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Abstract

In this work we devote to investigate some interesting aspects of a multi-component
Reaction-Diffusion system of the form

Orz = DALz + M(x)z + W (2)|2[P 282, z:RxRY - R*( N >2

where M, W are external potential functions, D and 3 are matrices of diffusion coefficients
and coupling constants respectively. When the diffusion rate is small, we show that the geo-
metric shapes of the external potential functions will influence the multiplicity of solutions
to the system. It is also of interest to know that, for z = (u, v), we shall deal with standard
diffusion coefficients D,, > 0 and the incongruent diffusion coefficients D, < 0 which has
generally been overlooked in the study of Reaction-Diffusion systems.

Mathematics Subject Classifications (2010): 35A15, 35K57.

Keywords: Reaction-Diffusion system, perturbation, concentration.

1 Introduction

1.1 Some backgrounds and previous results

A system of Reaction-Diffusion (RD) equations comprises reaction terms and diffusion terms,
i.e. the typical form is as follows:

(1.1 Oz = divy(DV,2) + M(z)z + f(x, 2)

where z(t,z) € R™, m > 1, is a state variable and describes density or concentration of multi-
component substances, populations at position € RV at time ¢. The first term on the right
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hand side describes the “diffusion”, including D as a matrix of diffusion coefficients D;; (the
diagonal elements of D describe the main-term diffusion rate and the off-diagonal elements
express the the cross-terms diffusion which was suggested firstly in 1932 see [21]). Creation
and killing in the reaction process (birth, death, etc) are described by the scalar field M (x)
which could be a matrix-valued function, and the nonlinear part, f(z, z) is a smooth function
f: RN x R™ — R™ called reaction kinetics and describes processes with really “change” the
present z, i.e. something happens to it (coupling actions, chemical reactions), not just diffuse in
the space.

Being one of the major transport processes in liquids. Reaction-Diffusion processes, espe-
cially in multi-component systems, have attracted increasing attention from the scientific com-
munity in recent years as investigators have begun to seek insights into the fascinating patterns
that occur in living organisms, in ecological systems, in geochemistry and in physicochemical
systems. The rapid growth of the field of systems biology has further contributed to interest in
RD systems (1.1). Unfortunately, multi-component diffusion is more complicated than is often
realized. In general, systems of RD equations allow for much more complex behaviour than a
scalar RD equation does. For example, a ternary system (two solutes in a solvent) may has four
coefficients in the diffusion matrix, not just two. And the diffusion coefficients can be large or s-
mall and be positive or negative, thus having a substantial effect on flows of matter. Meanwhile,
the interacting reaction terms are of interest and lead to interesting behaviour. For instance,
oscillating phenomena can evolve - as these oscillations can spread in space via diffusion and
instabilities may develop spatial phenomena like pattern formation can be observed. Here for a
detailed survey, we would refer the readers to [18].

On the macroscopic level, fluxes of chemical components (species) are due to convection and
molecular fluxes, where the latter essentially refers to diffusive transport. The almost exclusively
employed constitutive ”law” to model diffusive fluxes within continuum mechanical models is
Fick’s law (which requires positive diffusion coefficients), stating that the flux of a chemical
component is proportional to the gradient of the concentration of this species, directed against
the gradient. This leads to positive coefficients D;; in D, however, thermodynamic conditions
do not require the diagonal of D to be positive. Contrary to popular belief, there are systems
with negative D;; for a particular choice of the solvent component. Typical example is acetic
acid + chloroform with water being chosen as solvent, a totally unexpected result is the negative
chloroform main term diffusion coefficient, that is a negative Doy value (see [17,25] for the
Chemistry details). This behavior has been interpreted as a thermodynamic effect caused by
the diffusion of salted-out chloroform down the water concentration gradient produced by the
chloroform gradient under conditions of constant acetic acid concentration.

Our current work is motivated exactly by the unusual phenomenon of negative main term
diffusion. Let us consider the multi-component nonlinear RD system (1.1) in the situation z =
(u,v) € R2K some K > 1, and

_(Dy '\ _ o _(id 0
(1.2) D_<>x< Dv>_5‘7’ where j—<0 —id>

and € > 0 being a parameter characterizing the pace of the diffusion process (for simplicity we
have ignored the cross-term diffusions). To the best of our knowledge negative main term dif-
fusion, the phenomenon in which one species to be driven from lower to higher concentrations,



has generally been neglected in the study of RD systems, only a few results are available so far.
An early work of Brézis and Nirenberg [6] considered the 2-component coupled system

{ﬁtu = Agu —v° + f(x)

1.3
(1) o = —Agv —ud + g(z)

in (0,7) x Q,

where Q C R¥ is a bounded domain and f,g € L>(£2). Subject to the boundary conditions
u(t,z) =v(t,z) = 0on (0,7) x 9Q and u(0,x) = v(T,x) = 0 on €2, the authors obtained a
solution (u,v) with u € L* and v € LS of (1.3) by using Schauders fixed point theorem. And
in [8], Clément, Felmer and Mitidieri considered the problem (with a Fujita-type nonlinearity,
see [11,12])

(1.4)

ou = Agu + |v]7 % )
in(=7,7T) x Q,

O = —Agv — |ulP2u

where Q is a smoothly bounded domain in R™V, and NLH < %—i—% < 1. By variational arguments,
they proved that there exists Ty > 0 such that for each 7' > Tj, (1.4) has at least one positive
solution satisfying the 0-boundary condition: u(t,-)|sn = 0 = v(t,-)|aq forall t € (=T, T),
and the periodicity condition: u(—T,-) = u(T,-), v(=T,-) = v(T,-). Moreover, by passing to
the limit as 7" — oo, they showed that (1.4) has at least one positive solution defined on R x €2
satisfying the O-boundary condition and
lim u(t,z) = lim v(t,x) =0 uniformly in z € Q.
t—o0 t—o0
For later developments, we would mention that Bartsch and Ding [3] investigated the following
2K -component system
O = Agu — V(x)u + 0uH (x,u,v
(1.5) ' i (@)u+ 9, H( ) nRxRY.
O = —Ayv + V(z)v — 0, H (z,u,v)
In [3] , the authors established a proper variational framework and proved the existence and
multiplicity of solutions of homoclinic type to (1.5) under appropriate conditions on the nonlin-

earities (see also [9]). All the above mentioned systems have constant diffusion coefficients, and
if denoted by z = (u, v), they all in the form of

Oz = T Az + M(x)z + f(z,2)

with different types of creation and killing field M and reaction kinetics f.
For the case where the diffusion is parameterized by ¢, a very resent paper [10] considered
exactly the system (1.1) with D being defined in (1.2) and the creation and killing field being

specified as [ —id —V(z)
M(z) = (V(ﬂs) id >

for some bounded function V : RV — R. In [10], the authors express that there must be a so-
lution concentrating around the local minimums of the scalar potential V'(x) for small diffusion



coefficients. This provides a natural and intrinsic characterization of the pattern generalizing
dependence on the varying parameters and the spatial distributions of chemical potentials.

In this paper, we are interested in the following aspects which have not been dealt with
before and is new in the case of RD systems:

(1) to apply concentration and rescaling techniques to non-autonomous nonlinearities, and
particularly to characterize the concentration phenomenon in terms of the different poten-
tial functions;

(2) to show that the field M and a non-autonomous nonlinearity f give better information
than the existence of a solution, i.e., they can give a multiplicity result to problem (1.1).

1.2 Specific models and main results

In this paper we study the evolution of patterns in solutions of a singularly perturbed RD system,
and the simplest model is the following:

(1.6)  9z=DAz+ M(x)z+W(x)|z|P 282, z:RxRN R N>2 K>1

where D is defined in (1.2) with € > 0 being a small parameter, 2 < p < 2(N + 2)/N, the
external potential M is defined by one of the following form

1.7) M(x):<_id_ov(x) id+OV(x)) or M(x):(v_(ij) _‘i/d(x))

with V : RV — R bounded (probably changes sign) and W : RN — R is positive, and 3 is a
coupling matrix defined by
0 id
= <—id O) '

Let us introduce, for > 1, the Banach space
" (R x RN R¥) .= WL (R, L"(RY,R*¥)) n L™ (R, W" (RN, R?K))

equipped with the norm

1/r
(18) 12l = <// <|z|T+|8tz|r+|sz]r>dzdt> ,
RxRN

and in the sequel when no confusion can arise, we will use %" for short. By variational frame-
works as developed by [3] and [10], we consider (1.6) in the function space E := [%?, L?] 1
which is an interpolation space between %2 and L?(R x R™ R2X). We point out here that this
space embeds into the corresponding L9-spaces for 2 < g < 2(N + 2)/N. And it is easy to see
that (1.6) is subcritical in the sense that p is smaller than the critical embedding exponent.

In order to gain further insight into the effect of potential functions on the concentrating
process and the multiplicity of solutions, we will deal with the following more general class of
RD system with critical growth, namely

(1.9) Oz = DAyz + M(2)z + (W (2)[2[P~2 + Q($)|zl%)ﬁz, (t,z) € R x RV,
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Of course, (1.9) reduces to (1.6) when () is identically zero. Associated to (1.9), let us introduce
the following problem

(1.10) Oz =T Az — (T + Pwy)z + ()\]z\p_2+/<a]z\%)6z

where v € (—1,1), A > 0, K > 0 and w is in one of the following form (accordingly to M (x))

o)
wy=v oor w=|

This equation appears as the limit equation for (1.9).
Let us remark that systems (1.9) and (1.10) can be viewed as infinite-dimensional Hamilto-
nian systems of the form

dz

where H is some energy functional on a real Hilbert space .# C L?(R™,R?%), and the matrix
[ can be regarded as a skew-symmetric operator. Such an interesting feature of these prob-
lems makes variational method applicable, especially, the techniques developed for variational
problems with strongly indefinite structure can be employed.

