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Abstract. We investigate the structure of nodal solutions for coupled nonlinear Schrodinger
equations in the repulsive coupling regime. Among other results, for the following coupled
system of N equations, we prove the existence of infinitely many nodal solutions which share
the same componentwise-prescribed nodal numbers

0.1) —Auj + I = uu? + Z#j Bujui in Q,
Uy €H37’I‘(Q)7 j:l,...,N,

where 2 is a radial domain in R™ for n = 2,3 and a bounded interval for n =1, A > 0, u > 0,
and 8 < 0. More precisely, let p be a prime factor of N and write N = pB. Suppose § < —-£-.

p—1
Then for any given non-negative integers Pi, P,..., Pg, (0.1) has infinitely many solutions
(u1,...,un) such that each of these solutions satisfies the same property: for b = 1,..., B,

Upb—p+i changes sign precisely P, times for ¢ = 1,...,p. The result reveals the complex nature
of the solution structure in the repulsive coupling regime due to componentwise segregation
of solutions. Our method is to combine a heat flow approach as deformation with a minimax
construction of the symmetric mountain pass theorem using a Z, group action index. Our
method is robust, also allowing to give the existence of one solution without assuming any
symmetry of the coupling.
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1. INTRODUCTION

1.1. Main Result. In this paper, we consider the following coupled nonlinear
Schrodinger system of NV equations:

ujeH&r(Q)v jzl,-..,N,

where 2 C R” is a radially symmetric domain, bounded or unbounded for n =

2,3, and a bounded interval for n = 1, and the constants satisfy A; > 0, u; > 0
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for j =1,...,N, and f;; = Bj; for i # j. H;,.(Q) denotes the subspace of Hj (1)
of radially symmetric functions.

To demonstrate the spirit of our results, we state the result in a special case
first, where all A\; are equal to A > 0, all p; are equal to ¢ > 0, and all §;; are
equal to g for i # j, i.e.,

{ —Auj+ My = pul + 30, Buguiin Q,

1.2
( ) U]’EH&T(Q), ]:1,,N

Theorem 1.1. Let p be a prime factor of N and write N = pB. Suppose
b < —ﬁ, Then for any given non-negative integers Py, Py, ..., Pg, (1.2) has
infinitely many solutions (uy,...,uy) such that for b=1,..., B, upp_p+; changes

sign precisely Py, times fori=1,....p.

The result gives new insight into the structure of nodal solutions for coupled
Schrodinger equations. For a componentwise-prescribed number of nodes, we
find infinitely many solutions which share the same number of nodal domains,
revealing more complexity of nodal solutions compared with the classical scalar
field equation —Awu +u = |u|P~?u for which a long standing folklore has been the
uniqueness of sign-changing solutions with a prescribed number of nodes. We say
the solutions given above have componentwise-prescribed number of nodes.

Our method works in more general form than that of (1.2). Denote by B =
(Bij)nxn the coefficient matrix involved on the right hand side of Problem (1.2),
where we denote 3; = p;. We do not need to require the same values for \;, p;
and f;;. We denote the transformation of exchanging the i-th row and the j-th
row of a matrix by R;;, the i-th column and the j-th column by Cj;.

Theorem 1.2. Let p be a prime factor of N and write N = pB. Assume the
following four conditions hold.

(A) )\pb,p+1 = )\pb,erg == )\pb >0 fO’I”b = 1,. . .,B.

(B) Fori,j=1,...,N and i # j, Bij = Bj <0 and p; > 0.

(C) Forb=1...,B, B= (Bij)nxn is invariant under the action of

p—1

H Cpb—prtispb—p+i+1 © Rpp—ptiph—p+i+1-
i=1

(D) Forb=1,...,B andpb—p+1 <7 <pb, it holds
iy + Z Bij < 0.
pb—p+1<i<pb;i#j

Then for any given non-negative integers P, ..., Pg, the Problem (1.1) possesses
infinitely many solutions (uy,...,uy) such that for b =1,..., B, uu_p; changes
sign precisely P, times for 1 =1, ..., p.
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Remark 1.3. In the special case of (1.2), we see (A) and (C) are satisfied readily,
while (B) and (D) are satisfied under 8 < —-t5 < 0. Thus Theorem 1.1 follows.

Our approach in this paper to study multiplicity of nodal solutions having
the same componentwise-prescribed number of nodes is to combine an associated
parabolic flow serving as a descending flow of the variational problem with a
minimax construction in the spirit of the symmetric mountain pass theorem via an
Z,, index theory in the presence of invariant sets of the flow. While for multiplicity
of nodal solutions having the same nodal numbers, we need in an essential way the
symmetry of the coupling coefficients, our method will be set up in a more general
framework and also allows us to treat in the general case Problem (1.1) without
such a symmetry. In this general setting we prove the existence of one solution
with a componentwise-prescribed number of nodes, and this gives a different
proof of a result from [32] where such a solution was given by gluing on Nehari
manifold. In the present paper, we employ the corresponding parabolic flow as a
tool for deformation of the variational problem, which is essential for establishing
multiplicity results.

Theorem 1.4. Assume \;, p1; > 0 for j =1...,N. Then for any non-negative
integers Pi, ..., Py, there exists b > 0 such that if B;; < b for all i # j, Prob-
lem (1.1) has a solution (uy...,uy) with the j-th component u; changing sign
precisely P; times for j =1...,N.

We note that while for the multiplicity results we need the condition of negative
coupling, for the existence of one solution we can allow a wider range of coupling
here.

To make the symmetry condition in Theorem 1.2 clear, we give three examples
for the coupling coeflicient matrix B = (f3;;) nxn of Problem (1.1). The matrices
are cut into blocks for suitable symmetry.

Example 1.5. For the case N =4 and p = B = 2, the assumptions (B — D) are
satisfied in the following form

pr Bi| B3 Bs
B g | B3 B3
B3 B3| p2 B
B3 B3| B2 p2

with f; < —p; < 0 fori = 1,2 and B3 < 0. Assume that Ay = Ao > 0 and
A3 = Ay > 0. Then given any two nonnegative integers Py, P, there exist infinitely
many solutions with first two components uy,us each having exactly Py simple
zeros, and with the last two components us,uy each having exactly Py simple
zeros.



If we set N =6, p=2 and B = 3, the assumptions (B — D) are satisfied in

pr Br| By Bal|Bs Bs
Br opr|Bs Ba|Bs Bs
Bs Ba|iz B2|Bs Bs
Ba Ba| B2 p2| Bs Bo
Bs Bs|Bs Be|us Bs
Bs Bs|Bs Bs| Bz w3

with /BZ < —Hi < 0 fOT'i = 17273 and ﬁ47ﬂ5766 <0.
If we set N =6, p=3 and B = 2, the assumptions (B — D) are satisfied in

p P Bi| Bz B3 B3
Bropr Br| Bz Bz B3
B B opr| Bz B3 B3
B3 B3 P3|p2 B2 o
B3 B3 B3| B2 p2 [Po
B3 B3 Bs| B2 Bo po

with f; < =5 <0 fori=1,2 and 3 < 0.

1.2. Historical Remarks and the Idea of the Present Paper. The nonlin-
ear coupled elliptic system (1.1) has its theoretical root in Bose-Einstein conden-
sates. The solutions of Problem (1.1) give rise to standing waves solutions of the
time-dependent nonlinear coupled Schrodinger system

{ —i0,®; — AP = 110 2@ + 37, By Py P> in

1.3
( ) q)j<t,$)€(c, jzl,...,N7

for 7 =1,...,N and ¢t > 0. In physics models, the parameters ;; and f;; are
the intraspecies and interspecies scattering lengths respectively. When 3;; > 0,
it is called the attractive case, when ;; < 0, it is called the repulsive case. In
this paper, we mainly consider the repulsive case while small attractive coupling
is also considered. [2, 35] is referred for more physics background.

In recent years, a large number of mathematical results on Problem (1.1) have
appeared, e.g., in [5, 10, 9, 17, 25, 26, 28, 30, 31, 36, 44, 49, 50, 52| for studying
various aspects of the problem such as existence theory for the attractive case
and for the repulsive case, the bifurcation analysis, the synchronization and seg-
regation for different coupling parameter regimes, and convergence and regularity
of large couplings in the repulsive case etc. We refer to these papers for more
references therein. In the repulsive coupling case, solutions tend to be segregated
component-wisely creating more complex patterns of solutions. The application
of variational methods to the coupled Schrodinger systems mainly involves mini-
mizing methods and minimax methods. The symmetric mountain-pass theorem
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has been well adopted for a large number of elliptic problems that goes back to the
celebrated [6] by Ambrosetti-Rabinowitz. For Problem (1.1), the first difficulty
is that there exist infinitely many so-called semi-trivial solutions (solutions with
some components being zeros) so the system is degenerated to a system of smaller
number of equations. In [30, 31], Liu and Wang proved the existence of infin-
itely many non-trivial (all components are non-zero) solutions to Problem (1.1)
via invariant sets of descending flow and Nehari manifold method respectively.
In [17] and [50], the authors proved multiplicity results of positive solutions to
the special case Problem (1.2) which possesses the componentwise permutation
symmetry. This can be considered as a typical result for the repulsive case which
shows distinct difference between a scalar field equation and a coupled nonlinear
elliptic system since for the classical scalar field equation —Au + u = |u[P~2u the
uniqueness of positive solutions is well known ([21, 23]) and a folklore has been
the uniqueness of nodal solutions with a prescribed number of nodes ([8, 48]). In
[28], the authors obtained a multiplicity result of solutions to Problem (1.1) in
general domains with prescribed number of positive components and prescribed
number of sign-changing components. Recently, for radially symmetric domains,
the existence of a nodal solution with componentwise prescribed number of nodes
is obtained by Liu and Wang in [32] via gluing on Nehari’s method, extending
the work for scalar equations ([11, 46]). More precisely, it is proved in [32] that
for any given nonnegative integers P, ..., Py there is a nodal solution (uq, ..., uy)
to Problem (1.1) such that u; has exactly P; simple zeros, i = 1, ..., N.

