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Abstract

In this paper we consider the semi-classical solutions of a massive Dirac equations in
presence of a critical growth nonlinearity

3
—iﬁz arOpw + afw + V(z)w = f(jw|)w.
k=1
Under a local condition imposed on the potential V', we relate the number of solutions with
the topology of the set where the potential attains its minimum. In the proofs we apply
variational methods, penalization techniques and Ljusternik-Schnirelmann theory.

Mathematics Subject Classifications (2010): 35Q40, 49J35.
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1 Introduction and main result

In these last years, attentions have been drawn to the study of standing wave solutions for the
nonlinear Dirac equation of the form

(1.1) —ihdyp = icha - Vo —mc*Bo — V(z)p + g(x, ), (t,r) ERxR3

where (t, ) € C* is a spinor function, 7 is a small positive constant which corresponds to the
Plank’s constant, m,c > 0 are constants representing the mass of a electron and the speed of
light, « = (a1, 0, a3) and - V = Zi:l a0 with a1, as, ag and 3 being the 4 x 4 complex
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Moreover, in Eq. (1.1), V' is a potential function and g is the nonlinearity modeling some self-
interaction in Quantum electrodynamics. In particle physics, (1.1) models many physical prob-
lems in the self-interacting scalar theories, where the nonlinear function g can be both a poly-
nomial and non-polynomial. Various nonlinearities are considered as possible basis models for
unified field theories, we just refer to [30, 31, 34] for more physical background.

and



A solution of the form ¢(t, z) = exp(—iwt/h)w(x) is called a standing wave. Assume that
g(z,exp(—i0)¢) = exp(—if)g(x, &) for @ € R and ¢ € C*, a change of notation (in particular &
instead of /) leads to an equation of the form

(1.2) —iea - Vw 4 afw + V(z)w = g(z,w) we H (R CY).

This type of particle-like solution does not change its shape as it evolves in time, and thus has a
soliton-like behavior.

It should be pointed out here that, in quantum mechanics, the existence and multiplicity of
solutions to a dynamical equation in terms of an asymptotic representation as the Plank’s constant
tends to zero is of particular importance. To some extent, this corresponds to a deformation of
quantum mechanics and quantum field theory to classical mechanics and classical field theory.
Such deformation is parameterized by the Planck’s constant and, in this deformation, solutions
to dynamical equations are usually referred as semiclassical states. In the case of non-relativistic
quantum field theories, standing wave solutions for the nonlinear Schrodinger equation

—ihdpp = A — V(x) + ()

have been in the focus of nonlinear analysis since decades. Particularly, semiclassical states that
concentrate near a critical point of the potential V' have been widely investigated ever since the
influential paper [33] by Floer and Weinstein who treated the cubic nonlinearity |+/|?1) in one-
dimension. An incomprehensive list of references are [2, 3, 6, 10, 11, 19-22, 36-38], in which
the authors used Lyapunov-Schmidt type methods, penalization and variational techniques to
establish the concentration phenomenon of the semiclassical states for the Schrédinger equations.

Much less is known for the nonlinear Dirac equation (1.1) which arises in relativistic field
theories. So far only a few results are available for the concentration phenomenon of semi-
classical states around a minima xg of V'; see [26,27]. Related results, i.e., concentration of
semiclassical states under the influence of nonlinear potentials, can be found for similar equa-
tions in [24-26]. Lyapunov-Schmidt type methods do not seem to be applicable to (1.2) because
even for the homogeneous nonlinearity g(z,w) = |w|P~2w nothing is known about uniqueness
or non-degeneracy of the least energy solution of

(1.3) —ia - Vw + afw + V(z)w = |wfP 2w, we HY(R? Ch)

which appears as limit equation for (1.2). As for variational methods, a major difference between
nonlinear Schrédinger and Dirac equations is that the Dirac operator is strongly indefinite in
the sense that both the negative and positive parts of the spectrum are unbounded and consist
of essential spectrum. It follows that the quadratic part of the energy functional associated to
(1.2) has no longer a positive sign, moreover, the Morse index and co-index at any critical point
of the energy functional are infinite. It is not clear whether one can develop a penalization
technique to find semiclassical states. And moreover, beyond the existence and concentration
results in [26,27], it is interesting to ask whether one can obtain a multiplicity of semiclassical
solutions to Eq. (1.2). Very recently, in [40] Wang and Zhang obtained an interesting result in this
direction. By using the symmetric structure of Eq. (1.2), they constructed an infinite sequence of
bound state solutions for small values of ¢, particularly, these solutions are of higher topological

type.
In this paper, letting M be a set of local minima of the potential V', we are interested in

the following aspects which have not been dealt with before and is new in the case of Dirac
equations:

(1) to show the multiplicity of semiclassical solutions concentrating around M is influenced
by the topology of the level sets of the potential V' in a bounded domain;



(2) to apply variational methods, concentration-compactness and rescaling techniques to deal
with nonlinearities more general than |w|P~2w, in particular, g(z,w) grows critically as
|w| — 0.

We mention here that starting from the paper of Bahri and Coron [5], many papers are devoted
to study the effect of the domain topology on the existence and multiplicity of solutions for
semilinear elliptic problems. We refer to [7-9, 12, 16, 17] for related studies for Dirichlet and
Neumann boundary value problems. We also refer to [4, 13—15] for the study of semiclassical
states of Schrodinger equations.

Now, in order to state our results precisely, let us consider the following equation

(1.4) —iea- Vw + afw + V(z)w = f(Jw|)w.
Throughout the paper, we assume that the potential V' satisfies
(V1) Vs locally Holder continuous and ||V|| L~ < a.
(Vo) There exists a bounded domain A C R such that
w = m/&nV < ng}\nV.
And we denote M := {x € A : V(z) = w}. For the nonlinear function f, we make the
following assumptions:
(f1) f € C0,00)NCH0,00), f(0) = 0and f'(s) > 0;

(o) tim T —

s—o0 8§

(f3) there exist p € (2,3) such that f(s) > sP~2 + ks for all s > 0;
(f4) there exists 0 > 2 such that 0 < OF (s) < f(s)s? for s > 0, where F(s) = [; f(t)tdt.