Now, let us state our main results. To be more precisely, we shall apply the global varia-
tional arguments, described in Section 3, to define the minimal energy (or ground state energy)
associated to (1.10) as vy(w,, A, k). Roughly speaking, v(w,, A, ) is a positive function, and is
increasing in the factor v and decreasing in the factors A and . To relate (1.9) with v(w,, \, k),
let us introduce the function ¢g : RY — R as

co(y) = Y (wv, W), Q).
By letting

Voo = liminf V(x), As :=limsupW(x), Koo :=limsupQ(z)
and

= i , €={yeRV: = Cy t,
¢ = min co(y) {y co(y) = ¢}

then our main theorem can be formulated as

Theorem 1.1. Assume the matrix M is in one of the form in (1.7), p € (2, 2(]\1[\,”)) and V., W,

Q are bounded, Holder continuous functions on RN satisfying

(A1) ||Vl < 1, iIgN W(x) > 0and Q(x) > 0 for all x.
Te

There exits a constant k > 0 such that if | Q|| L~ < & and

(A2) there exists xo € RN such that Q(xg) = max Q(x) and
z€R

Voo 2> 1 :=V(20), Moo < Ao :=W(x0), Koo < Q(z0)

with one of the first two inequalities being strict,



then RD system (1.9) possesses at least 0 distinct solutions z: , k=1,...,0 for small € > 0,
where 0 is the largest integer such that

(1.11)

o< (o) T ()

Moreover, among these solutions, zsl lies in the ground state energy level and has the following
properties:

(1)

(2)

|zL(t, )| has exactly one global maximum point at some x with liH(l) dist(ze, €) = 0 and
E—

hm 12 (t, ) Loo @M\ B.g(z.)) = O uniformly fort € R;

s~>0

the rescaled function w.(t, ) = z(t,ex + x.) converges as € — 0 uniformly to a ground
state solution z : R x RN — R2K of

Oz =T Npz+ M(yo)z + (W(yo)|2[P~% + Q(y0)|zy%)/3z

Remark 1.2. (1) A possible explicit formula for the constant 4 could be defined in terms of

2

3)

the factors ||V|| L and inf W; see (5.1). It satisfies kK — ¢(p) > 0 as ||V||~ — 0. Thus
we do allow critical growth in the nonlinear part but the function ) cannot be too large. It
is an interesting open problem whether this restriction on () can be removed.

Assumptions p € (2, W) and (A2) imply that

1 o\ I /A
L(10; Vo0, Ao, Ao, P) 12(112()) i ()\0> > 1.

This suggests that (1.9) has at least one solution. Due to the fact that we can always find
a function W to make the ratio )\ 9 Jarge, hence there are examples showing that (1.9) has
a very large number of solutions. We would like to mention here that assumption (A2)
inherited a similar spirit of [23], and it makes the variational structure of (1.9) satisfy a
variant of Palais-Smale condition.

Concerning the number of solutions in Theorem 1.1, for the case that L(vg, Voo, Ao, Moo, P)
is an integer, we have 6 = L(1p, Vo, Ao, Ao, P) — 1. And hence the choice of 6 is slightly
different from the function of taking the integer part of L (1, Voo, Ao, Aso, ). Moreover,
we can see from the statement of Theorem 1.1 that the number 6 is irrelevant to the func-
tion ). And hence the number of solutions is dominated by the functions V' and W.

As a consequence of Theorem 1.1, we obtain the following corollary for the subcritical
equation (1.6).

Corollary 1.3. Under the hypotheses of Theorem 1.1 and assuming () vanishes identically. Then
RD system (1.6) possesses at least 0 distinct solutions zF k =1,...,0 for small ¢ > 0, where 0
is the integer in (1.11). Moreover, among these solutlons, zE lies in the ground state energy level
and has the following properties:



(1) |22(t,-)| has exactly one global maximum point at some x with hg(l) dist(xe, €) = 0 and
&

Lim {|Z(¢, )| oo @\ B.p(2e)) = O uniformly fort € R;

e—0

(2) the rescaled function w.(t,z) = z:(t,ex + x.) converges as ¢ — 0 uniformly to a ground
state solution z : R x RN — R2K of

Oz = TAyz + M(yo)z + W(yo)|z|P~2Bx.

Remark 1.4. In terms of V', W and (), the assumptions (A2) is sufficient conditions to guarantee
co(wo) < limsupy,_,q, co(y), and hence, ¢’ is a compact set in RY. Without loss of generality,
throughout this paper, we may always make the assumption that o = 0 € R™. We emphasize
that (A2) can be replaced by other sufficient conditions, for example,

(1) voo = suppn V, Ao = infry W, Q = constant.

(2) Denoted by
g(@) = Lﬂcl and  fio := limsup g(z),
W(x)Nr-2 || —o00

there exists xo € RY such that g(xg) = max g(z) and
T€R

Voo = Vo 1= V($O)a Aoo S Ag 1= W(l‘o), foo < g(:):o)
with one of the first two inequalities being strict.

If V and W are not all constants, then each of the above (1), (2) is a sufficient condition to
guarantee co(zo) < imsupy,_,q co(y)-

Remark 1.5. The nonlinearity of power functions was considered firstly by H. Fujita in his
classical papers [11, 12] on Cauchy problems for a single RD equation; and such nonlinearity
also plays an important role in the analysis of steady-state solutions to RD equations (see a series
of remarkable papers of Ni and Takagi [19,20], and with Lin [13]). Here in this work, we focus
on (1.6) and (1.9) as multi-component versions of nonlinear problems in Fujita’s type. It is quite
natural that, in the case ) = 0, the set % is defined as the ”middle ground” between minima of
V and maxima of . Indeed, as one will see in Section 3, minimum points of cy(-) coincides
with minimum points of the function V'(z) R JW (z) vz provided that M () is of the first
form in (1.7). As a consequence, if V' is constant, then € coincides with the global maxima set
of the potential W. And conversely, if W is constant, then € is the set of global minima of the
function V. However, in the general case (M (x) is of the second form in (1.7), and @ # 0), it
is impossible to have an explicit formula for ¢y(y), and hence we cannot explicitly characterize
the location of concentration of minimal energy solutions in term of the functions V', W and Q.



The proof of Theorem 1.1 will be done by variational techniques. Since we are working
on the unbounded domain R x R”, we will employ the concentration-compactness argument
explored in [16]. It consists in finding a suitable energy threshold for the energy functional
of (1.9) such that the Palais-Smale condition holds below this threshold, constructing different
minimax levels and then showing these minimax levels are indeed below the energy threshold.
We emphasize here that, in the usual concept, the energy threshold tricks are well adapted for
the study of variational problems in geometry and physics where lack of compactness occurs.
The most notorous example is Yamabe’s problem. Here, due the Hamiltonian structure of the
RD system, we note that it is not easy to obtain compactness in view of the critical growth of
the nonlinearity even in finding the energy threshold. To overcome this, we will need a delicate
analysis for the limit problem (1.10) on the ground state energy level and use the concentration-
compactness principle to control the factor () in the critical growth.

To obtain multiple solutions of the problem, the main ingredient is making use of the invari-
ance of (1.9) under some group actions, for instance the multiplication by +1 and the translation
in time-coordinate will not change a solution to (1.9). This kind of invariance will lead us to build
a pseudo-index theoy for the associated functional. More precisely, the number of solutions is
related to the frequency that the pseudo-index changes, see an abstract setting in Theorem 2.11.

The remainder part of the paper is organized as follows. Sect. 2 is devote to introduce
some notations and to briefly recall some preliminary results such as the linking geometry and
a Lyapunov-Schmidt type reduction. An abstract theorem regarding the multiplicity of critical
points for strongly indefinite functionals is also introduced, and the proof will be postponed to
Appendix B. In Sect. 3, we investigate the associated autonomous problem (1.10). This study
allow us to show the role which the critical factor x plays in the ground state energy level. The
Palais-Smale condition, which does not hold in general case since we allow critical growth, will
then be studied in Sect. 4. And we perform the crucial criterion for compactness in terms of
a energy threshold. Next, in Sect. 5, we provide the main components of our proof. The first
part is the analysis on the concentration behavior of the ground state energy solution for (1.9).
And as the second part, we build a finite-dimensional linking argument to construct specific
minimax schemes which can be applied to (1.9) such that these minimax levels stay below the
energy threshold. The proof will be then completed by applying our abstract theorem in Sect.
2. Finally, for the sake of completeness, in the Appendix A we collect some regularity results
which are used in the paper.

Acknowledgment. The authors would like to thank the anonymous reviewer for his/her helpful
comments.

2 Notation, known results and main ingredients

In this section we establish some preliminary results which are needed for the proof of our main
theorems. Given V', W and () as in the previous section, we consider the RD system

2.1 Oz =DAyz + M(z)z + (W(2)[z[P% + Q(m)|z\4/N)5z

with coefficients D defined in (1.2) and M (z) being of the form (1.7).



