(ptn, vp), n > 1.
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If Ps,f() is continuous in vy € S, then by letting n — oo we obtain the desired estimate
(3.12). To prove the continuity, for any v;,72 € P, let &, & be Fy-measurable random
variables such that %, = v;,7 =1,2, and

Wa(v1,72)° = Elé — &%

For any ¢ € [0,1], let X, solve (1.3) with initial value X3, := €& + (1 — €)&. By [9,
Proposition 3.2 and (4.2)],
d

V€1*§2X§,t = d_ngE,t
exists in L?(IP) with
ElVe, &, X5,]? < c(t)E[E — & = c(t)Wa(71,72)°

for some constant ¢(t) > 0. Then

1
d
IPoef ) = P o) = (XL ~ B0 = | [ SEAXE )

1
< [ B2, Vo e Xa s < VDIV Walon. ).

Therefore, Ps;f(7) is continuous in v € &, and the proof is then finished. ]
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