In the present paper, our main concern and interest is that for a componentwise-
prescribed number of nodes whether there are multiple such solutions sharing
the given nodal number, in particular whether there are infinitely many such
solutions? This is the main goal of our studies. Our result gives a construction
of infinitely many solutions sharing a given componentwise-prescribed number of
nodes (Theorem 1.1 and 1.2).

To deal with the sign-changing property of multiple solutions we will employ
the heat flow of the corresponding coupled heat equations to Problem (1.1). An
important part of the present paper lies in the studies of the associated heat flow,
including the existence and regularity results, the global existence and blow-up
results, the non-increasing property of the sign-changing numbers along flow lines,
the boundedness of trajectories and dynamical property of some invariant sets of
the flow. We refer [4, 22, 33, 42| for general discussions on the parabolic prob-
lems. There have been a lot of works in the literature in which elliptic problems
are solved with the help of heat flow methods. In [16], Conti, Merizzi and Ter-
racini proved the existence of radial solutions with prescribed number of nodal
domains to a scalar field equation. Utilizing the semilinear parabolic flow and
the topological degree, they proved the result which was only treated by Nehari
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method before ([11, 46]). In [15], Chang established a variational framework and
applied it to minimal surface problems. Quittner proved the existence and mul-
tiplicity of solutions of several semilinear elliptic problems and other dynamical
properties by using parabolic flow in [38, 39, 41]. In [1], Ackermann and Bartsch
developed the idea of superstable manifold and refined the symmetric mountain-
pass theorem for sign-changing solutions (c.f. [12, Section 2]), which produced
multiplicity results, nodal properties and order comparison results. More works
on using parabolic flow to treat elliptic problems can be found in the references in
these papers. However, there are few results on the coupled Schrédinger systems
using the heat flow. We mention [52] in which for two equations a comparison
between components of positive solutions was obtained. We will further develop
the ideas in these papers by using heat flow as a tool of descending flow of our
variational problem for Problem (1.1). In fact, with the growth of the nonlinear-
ity, a finer analysis on the global existence of the parabolic flow is also required.
Combining the Cazenave-Lions interpolation ([13] and [15]) and some estimate
in [15, 38|, we can address that the growth of the nonlinearity is admissible to
the global existence in dimensions n < 3. A finer analysis of the invariant sets
requires the H'-bounds of global solutions which we will prove in Section 2.4.
We use a variant of the method in [40], and we refer [19, 40] for more references
on this topic. Another important part of our work involves using some natural
permutation symmetry in the coupling patterns. We will make use of the sym-
metry of the problem, that is, the problem is invariant under a Z, group action
of a cyclic permutation o. With the heat flow serving as a deformation we will
construct minimax critical values in the spirit of the symmetric mountain pass
theorem via a Z, index. We need to build up special symmetric subsets of large
Z,, index contained in the invariant sets of the flow. Inspired by the approach for
scalar equations in [16] our method is a sharper and symmetric variant of [16]
for coupled systems. To accomplish this, a certain combination of the methods
in [16, 31, 50] are needed. While the idea of Nehari manifold was used in [31],
we will use the more natural ingredient, the boundary of the stable manifold of
the origin, which has the advantage in keeping the non-increasing property of the
sign-changing number along flow lines.

1.3. The Structure of This Paper. Section 2 mainly deals with the regularity
and dynamical properties of the heat flow of the corresponding heat equations,
constructing various invariant sets of the flow. We prove the existence result of
Theorem 1.4 for the general system (1.1) in Section 3, and this also will set up the
stage for the proof of the main result Theorem 1.2 in Section 4. In Section 4, we
give the proof of the multiplicity result Theorem 1.2 from a minimax argument
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by constructing symmetric sets of large Z, index inside various flow invariant sets
on the boundary of the domain of attraction of the origin.

2. DYNAMICAL PROPERTIES OF THE ASSOCIATED HEAT EQUATIONS

The parabolic flow associated with the elliptic system will be used as a mean of
descending flow for the variational problems. We start by collecting some relevant
results on existence and regularity of the heat equations. Then we will develop
some further estimates and construct some invariant sets of the flow which will
be used in our proof later. Let us fix some notations first.

We always use capital letters to represent vector valued functions and the cor-
responding lower case letters with subscript for their components. For example,
U= (u,...,,uy)and V = (vq,...,vy5). A solution U = (uq,...,,uy) to Prob-
lem (1.1) is called a non-trivial solution if and only if u; # 0 for any j =1,..., N.
It is semi-trivial if and only if U # 6 and U has some zero components, where ¢
is the zero vector.

The norm of Lebesgue space LP(2) is denoted by ||, and the norm of Hj(2) by
|-||. For the product of spaces, such as (LP(2))™ ((H(Q))V), we still use |-|,(||]|)
to denote its norm. With no confusions, we sometimes omit the domain €2, the
boundary condition and the radial condition and only denote the corresponding
spaces by LP, H', H? and H* for s € (1,2).

2.1. Existence and Regularity Results of the Parabolic Flow. Instead of
the gradient flow, we will combine our variational structure with the following
nonlinear coupled parabolic system:

%Uj — Auj —f- )\juj = [LJU:; + Zi#j ﬁijuju? ZTL Q,
(2.1) wi(t,r) € Hy, (), j=1,...,N,
Uj(0,$) :Uo’j(l’) GH&T(Q), jzl,,N

whose equilibria are solutions to Problem (1.1). Here, we require the coefficients
Aj’s, pi’s and B;;’s satisfy the conditions in Theorem 1.4 and Theorem 1.2 when
we prove two theorems respectively.

By the notation n'(U) we denote a solution to the parabolic system with U =
(o1, ..., up,v) as its initial data. Sometimes, for the sake of simplicity, we also
write U (t).

A special case of Problem (2.1) is of the form:

Sy — Auy 4+ My = pud + 30, fugulin 9,
(2.2) ui(t,x) € Hy, (Q), j=1,...,N,

u;(0,7) = uoj(v) € H (), j=1,...,N.
It is obvious that an equilibrium point of Problem (2.2) is a solution to Problem
(1.2). Both of the parameters s in Problems (2.1) and (2.2) will be taken to be in
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[1,2] depending upon the situation. Readers can find general theory of parabolic
problems in [4, 18, 22, 33, 42]. We will state a slightly more general result on the
existence and regularity for the parabolic system (2.1) than we need in this paper.
Noticing that the spectrum of —A+\ is contained in [\, 00), we conclude that the
operator —A + )\ is sectorial and, as a consequence, the existence and regularity
results can be given. The results are stated and proved in terms of interpolation
spaces X, for a € [0,1] (e.g., [18]). We refer [4, 18, 22, 33, 42] once again for more
information on sectorial operators and related properties on interpolation spaces.
Note that with the range being L?, the domain of the operator is D(—A + \) =
{u € H*|you = 0} := X; (c.f. [18, (4.6), (4.7)] or [45]), where 7, is the trace
operator in L? = X,. Using the relation between these interpolation spaces and
the Bessel-potential spaces X/, = H{(§2) for s € [1, %) U (%, 2}, we will state the
following theorem with the H§ setting (c.f. [18, Theorem 4.20], [37] and [3]). The
following result for Problem (2.1) is useful in the present paper.

Theorem 2.1. Let s € [1,2]\ {3} be fized. If the initial value U := (uy, ..., uy) €
(H*)N, there is a unique solution n'(U) = (uy(t), ..., un(t)) to Problem (2.1) de-
fined on its mazimum interval [0,T(U)), satisfying

(1) it holds that
n'(U) €CH((0, T(U)), (L)Y) N C([0,T(U)), (H*)™);

(I) for any U € (H*)N and any § € [0,T(U)), there are positive constants
r, K such that for any t € [0, ]

U=Vl <7 = 0" 0) = 0" (V) < KNU = V|
(II1) the trivial solution 0 € (H®)N is asymptotically stable in (H®)N.

Remark 2.2. Part (I) of this theorem is due to [18, Theorem 15.3, Theorem 16.2]
and (II) is of [18, Proposition 16.8]. The assertion (III) is due to [22, Theorem
5.1.1].

Remark 2.3. In following, we mainly use the result for s =1 and s = 2.

Notice that the theorem also holds true if we restrict the spaces to the case of
radial symmetric functions. A similar regularity theory can be found in [33].

2.2. Global Existence of the Solutions Starting on the Boundary of
the Stable Manifold. The propositions are modified versions of some results
in [16] and in [38]. In this section, we always assume U(t) = (ui(t),...,un(t))
is a solution to Problem (2.1). The energy of Problem (1.1) is the functional



J(U) : (H)N — R defined by
J(U) = J(Uh...,U,N)
1 & -
= 52/|VUJ’2+)\]‘UJ‘2 — ZZ (/,u]u;l—i—Z/ﬁwufu?) R
=1 =1 vy

which is a C? functional and satisfies the (PS) condition.

Proposition 2.4. For a solution U(t) = (ui(t),...,un(t)), we have

a N
510 ==Y [ 1ol
j=1
Proof. Note that
a N
EJ(U) = ]Zl Vo, J(U)dsu;.

By a direct computation we have

VujJ(U)at’LLj = /VU] . V@tuj + )\jujé?tuj — /uju?&guj + Z ﬂijujatujuf
i

= /Btuj < — AUj + >\juj — /LJU? — Zﬁ”u]uf> = — / |8tuj]2.
i#]
Then the proposition follows.

Corollary 2.5. Let
A={U e HYT(U) =00 and lim n'(U)=0 in (H)"}.

t—T(U)
Then A is invariant under the heat flow and is open in (HY)N.
This is a direct consequence of Theorem 2.1.

Lemma 2.6. 0A is invariant under the heat flow and infyepq J(U) > 0.

Proof. The continuity of the energy J(U) with respect to (H')Y norm implies
the second part of this lemma. Now we prove the first part.