For a clearer expression let us set

0 id
Jo = <id 0)’

and by noting that D = 2.7, we shall consider the scaling + — ez so that (2.1) equivalently
transforms as

@2 Orz = T Aoz + Me(@)z + (We(@) |2 + Qe(w) 2 ™) B2
7)

with M, (x) = M (ex), We(z) = W(ex) and Q-(x) = Q(ex). Remark that 3~ = —§3, hence
if denoted by .£ = — (0, + Jo(—Az + 1) and V(z) = either V' (z) or V(x)Jo, we have (2.2)
to be rewritten as

(2.3) L2+ V()2 = Weo(2)|2]P 22 + Qe (@) |2) Nz for 2(t,2) € R*M

where obviously we have used V.(x) = V(ex).

In what follows, we will focus on the equivalent system (2.3), and, throughout the paper we
make use of the following notations: for 1 < ¢ < oo we set L? := LI(R x RN , R2K ), and by
|- |; we denote the usual L9-norm, and particularly denoted by (-, -)2 the usual L?-inner product.

Considering the differential operator . acts on the Hilbert space L2, it is quite standard to
see that .Z is a self-adjoint operator with domain

D(Z) = B = W2 (R, L*(RY,R*X)) N L2 (R, W>2(RN, R?K)).

Let 0(.Z) and 0.(.Z) be respectively the spectrum and essential spectrum of .#, we have
0(L) = 0(L) =R\ (—1,1) (cf. [9, Lemma 8.7]). And as a direct consequence, L? possesses
the orthogonal decomposition:

(2.4) I’=LTeL", z=z2t+2",

so that L is positive definite (resp. negative definite) in L™ (resp. L™).
In order to construct the energy functionals whose critical points are the solutions of (2.3),
we introduce £ := D(|.Z|'/2) (which is the form domain of L) be equipped with the inner

product
<Z1,2’2> = (!-i”|l/22’1, !311/222)2

and the induced norm ||z|| = (z, z)l/ %, where || and |.Z|'/? denote respectively the absolute
value of .Z and the square root of |.Z|. Since 0(.£) = R\ (—1, 1), one has

(2.5 2|2 < ||z||* forall z € E.
As an interpolation space between %2 and L?, E (being a Hilbert space) has the decomposition
E=Et®E", where E* =ENL*

which is orthogonal with respect to both (-,-)2 and (-,-). We write z = 2+ + 2~ forz € F
according to this decomposition. Remarkably, this decomposition of E induces also a natural
decomposition of L? for every ¢ € (1,400):



Proposition 2.1. Let ET® E~ be the decomposition of E according to the positive and negative
part of 0(L). Then, set Eqi = ET N L4 for q € (1,00), there holds

L=l Ef @, E;

with cl, denoting the closure in L1. More precisely, there exists d, > 0 for every q € (1,00)
such that
dg|25|, < |2]q forallz € BN LY.

In L?’s (for g # 2), by & we mean the topologically direct sum. Before proving Proposition
2.1 we would like to introduce the following definition for Multipliers (see [24, Chapter 4])
which plays an important role in our arguments.

Definition 2.2. Let m be a bounded measurable function on R", we associate a linear operator
T on L2 N LA by (Tru)(€) = m(€)a(€) where 4 denotes the Fourier transform of u. We say
that m is a multiplier for L? (1 < g < oo) if whenever u € L?N L9 then T),,u € L9 (notice it is
automatically in L?), and T}, is bounded, that is,

(2.6) |Thulg < C-uly, we L? N L7 (with C independent of w).

Observe that if (2.6) is satisfied, and p < oo, then 77, has a unique bounded extension to L9,
which again satisfies the same inequality.

Proof of Proposition 2.1. First we remark that in this context, the spatial domain is R x R,
Now recall the definitions for the matrices § and [Jp, let us study .& := —30; + Jo(—

1). Tt is a differential operator with real constant coefficients. In the Fourier domain £ =
(&0,&1,&2, - .., €N), it becomes the operator of multiplication by the matrix:

2(¢) = ( A(()g) (()5)> with A(¢) = <i§0+1+k§:1§,3> id

Here 7id” denotes the K x K identity matrix.

Denoted by A(§ \/ &+ (1+ Z]kv 1 5,%)2. By classical calculus, we have that .£(€)

has two elgenvalues +A(¢ Now denote P the projections on E with kernel ET. We see
that in the Fourier domaln, PjE are multiplication operators by bounded smooth matrix-valued

functions of &: L
ey 1L A€)  A(S)
PO ( A©) ME) ) ( )

) |

>

S

—~
|
IS
N—
=
i
N—
)
=
n
SN—r
VN
>~
B
M —
N—
>/I
/REE‘
~ M
SN—
~
N
S S

Here we have used the notation z = (u,v) and 2 = (u, 0).
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In order that P* are multipliers for L7, we need to use the Marcinkiewicz multiplier theorem
onR x RY (see [24, Chapter 4, Theorem 6°]). A direct calculation shows that, for each 0 < k <
N —+ 1, there holds

‘ak (A©)/ME) ’
0, -+ 0&, |~ Tk_ ¢ ]

for some constant B > 0.

And hence, as an immediate consequence, P* are multipliers for LI for all ¢ € (1, 00). This
implies that P* are continuous with respect to the L?-norms. By noting that P*(ET) = {0},
one easily sees that P* extend to continuous projections on L7 (still denoted by P*) with
Pi(clqE;F) = {0}. And this completes the proof. O

The embedding from E into L9’s can be concluded in the following lemma.

Lemma 2.3 (see e.g. [9]). E is continuously embedded in L1 for q € [2,2(N +2)/N]if N > 2,
and compactly embedded in L} . for ¢ € [1,2(N +2)/N) if N > 2.

loc

On E we consider the functionals ®. and ®( defined by

©(2) = (12717 = [=717) + 5 [ [ Vel 2o~ we),

\)

Boz) = 5 (12712~ 1=71) + 5 [ [ VO 2t~ 0o 2),

where the nonlinear part is defined by

.(2) = ;// W ()| P dtda + ;//QE(:};)\ZP* dtdz,

Wy(z) = W}EO)//yz\pdtda:+QQ@//sz* dtdz,

(for simplicity, we set 2* = W for the critical exponent and we shall omit the integration

set R x RY in the integrals). By virtue of Lemma 2.3, it is not difficult to check ®. is 2-times
Frechét differentiable on E and that its critical points correspond to the solutions of (2.3).

In order to study further the minimal energy level of ®., let us recall some known facts
on a Lyapunov-Schmidt type reduction. Such reduction technique depends on the convexity
of the nonlinearities, specifically, it requires that the second order derivative of ®. is negative
definite on F~. And by the anti-coercion and concavity properties of ®.|z—, we can define
{. : ET — E~ to be the bounded reduction map correspondingly such that, for any u € E,

P (2 +Lo(2)) = max Po(z + w).
wek~
And denote I.(z) = ®.(z + -(z)), we shall call ({z, I.) : ET x ET — E~ x R the reduction
couple associated to ®. on ET (for details we refer to [1, 10]). Then, it is all clear that I, €
C?(E*,R) and critical points of I. and ®. are in one-to-one correspondence via the injective
map z — z + l-(2) from E* to E.
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Now, on E1, let us introduce
.7 Ne={z€ ET\{0}: I.(z)[z] = 0}.

The following lemmas collect the properties ®. and I, have when the assumptions of our theo-
rems hold.

Lemma 2.4. O possesses the linking structure:

(1). There are r,p > 0, both independent of ¢, such that | B >0, o st > p, where
Bf =B, NET={ze€ E":|z|| <r},
St=0Bf={zc E":|z||=r}.

(2). For any finite dimensional subspace # C ET, there exist constants C = C 4, > 0 and
R =R _, > 0, both independent of €, such that

sup@(#Z ®E”)<C and sup®.(# & E \ Bgr) <0.

Lemma 2.5. Palais-Smale sequence for ®. is bounded independent of the choice for € > (.

Lemma 2.6. For all € > 0, AZ is a smooth manifold; and there exist 0 > 0 independent of €
such that for any z € N,
|zl >0 and 1.(z) > 0;

Moreover, critical points of I. constrained on N; are free critical points of I in E™.

Lemma 2.7. Let c., cy denote the minimax levels of . and ®q deduced by the linking structure:

c. = inf sup P.(z) and cy= inf sup  Po(2).
T c€BN\(0} serem - e€ET\{0} zeRep -

Then we have
(1). cc =inf e s I(2);
(2). ¢ <co+0:(1) as e — 0 provided that cy is attained.

The above listed results could be referred as geometric properties which are basically derived
from the formulation of ®. and Proposition 2.1. A general discussion of the properties of ®.
and its reduction couple (¢, I) in an abstract setting can be found in [10, Section 4].

Remark 2.8. It is worth pointing out that .4 is the graph of a C! function m, defined on S}
by
me(2) =t(2)z z €S,

te(z) being the unique positive number which realizes the maximum of the function ¢ — I.(¢2)
and that . : S — R is a C"! function. It can be also seen that

Ne={t-(2)z: z€ ET\ {0}, 0 < t-(z) < o0}.
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For the sake of a multiplicity result, let us consider a critical point theorem involving strongly
indefinite character. And before stating our abstract result, let first remark that ®. (being as a
even functional) not only admits the group action of Zy (i.e. the multiplication by +1) but
also the group action of the time-axis translation. This is due to the fact that the RD system
(2.1) or (2.3) is invariant by translations in time (the coefficients in the RD systems are time-
independent). Hence, ®. is invariant under the action of R, a noncompact Lie group.