Condition (f1) implies that s — f(s)s is superlinear and strictly increasing, an important role
in our approach. If k > 0 in (f2), then F(s) ~ ks> as s — oo is of critical growth. This
terminology is befitting because the form domain of the quadratic form associated to the Dirac
operator is H 3 (R3,C*). This space embeds into the corresponding L4-spaces for 2 < ¢ < 3.
And if k = 0 then the problem is subcritical. (f3) is a technical assumption, and (f4) is the
Ambrosetti-Rabinowitz condition.

Letting cat x (A) denote the Lusternick-Schnirelmann category of A in X for any topological
pair (X, A), our main result can be stated as follows

Theorem 1.1. Suppose (Vi) — (Va). There exists k = E(||V||z) > 0 such that if f satisfies
(f1) — (f4) with k € [0, R) then, letting

Ms = {z € R®: dist(z, M) < 6}, ford >0

Eq. (1.4) has at least catp; (M) solutions wk, k = 1,... catp, (M), for sufficiently small
€ > 0. These solution have the following properties:

(1) for each k, |w¥| possesses a (global) maximum point x* in A such that

lim V(2f) = w;

(2) The rescaled function v¥(x) = wk(ex + zF), converges in H' as ¢ — 0 to a least energy

solution v : R? — C* of

—ia - Vv +afv 4+ wv = f(|v])v.



Remark 1.2. (1) In some circumstances, such as M is a finite set, M is smooth compact
submanifold of R3 or M is the boundary of a bounded open set, catps, (M) = catpr (M)
for small § > 0. More specifically, if M ~ S2 (the sphere in R?), then cat; (M) = 2.

(2) There is an example showing that Eq. (1.4) has arbitrary large number of solutions. Under
conditions (V1) — (Va), if M = {zy, : n > 1} U {zo}, where x,, — x¢ as n — +oo, then
for any m € N, there exists d,,, > 0 such that catyz;, (M) > m. Hence it follows from
Theorem 1.1, for small € > 0, Eq. (1.4) has at least m solutions.

(3) The constant (|| V|| L) > 0 will be explicitly defined; see (5.3). It satisfies £ (|| V|| p<) —
c(p) > 0as ||V~ — 0. Thus we do allow critical growth f(s)s ~ ks? but the factor
cannot be too large. It is an interesting open problem whether this restriction on x can be
removed.

The proof will be done by variational techniques. Since we have no information on the poten-
tial V' at infinity, we employ the truncation trick explored in [20]. It consists in making a suitable
modification on the nonlinearity f , solving a modified problem and then check that, for € small
enough, the solutions of the modified problem are indeed solutions of the original one. We em-
phasize here that, in the usual concept, the truncation tricks are well adapted for the study of the
subcritical variational problems, see for instance [10,11,19,21,22] for the studies of Schrodinger
equations. However, due the strongly indefinite character of the Dirac operator, we note that it
is not easy to obtain compactness in view of the critical growth of the nonlinearity even for the
modified problem. To overcome this, we will need a delicate analysis for the limit problem (1.3)
on the ground state energy level and use a version of the concentration-compactness principle
originated from Lions [35] to control the factor > 0 in the critical growth. As a matter of fact,
the truncation trick we adapt here is essentially depending on the factor x as we will see in the
Remark 4.3 in Section 4.

To obtain multiple solutions of the modified problem, the main ingredient is to make precise-
ly comparisons between the category of some sublevel sets of the modified functional and the
category of the set M. This kind of argument for the Schrédinger equations has been appeared
in [8, 13—15], where subcritical problems were considered.

The remainder part of the paper is organized as follows. In Sect. 2 we first present the
variational settings of the problem, both in the original and in the extended variables, and we
truncate the original problem. For the sake of completeness, we collect some useful results
which are needed in our proof. In Sect. 3, we investigate the associated autonomous problem.
This study allow us to show the role which the critical factor x plays in the ground state energy
level. And the Palais-Smale condition, which does not hold in general case since we allow critical
growth, will then be studied in Sect. 4. Next, in Sect. 5, we provide the main components of our
proof. The first point is we introduce the min-max scheme that can be applied to the truncated
problem. And as the second point, we construct two maps in terms of the truncated problem such
that their composition is homotopically equivalent to the embedding j : M — Mjy. Finally, the
main results are proved in Sect. 6..

2 Notations, known facts and main ingredients
Let u(z) = w(ex) and Vz(x) = V (ex), it is clear to see that (1.4) is equivalent to

(2.1) —ia - Vu+ afu+ Ve(z)u = f(|u])u.

We shall in the sequel focus on this equivalent problem.

In what follows, by |- |, we denote the usual L7-norm, and (-, )2 the usual L?-inner product.
Let ¥ = —ia - V + af3 denote the self-adjoint operator on L? := L?(R3,C*) with domain
D(ZL) = H' := HY{(R3,C*). It is well known that 0(.¢) = 0.(#) = R\ (—a,a) where o(-)
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and o.(-) denote the spectrum and the continuous spectrum. Thus the space L? possesses the
orthogonal decomposition:

(2.2) LP=LT®L", v=u"4u"

so that . is positive definite (resp. negative definite) in L™ (resp. L™). Let E := D(|.Z|'/?) =
H'/? be equipped with the inner product

(u,v) = R(LV?u, | 2]V ?0)2
and the induced norm |ju|| = (u, u>1/ 2 where |.Z| and |.Z|/2 denote respectively the absolute
value of .7 and the square root of |.Z|. Since 0(.Z) = R\ (—a, a), one has

(2.3) alu2 <||ul|®* foralluc E.