Due to the definition of A, if U € A C (H')N\ A, an immediate consequence
is that n'(U) c (H)NM\A. And if there is a tq € (0,T(U)) such that n'(U) €
(HY)YN\ A, due to Theorem 2.1 and the openness of A in (H')", we can find a
V € A such that n'o(V) € (H")N\A. Therefore, we address a contradiction. The
above deduction implies that n'(U) c A\A = 0A.

O
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Now, we prove that the flow with its initial data on the boundary of the stable
manifold A has [0,00) as its maximal existence interval. Before that, let us
prove a lemma under a more general condition.

Lemma 2.7. Suppose {J(n'(U))},cior@y) i bounded from below. Then U(t)
exists globally in (H)N.

Proof. The proof makes use of some arguments from [13], [15, Lemma 1] and
38, Section 3]. Since 2J(n'(U)) = — z;vzl [ 10yu;|?, the condition in the lemma
implies that

(2.3) > /0 / By (s) Pdads = [T (! (U)) — J(U)| < C.

Now we give the L2-estimate. First we have

N Nty N
> [lusopas =3 [ 5 [lwPdsas+ Y [ )P
j=1 j=1"0 j=1
N t N
:22/ /uj-6tujdxds+2/|uj(0)|2dw
j=1"0 j=1

< C<1+é/ot/|uj(s)|2dxds>.

Using the Gronwall’s inequality, we have

(2.4) Z / Ju; ()2 < CeC.

Notice that

§/|“j(t)|2dl’—i_v;/|uj(0)l2dx
= Qé /0 t / wi(s) - Oyuy(s)dads

- _8 /Ot T (U))ds + Qé/ot/ (IVu; ()] + Aj|u;|?) dads.

Therefore,

t
(2.5) / / (Y, (s)2dads < CeC*
0
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follows immediately. Multiplying u; on both sides of the j-th equation of Problem
(2.1), integrating over 2 and summing up with j, we obtain

Z/uj atuﬁZHuJH? Z/w 2Bt

i#]

Now we apply some methods in [13] and [15]. For any 7" > 0, we consider the
norms on the time interval [0,27]. Due to the definition of the energy J and
(2.4), we have

N N
Sl < 3@+ 3 [ w0,
j=1 j=1
N 3 N 3
20 e (Z |uj|3> - (z |atuj|§)
=1 =1
N 3
C(Z |E)tuj|§>

J=1

for ¢ € [0,27]. This implies that

[ (fworwFase [0 (f;nuj H2>2

<o)+ Z / (02t < C(T).

That is, u; € L*((0,2T), L* (), with 2* = 6 for dimension 3. At the same time,
the embedding H! < LP holds for any p > 2 for dimension 2. Therefore, we
also have u; € L*((0,2T), L°(Q2)) for dimension 2. Notice that (2.3) implies that
Owuj € L*((0,27), L*(2)).

Next we claim u; € L*((0,7), L5(Q)) for j = 1,...,N. We prove it in the
following paragraph. Using the idea of Cazenave- LIOHS interpolation (c.f. [13],
[15]), we set w;(x,t) = u;(z,t) - 6(¢) and v = |u;|>. Here, 6(t) is a smooth cut-off
function such that 6(t) = 1 for t € (0,77, (s) = 0 for t € [2,2T] and 6(t) € [0,1]
for t € [0,27]. Using the Newton-Leibniz formula and Holder’s inequality, we can

compute for any t € [0, 7]
% 2T %
. gc‘/ |a§-ataj|§ds‘
5 t 5

L 2T
i< [
5 t
2T %
C(/ \ﬂ?|3|(9tﬂj]2ds)
0

iy (£)] s

IA
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with

+

| Ot

Wl =
N —

Hence, for ¢t € [0, 7] using Hélder’s inequality with respect to the variable s

fusO)lg < O</02T o 2o as) " < € / mfias)" / o, 3ds)

Therefore, we have

2T % 2T é
sup [uy(t)]1s gc(/ i gds) (/ |amj|gds) .
te(0,T) g 0 0
Noticing that

8tﬂj = 8tuj -0 +u- @9

Using the fact that dyu; € L*((0,27), L*(Q2)) for any j = 1,..., N and (2.4),

2T 2T 2T
/ |8tﬂj|§ds <(C (/ |3tuj|§ds +/ |uj|§ds) < C(T).
0 0 0

Therefore, we can conclude that for any j =1,..., N,

sup u;(t)]xx < C(T)
te(0,T) 5

for any t € [0, 7], i.e. u; € L®((0,T), L5 ().
Multiplying u? on the both sides of the j-th equation and integrating over 2,

d
G+ 12l < 0wl + 3 [ Butu?)
i#j
N
<CY |l
=1

Here, the second inequality is due to Young’s inequality. Using the interpolation
inequality, we have

W =
Il
(SRS
+
uo|~lw
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and

Iu |5+ [lu]* < CZIU?I il
=1
_CZMI [ka
=1
1 N N
—NZ||U?||2+CZ|U1|I%g
j=1 =1

N
1 2112
< W;nujn +C.

IN

It follows that
g N N L N
S Sl < 5 S P+
j=1 j=1 j=1

and
N

T N
Z GRS c/ dt + Z [u2(0)[3 < C(T),
j=1 0 j=1

ie. u; € L=((0,7),L*Q)) for j =1...,N. Using the definition of the energy J,

N
>l < 27040 + 5 Z/ugu +Y
i#]
Hence u; € L>=((0,T), Hy(Q2)). Therefore, T(U) = oo since T > 0 is arbitrary.

O

Remark 2.8. In fact, this lemma proves that, under the assumptions of Lemma
2.7, for any T > 0, there is a constant C' > 0 depends only on T > 0 and the
H'-norm of the initial data such that |[U(t)|| < C for any t € [0,T].

Remark 2.9. With the same conditions, we can address that T(U) = oo, i.e.
n'(U) € C((0,00), (H*)N) for any s € (1,2]\{2}. To this end, we only need to use
the formula of variation of constants and the fact that E;V 1 (uju?’-—i-zz# u?uj) €
L>((0,T), L*(Q)) (c.f- [33, Proposition 7.1.8] ). Especially, with the same method,
we can prove nt(U) € C((0,00), (H*)™) when U € (H*)N

The following corollary follows from the fact that infs4J > 0 and that the
energy J is non-increasing along the flow line.

Corollary 2.10. For any U € 0A, T(U) = co.
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2.3. The H'! bounds of the Solutions Starting on 0.4. We will borrow some
ideas used by Quittner in [40], which can be adapted for our situation (see also
[19] for some related work).

Lemma 2.11. Let U(t) be a global solution to (2.1) such that lim,, J(U(t)) =
E, is finite. Then there is C > 0 depending continuously upon the L?-norm of
the initial data, the initial energy Ey := J(U(0)) and Ey, such that for anyt > 0,
UM < C.

Proof. Suppose 0 < t5 < t < +00. Denote ®(t) = fti |U(s)|3ds and E, =
J(U(0)). Using the computation in previous subsection, we have
1

N N N ¢
Z‘uj(t)g—zmj(to)’g Z/ /ujatUjdde
Jj=1 Jj=1 j=1 Jto JQ
N t % N ¢ 1
<2( [ 1owtas)’ (3 [ lufas)
j=17to j=17to

< 2/Ey— E,®(t)?,

=2

which gives
(2.7) ®'(t) < |U(to)|? + 2/ Eo — E1®(t)2.

Then we can compute that

(V@ ~ U)k) = A < [0l + 2/ B — By

o(t)
This gives
t—1

(2.8) V() <|U(to)]2 + (U (to)]2 + 2V Eo — E1) 5 2
Combining above deductions, we have

N N

> )3 =Y fuy(to)l3

i=1 j=1

t—1

(2.9) <2V Ey— Ey <|U(t0)\2 + (|U(to)]2 + 24/ Eo — Ey) 5 0).
Set
(2.10) Cy = (9 + 8| Eo| + 8|E4]) + 2|U(0)|3 + 8L(Ey — Ey) +3

min; \;
We claim |U(t)]3 < C) for any t > 0. We prove the claim by contradic-

tion. Suppose that there is a 7 > 0 such that |U(7)]3 > C;. First since
Zévzl J57 10wu;l3ds = Ey — Ey < oo, we can find a sequence t, — oo such that
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VJ(U(ty)) = 0 and J(U(ty)) — E; as k — oo. Thus (U(t)) C (H)V is a (PS)
sequence. It is easy to check (e.g., [53]) that ||U(¢1)||* < 4(1+ E;). We also have
o [UOE<IUOE+1<F
o |Ute)l5 < —Lﬁ:b}) <3
Let k be the integer such that 7 € [tx_1, tx] and, without loss of generality, let us
assume |U(7)]3 = maxp, ,+1|U(s)|3. Then for any ¢ € [7,7 + 1], applying (2.9)
and the fact that C, > 81(Ey — Ey) + 1,

V@R > 0B~ 2V/Eo — B (S0 + 3y — B )
) —5\/E0 ENU(T)|2 — 6(Ey — En)

U(T)]3
2
2 > — > Ut 5.

|U (1)

2 2
This implies that t ¢ [r,7 + 1]. Therefore 7+ 1 < tx and 7+ 1 € [tp_1, tx].
Consequently we have |U(7 + 1)|s < |U(7)|2. From above computation, we also
have |U(t)|3 > & for t € [r, 7+ 1]. And now, since C; > L48(EyFy)

min; Aj

N T+1
0> |U(T+1)|§—|U(T)|§:2Z/ /ujﬁtujdxds
j=1vT Q
T+1 +1 N
> —8/ J(U(s))ds+2/ > Ajlugl3(s)ds
T T j=1

T+1
—8E) + 2min ), / \U(s)|3ds
J T

, we have

v

> —8FEy+ min )\jC'l > 1,
J

which is a contradiction. Hence we have |U(t)|3 < C for any ¢ > 0.
0

For a further discussion on the boundedness of trajectories of the flow in (H*)",
we need a result on the maximal regularity of parabolic equation in [4, Theorem
I11.4.10.7]. Spaces involving time will be used here, such as LP(I, X), WP(I, X),
where I is an interval and X is a Banach space with a norm ||-||x, and the norms
are defined respectively by

lullogrx) = ( / Ju(t) |pdt)
HUHWLP(I,X) = <
I

and

1
P

10 o Hu(t)Hidt>
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Theorem 2.12. Consider the linear parabolic problem
%u—Au—i—/\gu:f i €,

(2.11) u(t,z) =0  on 09,
u(0,z) = up(x) in Q,

where N\g > 0. Given a compact interval I = [0,T], f € LI(I,LP(Q)) and 1 <
p,q < 00, the solution u to the Problem (2.11) satisfies

(2.12) ||u||W1,q(LLp(Q)) + ||U||Lq(1,w2,p(9)) < CMR(HUOHWS»P(Q) + ||f||LQ(I,LP(Q)))>

where Cyr s a positive constant independent of f, ug and I and s > 2 (1 — é)

Remark 2.13. In fact, this is a special case of [4, Theorem I11.4.10.7]. We
only give this version for our purpose here. In the original version stated in [4],
the first term on the right hand side of (2.12) is in the form of ||uo| x
the interpolation space X, , = (LP(Q),WQ’p(Q))l_%’

.0 Where
satisfies W*P(Q2) — X, ,

q

for s > 2 (1 — %) We refer [27, 33, 47] once again for details on interpolation
spaces.