In the sequel, we will write it briefly by ¢-invariant if a functional ¢ admits a action of some
group ¢. Recall that a sequence {z,} C E is called to be a (PS).-sequence for a functional
® € CY(E,R) if ®(2,) — cand ®’(z,) — 0. We remark that if ® is ¢-invariant then {g, 2, }
is also a (PS).-sequence for any {g,,} C ¢ provided that {z,} is a (PS).-sequence. And for
any two elements z1 and 2z, by ¢-distinct we mean z; # gzo forall g € 9.

Definition 2.9. We say that a ¢-invariant functional ® € C'(E,R) satisfies the 4-(PS),-
condition if every (PS).-sequence has a subsequence which converges after an accordingly
¢-action:

D(z,) = ¢

= ¢ 2z, — 2z € F along a subsequence for some c¥.
B (5) = 0} 8nZn g q {8}

For the abstract settings, let us consider a splitting £ = X @Y of E into complete subspaces
X and Y with associated projectors PX and P¥. We write z* := PXz and z¥ := PYz for
z € E. In addition to the norm topology we need the topology 7 on E which is the product

of the norm topology in X and the weak topology in Y. In particular, z, T, . provided
that z;' — 2% and z) — 2z¥. On bounded subsets of E the topology 7 coincides with the
metrizable topology considered by Bartsch and Ding [4] and for Hilbert spaces by Kryszewski
and Szulkin [14]. And denoted by 7,+ the weak*-topology of E*. For a functional ¢ and
real numbers a,b we write ®* := {z € E : ®(2) < b}, &, := {z € E : ®(2) > a} and
@b .= ®* N ®,. The following assumptions will be needed.

(®1) @ € CHE,R), ® : (E,T) — R is upper semi-continuous, and ® : (®,,T) —
(E*, Ty~ ) is continuous for every a € R.

(®2) There exists r > 0 with p := inf ®(SX) > ®(0) = 0 where S :={z € X : ||z|| = r}.

(®3) There exists a finite dimensional subspace Xo C X and R > r such that for Ey :=
Xo®Y and By := {z € Ey : ||z]| < R} there holds d := sup ®(Ey) < oo and
sup ®(Ep \ By) < inf ®(B)Y), where B :={z€ X : ||z]| <r}.

In the case in which ® is even, i.e. ® admits a Zy-action, let us introduce the notations as was
introduced in [4,9]: for ¢ € R, denoted by M (®€) the collection of maps h : ®¢ — F satisfying

(2) his T-continuous and odd,
(i1) h(®%) C ®° forall a € [p,d];

(791) each z € ®° has a T -open neighbourhood O C E such that (id —h)(ON®°) is contained
in a finite dimensional linear subspace.
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Then a pseudo-index of ®¢ can be defined by
(2.8) ¥(c) := min {gen(h(®) N SY) : h € M(®°)} € NU {oo}

where gen(-) denotes the classical Z»-genus.

Let us emphasize here the situation that & may admits a group action of ¢ in addition to
the Zs-action is a considerable issue in our abstract settings. If ¢ is a compact group, then a
generalized index theory can be employed as was introduced by Rabinowitz [22] (see also [2]
for related material). However, in general, the group ¢ may be noncompact and quotient space
E /4 will no longer be a linear space or a manifold. Therefore classical results can not be
applied. One way to treat such ¢ x Zs-invariant problem is to separate these two group actions.
For such, in the sequel, let us introduce the following concept

Definition 2.10. Let F be a Hilbert space (or Banach space) associated with a group action of
¢ x Zy. We say that ¢ is separated with respect to Zs if and only if, for all closed Zy-invariant
subset A C F, the 4-orbit ¥(A) := {gz: g€ ¥, z € A} is closed and gen(A) = gen(¥(A)).

Let us remark that, for a separated ¢-action, there holds ¢ (z1) N ¥ (z2) = () for any ¢-distinct
elements z; and z3. Hence, for a closed Zz-invariant subset A, ¢ (A) is the disjoint union of all
the ¢-orbits of its elements.

Then our general existence result comes as follows

Theorem 2.11. Let ® be a even functional satisfying (®1)-(®3). If © also admits another
separated group action for some noncompact group 4 and satisfies the 4-(PS).-condition for
every ¢ € [p,d]. Then ® has at least n := dim X pairs of ¢-distinct critical points. In
particular, if ® has only finitely many 9-distinct critical points in &%, then

(2.9 ci=inf{c: ¢(c) =i} €lpd], i=12,....n
are critical values satisfying p < c1 < co < -+ < ¢ < d.

Remark 2.12. Theorem 2.11 generalizes Theorem 4.6 of [4] (see also [9, Page 31]) in the
sense that ¢ is allowed to carry a ¢-invariant property for some noncompact group action. This
generalization permits us to treat such as RD systems of the form (2.1). Setting X = E™ and
Y = E, it follows from the definition, Proposition 2.1 and Lemma 2.4 that the functional ¢, is
even and satisfies (®1)-(®3). And it is also evident that the group action of time-axis translation
is separated with respect to Zy-action. We postpone the proof of Theorem 2.11 to Appendix B.

Remark 2.13. Theorem 2.11 holds true for more general classes of symmetries, typical example
is ® admits a group action of ¢4 x G where G is some compact group and ¥ is separated.
Typical examples of G include the case of a finite group such as Z, for a prime number p
and a compact Lie group such as S', SU(2), et al. In all these cases, there exists an index
i:{A C E: AisG-invariant} — N U {oco} for G-action satisfying the monotonicity, sub-
additivity, super-variance as well as a dimension property: i(F \ {0}) = ¢ - dim F for any
finite-dimensional G-invariant linear subspace F' C FE. We refer the readers to [2,5,7] for a
discussion of group actions, index theories, examples and applications.
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3 Variational framework for superlinear systems
In what follows, we consider weak solutions to the equation
3.1 Lr4wz=NzP 22+ kl2|YN 2 onR x RY

belonging to the class %2 with w being a 2K x 2K symmetric constant matrix with its eigen-
values o(w) C (—1,1), A > 0 and k > 0. As before, let us introduce the associated functional

1 1 A *
O(z) = i(HerHQ - HszQ) + 3 //wz - zdtdr — 5\2\5 - 2—’1]2\%* onE=Et@E".

And denoted by (¢, I) the reduction couple for ® and set A" = {u € ET\ {0} : I'(u)[u] = 0}.
Then, by the same arguments used in [1, 10], we have .4 is a smooth manifold of codimension
1in BT, and .4 is diffeomorphic to Sf by a C! diffeomorphism. Particularly, the function
t + I(tu) attains its unique critical point t = ¢(u) > 0 foreachu € E*\ {0},and t : S{” = R
is a C'! function. If denoted by

Y(w, A\, k) = inf sup P(u),
( ) e€ET\{0} yeRe B~ (u)

it can be also seen that y(w, A, k) = inf » I > 0. We will write y(w, A) for simplicity in the
case when xk = 0.

The main result of this section is the following:

Proposition 3.1. Let v(w) = min{v : v € o(w)}, and set v, = min{v(w), 0}. Then y(w, \, K)
is attained provided that

+2
Nt2 N S 2

3.2 14+ 0) 5 k% -y (w, A,

(3.2) (14+wv)" 2 k2 -y(w /<;)<N+2

where S denotes the best constant for the embedding E — L*".

This proposition yields information about the competing effect of w, X against x. In the case
K vanishes, (3.2) is satisfied automatically, and hence (w, \) is always attained. Before proving
Proposition 3.1, we begin with some preliminary materials. Let us first consider the following

functional L 2
— = -z dtd
Fy E\{0) 5 R, 2ry BEZ TP+ Jfwz- 2 dide

13- ’
and the minimax scheme
T,= inf sup Fu(z+w).
z€ET\{0} yep-
Denoted by .% : L2 — L? the Fourier transform, then in Fourier domain ¢ = (£o,&1,...,&N)

1
we have ||z||? = // @&+ 0+ Zévzl 5,3)2) 2|.F 2(€)|? d¢. Remark that S denotes the best con-

stant for the embedding E < L?",i.e. S|z|3. < ||z||3, and that v(w) is the smallest eigenvalue
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of w, we soon infer that for any z € ET \ {0}

1212 + [[wz - 2 dtdz
2
2*

U@+ 04 S ) 4]l Fa) R de

2[5

sup Fu(z +w) > Fu(z) =
wekE~ ‘Z

Taking into account that

f (& + (1+ Z/{fvz1 f}?)2)% +v(w) _ { 1 if v(w) >0,
€[>0 (5’3 + (1 + Zi\le §,§)2)% 1+v(w) ifr(w) <0,

we have

(3.3) T, > (1+wv)S with v, =min{rv(w), 0}.
Next, let us consider the equation

(3.4) Lrtwz=z[""z onR xRN

and the corresponding functional
2 1 1 1 *
O(2) = §(|’Z+||2 —l=7I1%) + B //wz -z dtdr — §]z|g* onE=FE"oE".

Denoted by (Z I) the reduction couple for & and set A = {u € ET\ {0} : I'(u)[u] = 0}
We have .4 is a smooth manifold of codimension 1 in E*, and A4 is diffeomorphic to S
by a C! diffeomorphism. Particularly, the function ¢ I (tu) attains its unique critical | point
t = t(u) > 0 for each u € ET\ {0}. It would be also standard to see that 4, := inf 21 >0,
and in particular, we have

2
Lemma 3.2. T, = ((N + 2)4.) V.

Proof. We sketch the proof as follows: Let z € ET\{0} be fixed, and set 7. (-) = F,,(2+"), then
elementary calculation shows that any critical point w € E~ for 7, satisfies 7, (w)[n,n] < 0
for all » € E~. Hence, 7, has a unique critical point in £~ which realize its maximum (if there
exists).