Note that this norm is equivalent to the usual H'/2-norm, hence E embeds continuously into L9
for all ¢ € [2, 3] and compactly into L] forall ¢ € [1,3).
It is clear that E possesses the following decomposition

(2.4) E=Et®E™ with E*=EnL?,

orthogonal with respect to both (-, )2 and (-, -) inner products. And remarkably, this decomposi-
tion of £ induces also a natural decomposition of L9 for every g € (1, +00):

Proposition 2.1 (see [27]). Let ET @ E~ be the decomposition of E according to the positive
and negative part of o(L). Then, set Eqi = E* N L9 for q € (1,00), there holds

L =cly Ef ©cy B

with clg denoting the closure in L. More precisely, there exists dq; > 0 for every q € (1,00)
such that
dg|u®|, < |ul, forallu € EN LY.

Remark 2.2. It is of great importance for the projections from H'/? := E = ET ® E~ onto E*
(or E7) to be continuous in the L9’s and not only in H/2. This is not the case for every direct
sum in H'/2. In fact, the proof of Proposition 2.1 implies on the splitting of L9’s that: For every
q € (1,00), L4 can be split into topologically direct sum of two (infinite dimensional) subspaces
which, accordingly, are the positive and negative projected spaces of the Dirac operator .Z .

In what follows, we define the energy functional

Bofu) = R3$u-u+;ABn<x>|u|2—A3 F(Ju)
= 5P = )+ 5 [ Ve@lul? - ()

foru=ut+u" € _E. Standard arguments show that, under our assumptions, 55 € C*(E,R)
and critical point of ®. is a (weak) solution to (2.1).

To establish the multiplicity of solutions, we will adapt for our case an argument explored
by the penalization method introduced by Del Pino and Felmer [20]. To this end, we need to fix
some notations.

We first let & € (0, %] and consider f € C'(0, 00) such that

| =

(2.5) (f(s)s) = min {f'(s)s + f(s), do}-

=

S



Then we introduce

(2.6) g(x,8) = xa(@)f(s) + (1= xa(x))f(s),
and the corresponding energy functional

@e() = g (I~ ) + 5 /R V@l ~ W),

where xa denotes the characteristic function of A, V. (u) := [p3 G(ex, |u|) dz and G(z,s) =
fo x,t)t dt. One should keep in mind here that A has to be rescaled when we consider the
modlﬁed rescaled equation (2.1). It is well-known that such truncation trick will be helpful in
both bringing compactness to the problem and locating the maximum points of the solutions,
see [20, 21] and [27] for subcritical problems. Since we address here the critical growth, we
remark that, in order to recover the compactness, dy should be chosen even smaller and this will
be seen in the proof of Proposition 4.1 where a implicit upper bound is established accordingly to
the critical fact x: if kK = 0, then §p < % is enough; if £ > 0, then Jy needs to be properly
smaller.

It is elementary to check that (f1) and (f3) implies that g is a Carathéodory function and it
satisfies

gs(x, s) exists everywhere, g(x, s)s = o(s) uniformly in x as s — 0;
0

< g(z,s)s < f(s)s forall ;

o

(91)
(92)
(g3) 0 <2G(z,5) < g(x,s)s? < 6gs? forall x ¢ A and s > 0;
(94) g(z,s) > P2 4 ksforall x € A and s > 0;

(g5) %(g(:c, s)s) > 0 for all x and s > 0;

(96) é(:c, s) — 00 as s — oo uniformly in x.

Here we used the notation G(z, s) = 1g(z, 5)s> — G(x, 5).

In what follows, we shall collect some properties of ®. when the assumptions on V' and f
hold. First, similar as that in [27], we give the following geometric behaviors of ..

Lemma 2.3. For ¢ > 0, any (P.S.).-sequence for ®. is bounded independent of € > 0.
Proof. 'We sketch the proof as follows. Let {u,, } be such that
b (uy) =c+op(l) and PBL(u,) =o0,(1) asn — oco.

Then we have

2.7 1
/ > (Dl = F(Junl)
and
on(lunll) = @ (utp) [t
@9 = | + / T =) =% [ gfe - ().



By (g3), we deduce from (2.8) that

Ve + 6 ——~
eo (=TI < [ b GE =) + oullual:

Njw

And by (f1) and (f2) we have (f(s)s)
(f1) and (2.7)-(2.9) that

Vi + 8 53 -
(1= P < ()bt =i+ o)

< (2P0 )+ onunl)

< C'f(s)s? for some C' > 0, and hence it follows from

which implies the boundedness. Moreover, we can see from the above inequalities that u,, — 0
in F' if and only of ¢ = 0. O

In the sequel, let 2 := {u € E\ {0} : ®.(u) = 0} be the critical set of ¥, using the same
iterative argument of [29, Proposition 3.2], we obtain the following

Lemma 2.4. If u € ;. with |®.(u)| < C. Then, for any ¢ > 2, u € WH4(R3 C*) with
lullw1.a < Cq where Cy depends only on C' and q.

In order to describe further the critical values, let us recall some known facts on a Lyapunov-
Schmidt type reduction for ®.. Such reduction technique depends on the convexity of the non-
linearities, specifically, it requires that the second order derivative of ®. is negative definite on
E~. And by the anti-coercion and concavity properties of ®.|p—, we can define /. : ET — E~
to be the bounded reduction map correspondingly such that, for any u € E™,

P (u+ le(u) = max Q. (u+v).
veLT

And denote I (u) = ®(u + le(u)), we shall call (¢, I.) : ET x ET — E~ x R the reduction
couple associated to . on ET (for details we refer to [1,27]). Then, it is all clear that I. €
C?(E*,R) and critical points of I. and ®. are in one-to-one correspondence via the injective
map u — u + £-(u) from E* to E.

Now, on E, let us consider the functional I..