Now we prove the H'-boundedness of the global solutions.

Lemma 2.14. Let U(t) be a global solution to Problem (2.1) with U(0) € (H*)N
for s € (1,2] such that limy_,o, J(U(t)) > 0. Then there is a constant C' >
0 depending only on the H*-norm of U(0) and the initial energy Ey such that
U@ < C for any t > 0.

Proof. Denote the interval I = [tg, o+ T]. Firstly, using the global L? bound of
U(t) and the same computation of (2.6), we have,

(2.13) Sl |? < C(C)(1+[DUL).

j=1

Here C} is the L? bound of the solution U(t). Using Theorem 2.12 with respect
to each equation in Problem (2.1) and putting p = 2 and ¢ = % (Therefore,
s € (%,2]), we have

pid + ) Bijuiug

2t ’ L3(1 L2(Q))> '
i#] '

N
43,8, ey < Cvi (Z 1U(to)
=1
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The last term can be estimated as follows:

T+to N 4
3 2
| ooy <UL (ol + S tu) s
T+to % %
<C / Z]ul\g) ds
=1
T+to %
<C / Znuz-n‘l)ds)
1
T+to N 2
<C / (ZHuin) ds | .
to i=1

Using (2.13) and Proposition 2.4, we have

N[N

uju:;- + Z ﬁiju?uj
i#j

]

to+T 8
‘ i + ;ﬁwufu] @) < C’(C’Q(/to (1+ |3tU|§)ds>
< C(CL)(T + Eo)t < C(Cy, Eo)(T + 1)5.
Now set
(2.14)

Cy = 8(NCwyr)” ((U(0)|| gy +1)* + C(Ch, Eo)*(2NCyir + 1)%) + C(Ch, Ep) + 1.

4
Let T'= (2NCypr+1)® and ¢y = 0. Then we notice that [|U(0)]| sy < Co. And

we have
3
4
H2 ) N dT)

([ 1o ><i(/ Justr

< NCya([U(0) sy + C(Cr, Bo)(T +1)

w\»b

—~

N[

)

Therefore, there must be a positive number ¢ € (0,7") such that

/ U 0 s\N 1 4
U)oy < NCMR% + NC(Cy, Ey)Curr (1 + :7>
NCwa (U)o +C(Cr, Ey)
< 73 + NCyrC(Ch, Ey) < Cs.

We may assume t’ is the largest such number in (0,7]. With above results,
exchanging t, = 0 into tg = t’. Note that we can select s = 2 for the second and
later steps. Via the same method, we can find a largest t” € (¢, ¢ + T such that
[T (@) 2~y < Cy. Inductively, we can find a sequence of (t;); such that
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° 0<t§—t271 <T;
o lim; 1] = o0;
o [U) a2y < Co.
The first and the last assertions are obvious. For lim;_, ¢} = 0o, we first observe
T 4
/ 1U(T) 12 wd < A(NChrrg)? (IIU(O)HﬁHs)N +C(C, E0)2((2N(JMR F1)5 4+ 1))
0
< (s.

This implies that

Cy > / )

T Lol

4
HS)NdT :/ +/ ||U<T>||(3H2)Nd7'
Ul (gr2yn <Co U1l g2y N 2C

> 04 (T - 6)C.

where & = [{t € [0,T)|[U®)|l@zx < Co}|. This gives § > T — Cy % > 0.
Therefore for any [ =0,1,..., we have ¢, — ¢, > 0 > 0.

Using Remark 2.8 on every interval [t;, #;4T7, we can prove that ||U(t)|| g1y~ <
C(Cy) = C(JJU0)||(g=)n) for any t € [t;,t; + T] and any [ = 1,2,.... Therefore,
|U(#)| g1y~ is bounded for ¢ > 0 and the upper bound dependence on ||U(0)]| g2y~
continuously.

O

We now give two corollaries which will be useful in following paragraph.

Corollary 2.15. For any U € 0A, ||n"(U)||(gryv < C for any t > 0. Here, the
constant C' > 0 depends continuously on the initial data.

Remark 2.16. With the results in Remark 2.9, if we assume U(0) € (H*)V,
then we can conclude n'(U) € L>((0,00), (H*)N) for s € [1,2) N (2,2] via the
formula of variation of constants.

2.4. Finer Nodal Properties. It is well known that for scalar equations along
the heat flow the number of changing sign is non-increasing ([7, 16, 34]). For
coupled systems it was proved in [52] for two equations. We can prove this is
also the case for our system using the arguments in [16] and [17], and we omit
details here. But we need a more specific version of this theorem from [16], which
is based on the notation of bumps of a radial function.

Let us recall this from [16]. The number of changing sign of a continuous radial
function u = u(|z|), denoted by n(u), is defined as the largest number k such that
there exist a sequence of real number 0 < xy < x; < --- < 2, such that

uw(zj) - u(zjpr) <0, 7=0,....k—1
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We call n(u) the nodal number of the function u. We always assume that the
functions we discussed have finite nodal numbers. For a radial function u with
n(u) = k and u(xg) > 0, we define its g-th bump for ¢ =1, ...,k + 1, by
Uy (f) = X{u>0} " X{|z|<z1} * U(ZL‘),
Uq(l‘) = X{(-1D)1tu>0} * X{zq_2<|z|<z4} * U(I), q= 27 sy kv
uk—&-l(x) = X{u(zg)u>0} * X{zqg_1<|z|} u(x)
For a radial function v with n(u) = k and u(zy) < 0, we define its ¢g-th bump
qg=1,...k+1by
U1 (T) = X{u<oy * X{jz|<a1} - U(T),
Uq(T) = X{(~1)1-1u<0} * X{z,_a<lal<zg} * W(T), ¢ =2,... .k,
Up11(T) = X{u(a)u>0} * X{zg_1<z]} * W(T).
To avoid confusion, for the j-th component u; of U = (uy, ..., uy), we denote its
g-th bump by u; 4.

For the solution U(t) to Problem (2.1) with initial value U € (H?)Y for t €
[0,7(U)), we denote its j-th component by u(t);. By u(t);, we denote the g-th
bump of its j-th component.

In this subsection, we always assume that the initial data U(0) € (H?)V.

Theorem 2.1 ensure that n'(U) € (H*)Y for any ¢ > 0.
We firstly consider the case for §;; <0 for all 7,5 =1,..., N and 7 # j.

Proposition 2.17. There is a positive number p > 0 such that if 0 < |ujqlsa < p
then 0 < |u;q(t)|s < p fort>0.

Proof. By Theorem 2.1 and the inclusion H* C C(f2) for dimension n = 2,3,
then U(t) is continuous in spatial variable. As a consequence, the nodal number
of u;(t), n(u;(t)), is well-defined. Hence, there exists a small € > 0 such that if

(=1)7 u(z,, 0) > 0,
then

(1) (g, t) > 0
for any ¢ € [0, ¢]. Hence, due to the definition of bump u;, (c.f. Section 2.1), the
differential 2 [ |u;4|* is well-defined. Notice that

0
a/\umr‘ :4/uiq8tuj,q = 4/U?7qatuj

= 4/u?7q (Auj — Ajuy + pju + Z 5@“3‘“?)
i

- —3/!V(uiq)]2 —4)\j/u?,q+4,uj/uj647q+42ﬁ¢j/u;quf.
i#£j
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_ 2 :
Denote W = uj .. By computing
1 3 1—3

3 6 + 2
we have from Sobolev embedding of dimensions 2 and 3,
Y-
W3 < CIW = [W]3.
Therefore,

0 3 %
5 [ lusalt < —CIWIE -+ Clwlw;

3 1 3 3
< =ClW|z|W[3 + C|[W]]z[W|3
s
= —C|W]z[W|3 (1 - ClW|3)
3 1
= —C[|W]z[W|3 (1 = Clu,lt) <0

for |u; 4|4 small enough.
U

If there is a couple (i, jo) such that iy # jo, %0,J0 = 1,..., N and §;,;, > 0,
the property becomes more delicate.

Lemma 2.18. For a solution U(t) with its initial data U(0) € (H*)N, there is a
b=b(||U(0)||(a2)~) > 0 such that if B;; < b for alli,j =1,...,N and i # j, the
conclusion of the last lemma holds true.

Proof. With the same computation, we have
0
§/|uj,q’4 = _3/‘V(u§,q)‘2 _4Aj/u?,q+4“J’/u?,q+4zﬁij/u;{qug
i#]

N
< —Coll WP+ W + mac s - [ w2,
=1

where Cp = min{3,4);} and W = u} . Now we deal with the last term and have

N N
ey 3 [ Wht = amacpyy [ W2 (30 ) < AN ma WU
K =1 K =1 K
< AN mas Gy SIS PO
< ANBC(U(0)) SES WP,

where S, is the best constant for the inequality |U|, < S,||U|| and C5(U(0)) is
the upper bound of ||U(t)]|*> we computed in the last subsection. If we assume
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min{3,4\;}

that b = s5eree o)

> (0, we will have

9, Co
5 [ lusalt < =W+ s W

The rest part of the proof is the same with the last lemma.