Forany z € 4, we have ||z ||2—H€ N2+ [[ w-(z+L(2))-(24-0(2) ) dtdz— |z+g(z)]2: =0,
and hence 7, ({(2)) = |z +{(z)[2. 72 Moreover it is standard to check that 7, (¢(z))[w] = 0 for
all w € E~. Thus, we have |z + (2)|% 72 = max,cp- 7.(w), i.e. £(z) is the unique critical
point for 7.

Now, using the fact F,,(z) = F,(tz) forall z € E and t > 0, we can conclude

T, = inf sup Fu(z+w)= inf sup F,(z+w)

zeSt weE- ze€N weE—

= inf |2+ 0(2)[272 = inf (N +2)i(2)) 7
ze N zeN

— (¥ +2)3) 72
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as is desired. For further reference, we mention that the uniqueness of 0 (z) as critical point for
7, also implies that £(tz) = t/(z) forall z € E* \ {0}. O

Now, we give the proof of the proposition.

Proof of Proposition 3.1. We only give the proof when x > 0 since it is much easier for the case
Kk = 0.

Let {z,} C ./ be a minimizing sequence for I. It is no difficult to check that {w, =
zn + £(2p,)} is bounded in E. Then by Lion’s result (see [16]) it follows that {w,,} is either
vanishing or non-vanishing.

If {wy,} is non-vanishing then we are done, so let us assume contrarily that {w, } is vanish-
ing. Then |wy,|s — 0 forall s € (2,2*). And thus we have

N 2 N A
K2 ®(wn) = ©(K3wn) + 0y (1) < O(y) + 0n(1) < K2 P(wy) + on(1)
where we used the notation b, := fptin + 0 (tnun) with £, = t(uy,) being bounded and such
that £,u, € .4 (the last inequality comes from the fact that /(tz) = t{(z) guarantees {u,} is
vanishing).

By the above observation, and ®(wy,) = I(z,) = v(w, A, k) + 0, (1), we easily deduce from

Lemma 3.2 and (3.3) that

il

N+2
o R 1 Nt2 N2 ST2
K2 (W, A K) + on(1) = B(i) > 5 = Nl 2(+wn) JQW,

which contradict to (3.2). Therefore we have {wy, } is non-vanishing, and this ends the proof. []

Recalling the notations introduced in the previous section, let us go back to our model prob-
lems by denoting w,, the constant matrix v - id or v Jp, and consider

(3.5) Lo+ wyz = NzP 22 4 k2| V2 onR x RY

with the associated functional

1

_ 1 A K .
Born() = 5 (112 = 127 I) + 5 [[ woz - sdtdn = pafp = Z1a

2
and minimal energy v(wy, A, k). We then end this section by concluding

Lemma 3.3. Let v, 19 € (=1,1), A\, Ao > 0 and k1,62 > 0. If min{ve — 11, A} —
A2, K1 — Ko} > 0 and either (wy,, A1, K1) or (Wy,, A2, K2) satisfies (3.2), then y(wy,, A\1, k1) <
V(W A2, k2). And if in additional max{v, —v1, A\ — Ao, kK1 — Ko} > 0, then y(wy,, A\, K1) <
7(wV27 A2, ’%2)‘

Proof. We only prove the second statement.

Case I. w, = v -id.
As mentioned before, let us introduce the reduction couple (¢;, ;) for Py J = 1,2,
and
mj: ST — A, j=1,2
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to be the C! diffeomorphism between S* := {z € ET : ||z = 1} and 4] := {2z € ET \ {0} :
I3(2)[z] = 0}.
j

Let z € ST be arbitrary, there holds

Y(wpy, A1, k1) < I (m1 (Z))
vy — V2

< L(mi(2)) + 5 m(2) + 01 (ma(2))5
0o - R am - B ) + b
312(m2<z>)+”;y2|m1 2) + b (2)],

*

2*

2l (2) + i (ma ()]

A
Q‘ml )+€1(m1 g

If (wy,, A2, ko) satisfies (3.2), it is all clear that y(w,,, A2, K2) is achieved. Now, we can fix
z € ST be such that 5 (mg(z)) = Y(wyy, A2, K2), by (3.6) we have

V1T — V2

YWy, A1, k1) <Y (wpy, A2, K2) + Ima(2) + 1 (ma(2))]5

AL A

% 2%°

Im1(2) + £1(m4 (2 2|ma(2) + 1 (ma(2)) 5

Therefore, by max{va — v1, A1 — Aa, kK1 — Ka} > 0, we have y(wy,, A1, K1) < Y(Wyy, A2, K2).
Else if (wy,, A1, k1) satisfies (3.2), let us consider a sequence {2, } C ST be such that

I (mg(zn)) — Y(Wyy, A2, K2).

Then the sequence {ma(z,)} is bounded. If {ma(z,)} is vanishing, as was argued in Proposition
3.1, we have

(1 +2108) % _ (1 +m)8) *

—+ V14 =+ oy

Y@y My R1) < S < < Y(Wrgs A2, R2),
ke (N +2) kg (N +2)

where vj, = min{v;, 0} for j = 1,2. And hence the proof is done.

Case 2. w, = v/J.

In this situation, let us consider the scaling transform ¢ — (1 + v)t, x — /1 + v x. Then
system (3.5) is equivalent to

A
L= P2 N,
1+v 1+v

with the minimal energy denoted by 7 (wy, A, k). Remark that, by the scaling transformation, we
always have

(3.7) Y(wy, \ k) = (1+1/) > 'y(wl,,)\ K).

And then, at this stage, we can go back to Case I, and the monotonicity of 7 will directly imply
our desired conclusion for y(w,, A, k) which completes the proof. O
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Remark 3.4. Lemma 3.3 provides a criterion for checking (3.2). Indeed, since x > 0, we
always have v(wy, A\, k) < v(wy, ). Hence, we can set an upper bound for x as

(1= [V]s)S) %
(N +27(w )

such that (wy, A, k) satisfies (3.2) provided that 0 < xk < &(v, A). Furthermore, we can assert
form the relations (3.6) and (3.7) that 4(v, A) is decreasing in v and increasing in A. And hence
for fixed v € (—1,1) and A > 0, let x € [0, ~(v, \)), then the triple (w,/, N, ) will satisfy (3.2)
provided that v/ < vand N > .

R(v,\) =

z|o

4 Palais-Smale condition

In order to apply the abstract multiplicity result stated in Theorem 2.11, we need @, to satisfy
a compactness condition. However, due to the non-compactness of the Sobolev embedding
FE— LZZSC, it is not difficult to see that such a condition is not fulfilled in general. Nevertheless,
recalling ®. admits a group action of the time-axis translation and denoting such action by
¢ := R, we can recover the compactness in the sense of ¢-(PS).-condition holds below some
energy threshold, which related to the minimal energy “at infinity”. For ease of notation, let us
set & = max,crn Q(z). Then, inspired by the priori bound # (v, A) for the factor ~ in Remark
3.4, our compactness result can be stated as follows.

Proposition 4.1. Assume (Al) and (A2). Suppose that i < K(Veo, Aeo). Then, for any € > 0,
the functional ®. satisfies G-(PS).-condition in the sublevel {z € E : ®.(2) < 7}, where
Voo = ’Y(wyoo’ Aoos R)'

Let us mention here that for the case () vanishes identically we can infer that (w,_, Aoo)
satisfies (3.2) automatically, and hence ®. will satisfy the ¢-(P.S).-condition with no more
additional assumptions except ¢ < Yoo (Wy,, , Ao ). Before proving Proposition 4.1, let us remark
that the following lemma will be the key ingredient in the proofs.

Proof of Proposition 4.1. To begin with, let ¢ < 7, and let {z,} be a Palais-Smale sequence
for @, at level ¢, namely

(I)e<zn) =c+ On(1)7 (I)/a(zn) = On(l)'

By Lemma 2.5, {z,} is bounded (independent of ¢). Remark that, for any {g,} C ¥, the time-
axis translated sequence { g, 2y} is also a (P.S).-sequence. Hence, up to a subsequence, it has a
associated weak limit z € E and we have to prove that g, 2, — z in E for some {g,} C ¢.

Without loss of generality, for arbitrary {g,} C ¥, let us denote z,, := g¢,,2, and z to be
its weak limit (here and subsequently, one should always keep in mind that such weak limit
will change correspondingly when {g,, } is replaced by other elements). For simplicity, we set
Cn = Zn— 2, then (, — 0in E and ||Z5||2 = [|2F]|2 + [|¢E||? + 0, (1). By using the Brézis-Lieb
type result (see for example [26]), we have

// W (@) |2 [P dtda: = // Wg(x)]z|pdtd:n+// W () [Ca|P dtd,
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and

//Qs(m)]2n|2*dtdx—/ Qe(x)\z]Q*dtdx—i—/ Q.()|Ca[?" dtda.

Thus,
4.1) D (z,) = D-(2) + P(Cn) + 0n(1),
and
OL(Zn)[Zn] = DL(2)[2] + DL(Cn)[Cn] + 0n(1)-
Obviously, ®.(z) = 0. Therefore, DL((,,)[¢n] = 0n(1).

Claim 4.1. ®.(¢,) — 0asn — oo.