Lemma 2.5. For small € > 0, I has the mountain pass structure:
(1) 1:(0) = 0 and there are positive constants r, T > 0 such that I. |g+> .
(2) There exist eq € ET with ||eg|| > 7 independent of € > 0 such that 1.(eg) < 0.
Moreover, we have

Lemma 2.6. Forall s > 0, let
Ne={ue ET\{0}: I(u)[u] = 0}.

Then A is a C' manifold, and there exist 0, u > 0 both independent of ¢ such that for any
u € N
lul| >0 and I.(u) > u;

Moreover; critical points of 1. constrained on N; are free critical points of I. in E™.



Remark 2.7. In general, letting u € E™ \ {0}, we find there exists at most one nontrivial critical
point t. = t.(u) > 0 which realizes the maximum of the function ¢ — I.(tu). It can be also
seen, that .4/ can be rewritten as

Ne = {t-(wu: ue ET\ {0}, te(u) < oo}

It is worth pointing out that the set .47 is slightly different from the usual concept of the Nehari
manifold associated to the reduced functional I.. In fact, .47 is no longer expected to be home-
omorphic to the sphere ST := {u € E* : |lu|]| = 1} due to the truncated nonlinear part is not
superlinear at infinity for certain directions. The details of the above lemmas can be found in
relevant material from [27], and we omit it. A general discussion of the properties of .4Z in an
abstract setting can be found in [28, Section 4]

Lastly, let us remind the definition of the Ljusternik-Schnirelman category and a classical
result of the related critical point theory.

Definition 2.8. Let X be a topological space and let Y # () be a closed subset of X . The category
of Yin X, catx (Y), is the smallest integer n such that

Y A
1

where for each k = 1,...,n, A is a closed set contractible in X. If such a integer does not
exist, then catx (Y') = +oo. And set cat x () = 0.

In this context, the category of X in itself, cat x (X), is simply denoted by cat(X).

Theorem 2.9 (see [32]). Let W be a complete C* manifold and let ® € C*(W,R) be bounded
from below on W and satisfying the Palais-Smale compactness condition. Denoted by, for c € R,

¢ ={ueW: &) <c}

Then ® has at least cat(D°) distinct critical points in €.

3 Variational framework for superlinear problems

In this section we establish some preliminary results which are needed for the proof of our main
theorems. Given w € (—a, a) and k > 0, we consider the equation

3.1) Lu+ wu = ulP"2u + klulu uEE:H%(R3,C4)
and the associated energy functional

_ w 1 K _
O(u) = s (Ju®]? = lu™|?) +§IUI§—];IuI£— §!u|§ omE=E"aE".

N =

And denoted by (¢, I) the reduction couple for ® and set A = {u € ET\ {0} : I'(u)[u] = 0}.
Then we have ./ is a smooth manifold of codimension 1 in E™, and .4 is diffeomorphic to ST
by a C'! diffeomorphism. Particularly, the function ¢ + I(tu) attains its unique critical point
t =t(u) > 0foreachu € E*\ {0},and t : ST — Ris a C! function. If denoted by

Y(w, k) := inf sup  P(u),
( ) wEET\{0} ycRwHE- ()

it can be also seen that y(w, k) = inf 4 I > 0.



Proposition 3.1. Ser w, = min{w, 0}, then vy(w, k) is attained provided that

[N

(3.2) <a2>§ K2 y(w, k) < %,

a? — w?
where S denotes the best Sobolev constant for the embedding H'(R3,C*) — LO(R3,C*).

Before proving this proposition, we begin with some preliminary materials. Let us first con-
sider the following functional

— 27| + wlzl3

|13 ’

+ 112
FuoiE\{0} 5 R, ze 1Z]

and the minimax scheme

T,= inf sup F,(u+0).
u€ET\{0} yeE-

We remark that S|ul? < |Vu|3, and if denote by .# : L? — L? the Fourier transform, there

holds
2 F Zd 2 2
fRS |£| | ;L(é-” 5 — |9v§|2 — ’vu2|2 > 57 Yu € HI(R?),(C4).
|uls |ulg |ulg

Then, by virtue of Calderén-Lions interpolation theorem, we have

Jra 1]l Fu(@)]* de

[ul3

> S2, VYue H2(R3,CY).

It follows that, in the Fourier domain, we have ||ul|* = [zs(a® + ]§|2)% | Fu(€)|? dé. And hence,
we have for any u € E1 \ {0}

2 2 2 2\1 Y 2
wup ot v) > Fo(u) = NP+l _ Joalla® +16)% + el Fu(e))de
veEE— |U’3 |U‘3

Taking into account that

(@ +]eP)t 4w _ | =0
inf = a? — w2\ 1
€[>0 € ( _ ) ifw <0,
a
we have
3.3 > mf R (o) s win in{w, 0
2 =
(3.3) w 2 ueﬁi&\{o} w(u) > ( = ) with  w, = min{w, 0}.
Next, let us consider the equation
(3.4) ZLu+wu=|ulu onR?

and the corresponding functional
N 1 _ w 1 _
®(u) = 5 (Il = ™) + Sluls = 3lul; onBE=EY o B

Denoted by (#, I) the reduction couple for & and set A4 = {u € ET\ {0} : I'(u)[u] = 0}. It
would be also standard to see that 4, := inf ;> I > 0, and in particular, we have

Lemma 3.2. T, = (6%)%.



Proof. We sketch the proof as follows: Let u € E* \ {0} be fixed, and set m,(-) = F,,(u + ),
then elementary calculation shows that for v € E~ such that 7}, (v)[w] = 0 for all w € E~ there
holds 7/ (v)[w,w] < 0. Hence, 7, has a unique critical point in £~ which realize its maximum
(if there exists).

For any u € ./, we have ||ul> — |[{(u)||2 + w|u + £(u )|2 Ju+ {(u)|3 = 0, and hence
Tu(0(w)) = Ju+ 0(u )|3. Moreover, it is standard to check that ! (U(u))[w] = 0 forallw € E~.
Thus, we have |u + £(u)|3 = max,c p— 74 (v).