3. PROOF OF THEOREM 1.4

3.1. A Topological Lemma. We give the linking structure without assuming
any symmetry, which can be used in the proof of Theorem 1.4. The strategy of
proving is to extend the original setting into a symmetric setting.

Lemma 3.1. For A = [0,400)" and a bounded open neighbourhood O of the
origin 0 in R™, there is no continuous map F' : 0ONA — A such that F(0ONA) C
0A\{0} and that the condition x; = 0 implies Fj(xy...,z,) = 0 for all j =
L,...,n, where Fj(xy ... ,x,) is the j-th component of the vector F(x; ..., x,).

Proof. We argue it by contradiction. Suppose there is a continuous mapping
F:00NA— Asuch that F(0ONA) C 0A\{0} and F;(z1,...,2,) =0ifz; =0
for any j = 1,...,n. Inspired by [24], we begin the proof by extending the setting
to a symmetric version and obtain the contradiction via a genus argument.

Firstly, let us define another open neighbourhood O* of the origin 0 € R™ by
reflection with respect to each component of the coordinates, i.e.

O ={x=(x1,...,z)|(|71], ..., |2za]) € OF.

It is easy to see that the open set O* is antipodal symmetric. Then the following
inclusion holds true:

(3.1) 0 NAC 00N A.

Indeed, we observe that 00*Nint(A) = 00Nint(A). So we only need to show that
0O0*NOA C 0O NIA. For any x € 00* NIA, for any r > 0, Bgna(z,1) N O* £ ().
Due to the construction of O*, the last intersection gives Bga(z,7)NO # (), which
implies that x € 00 N 0A. Now we restrict the mapping F' to the set 00* N A
and extend it to the whole O*. Define the mapping F : d0* — X by

F(z,...,zn) = (sgn(z)Fi(|z), .- |@al)s - o sgn(@n) Fu(|zal, .. |za])),

where X = {z = (21,...,2,)| [[,,
e [ is an odd and continuous extension of F';

o F(30%) c X\{0}.

z; = 0}. Then we can claim
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The first assertion is easy. Now we check the second one. We only need to
verify that for any z € 00*, F(z) # 0. Otherwise, if for any j = 1,...,n,

sgn(z;)F;(|x1], ..., |zs]) = 0. Since x € 0O*, there are some integers, say 1, . .., s,
with 1 = ..., zs = 0 and other integers, say s+1,...,n, with x,.1 #0, ..., x, #
0. Therefore, F;(|x1],...,|x,|) =0 for any j = 1,...,n. This is a contradiction

with (Jzy1],...,|z,]) € 00N A and F(0O N A) C 0A\{0}.

Now we will have a contradiction via the genus with respect to the symmetry
of antipodal. We denote the genus generated by the antipodal symmetry by
~4'. On one hand, we have n = v/(90*) < ~/(F(d0*)) due to Borsuk’s theorem
for the symmetry with respect to antipodal. On the other hand, notice that
X NX' = {0}, where X = {z = (xy1,...,2,)|x1 = -+ = x,}. Then we can
construct an odd homotopy G such that

xX\{o} £ sm2,

This implies that 7/(F(00*)) < n — 1. This is a contradiction.
0J

We remark that some of the computations in the above proof were used in [30, 31]
and will be also used in the next section.

Remark 3.2. Since the set O is an open neighbourhood of the origin in R", the
conclusion still holds if we replace [0,400)" by [a,+00)", where a > 0 is small
enough.

3.2. Proof of Theorem 1.4. We prove this theorem via the concept of invariant
sets of a descending flow and we will use the parabolic flow as a mean of descending
flow. Recall we fix N non-negative integers Py, ..., Py which are the prescribed
componentwise nodal numbers. We first introduce some auxiliary functions.
e Firstly, for the radial domain €2, we cut it into NV radial sub-domains §2;
for j = 1,...,Nwith§:U§Vle_j;
e For any fixed j = 1,..., N, we cut the domain €2; into P; +1 sub-domains
O with ¢ =1,..., P+ 1 with Q; = U110, ;
e Forany j=1,...,Nand ¢=1,...,P; + 1, we define a smooth non-zero
radial function with compact support w;, : €2;, — [0, +00).
Without loss of generality, we can assume that |w;,|4 = 1 forany j =1,...,N
and ¢ =1,..., P, + 1. We define the following set .S by

Al Py+1
S = { ( Z (—1)‘1+1a1’qw17q(m)7 el Z (_1)q+104N7qu,q<CC)> '

q=1 g=1

aj7q>%forq:l,...,Pj—i—lcmdjzl,...,N},
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which is a closed cone in the real vector space of dimension Z;VZI P; + N. And
there is an isomorphism

i: 5 = [0, +00) = BtN
Pj+1

9
D e

q=1 .
J

We denote by Y the Z;VZI P; + N dimensional vector space spanned by S with
respect to the linearity in i(S). It is easy to see that ANY is also an open
neighbourhood of the origin in Y and ANY is bounded. Notice that SNJA is a
compact set and can be embedded into a finite dimensional vector space, where
all the norms are equivalence. If there is at least one f3;; is positive, due to the
restriction of Lemma 2.18, we need to find an upper bound b > 0 depending on
SUPyesnaa SUPso |1 (U)]|? € (0,00). If all the §;;'s are non-positive, the limit on
the upper bound is no longer necessary (Lemma 2.17).

Now we will locate the portions of the boundary d.A in which along the flow
lines the number of nodal domains can be controlled. For this purpose, as done
for scalar equations in [16], we introduce the following notations:

e Djy={U = (u,...,uy) € (H)N|n(u;) = k} and D = N}_, D; p,, where

Py, ..., Py are given in the theorem,;

e Bf, = {U = (ur-...un) € Dlfugls < ¢} for ¢ = 1., P, + 1 and
j=1,...,N;

e denote

H = {U:(ul,...,u]v)G(Hf)N|n(uj)§Pj forj=1,...,N

N N
and Zn(u]) < ZPJ}
j=1
e denote

F.o=ul, Uy B U H;

e the complete invariant set of the set E%  is defined as
C(E;,) ={U e (H*)"|3ty > 0 s.t. (V) € E; ,}
forg=1,...,P;+1and j=1,...,N. Therefore, we can denote
A5, = C’(Eiq) NoAND
forg=1,...,Pj+1and j=1,...,N.

Due to the invariance property proved in the last section we will also define an
arriving time
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e for any U € DN JA, denote T*(U) = inf{t > 0|n"(U) € Fc}. Note that
T*(U) is only well-defined for U € D.

Remark 3.3. The concept of complete invariant set is from [29].

We note that the set D;; consists of the vector-valued functions whose j-th
components have exactly k sign-changing number. For any function (uq,...,uy)
in the set D, let u; be an arbitrary component. The set £, contains the functions
whose ¢-th bump of j-th component has a small L* norm. This set is invariant
due to Proposition 2.17 when n(n'(-);) dose not change. As to the set F., an
element in F. either has a small bump or has a component with a sign-changing
number less than what we prescribed. It should be noted that this set is what we
want to remove. 7™ is the time when the flow line arrives in the set F=. Using the
computation in Proposition 2.17, any flow line which flows into F. in a finite time
will flow into F < eventually. We will fix small € so that the invariance property
holds. Following the idea in [16, Lemma 5|, we now have the continuity of the
arriving time 77*(U).

Lemma 3.4. The arriving time T*(U) is continuous.

Proof. Let U € D. For a sequence U, — U in (H")Y, we only check the lower
limit
T5(U) < lim T*(U,).
n—oo
The upper one T*(U) > lim,, o, T%(U,) can be proved in the same way.
We argue by contradiction. Suppose, up to a subsequence, we have
s:= lim T*(U,) <T*(U) <T{U) = 0.
n—oo

Then we can find a t € (s,7%(U)). Set V, = n'(U,) and V = n*(U). Then,
due to Theorem 2.1, we have V,, — V in (HY)"N. Since t < T*(U), we have
V=n'(U) € DNOA\Fs. Then |Vj [y > §forallj=1,...,N,¢g=1,...,P+1.
By using 7*(U,) — s < t, we have V,, = n'(U,) € F: N A, which implies
|(Va)jouola < 5 for some jo =1,...,N, g =1,..., P; + 1. Combining these with
the fact that V,, — V in (H')", we conclude that [n"(U)jo.qls = [Viewls = &
Hence, t > T*(U) due to the definition of 7™, which is a contradiction.

OJ

Lemma 3.5. For any U = (uq,...,uy) € 0A satisfying

° Z;V:1 n(u;) < Zjvzl bj, and

e there is a sequence of functions U, € DNOA such that U, — U in (H")V,
we have lim,,_,., T*(U,) = 0.
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Proof. We prove the lemma by contradiction. For a sequence U, — U in (H')¥
with U, € DN JA for any n = 1,2,..., suppose there is to > 0 such that
T*(U,) > 2ty for large n. We select and fix a ¢t € (0,tp). On one hand, we have

n'(Un) = 0" (U)  in (HYY,

due to Theorem 2.1. On the other hand, by the definition of the arriving time
T* and the non-increasing property of nodal number along the flow line, using
U, € D we have

e n((U,);) =Pjforj=1,...,N;
° |(77t(Un))j7q‘4 >sforj=1,...,Nandg=1,..., P+ 1;

. n((nt(U))j) <Pjforj=1,...,Nand ¢=1,...,P; + 1 and at least one

of the <’s holds strictly.

Here, (n*(W)); and (n*(W)),, are the j-th component and the g-th bump of
the j-th component of n*(1W). Now we show that these assertions lead us to a
contradiction.