In fact, let ¢ € E with ||¢|| < 1 be arbitrary. We have
DL (Zn)lel = (2, 07) — (Z97) +/ Ve(2)Zn - p dtdz — WL (Z0) ]

= <C:{ +z+,g0+> — <C; —|—z_,c,0_> —i—//Ve(x)(Cn—l—z)-cpdtdx
— UL (¢n + 2)[¢]
4.2) = (GHeT) = (G )+ (2 ety = (27 07)

+//V€(x)Cn’(Pdtd.fll-i-//vg(x)z-gpdtdm
—//WE(x)Kn'p_QCn'SOdtdm_//Ws(fﬁ)|z\p_2z-gpdtd5p

- / Qe(@)|Gn + 217 (Go + 2) -tz + on ([l

Here the estimate for the subcritical part

/ / W) 2?22 - o — / / We(@)|CalP~2Cn - 0 — / / We(@)|2P~%2 - ¢ = ou(llel))

follows from a standard argument. To estimate the last integral in (4.2), we set ¥, := |(, +
z| iy (Cn+2)—1Cnl N Cp— |z|% z. Tt is not difficult to see that exists a constant C' > 0 independent

of n such that |1),,| < C|(,| N |2|+C|Cnl-| 2] . Then using the Egorov theorem on any bounded
domains, we have

/ [tn| - o] dtde = on(||¢|]) asn — oo.
And hence,
DL(Zn)[p] = PL(Cn) ] + @L(2) (0] + on(lll)
=0 ()] + on(llell)

where we have used the fact ®.(z) = 0. The above estimation shows ®.({,) — 0 as n — oo as
was claimed.

Now to show that ||(,|| — 0 as n — oo, the concentration compactness argument will be
used.
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Claim 4.2. There exists a sequence {g,} C ¢ such that {(,} is vanishing.

Assuming Claim 4.2 for the moment, we have ¢, — 0in L? for ¢ € (2,2*). And it follows from
Claim 4.1 that

1Gall? + / V()G - (G — ) dtde = / / Qe(@)[Cal ¥ G - (CF — €7) dtd + 0n(1).

By noting that |[V|« < 1, we soon obtain

-Vl <  [[ el aar) ™5 ( [[ auwicr -G a) +ou

It should be point out that, since Q(x) < & := max @, there holds

(/ Qg(x)\z|2*dtdx> i 12]%, VzeE
where S is the best constant for the embedding F < L2". Then, we deduce
43) (1—|V]) S -7 % < (// Qe(x)|(n|2*dtd:v>2(]é+2) + on(1)
provided that ¢,, 4 0in L? . On the other hand, by (4.1) and Claim 4.1, we have

Y Ao ) = T > Beln) = 38 6n) = 55 [ [ Q@G dtdn + 0,(1)

1
N +2
as n — oo. Thus, by (4.3), we can get

N+2
(A =]V]x)s) ®
>
V(WuwaAoo) - V(WVoo’)\OO”‘{) > N+ 2

which contradicts to the fact &# < #(Vso, Aoo). Therefore, we have ¢, — 0 in L?" and the
compactness for {z, } follows.

__N
LRk 2

Now it remains to prove Claim 4.2. Suppose, contrary to our claim, that the ¢-dependent
sequence {(,} is non-vanishing for any {g,} C %. Then there exists (t,,7,) € R x R" and

R, 6§ > 0 such that
tnt+R
/ / | |? dtdz > 6.
th—R BR(In)

Without loss of generality we can assuming {t, } is bounded, and hence we have |z,| — oo as
n — oo since ¢, — 0 in LZQOC. At this point, let us assume V. (z,) — 7, Wo(z,) — A and
Q:(xy,) — K asn — oo. Consider the translated functions z,, (¢, z) = (. (¢, ¢ + z,,), it follows
that z,, — zg in E where zq is a non-trivial solution to
~ 4
Lo+ wpz = NzP22 + k2| V 2.

And then, we can argue similarly as in (4.1) to obtain

V(W s Mooy B) > € = Be(Cn) = P52 (3n) + on(1) > y(wi, A, &) + on(1).

DAR

Since we have 7 > oo, A < Ao and & < &, the above inequality becomes absurd. This
completes the proof. O
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5 Proof of the mian results

Now, we are ready to prove our main results. We emphasis here that, according to the threshold
found in Proposition 4.1, we only need to check the minimax levels introduced in Section 2 are
below Foo := Y (Wyo. s Ao, &). Since V, W, @ are functions on R™, according to Remark 3.4, we
can precisely fix () in a range as

(5.1) 0 < Q(z) < i#(|V]e,inf W), VaeRY.

Note that /%(\V|oo,inf W) < A(Voo, Aoo), We have (wy (), W(y), Q(y)) satisfies (3.2) for all
y € RV,

5.1 The minimal energy solution

Let us first go back to Lemma 2.7, and we can find c. is the minimal energy level for . and, par-
ticularly, co = y(wv (o), W(0), Q(0)). Remark that it is also not difficult to see that ¢ is attained
and hence we have ¢, < ¢ + o-(1). By noting that y(wy oy, W(0), Q(0)) < Y(wy.. ; Ao, &) due
to Lemma 3.3, we thus conclude that ®. will satisfy the ¢-(PS)-condition at level c. for all
small € > 0 thanks to Proposition 4.1. And therefore, we shall have the existence of a critical
point for ®. which lies in the minimal energy level associated to the equation (2.3).

Let us remark here that: let z. be a minimal energy solution to (2.3), taking into account
that the energy estimate 0 < c¢. < ¢o + 0-(1), it is possible to prove that the family {z.} has a
concentration behavior. We will divide this proof into three steps.

Step I.  For y € RY being fixed arbitrarily, let us set V¥ (x) = V.(z +y/e), W& (x) =
We(z + y/e) and Q¥(z) = Q:(x + y/e). Then, we have V¥ (0) = V (y), WZ(0) = W (y) and
Q¥(0) = Q(y). Now, let us consider the transformed equation

(5.2) Lr+VY(z)z = WY (2)|2P 22 + QY()|2| ¥ 2

where VY (x) = either V¥ (x) or VZ(x)Jp. Denoted by &Y the associated energy functional to
(5.2) and @ the energy functional defined correspondingly by V (y), W (y) and Q(y), let us set

c(y) = inf sup ®Y(z) and co(y) = inf sup  DY(z).
E( ) ec ET\{0} zERepE— 8( ) ( ) €€E+\{O}ZER6€5E— 0( )

As was mentioned at the beginning of this section, we can immediately conclude the fact that
co(y) = v(wve, W(y), Q(y)) is always attained. Then, repeated application of Lemma 2.7
enables us to have c.(y) < co(y) + 0:(1) for each y € RV,

Since a trivial verification would show that

c:(y) = inf sup PY(z) = inf sup  D.(2) =c. VyeRY,
W= oy P = ey 2 )

we thus have actually have that

ce < min ¢o(y) + 0:(1) = min y(wy ), W(y), Qy)) + 0:(1).
yeRN yeRN
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Step II.  Due to the fact that the family {z.} is bounded and non-vanishing, let us choose
(te,z.) € R x RV and R, 6 > 0 be such that

te+R
/ / |z | dtdx > 6.
te—R JBpg(z:/e)

Set we(t, ) = z:(t + t., z + x- /), we then have w. become a minimal energy solution to the
equation

(5.3) L4 VI ()2 = W2 ()| P2 + QE ()27 2.

Suppose now V(z.) — Voo, W(z:) = Wy and Q(z.) — Qo as € — 0. By the Holder
continuity, we then have

VI (z) =5 Voo, WZ(x) 5 Weo, Q¥F(r) > Qs ase—0

uniformly on bounded sets of z. Remark that, if denoted by w the weak limit of w,, we soon have
w # 0. And hence, a multiplication by compactly supported functions in (5.3) will generally
imply us that w solves

Lot wy, 2= Wa|2[P 22 + Qoo|z]%z

with its critical level being estimated by

1 2%
By (w) = (f - 7>W wlp+ (5 - )Qoo|w| .
Z ’Y(wvo@Woonoo)
> min y(wy ), W(y), Qy)).
yERN

On the other hand, by Fatou’s lemma and Step I, we have
1 1
-t (-3

(5 ) i +
< timinf (3~ // W2 (@)l dtde+ (5~ o // Q% (@) |w.|? dtda
e—

= hm mf cg(azg) = hm mf ce <limsupec, < min ’y(wv(y), W(y), Q(y)).
e—0 yeRN

Therefore, we can conclude

5.4) lim e, = hH(l) co(xe) = min y(wy (), W(y), Q(y)).
yER

e—0

Remark that by the Holder continuity of V, W and (), jointly with a similar estimate like
(3.6), we deduce that y(wy .y, W(-), Q(-)) is also Holder continuous. Hence y(wy,_, Aoo, &) >
Y(wy 0y, W(0), Q(0)) = co implies {z.} is bounded in RY. And due to

co(y) = v(wvi, W), Qy)) > min, YWy, W(y), Q(y)) provided that dist(y, €") > 0,
Y
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thus we conclude lim._,o dist(x., ") = 0 from (5.4).

Actually, by (5.4) and the Brézis-Lieb type result, we also get |w. — w2+ — 0 and then
\wgc — w¥ |9« — 0 by Proposition 2.1. And using wgc — w? as test functions in (5.3), we finally
getw, — win Fase — 0.

Step III.  According to Step II, let us assume without loss of generality that x. — yo € €
as € — 0. Then we have V(z.) — V(yo), W(zz) = W(yo) and Q(z:) — Q(yo) as e — 0 and
w solves the limit equation

4
(5.5 L2+ V(yo)z = W(yo)\z\pﬁz + Q(yo)|z| N z, where V(o) = Wy (y)-
Hence, by (5.3), we have

L(we — w) =W (@) [we P~ >we — W (yo)|w]Pw + QF () w.| ¥ w,
— QUyo)w| Yw — (VI (x)w: — V(yo)w).