Now, using the fact F,,(z) = F,(tz) forall z € E and t > 0, we can conclude

T, = 1nf sup Fu,(u+v) = inf sup F,(u+v)

uESl vEE~ uce N veE~
= inf |u+{(u)|3 = inf (6f(u))%
ueN uc N
- (6%})%
as is desired. O

Now, we give the proof of the proposition.

Proof of Proposition 3.1. We only give the proof when s > 0 since it is much easier for the case
Kk = 0.

Let {un,} C .4 be a minimizing sequence for I. It is not difficult to check that {w,, =
un + £(uy)} is bounded in E. Then by Lion’s result (see [35]) it follows that {w,,} is either
vanishing or non-vanishing.

If {w,, } is non-vanishing then we are done, so let us assume contrarily that {w;, } is vanishing.
Then |wy,|s — 0 for all s € (2,3). And thus we have

K2®(wy) = D(kwy) + 0p(1) < B(1n) + 0n(1) < K2®(wy) + 0p(1)

where we used the notation 1, := #,u,, + £(# + {(tnuy,) with t, = #(u,) be such that £,u,, € N,
By the above observation, and ®(w,,) = I(u,) = v(w, k) + o, (1), we easily deduce from
Lemma 3.2 and (3.3) that

(Coetyist

a? 6’
which contradicts to (3.2). Therefore we have {w,,} is non-vanishing, and this ends the proof.
O

v

A R TS

Remark 3.3. (1) Given f € C[0,00) N C'(0,c0) satisfying the hypotheses (f1) — (f1), we
introduce the following equation which corresponds to a limiting case to Eq. (1.4) as
e—0,

(3.5) Lu~+wu = f(|u])u,

Its solutions are critical points of the functional

Tuw) = (e — ) / ul? -

defined for u = u* +u~ € E = E* ® E~ where U(u) := [p3 F(|u|) dz. Let us denote
by 7., the corresponding ground state critical level for %, that is,

(3.6) Y = inf {Z,(u) : uw# 0and F(u) = 0}.

10



Then we have that v,, > 0 is achieved provided the factor x is small. Indeed, by (f3),
we have 7, (u) < ®(u) for all u € E. Moreover, thanks to the linking structure (see for
example [39]), we have

(3.7) Yo = inf sup  I(u) < inf sup  P(u) =y(w, k)

e€ET\{0} ycRem E- e€ET\{0} ycRe@ E-

Clearly, by using the fact v(w, k) decreases dependently with respect to s, we can infer
that v(w, k) < 7(w, 0) and the condition (3.2) is valid when & is not large, say

2 2, 3
9 a®—wiy: S
(3.8) K <( - ) o)

3
2

Therefore, by using the invariance by translation of the problem and the concentration-
compactness argument, we see that the conclusion follows. Moreover, it is evident to
check that

R ={u€ E: Ty(u) =0, F5(u) =0, [u(0)] = [ufe}
is a compact set in E (similar results can be found in [26]).

(2) The upper bound for « in (3.8) is explicitly defined. We may apply the argument in [27,
Section 3] to deduce that the map (—a,a) — R, w — v(w,0) is increasing. And as
a consequence, the upper bound for x increases as w approaches 0 from the right side.
For negative w’s, the picture becomes unclear. Our argument do allow critical growth
f(s)s ~ ks at infinity but the factor x cannot go too large.

(3) As before, we can introduce the reduction couple (_¢Z,,, J.,) for .7, as
Jo BV E7 Ty(u+ Fu(u) = max To(u+v),
Jo: ET =R, Jy=u+ fu(w);
and set 4, = {u € E*\ {0} : J,(u)[u] = 0}. Then we have

w=inf maxJ,(tu) = inf J,(u).
weE+\{0} t>0 weM

4 The Palais-Smale condition

Due to the non-compactness of the Sobolev embedding H 2 (R3,C%) — L3 (R3,C%), it is not
difficult to see that ®. does not satisfy the Palais-Smale condition on & = H 2 (R3,C*). How-
ever, it will satisfy such compactness condition for certain energy levels. In this section, for
notation convenience, let us denote A, = {z € R3 : ez € A}, g.(z,5) = g(ex,s) and
Ge(z,s) = G(ex,s). Inspired by the priori bound for the factor « in (3.8), our compactness

result can be stated as follows.

2-|VI2 )7 53
a? 6
0o > 0 in (2.5) such that the truncated functional ®. satisfies the (P.S.).-condition on E for all

c < cp.

then there exists a

Proposition 4.1. For any ¢ > 0, if ¢y € R satisfies k% - co < (

Proof. Let {w,} C E bea (P.S.).-sequence for ¢, where ¢ < ¢y, i.e.,

2 2 2

2 2 (3 qgs
— |V 59
R'fbg(wn)%ﬁ'cgﬁ'60<<w>2 ’

5 . (wp) =0 asn — oco.

a?

11



By Lemma 2.3, {w,, } is bounded and there exists w € E such that, up to a subsequence, w,, — w
in E. Moreover, w,, — w strongly in Lj,  for ¢ € [2, 3).
In the following, we will prove that w,, — w strongly in E. Let 2z, = w,, — w, then z,, — 0

in F and ||w;f]|? = [[w®|]? + ||25]|2 + on(1). Note that

tig 7 = Jim £ =0
and
i (6) = i £ = =0

by the Brezis-Lieb type result (see for example [41]), we have

K
[ Getatun = [ Getaful+ [ Gelawlal)+ [Tl ou()
R3 R3 R3\A. Ae
and

/ 92 (2, [ )2 = / ge(, [ wf? + / 0@, |zl |2l + 5 / 2l + 0n(1).
R3 R3 R3\A. Ae

Thus,
Pe(wn) = Pe(w) + Pe(zn) + 0n(1),

and
O (wy)[wn] = OL(w)[w] + @L(2n)[20] + 0n(1).