Since n'(U,) — n*(U) in (H')N, we can select a large ng > 0 such that
}nt(UnO) — nt(U)‘4 < £. In the following, we will argue it in terms of com-
ponents. Let us consider n(U); and n'(U,,): for the sake of simplicity, where
n'(U); and n*(U,,): are the first components of n*(U) and 7n'(U,,) respectively.
Let us assume that n(n*(U)1) < n(n'(U,,)1) = P1 without loss of generality. Due
to the definition of the sign-changing number, we can find a sequence of numbers
xg—1 € suppn'(Upy)1, for ¢ = 1,..., P + 1, where n'(U,,)1,, is the ¢-th bump,
such that

nt(Uno)l(xq) : nt(Uno)l(qu) <0
for ¢ = 0,...,P;. Using the facts ‘nt(Uno)Lqu > sforqg=1,...,P +1, and
7" (Uno) — 0" (U)], < §, we claim there must be #,_; € supp n'(Uy,)1,4 such that

(3.2) 1" (U)(zg) -0 (U)i(2g41) <0

for g =0,..., P;. Otherwise, if there is a gy = 1,..., P, + 1 such that
b nt(Uno>1,q0 > 0;
b Ut(U) S 0 on Suppnt(Uno)qu§

® |nt(Uno)1,qo|4 > %;
then we have

7 2 11" Ung) = 7' (U4 = 0" (Uno)1.g0 = 1 (U) - XSUDPH Uiy )1.4 4
€
> |nt(Un0>1,qo|4 > 5’
which is a contradiction. Here, the function x4 is the characteristic function of
the set A. Therefore, (3.2) holds, i.e., P, = n(n(U);), but this is a contradiction
with n(n*(U)1) < P. The proof is complete.
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Finally to prove Theorem 1.4, we only need to show that
A= 0AND\(UY, U A ) £ 0.

The rest part of the proof requires a lower bound of the energy functional J on
the set A and the fact that the energy functional satisfies the (PS) condition.
The second part is obvious and the first part is given by

AcCoA

and
0 <infJ <inf J.
0A A

Now we verify that 9. AN D\ (UL, Uf:flAiq) # 0.

This proof relies heavily on a technique used in [30, 31]. We will use the subset
S C D constructed at the beginning of this subsection and prove the theorem by
proving d.A N S\ (U, ufle;q) # 0.

Now we argue by contradiction, i.e., we assume that 0.4NS C Ué\]:l Uff{l AS
We use dy S to denote the boundary of S with respect to the space of Y. Define
a continuous cut-off function ¢ : [0, 00) — [0, 1]:

1 s > €,
€
(3.3) o) = ’ =y
E—1 s € <E 8).
€ 2’

Let us define the mapping h : 0ANS — 0yS by

P41
) = S0 (o O+ g

q=1

Pn+1
> (07 (o™ O W)l + fw)ww),

q=1

where U = (Uy,...,Uy) € 0ANS.

We are here in position to use Lemma 3.1. To do this, we only need to check
that h(dy(ANY)NS) C dyS\{0}. Firstly, we notice that dy (ANY) C AN
Y. Then we claim that for any U € 0A NS, thereisa j = 1,...,N and a
q = 1,...,P; + 1 such that ¢(|n" @) (U);,]l4) > 0. If the claim is not true,
forany j = 1,...,N and ¢ = 1,...,P; + 1, we have [|U;,|* < ! as t goes
large. Multiplying u; on the both sides of the j-th equation of Problem (2.1) and
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integrating and summing up with respect to j, we have

N
U+ O] < Y (uj [wi+> 8, [ ui<t>2uj<t>2> <Cs
Jj=1 i#]

for ¢ large. Using the openness of A in (H')" and the invariance of 0A, ||U(t)|| >
C > 0 uniformly for ¢ > 0. This implies that 2|U(¢)]3 < —C for t > 0, a
contradiction. Therefore, the mapping h satisfies the condition for F' in Lemma
3.1, so we have a contradiction on the existence of the mapping h. The proof is
complete.

O

4. PROOF OF THEOREM 1.2

4.1. The Idea of the Proof. We are now in position to prove Theorem 1.2. We
outline our approach briefly first. Using the flow invariance property we reduce
the variational problem to one defined on a subset on the boundary of the stable
set of the origin where the nodal number of the functions is controlled by the
componentwise-prescribed number of nodes. In order to establish multiple nodal
solutions having the same componentwise nodal number we will make use of the
symmetry property imposed in Theorem 1.2.
More precisely, our problem possesses a Z, symmetry under a cyclic permuta-

tion o : (uy,...,uy) = (o1(w1),...,on(uy)) in (HE(Q))V defined by

e 0;(u;) =ujpy fori#pbforb=1,...,B,

® pr(upb) = up(b,1)+1 for b = 1, ey B.
In other words, we define the permutation o as

o(Up, Uy ooy Uy e SUN—pt1s UN—pt2y - - - UN)
= (U, .oy Up, ULy ee e SUN—pt2s - - - s UN S UN—pi1)-

It is easy to see that this can be regarded as a Z, cyclic group action, our varia-
tional functional J is invariant under this action.

We will use a Z, group action index (or genus), which is from [50] (see also
related works in [51, 52]). We summarize some basic property of the index.
Let E be a Banach space on which there is a Z, action generated by o. Let
F, ={U € E | U = U} be the set of fixed points of the o action. For a
o-symmetric compact set A C E\F,, the index y(A) is defined as the smallest
m € N such that there exists a continuous mapping h : A — C™\{0} with

hoU) = e h(U).
If there is no such mapping, we set y(A) = co. We need the following properties
of the Index 7.
o If AC B, then v(A) < ~v(B);
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V(AU B) < (4) +7(B);
e if g : A — FE\F, is continuous and satisfies g(o(u)) = og(u) for all u € A,
then

Y(A) < v(9(A));
e if 7(A) > 1, then A is an infinite set;
e if A is compact and y(A) < oo, then there exist an open o-invariant
neighbourhood A of A such that y(A) = v(N);
e if S is the boundary of a bounded neighbourhood of the origin in a m-
dimensional complex linear space such that er U € S for any U € S, and
U . S — E\F, is continuous and satisfies for any U € S, ¥(e» U) =
o(¥(U)), then y(¥(5)) = m;
One can find the proofs of all these properties in for example [50]. Nevertheless,
to complete our proof, another lemma on the Z, index is necessary. It can be
considered as a generalization of the normalization of the Z, genus, c.f. [43,
Proposition 7.5].

Lemma 4.1. Let A be a closed set such that A C E \ F,, and N'_;0*(A) = (.
Then ~(Zy(A)) < p— 1.

Proof. The idea to proof is to decompose Z,(A) into p — 1 sets with genus no
larger than 1. Firstly, note that it is clear that if o*(A) No/(A) = 0 for i # j,
1<i,j < p, then 4(Zy(A)) = 1.

Let Ly = {A,0(A),...,0?"1(A)}. Let k < p be the largest integer such that
there exist k elements in Ly whose intersection is nonempty, and there is no k+ 1
elements of Ly whose intersection is nonempty. Without loss of generality, we
assume k = p — 1 and we will do induction in k.

First there exist p sets By, ..., B, each of which is the intersection of p — 1
elements of Lg so some B; is nonempty. Due to o symmetry, the union of these p
sets form a Z, invariant set. We claim that B; N B; = () for all ¢ # j. This follows
from k = p — 1 being the largest. So each B; is a closed set and UY_, B; = Z,(B;)
for any j. Thus y(U'_,B;) = 1. We may also find an open set U; such that
By C U; and ¢*(U,) Nod(U;) = 0 for i # j. Thus we also have v(Ul_,U;) = 1.

Define A; = A\ U_,U; and L; = {A;,0(41),...,07"1(A;)}. Then A, is a
closed set. If for Ay, the largest integer k; is such that some k; elements of
Ly have nonempty intersection, then k; is less or equal to p — 2. This is due
to the construction. Without loss of generality, assume k& = p — 2. Now we
repeat the arguments above, there exist at most 05*2 = p(p — 1)/2 sets which
are intersections of p — 2 elements of Li: C4, (s, .... We claim that C}’s are closed
sets, and C; N C; = ) for all 4 # j. This follows from p — 2 being the largest in
this case.
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Due to o symmetry, these sets C;’s form at most (p — 1)/2 number of Z,
invariant sets, each such Z, invariant set is given by (4, ..., C, with the property
C; = o 1Cy) for i =1,...,p, C;NC; = 0 for i # j. Thus v(U_,C;) = 1. We
have at most (p — 1)/2 such disjoint closed Z,, invariant sets, whose union has
genus 1. Then we choose an open neighborhood V; of C; so that the closures of
these open sets are also disjoint and the union of these closed neighborhoods also
has genus 1.

Define Ay = A; \ U;V; and Ly = {4y, 0(As), ...,07"1(As)}. Doing this process
until we get to k = 1 then we are done.

O

Remark 4.2. In fact we have proved that ¥(Z,(A)) < k if Nje 07 (A) = 0 holds
for any k-element subset J C {0,1,...,p—1}.

Using this Z,-cyclical permutation symmetry and the genus type index gener-
ated as above, we construct multiple nodal solutions with a given componentwise
prescribed number of nodes by a minimax type argument. With the aid of the
flow invariance, the central part of the proof is to construct a certain set of vector-
valued functions which has infinite Z, genus and in which the flow line always
possesses prescribed number of nodal domains. Then by a minimax construc-
tion in variational methods (c.f. [14, 43]), we will have a sequence of critical
levels and therefore a sequence of solutions to Problem (1.1). For the construc-
tion of sets with large Z,-index, we will use a variant of the construction in [50,
Proposition 4.2] where only positive solutions were considered, by making sets of
sign-changing functions with ¢ symmetry property. For computations of the Z,
index, we will adapt some ideas from [16, 30, 31, 50] incorporating the invariance
of nodal domains and the Z, symmetry.