Using the fact w. — w in F and the uniform L°° estimate (see Appendix Lemma A.2), it is easy
to check that |L(w. — w)|s — 0 as € — 0. And therefore, we have we — w in %2 as e — 0.

Next, let us remark that: for w, = (w},w?) : R x RV — R2K solves (5.5), if denoted by
W (t,z) = (wl(t, z), w?(—t,z)), it is clear that @, satisfies a equation of the form

W — Ay, + W, = f-(t,z) inR xRNV,

By virtue of Lemma A.2, we have fg € L7 for all ¢ > 2. And according to the interpolation
theory, we infer that w, — w in #" for all ¢ > 2. So, we get f. — fo in LY for some fy and
all ¢ > 2. Then an trivial application of [10, Corollary A.4] would show that |w, (¢, z)| — 0
uniformly as |(¢, )| — oo, which yields the uniformly decay property of {w. }.

By collecting all the results proved in Step I - Step III, we actually proved that Z.(¢,z) =
z¢(t,x/e) is a minimal energy solution to the multi-component incongruent RD system

Oz =DAyz+ M(z)z + (W(z)|2|P% + Q(x)]z\‘l/N)/Bz

for all small € > 0, and |2 (¢, -)| has a maximum point z. which converge to a suitable yy € €.
Moreover, we have

Him (12 (¢, )| e (23 B(e)) = O-

e—0

After a translation in time-axis if necessary, the rescaled functions w.(¢,z) = z:(t,x + x./¢)
will converge in %? (and hence in %", r > 2) to a minimal energy solution of the limit system

Bz = T Dy + M(yo)z + (W (y0)21P =2 + Q(yo)|2[*N) B2,

and this finishes the whole characterization of the asymptotic behavior of the minimal energy
solution to our original problem.
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5.2 More distinct solutions

By virtue of Lemma 2.4, in order to show the existence of other critical points, it is sufficient to
construct a finite dimensional subspace Xo C E™T for ®, such that

(5.6) d:=supP(Xo D E™) < Yoo = YWy s Ao, K)-

Thus, since the ¢-(P.S).-condition is satisfied in the sublevel {z € E : ®.(2) < 7o}, the
change of pseudo-index (2.8) will imply the existence of at least n := dim X distinct critical
points in the energy range (0, d .

For simplify notation, we set vy = V(0), Ag = W(0) and k9 = @Q(0). Since we have
assumed Q(0) = sup,crn Q(z), we get ko = k. In what follows, let us consider
Lzt w2 = doo|2|P 22 + R|zl%z
and .
Lo+ wyz = No|2|P 22 + kol2| N 2

with the minimal energy v (wy,_, Ao, &) and y(wy,, Ao, ko) respectively. And for a clear expres-
sion, let us rewrite the above equations as

(5.7) — B0z + To(—Ag)z + (Jo + wu )2 = Aoo|2P 22 + R|2| NV 2
and
(5.8) —B0z + To(—Ag)z + (Jo + wyy )z = Ao|2[P22 + k|2 ¥ 2.

Considering the scaling transform w(t, z) = bz(at, /ax) with a,b > 0, we have (5.7) is equiv-
alent to

Ao

59 —Bow+ To(~As)w+a- (Jo +wi)w = =5

Jw[P~2w + T Jw|
bN

14+
14+veo

Now, let us take a = , b= a% and denote J(wy,__, Aoo, &) the minimal energy for (5.9),

then we have )
A Wrser Aoos B) = —5 Y (Wrae s Aoos B) = V(Wi s Aoy F)-
a 2
Moreover, by the choice of a and b, we also get

(5.10) a-(Jo+wy) > (Jo+wy) forthe quadratic part,
and

Ao ak  _ ) .
(5.11) < A9, — =K forthe nonlinear coefficients.

=2 b
Here in (5.10), for two matrices A and B, by A > B we mean A — B is positive definite.

Denoted by \' = Zg\fg , we are then led to the stage to consider the equation

(5.12) —BOw + Jo(—=Ax)w + (Jo + wyy)w = N|w|P~2w + R[w\%w
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and its minimal energy y(wy,,\’, ). Comparing (5.8) and (5.12), remark that we have the
relations xg = & and

2

fY(wl/o?)\aR) =\ r2 "7(0)1,0,1 "

’ A4/N(p—2>)’ VA= 0
jointly with (5.10) and (5.11) we soon deduce that

’Y(wl/oo7 )‘007 R) _ :)/(wl/oov A007 R)
'7(“1107)‘07”0) V(WV()?)\O:HO)

>

2 R
7(wl/07>\lv"_€) _ <)‘0> p=2 . Py(wl’m L, )\’4/1\?@*2))
¥(wWwy, Ao, F) N ’Y(wuoa 1, W)

Let us emphasis here that the above estimate become an equality when w,, is in the form of
w, = vJy. Now, let us set n,n’ € N to be the largest integers satisfying

Y ﬁ by p%Q ’y(w 1 $)
o ) 2 —_
v () e (3) 7 S,
A A V(WVm 1, )\4/N(p72))
0

then we can infer from A" < Ag that n > 1. We should remark that n and n’ are not equal in gen-
eral because 7 (wyy, 1, samo=s) < ¥ (Wio» 1, W), which implies n > n’. Nevertheless,

we can still conclude from the continuity of -y in the third variable that: in addition to (5.1), if we
consider the function @ in a properly smaller range then n and n’ will be equal as an invariant
constant with respect to the factor k. At this moment, there holds

(513) V(WVoovAoov’%) > n'ﬁy(wl/07)\07"£0)-

Next, recalling the notations introduced in the previous subsection, let us take w € E be the
minimal energy solution of

L2+ V(y0)z = W (o) 21722 + Q(yo)|2| ¥ 2

such that w is also the limit of the rescaled sequence w. defined in Step II. For » > 0 let us
choose a cut-off function 7, : RV — [0, 1] such that 7,.(z) = 1 for |z| < 7 and n,(z) = 0 for
|z| > r+ 1. Set w, = n, - w, then we have ||w, — w| — 0 as r — oo, particularly, {w, } is a
(PS)-sequence for ®¢° at the minimal energy level co(yo) = ¥(wv (y0), W(%0), Q(¥0))-

Now, let us take some x, € RY with |z,| = 2(r + 1) and set 2,; = (j — 1)z, for j =
1,...,n, where n € Nis fixed in (5.13). Define w,;(t, ) = w,(t,z — x,;), then it is all clear
that for r large enough {w:S %y is linearly independent. Indeed, for constants c; such that
ot = Z?Zl cjw;rj = 0 where ¢ := Z?Zl cjwrj, we can deduce that

0> [l | + / / Vigo)o~ - o dide > llgH]2 — oI — [Vlsolil

2 (lw 1 = wgl? = [V]solwrl3)
=1

n
(st 112 = w2 = Voo wrl3) Y 2
j=1

<
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which implies ¢; = 0 for all j thanks to the fact ||w;"]|? — ||w;||? — |V |oo |wy|3 is strictly positive
for large r. Having disposed of this preliminary step, we can now set

XJT = ]Rw:;. = span{w;’;} and X" = @?le;-

Then let z. € RY be the maximum point of w. found in the previous subsection, by using the
Brézis-Lieb type result again, we can obtain
max ¥ (2) < max  P§°(z) + o (1)

2EXTOE~ T 2eXTQE-
n

< E P (2) + or(1) + 0-(1
> Zerri%%i (z) +0r(1) + 0:(1)
(5.14) -

= max  ®¥°(2) + o,(1) + 0-(1)

=n-: V(WV(yo)v W(yO)a Q(y())) + 01“(]-) + OE(]-)
where the first inequality can be derived from the Arzela-Ascoli theorem (for related details, we
refer the readers to [10, Corollary 4.4]). Therefore, by setting wyj< (¢, x) = wyj(t,x — x./€),
Xj. = Rw;

rje

=span{w,>_} and X! =@}, X]

rje jer

we can conclude from (5.13) and (5.14) that, for g > 0 fixed large enough, there exists £g > 0
such that Xy := XI0 C E7 satisfies (5.6) for all ¢ € (0,&0]. And then the proof is hereby
completed.

Appendices

A Regularity results

We devote this appendix to regularity results that were used in the text. For this purpose we set
B, :={z € RY : |z| < p} for any p > 0. Recall

#" =W (R, L" (RN, R*)) n L™ (R, W*" (RN, R*M))  forr > 1

denotes the Banach space equipped with the norm || - || - defined in (1.8) and L" := L"(R x
RN, R2M) is equipped with the usual L" norm. The operator .Z is defined by . = —30; +
Jo(—A, + 1) in Section 2. Let us give the following fundamental result in the study of the
system in the form of (2.3). Recall E := 2(|.Z|"/?) is the Hilbert space equipped with the
norm || - ||. Denote .#5x «2i (R) by the space of all 2K x 2K real matrixes equipped with the
usual vector norm. In order to give our key regularity result for critical nonlinearities, let us first
list the following regularity result for subcritical cases.

Lemma A.L. For N > 2, let M € L (R x RN, #opsops (R)) and H : R x RY x R2M — R
satisfy
|V H(t,z,2)| < |z| +c|z[P!
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for some ¢ > 0andp € (2, 2*). If z € E is a weak solution to
L2+ M(t,x)z =V H(t x,z),
then z € B" forallr > 2 and ||z|| z- < C(||M||ss, |12]|,c,p, 7).