Obviously, ®.(w) = 0. Therefore, ®.(z,)[2n] = 0n(1).
Claim 4.1. ®.(z,) — 0 asn — oo.

In fact, let ¢ € E with |¢|| < 1 be arbitrary and set g'(z, s) = g(x, s) — rx(x)s.We have
®lwn)le] = (wfo o) = (wiop) +R [ Vi@ o =R [ ouloilwaun -
= <z$ +w+,ap+> — <zg +w7,g07> + §R/RS Ve(z)(zn +w) - @
- %/ 0e(, 2n + w]) (2 + w) -

(41) - < n7§0+> <Zn790 >+< +7(p+>_<w_730—>
+R V x)zp - (p—i—%%/

%/ ga<w,|zn|>zn'¢%/ oM, wlw - @
R3 R3

—m?R/A 2 + w](z0 + ) - & + 0n([l0])-

Here the estimate for the subcritical part

m/ g1, [wnl)n - 5 — m/ 0L (@, znl)2n - 6 — ﬂfe/ g}z, [w)w - & = on(llil)
]R3 ]R3 ]R3

follows from a standard argument in [23, Lemma 7.10]. To estimate the last integral in (4.1), we
set ¥, 1= |zn + w|(zn + W) — |2n|2n — |w|w. It is not difficult to see that |1, | < 2|z, - |w],

12



and by the Egorov theorem, there exists ©, C A, such that meas(A. \ ©,) < o and z, — 0
uniformly on ©, as n — oo. Thus, by the Holder inequality, we have

/AE ¥nl - || = /@U Yon] - || + /Ae\eo ] - |l
< [ aea( ) () O )

The first integral in the above estimation converges to 0 as n — oo and the remaining integrals
go to 0 uniformly in n as ¢ — 0. Therefore, we have

AMMWM=%NM)%n%m-
By obtaining this, we can get
O (wn)[p] = (s 0T) = (2,07 ) + (Wb 0T) = (w™,97)

+R VE(:v)zn-@—Fﬁ/ Ve(z)w
R3 R3

%/g%M%Wwéﬁ/g%MMm
R3 R3

—H'%/1bM%-w—ﬂ'%/ wlw - 3+ oll¢])
Ae Ae

=& (2n)[0] + P (w)[¢] + on(ll0ll)
=L (zn) ] + on(ll¢l])

where we have used the fact . (w) = 0. The above estimation shows ®.(z,) — 0asn — oo as
was claimed.

By the above observations, we have ®.(z,)[z,7 — 2] = 0,(1), that is,
’%HZ‘HR/ . _Zn)— / 9 () |2nl)2n - (2 — 20)
R3\A.
+ K- §R/ |2n|2n - (2n —Zn) + o (1).

Recall the fact that g.(z, s) < & for z € R3\ A, together with the estimate in (3.3), we shall
have

4.2) (“2_(‘2;°+50)2)§5%(/A zn|3)§ gﬂ./A |2n]® + 0n(1).

Without loss of generality, we assume that lim,,_, f AL |zn|3 =b2>0.Ifb > 0, we get

2 2,38
3 _ 3. 3o (@ = (Ve +60)°)2 o3
k> -b+o,(1) =k N |zn|” > ( 2 ) Sz,

Plainly, if x = 0, we will have a contradiction. Hence, let us suppose that x > 0, and due to

1
#.w) = [ 5o oDl = Gula ) >0,

we then deduce from the facts ®.(w,,) > ®.(2,,) + o, (1) and PL(2,,)[2n] = 0, (1) that

K3

6

2 2.3 @3
2oVt w?yiSt

4.3) K2+ on(1) > G

b+ 0n(1) z( -

13



3 7
. 2_1y12 \2 g5 .
However, by noticing we have assumed x? - ¢y < (w) STQ, there is a chance to choose

(Z2
0o small such that

2 V2253 2 (|V]e +60)2\ 253
e e )
a a 6
then we will also get a contradiction with (4.3). Thus, b = 0, i.e. ||z,] = on(1) and w,, — w
strongly in E. The proof is hereby completed. Ul

Recall the reduction couple (¢, I.) defined for ®. in Section 2, the following result can be
viewed as an immediate corollary of Proposition 4.1.

Corollary 4.2. Under the assumptions of Proposition 4.1 and fix &y properly small, the reduced
functional I. satisfies (P.S.). condition for ¢ < cy.

Proof. Let {u,} C E™ be the (P.S.). sequence for I., denote w;,, = u, + ¢-(uy). From the
definition of /., we know that @’ (u + {-(u))[v] = O forallu € E* and v € E~. Hence, we
have {wy,} is a (P.S.). sequence for ®.. Then the conclusion follows. O

Remark 4.3. Thanks to Lemma 2.5, we can define

= inf I (v(t
o = Ay ),

where I'. = {v(t) € C([0,1],ET) : v(0) = 0, I.(v(1)) < 0}. Particularly, we have the
following characterizations (see an argument in [27, Lemma 3.8]):

4.4 = inf I(tu) = inf I.(u)= inf D (u).
(4.4) Ce = einf o e e(tv) = in f, =(u) . P, o e(u)

Plainly, if we show that lim sup c. < ¢q for a proper ¢y > 0, then according to Proposition 4.1
e—0

and Corollary 4.2 we can fix some dy > 0 in the truncation of f in (2.5) and set an upper bound

for k as s
2 _ 712 3 ,q51
< (PR )
a? 6co
such that ®. (resp. I.) satisfies the Palais-Smale condition at the level c. as € goes to zero.

S Construction of a homotopy

In this section, we introduce two maps ¢. : M — ‘ﬁlﬁra and (. : m’;@" — M, where
‘ﬂzﬂﬂr = {u €M I(u) <y + 0}

for some o > 0 (here 7, is defined in (3.6) with subscript w), such that their composition is
homotopically equivalent to the embedding j : M — Mg where 6 > 0 is small. In our case, the
main difficulty is to deal with the infinite dimensional negative space of ®. on £ = H 2 (R3,C*)
due to its strongly indefinite character. To overcome this, by using the reduction couple (., I..),
we will build our construction on E™ instead of E.