4.2. Invariant Sets and Other Constructions. We need a symmetric version
of the settings in Section 3. We begin with constructing sets of vector-valued
functions with componentwise-prescribed number of nodal domains and with ar-
bitrarily large genus.

Recall that p is a prime factor of N and B is such that N = pB and that
Py,..., Pg are B non-negative integers and fixed in the proof. For any given
positive integer K, we will construct a subset having Z,, genus not less than K that
consists of vector-valued functions U = (uy,...,uy) such that for b = 1,..., B,
n(upp—pti) = Py for i =1, ..., p, and satisfies other dynamic property.

Firstly, we divide the domain () into B radial parts and denote them by (2,
forb=1,..,Bso UE Q, = Q. For a fixed integer b = 1..., B, we divide €,
into P, + 1 radial sub-domains €, for ¢ =1,..., P, 4+ 1 so Uf;:{lQb,q = Q,. For
each sub-domain (2, ;, divide it into K radial sub-domains €2, for k =1,..., K
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so UK Qyox = Qg Denote Oy, = S! x O, and Op ) = St X QU gp. For
b=1...,B,q=1,...,P,+1and k=1,..., K, we define functions for (¢,z) €
Opak = S' X Qp 1 as follows:

o wy,k(t,x) = wpgr(t,|z]) = wegr(t,7) i Opgr — R of class C* and of

compact support in O 4 i;
o wy, x> 0 and wy,x(t,-) #Z0 for any t € S! ;
® SUpp Wy qx(t, ) Nsupp wb,q’k(%7r +t,-) =0 for any t € S
Now we have a few words about the notation for clarity. We point out that the

subscript ”b” denotes the number of the blocks of components with each block
having p components so it is invariant under the Z,-permutation of components.
The subscript ”q” denotes the number of nodal domains. And the subscript ”k”
is for the factor K of the dimension of the simplex. To give a simplex in Sobolev
space (H')V involving vector-valued functions, we start by its componentwise
construction. In order to use the Z, index 7, we need to consider the complex

Euclidean space C* (Zlep bt ) For any vector z = (254%) we decompose them
in the polar-coordinates with respect to the components. This leads to 245 =
eakoy .1 with ay,1’s are nonnegative real numbers and 6,5 € [0,27) for any
b=1...,B,q=1,...,B+1land k=1,...,K. For b =1, ..., B fixed we define

Pyt1 K
Vi(t, zp)(r) = Z (—1)7t! Z Qg kWhg k(L + Op g i, 7)
q=1 k=1

where the vector z, = {(zpqx)|¢=1,..., P+ 1;k =1,...,K}. Then we can
define a mapping

Wb - CK(Z{?ZI Pb—l—B) _ (HE)N

We note that

27 27‘(‘
Vi(t,ew z)(r) = Z (=1t Z g,k Wh,q k (t + Obqx + > 7”)

q k=1

% + ta Zb) (T)v

/N =

21
p

which implies that w(e%z) = 01(z). Here recall o is the Z, cyclic permutation.
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As the settings and notations used in Section 3, we introduce the following
notations:

e D) ={U = (u,...,uyn) € (H)N|n(u;) = k} and
D =0yl My Dypoprispy;

e Fore >0, E5, = {U = (u1,...,un) € Dl[ujqla <e};
e denote

H= {U: (u, .. un) € (HAON n(upy_pri) < By, fori=1,....p, b=1,..., B,

and Zn(uj) < pZPb}

b=1

and

_ B Py+1 p €
k= Uyt ( Uq:l Ui:lpr—p+i,q

) UH;
e the complete invariant set of the set E7  is defined as
C(E;,) ={U € (H)"|3to > 0 s.t. " (U) € E}.
Therefore, we can denote
A5, =C(E;,)NOAND

and

Py+1
g=1

o T*(U) = inf{t € [0,T(V))In'(U) € Fz N 0A} for U € 0AN D.

The notations are symmetric versions of the ones in Section 3, and the difference
is that we restrict the sign-changing condition for the sake of componentwise
permutation.

As we proved in Section 3, the continuity of the arriving time 77(U) holds.
Besides, the invariance of T*(U) is easy to check.

Ao =Up Ut ur A

pb—p+i,q°

Lemma 4.3. T*(U) is continuous and invariant under the permutation o.
So holds the following lemma.

Lemma 4.4. For any U = (uy,...,uy) € 0A satisfies
® Z;V:I n(u;) < B Z;V:p Fy,
e there is a sequence of vector-valued functions U, € D N 0A such that
U, — U in (HYY,
then lim,, .. T*(U,) = 0.
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To compute the Z,-index, we will use an idea from [30]. Nevertheless, it should
be noticed that the simplex in [30] is different from ours. In order to make it

B
work, we need to enlarge the previous set w((CK (szl Po+B )> Let us select a

o-invariant set G which contains 1) (CK(Zfl Pb+B)> by the following

Pp+1

k=1 q=1 k=1 q=1
aZ:{‘:ZO, sg’kE[O,Qﬁ), foranyb=1,...,B, j=1...,p, q=1,..., P, +1,

k_l,...,K}.

Note that for any ¢t > 0 and U € G, we have tU € (. The difference between
the set G and the set ¢<@K(Zf_1 P”JFB)) is that in G the coefficients « ’{C’s are

independent. Notice that the set G contains no nontrivial fixed points of o due
to the definitions of the functions w4 1’s. We observe that due to the definition
of A and the property of the heat flow 7', every half-line in G starting at the
origin intersects 0.4. Moreover, the set G N 0A is compact and o-invariant. In
particular, we denote

Gy = {UGG‘n(pr_pH):Pb foranyi=1,...,pand b=1,...,B}.

This is to say that we define G as the portion of G whose elements do not degen-
erate in the sense of no drop-off of the sign-changing number, i.e., n(Upp—p+i) = By
foranyi=1,...,pand b=1,...,B. It is easy to see G = Gj.

4.3. Avoiding the Fixed Points. In Section 3, we already proved that 0.4 N
DN (H?*)N\A, # (). In this subsection we show that d.4N D\ A, contains no fixed
points of the permutation ¢ action. The following lemma ensures that the flow
line does not go through the fixed points of the permutation o.

Lemma 4.5. For any U € 0AND\A,, the flow line {n*(U) }s>0 contains no fized
point of the permutation o.

Proof. We argue by contradiction. Suppose that there is a t5 > 0 such that
n'(U) is a fixed point of the permutation o. Then we have n*(U); = --- =
n'(U),. Due to the uniqueness of the solution, n*(U); = -+ = n*(U), for any
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t > to. Multiplying u3 on both sides of the first equation of Problem (2.1) and
integrating over {2, we get

d ) 3
- u%+4mm{1,xl,...,m}||u%||2s4<m/ul+26ﬂ/u u)

_4< u1+2@1 /u1+5z1 Z /uu1>

i=p+1

Combining with gy + >7 , i1 < 0 (assumption (D) of Theorem 1.2) and the
Sobolev’s embedding, we have

Ul_ CHU1”2< C’U1’4

dt
Hence, [uj < Ce™ " follows. Therefore, for some Ty > 0 and ¢ = 1,..., P,
n'(U) € E}, fort > T,. This is a contradiction with the fact that U € AND\ A..

OJ

Remark 4.6. In fact, we can do the same computation to the other components,
therefore we will have n'(U) — 0 in (L*)N

Corollary 4.7. The set 0.AN D\ A. contains no fized point.

4.4. Construction of o-Symmetric Sets of Functions of Prescribed N-
odal Numbers with Arbitrarily Large Genus. The aim of this subsection
is to prove that for any integer k > 0, there is a compact subset By C AN D\ A,
satisfies o(By) = By and ~(By) > k. To do this, we only need to check that for
the set G constructed in the last subsection 4.2, it holds v(0ANG\A.) > K since
K can be chosen to be arbitrarily large.

Lemma 4.8. v(GNOA) = K ( P P+ B).

Proof. It is obvious that w<(CK(Zf—1 P”+B)> C (. Hence, we have

YGNOA) > 7<w(<cf<(zfl pb+B)) N &4) — K (i P+ B) ,

where the equality holds due to Borsuk’s theorem. To obtain the reversed in-
equality, we note that the set G is homeomorphic to the following subset X of
CPK( P Pb+B) .

b2)

arc(zs V) = arc(z,;) =+ = arc(z,})

X:{(zb]) CPK(Zb 1Pb+B)

forany b=1,....B, ¢q=1,..., B, + 1, kzl,...,K}.
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In fact we may define £ : G — X by

A 2m(j — 1) i byj
A Z et (T k) | = (el )

k=1 q¢=1

To distinguish between the spaces CK(Zszl Pb+B) and CP K<Z‘]’3:1 Pb+B) , we denote
their vectors by (zp4x) and (zf;i) respectively. On the other hand, we have a

Pb+B)

B
continuous map f : X — CK(Zb=1 written as

P
feh = (o).
j=1
Notice that f~!(0) = 0 and f (e%z%) = eF f (zé'i) The reversed inequality
follows from the identity f o &(oU) = e%f o &(U).

O
By Proposition 2.17 for £ > 0 small enough, Ej, ., is invariant under the
heat flow n'(+) forany b=1,....B,i=1,...,pand ¢ = 1,..., P, + 1. For the
sake of convenience, we will denote the set Ep, ., by Ej withb=1,... B,
1=1,....p,qg=1,...,P,+1and j = pb—p+i. As we did in Section 3.2, define
a continuous cut-off function ¢ : [0,00) — [0,1] by ¢(s) =1 for s > ¢, ¢(s) =0
for s < £, and ¢(s) =2 —1for s € (£,¢).
We will prove y(JANG\A.) > K — (p—1)(32, P, + B), which completes the
proof of the present subsection. To obtain this, we define a mapping h : GNA, —
G as

Pi+1 Pp+1

mU) = (Do O )ag ) 3 (1 (1" O U ngla) Uy )
q=1 q=1

for U € Gy and for U € G\Gy, let
Pi+1 Pp+1

h(U) = <Z( D G (|U1 X ) U1 Xe g D (=D O (|UnXau, l4) Un- XQNq>
q=1 q=1

Here, x4 is the characteristic function of the set A C Q. In fact, for U € G,
Upp—priq = Up—pri* Xa,, forg=1... ., Pp+1,0=1,...,pandb=1...,B. And
N(Upppti) < Pyfori=1,...,pand b=1,...,B. The "<"’s hold strictly for at
least one of admissible (b, j)’s. The mapping h is continuous due to Lemma 4.3
and Lemma 4.4. And it is easy to see that this mapping is also o-equivariant.
Then, we have the following claim.