The proof of Lemma A.1 can be found in [9] (see Lemma 8.6 on page 149). Now we are
ready to give our key result:

Lemma A.2. For N > 2, let M € L® (R x RN, #onrxon(R)) and h: R x RN x R?M — R
satisfy

(A1) h(t,z, 2)| < c(1+|2|YN)
for some ¢ > 0. If z € E is a weak solution to
(A.2) L2+ M(t,x)z = h(t,x,2)z, (t,z) e R xRN

then z € L and |z||oc < C(||M||s0, 2], ¢). Moreover, z € " for all v > 2 and ||z|| 5~ <
C(I1M oo, lI2ll, e, 7).

Proof. Our proof starts with the observation that if we have proved z € L then the #"-
estimate follows as a direct application of Lemma A.l. For this end, let us denote I', :=
(—p?, p*)x B, for p > 0,and set T',(7) := (—p?+t, p>+1) x B,(z) with 7 := (¢t,z) € RxRY.

Now fix # € R x RY, and let p € C°(I'y(F)) be arbitrary. Choose 77 € C°(T'2(&)) such
that 77 = 1 on supp p. We have that, by denoting D = —(30; + Jo(—A,),

(A3) D(pz) = pDz + R(p, ) = 7+ pDz + R(p, 2),

where R(p,z) = —0ip - Bz — App - Joz — 2JoVzp - V2. Noting that, for a weak solution z,
there holds
Dz=—Jyz— M(t,x)z + h(t,z, 2)z,

then, we may rewrite (A.3) as
(A4) R(p,z) = Z(pz) — T.(p2)
where 77, is a linear multiplier defined by

T.(w)=17-[— Mt z)+ h(t,z2)| w.

Remark that z € E, we have z € L*NL* and |V,z| € L?, and hence R(p, z) € L?(T'3(Z)).
In the sequel, we want to improve this estimate iteratively: We first begin the proof for N > 3
and assume that we have already obtained z € L(I'y(Z)) and R(p, z) € L4(T'2(Z)) for some
q €2, %)

Let us consider the map

T, : B9(To(7)) — LI(T2(7)),
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then it follows form embedding results for t-Anisotropic Sobolev spaces (see [27]) that the above
linear multiplier 7, is well defined and, by using Minkowski’s and Holder’s inequalities, the
operator norm can be estimated as

4 _2
172000 < Ca (121 e gy + |BIFP2)

for some constant C (depends on |M |, ¢, q), where B := supp7. Thus, when |B| is fixed
small enough, we shall assert that .2 — T, is invertible. Therefore, by (A.4), there is a unique
solution w € A%(I'y(Z)) to

ZLw—T,(w)=R(p,z) inT(Z)

which vanishes on the boundary of I's(%).

On the other hand, we also have a well defined map
T,: LY(To(Z)) — Bi1 (To(7))"

and the operator norm is estimated as before:
4 _2
1Tl ooy < Co(121fer ) + 1BIFH2)

for some constant Co (depends on |M |, ¢, ¢). And thus, for small B, there exists uniquely
w € L1(T3(Z)) to the equation

(A.5) L — T = R(p, 2).

Notice that we have assumed z € L4(I'y(Z)) solves (A.4), hence w = pz. Using the
embedding 2 (T'y(Z)) < L1(I'2(Z)), we have w € %9(T'2(Z)) is also a Li-solution to (A.5).
And thus, by the uniqueness, we obtain w = pz and pz € %(T'y(Z)) provided that B = supp 7]
is small. Since p and 7 arbitrary (under the assumption that supp 77 is small and 7 = 1 on supp p),
this implies that z € %7(I'1(Z)). Furthermore, due to the arbitrariness of Z € R x R, we have

2 BL (R x RV).
Now, use the embedding result, we have z € L7 , |V,z| € L and R(p,2) € LY (T2(&))
for ¢/ %V:;)q Repeating this process, we shall prove that z € %’l (R x RY).

It should be point out that, in the iterative process, we have the initial data z, |V, 2| € L.

+
Therefore, by the interior estimates (see for example [15]) and %, (R x RN ) — ﬂq>2L
we can conclude that z € L and

loc?

12llec < C (1M [loc, l12]]; ).

This completes the proof for the case N > 3.
Next, let us assume N = 2. For 1 < ¢ < 2, as argued before, we have

T, : B(To(%)) — LI(Ta(2))
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is well-defined and its operator norm is estimated as
1
1T 100 < C (121245 + 1BI?)

for some constant C (depends on |M |, ¢, ¢). And thus, if supp7 = B is fixed small, there
exists a unique solution w € 4 (T'y(Z)) to the equation

ZLw—T,(w)=R(p,z) inIy(Z)
vanishing on the boundary of I'y(Z). Meanwhile, we also have
- 4 N
T, : L*(To(Z)) — B3 (T2(Z))

is well-defined and its operator norm can be estimated as
1
Tl ) < Collelagey +1BIE).

for some constant Co (depends on |M|~, ¢, q). Therefore, for small B, there exists a unique
solution w € L*(T'2(Z)) to the equation

L — T = R(p, 2).

Since we already have z € E < L% and R(p, z) € L? (Fg(f)), the same conclusion can be
drawn here that w = pz = w is a #4-solution for all ¢ € [%, 2). Therefore, we can conclude
z € Ng>2L} .. Once this is proved, together with the interior estimates, we have z € L> and
hence

12lloc < C(IM]loo, [I2]], €)-

In summary, we are here to complete the proof for all N > 2 by invoking Lemma A.1. O

B Proof of Theorem 2.11

Recall all the notations introduced in Section 2 and, for a subset S C E and o > 0, let us denote
the o-neighborhood of S as

Us(S):={z€E: ing\|z —w| <o},
we

we remind the reader the following definition of (P.S)-attractor (see [9, Chapter 3]):

Definition B.1. A subset &/ C FE is said to be a (PS).-attractor for ® if any (P.S).-sequence
approaches the o-neighborhood of .27 N <I>2J_rg for any 0,0 > 0:

D(z,) —c

= 2, € U, (o N ®19) for all n suitably laree.
<I>’(zn)—>0} n € Uplf 10:55) forall n suitably larg

And givenZ C R, o/ C F'issaid to be a (PS)z-attractor if o7 is a (P.S).-attractor for all ¢ € Z.
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For later arguments we introduce a comparison function ¢; : [0,1] - N U {co}: letl > 0
and
Mo(®') := {h € M(® 1) : his a homeomorphism from ®' to h(@l)},

for ¢ € [0, 1], define
Yy(c) := min {gen(h(®°) N S¥) : h e Mo(@l)}.

Note that due to Mq(®!) € M(®!) < M(P°) via the restriction h + h|pe we have 1)(c) <
Yi(c) forall ¢ € [0, 1].

Now, we can sketch the proof as follows: If ¢; € [p, d] as was defined in (2.9) is not a critical
value, then for any sufficiently small § > 0 we have inf {||®/(2)[| : z € @szg—} > 0. By
virtue of the Deformation Theorem (a version developed for strongly indefinite functionals can
be found in [9, Theorem 3.2]), we can infer the existence of n € C ([0 1] x @cito (I>ci+5) for
some & € (0,6) such that g := n(1,-) € M(®H°) and g(®%+9) C &%, This is impossible
since we can deduce that

P(c; — 6) = min {gen(h(®%°) N S¥) : h e M(®%°)}
> min {gen(h o g(®“ ) N SX) : h e M(D%7%)}
> min {gen( (@"’ZM) NSX): he M(@CiJr‘S)}
P(ei +9),
and the monotonicity of the Zs-genus implies ¥ (¢; — §) = ¥ (c; + 9).

If ® has only finitely many ¢-distinct critical points in ®¢, then thanks to the ¢-(PS)-

condition we have

= {gz: g €4 and z € ®¢ such that ¢'(z) = 0}

is a (P.S)z-attractor with Z := [p, d]. Moreover, we also have that <7 /¥ is the critical set of ®
in @g which is finite. Hence, we deduce that

inf {|[P*z — PXw| : z,w € & and P*z, PXw are ¢-distinct} > 0.

For o > 0 small we then have that U, (P~ .e/) C X is the union of disjoint o-¢-orbits around the
elements of P*.¢7. This, jointly with the fact the &-action is separated, implies that gen(U,) =
gen(U,(PXa/)) = gen(PXa/) = 1 where U, := U,(PXa/) x Y. Letn € C([0,1] x ®¢, )
be a deformation deduced from Theorem 3.5 a) in [9]. For § > 0 small enough the map g :=
n(1,-) satisfies g(®%+%) C &% U U,. Letl = d + 1 and choose hg € Mg(®') such that
Yi(e; — 8) = gen(ho(®%~%) N SX). And consequently,
Yi(c; + 6) = min {gen(h(®“ 1) N S¥) 1 h e Mo(®)}

< gen(ho 0 g(@“*°) N 5Y)

< gen(ho(®“ 0 UU,) N SY)

< gen(ho(®“°) N SY) + gen(ho(Us))

= gen(ho(®“70) N SX) +1

=i(c; —6)+1
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It is then immediate that ¢;(¢; +0) = v;(¢; — 0) + 1, otherwise one would get a contradiction to
the definition of ¢;. And finally, the fact ¢;(c;) > i implies p < ¢1 < ¢2 < -+ < ¢, < d which
completes the proof.
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