14



5.1 The function ¢.
Recalling the notations introduced in Remark 3.3 and the hypothesis
w=infV <infV
A A

and M = {z € A : V(z) = w}, in what follows, let us fix a point £ € M and € > 0 and
consider the function

we () = w(w - g) for z € R3
where w € %, is a minimal energy solution that realizes +y,,. Let us define
bo i M = N £ 6(6) = te.wf,
where t¢ . =t (w; . _) is the unique ¢ > 0 such that
73 wé6 e M.

Proposition 5.1. For eache > 0, ¢. : M — N is continuous. Moreover, for any o > 0, there
exists £, > 0 such that for € < €, there holds

0-(&) e MET7, vee M.

Proof. By the continuity of u — t-(u) on E* \ {0}, the first conclusion follows evidently
because ¢ (&) — ¢:(€) as k — oo in E for any sequence {&;} C M convergent to &.
To prove the second statement, it suffices to show that

(5.1) I (¢=(§)) <vw+o:(1) forall§ € Mase — 0.

Indeed, by using the covariation of I, under translation,

1 1
L(6:(9) = 3 (ltecwt P = [ea(tecwt) ) + 5 [ Vien + Oltcaut + to(teeut)P

—:/G@m+&ﬁ&w++&@&wﬂn.

Since £ € M C intA, x,(ex+€&) — 1ae. inR? ase — 0. Thus, by the fact that V (sx+£) — w
as ¢ — 0 uniformly on bounded set of R® and the boundedness of {t¢ .}, we have
I(¢=(8)) = Tu(teew™ +le(tecw™)) +0:(1) < Ty (teew™ + Fu(tecw™)) +0(1)
= Ju(teew™) +0:(1)

< S0P =wB) + £ [ = [ Fuh +o0.0)

=7 +o0:(l) ase—=0

T = max J,(tw™). This com-
axJu

pletes the proof of (5.1). O

where in the last inequality we have used the fact v, = J,,(w

Remark 5.2. By virtue of the inequality (3.7) and the monotonicity of the map w — y(w, 0), it
is all clear that 7, < ¥(]V|s,0). Thus, it can be derived from Proposition 5.1 that the minimax
value c. characterized in (4.4) satisfies

(5.2) limsup ¢; < ¥(|V]x,0).
e—0

Therefore from now on, according to Remark 4.3, we can precisely fix g and set  in a range as

(5.3) 0< k< (02 a|2v|§°>i(67(|§i’o))é

so that I, satisfies the Palais-Smale condition at the level c. as € goes to zero.
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5.2 The function (.

Now we introduce the function ¢, : E* \ {0} — R? to construct the homotopy, which is used to
relate multiplicity of solutions to the topology of M. We define

_ fst 775(56)\“|2d37

o) = I T
where 7. (x) = n(ex) is the cut-off function:
x if |z] <p
T =4 2% s )
]

where p > 0 is large enough such that M C B,,.

Proposition 5.3. Let o () be any positive function tending to 0 as ¢ — 0,

lim sup dist (Cg(u), M) =0.

e—0
ue‘ﬁlﬁ-ﬂy(g)

Proof. For arbitrary €, — 0, we choose w,, € ‘ﬁlﬁ+g(5") to be such that

(5.4) dist (¢, (wn), M) > sup  dist (¢, (u), M) — %

ueml%+0(57z)

Then our arguments start with the observation that the sequence {uy} is bounded in E, where
Up = Wy, + e, (Wy).

In what follows, we will divide our proof into four steps:
Step 1. The sequence {uy,} is non-vanishing.

Suppose contrarily that

sup / lun|?dz — 0 ase — 0
z€R3 J Bg(z)

for all R > 0. Then, by Lion’s concentration principle [35], we have |u,|, — 0 for ¢ € (2, 3).

Since u;f = w, € ‘ﬁlﬁﬂr(e"), it follows that @, (u,) < Y, + o(e,) and L (up)[un] =
®. (un)[u;f — u;] = 0. Therefore, similar to (4.2), we deduce

2 2.1 2
(a (’V|oo + 50) )25% (/ |un|3dzn)3 <k / \un]?’dx + On(l).
Asn Asn

a?

Without loss of generality, we assume + > 0 and lim | A |un|® = b > 0. Then we get
n—o0 en

9 9 R2 1433
K- (Y +0(en)) > K- P, (un) — ?Q)/En(un)[un] = 6 b+ on(1)
a2 — ([V]oo + 60)2\ 3 52
> ( a2 ) ? +0n(1)

This contradicts to the fact v, + o(ey,) < 7(|V|c0, 0) for large n and our choice of « in (5.3).

Step 2. {xA., - U} is non-vanishing.
Indeed, if {x 4., -u,} is vanishing, by Step 1 we have that {(1—x4,, )-u»)} is non-vanishing.
This implies there exit x,, € R3 and R, jz > 0 such that Bg(x,) C R?\ A., and

/ lup|2dz > asn — oo.
Br(zn)
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Set vy, () = up(z + x,), then v, satisfies
(5.5) L+ V(@) = g(en(z + ), [vn])vn

where V.(z) = V(eu(z + x,)). Moreover, we have v, — v in F and v, — v in L] , for

q € [1,3) for some v # 0. Now assuming without loss of generality that V (¢, z,,) — Vo, and
using 1) € C2°(R3, C*) as a test function in (5.5), one gets

0=lim ¥ (gvn + ‘A/E(x)vn - g(En(l’ + :En)a |’Un|)vn) : ?Zdl"
e—0
= &e/ (L + Viov — f(|v])v) - Pda
And hence v € F is a non-trivial solution to

(5.6) L0+ Vagv — f(|0])0.