Lemma 4.9. For any U € 0AN Gy N A, there are admissible couples (j1,q1)
and (ja, q2) such that ¢(|n™" ) (U)}, ,14) = 0 and ¢(In"™ O(U);,,4,4) > 0.
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Proof. We notice that n*(U) always stays on d.A, which implies that ||n*(U)|| >
C > 0 for any t > 0. Let us assume that ¢(|n” ) (U);,l4) = 0 for any (j,q)
admissible. This gives Zjvzl [ |u;|* < Ce* as t goes large. Multiplying u; on the
both sides of the j-th equation of Problem (2.1) and summing up with respect to
7, we have

19 al
SHIVOB+IVOF <> (uj [+ 3 | u@-<t>2uj<t>2> <
j=1 i#]
when t is large. Using the openness of A in (H')" and the invariance of d.A, we
have %]U (t)]3 < —C for t > 0. This is a contradiction, and the proof is complete.

O

Remark 4.10. The lemma implies that for any U € 0ANGoN A., there are two
admissible couples (j1,q1) and (ja, q2) such that h(U)j, 4 =0 and h(U), 4, # 0.

Lemma 4.11. [t holds v(0AN D\ A,) = oc.

Proof. We use the notations in the proof of Lemma 4.8. To proceed our
computation, we need an upper bound of v (h(OANGN A.)). Due to above
deduction, for any U € h(0A N G N A.), we can find an admissible couple
(7,q) such that |U;,|4+ = 0. Translating into the version in G, we have that
there are some by = 1,...,B, jo = 1,...,pand ¢o = 1,..., P, + 1 such that
|z;’8i°| =0 for any k = 1,..., K. Instead of estimating v (h(0ANG N A.)), we
will give an upper bound of 7 (£ o A(OAN G N A.)) since v (h(DANGN A,)) <
Y(Eoh(DANGNA,)).
We divide h(0ANG N A.) into two parts. The first part is defined by

L:{(zsji)660h(8AﬂGﬂAg) EibQ:l,...,B, 3(]0:1,...,Pb0+1

90

s.t. |zb°:£|:OVj:1,...,p, Vk:zl,...,K}.

It is easy to see that for any (zp4x) € f(L) € CKELB4B) we can find some
bp=1,...,Band qo =1,..., P, + 1 such that forany k = 1,..., K, 2,46 = 0.

We define a subspace W C (CK<Zf=1Pb+B) by
W :{(Zb,q,k) € CK(ZE:IPI’JFB) |Z10k = = 2Pk = = ZBIE =

©t = ZB,Pg+1,k szl,,K}

To continue the proof, we need the following lemma:
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Lemma 4.12. There is an gy > 0 such that for any a = (a4, . .. Y Ag(5B Pb+B)) €
K(XE., P+B) -
F(L), 25 lar| > eo.

Proof. We argue it by contradiction. Then there is a sequence a™ € f(L) such
that |a™| — 0, which implies that there is a sequence U™ € AN G N A, such
that Zivzl |u§-n)|4 — 0. Using the fact that T'(U) = oo for U € J.A and similar
computations in Proposition 2.17 and Lemma 4.9, we will have a contradiction.

O

We now return to the proof of Lemma 4.11. On one hand, we have dim(W) =
K. On the other hand, due to the definition of the space W and Lemma 4.12,
we have

f(L) C (CK(Zszl Pb+B) \W(S & SK( Eszl Pb+B—1) 71‘

Here, 6 > 0 is small, Wy represents the d-neighbourhood of W, and the symbol

< means that two topological spaces are homotopy equivalent via a homotopy F'
27 271

satisfies F'(t,e» z) = e » F(t,z) and S™ ! denote the unit sphere in C™. Hence,

we have

B
0 <50 < (SR m 1)
b=1
Notice that L is a compact set, then there is a § > 0 such that y(L) = v(Ls).
Now we give an estimate on another part of £ o h(OANG N A.). Define the set

M :=E&oh(0ANGNA)\Ls,

where ¢ > 0 is small. According to the previous deduction, the elements (zg{c) in
M satisfy that there are by = 1,...,B and ¢y = 1,..., P,, + 1 such that there are
two jl, jg = 1, ..., P with ,jl 7£ j2 and

° \zsgﬂ =0forany k=1,..., K;

o Yol = 0,

for some 6; > 0. Using these forany b=1...,Band ¢=1,..., P, + 1 we define

K
=0,> |z 251}.
k=1

b7j1

K
there exist j; # js such that Z 2%
k=1

.
Ny = {(Zq,i)j,k e M

Then, N? can be divided into p sets
Ny +1) = o’ (Ng(1)) ,

where j =0,...,p— 1 and
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It is easy to see that, due to the definition, we have

2 : b,j+1

K
z =05.
k=1

Ny (G +1) = {(ngﬁ) €N, 0k

for j=0,...,p—1,
Moo’ (NE(1)) =0
and
N! = U507 (N2(1)).
Therefore, using the last property of the index v in Section 4.1 we have
v (Ng) <p-1

for any fixedb=1,...,Band ¢=1,..., P, + 1 and

Pb+1

A =4(700) < DA (€W < (- 1) (Z Pyt B) .

b=1 g=1

Now we can compute

v (@OANGNA) < 7((aAmeA)> <§oh(8AﬂGﬂA€))
< (Ls) +v(Ms) = ~v(L) + (M)
< (ZPb+B—1)+(p—1)<ZPb+B>.

The above result implies that

7((0A\A:) N G)
> (GNOA)—~v(A-NIANG)

k($nen)-x(Eneni)-pon($nen)
—K—(p—1) <2Pb+3>.

The proof of Lemma 4.11 is complete since K is arbitrarily large.

O

Remark 4.13. We note that 0.A N D\ A, is an invariant set of the heat flow,
from which, a sequence of compact sets with unbounded genus can be selected.
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4.5. The Existence of Multiple Equilibria Having the Same Compo-
nentwise Prescribed Number of Nodes. In this subsection, we complete the
proof of the main result Theorem 1.2.

Lemma 4.14. Let c € J(OAND\A.). If there are positive numbers a and ' such
that for any U € J ™ [e—¢', c+€'|NOAND\A,, |Auj—Auj+pu+3 75 Buiugls > a
for some j =1,...,N, then there is T > 0 independent of U such that n* (U) €
JE NOAN D\A..

Proof. Let T' = i—i > 0. Notice that 0.A N D\ A, is invariant under the flow
n. If nT(U) € J*¢ N dAN D\A,, the proof is complete. Otherwise, assume
J(nT(U)) > c—¢'. Then n'(U) € J Y c—€',c+&|NIAND\A. for any t € [0,T].
Compute that

d N
i’ == _ |y,

Jj=1
N
Z Auj — Njuj + pju) —|—Zﬁwu u]|
J=1 i#]
< —a’

Therefore,

T
c—e' < c+/ %J(nt(U))dt <c—a’T=c—4¢.
0

This is a contradiction.

Define
={A C 0AN D\A.|A is o invariant compact set, v(A) > k}.
By Lemma 4.11, T', # 0 for large k, and the values
¢ = inf sup J(U)

A€l yeA

are well-defined. Using Lemma 4.14 and some classical arguments as [43, Prop-
ersition 8.5] it is easy to verify the following.

Lemma 4.15. (i). K, N0AND\A. # 0 for large k.
(i1). If c:==c; =--- = cjp, then y(K.NOAND\A,) > 1+ 1.

Proof. A standard argument ensures that there is a sequence U,, € AN D\ A,
such that

o J(U,) = cx;

o forany j=1,..., N, Aupj — Nty j + pjusy 5+, Bijus jupj — 0 in L2,
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where u,; is the j-th component of U,. The second assertion implies that
Vo, J(U,) = 0 in H™'. Then U, — U in (H")" for some U since the energy
functional J satisfies the (PS) condition. It is easy to see that U is a critical
point of the energy J. Therefore, U is of class (H?)" due to the elliptic regularity
theory. Now we prove that U € 0.AN D\ A..

To show U € D, denote U = (uq, ...,uy). U,’s are continuous since they are
of class (H*)™. We have for b = 1,..., B, n((Up)pp—pti) = By for i =1, ..., p, and
}(Un)pb,pﬂ,q‘4 > Sfori=1,...,pand ¢ =0,..., F. Here (Uy,)pp—p+iq denotes the
g-th bump of the (pb — p + i)-th component of U,,.

Since U, — U in (HY)Y, for n large, we have !(Un)pb,pﬂ- — Upb—pti|, < Tog-
Therefore, for fixedb =1, ..., B,¢ = 1, ..., p, we can find a sequence xy, ..., xp, €
such that

o 0 < |zo| <--- < |zp| < o0
® Upppii(Th) - Upp—pti(Tht1) <0 for k=0,..., P, — 1.

Therefore, U € D.

Now we prove U € 0.A\ A, by contradiction. If U € A., due to the definition of
A, there is an admissible pair (jo, qo) such that U € A5 . If |[Uj, g]4 > €, there
is a T' > 0 such that |n”(U)jyq|, < e This implies that U is not equilibrium.
Therefore we have a contradiction. On the other hand, if |Uj, 4 ]4 < €, due to
Proposition 2.17, once again, U is not equilibrium. Hence, U ¢ A.. And U € 0A
is due to the closeness of 0.A with respect to the norm || - ||. Assertion (i) is
proved.

Assertion (ii) can be proved by some arguments for the classical genus [43,

Propersition 8.5], and we omit it here.
O
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