However, using the test function v — v~ in (5.6), we have

0=lv|I> + Voo / (vt —v7) /f|v Yo (vt —v7)
|V\oo IV\oo
loll® ~ lv]l®
\V\oo

= lolf?.

> HvH2

Therefore, we have v = 0, which is a contradiction.

Step 3. Let z,, € R? and R, i« > 0 be such that

/ |XAEn : un|2d33 > [
BR(mn)

Then e,x,, — x¢g € M as n — oc.

In order to see this, first of all, we choose x,, € A;,,i.e., e, € A. And suppose that, up to
a subsequence, €,z,, — g € A as n — oo. Then, as argued in Step 2, it is possible to show that
the sequence v, (-) := up (- + =) weakly converges to some v in £ which satisfies

5.7 Lv+V(20)v = goo(z, |v])v

with oo in the form of goo (2, 5) = XYoo f(5)+ (1= Xoo)- f(5). Here xo is either a characteristic
function of a half-space in R? provided

lim sup dist(zy,, 0A;,) < +00

n—o0

Or Yoo = 1 (this is due to the fact x is the pointwise limit of the function xa (e, (- + 2y,)) as
n — 00).
Denote S to be the associate energy functional to (5.7):

1 _ |4 i)
Soolt) 1= 2 (12 = ™ 1) + LSl — (),
where .
Voo (u) ::/Goo(:v7|u|) and Goo(x,s) :/ Jool(z, T)T dT .
0
By noting that ¥ (u) = Jgs F(|ul)dz, we have

Vi(zg) —w

Soo(t) > Ty ey (u) = T(u) + =|ul3 foralluc E.
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Now let us define (hoo, Io) as the reduction couple of S, then, by the definition, we have

Soo (U + hoo(u)) = max Sec(u+v) and  Ioo(u) = Seo(u + hoo(u)) .

It is standard to see that: if u € E* \ {0} satisfies I’ (u)[u] = 0, then I (u)[u, u] < 0 (see for
instance [27]). Since we already have v # 0 is a critical point of S.., we then infer v is a critical
point of I, and I (v) = max;>o Ioo(tv). Let 7 > 0 such that J,(7v1) = max;>o J,(tv™"),
we infer

Soo(v) = Lo (v) = ma Lo (tv")
> Ino(T07) = Soo (70T + hoo(T1))
> Soo (TU+ + /QT”JF))

(5.8)
> yg(Ter + jg(Ter)) + V(xoz)_wlrv+ + /£(7v+)‘;
>+ M\mﬁ + Fu(roh)]5.

2
On the other hand, by Fatou’s lemma, we deduce

1 1
Yo +0(en) = Pe,, (un) — iq)lsn (un)un = / §gsn(ma ‘“n‘)|un|2 —Ge, (2, Junl)

B / %g<€n(x + zn), ‘Un’)|vn|2 = G(en(z + 2p), [vn)

1
> [ G0l = G, o)

= Suufv) — 385 (0)[t] = Sxclv).

Therefore, together with (5.8), we get V' (z¢) —

w < O(o(ep)) asn — oo. Notice that xy € A
and w = mingep V (), we soon conclude V(o) =

w and thus xy € M.

Step 4. The final conclusion.

Remark that v, = w, € mz%+a(€”), an argument of concentration-compactness type gives
that if v,, = u,, (- + =) is dichotomy, i.e. v,, — v and {v,, — v} is non-vanishing, then we must
have ®.(u,) > 27,. And hence the translated sequence {v,} is in fact compact in the norm

topology of E, and thus we have v,, — v as n — co. Consequently, we obtain

B fn(z—:na:)|wn|2dx B [ n(enz + Enty) vl |?dx

W, ) = =
Genltn) [ Jwn|?dx [ v |2dx
s [ (n(enz + entn) — enzy) v, |Pda
e [ |vod |2dx '
And, for n large, we have dist ((,, (wy), M) = on(1). Therefore, by (5.4), we obtain the
assertion. O

6 Proof of the main result

Proof of Theorem 1.1. 1t follows from Remarks 4.3 and 5.2, for arbitrary positive function o (-)
satisfying o(¢) — 0 as € — 0, we have v, + 0(¢) < ¥(|V|0, 0) for small € and hence . (resp.
I.) satisfies the Palais-Smale condition below the level 7, + o (¢).

Now let us analysis the relation between the topology of M and the number of critical points
for I.. It follows from Proposition 5.1 and Proposition 5.3 that there exists € > 0 such that for
e € (0, ) the following diagram of continuous maps is well defined,

M Loy pleto® S
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Thus we see that (. o ¢.(-) is homotopic to the inclusion j : M — Mj for small € > 0. Hence,
by applying Theorem 2.9, we obtain that

i {u € Mt I(u) <, +o(e), IL(u) = O} > cat(‘ﬁlﬁra(a)) > catyr (M).

This means that for € € (0,¢), I has at least cat ys; (M) critical points and so does P..

To complete the proof we still have to show that these critical points are also solutions to
the original problem (2.1). Let {u.} be any sequence of the critical points such that ®.(u.) <
Yw + o (€), we point out that, thanks to Lemma 2.4, the non-vanishing points {x. } can be chosen
to be the maximum points of |u.|. Due to fact u.(- + z.) — ug € A, a similar decay estimate
of [27] implies there exist C', ¢ > 0 such that

us(z)] < Ce™ "I forallu. € {u € E: ®.(u) =0, P(u) < 7 +0(e) }.
Moreover, we have V (ez.) — V(x9) = w as € — 0. From the assumption
minV < minV,
A oA

we note that d := dist(M, A) > 0. And thus for = € A, we have |u.(z)| < Cexp(—%). And
then we can choose ¢ > 0 small enough such that g(x, |u:|) = f(|uc|), and the proof is hereby
completed. O
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