The pointwise existence and properties of heat kernel

Alexander Grigor’yan, Eryan Hu, and Jiaxin Hu

ABSTRACT. We consider a semigroup acting on the function space L' based a measure
space. Assuming that the semigroup satisfies the L'-L* ultra-contractivity, we prove
that it possesses an integral kernel that is defined pointwise and has some nice properties,
including the joint measurability and the continuity in one variable. We apply this result
to a heat semigroup associated with a regular Dirichlet form on the space LZ.
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1. Introduction

In this paper we are concerned with the existence and properties of integral kernels of
semigroups acting on the space L! := L'(M, u) where (M, ;1) is a measure space. Assume
that a semigroup {P;}s~0 is L'-L ultra-contractive, that is, there exists a non-negative,
measurable function ¢ on (0, 00) such that

[Pefllzee < @) £l 21 (L.1)

for all f € L' and ¢t > 0. The following two questions arise naturally.

(1) Does the semigroup { P; }+~0 possess an integral kernel that is a jointly measurable
function py(z,y) on M x M such that

Puf(x) = /Mpt@,y)f(y)du(y), (1.2)

for all f € L', t > 0 and p-almost all x € M?
(2) Once the integral kernel exists, what further properties does it have?

The existence of the integral kernel was dealt with in many papers but a common
drawback of most of them is that they do not address the joint measurability of p; (z,y) in
(z,y) without which the notion of integral kernel is unusable. For example, this question
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was neglected in the widely-cited paper [3], where on-diagonal upper bounds of p;(z,y)
were obtained. Later on, some efforts have been made in this direction in [2, Theorem
3.1], [7, Theorem 2.10], [6, Corollary 3.8], [14, Theorems 2 and 1], [1, Proposition 4.14].
Although the joint measurability was mentioned in the paragraph following [7, Theorem
2.10], it was based on the result of [2, Theorem 3.1] that had a gap in the proof.

In the setting of symmetric Dirichlet forms, the joint measurability of the integral
kernel was proved in [6, Lemma 3.3, Corollary 3.8] but the proof uses a number of quite
advanced tools, which makes it not self-contained.

In this paper, we fix the problem of a joint measurability in a more general setting.
More precisely, we start with a semigroup {P;};~o in L' satisfying the L!-L> ultra-
contractivity, and show the existence of an integral kernel of the semigroup {P;}:~o, that
is defined pointwise and possesses some other nice properties, see Theorem 2.1.

We apply our theorem to the most important and interesting class of L!-semigroups
that arise from Dirichlet forms and are referred to as heat semigroups. Their integral
kernels are called heat kernels. We show in Theorem 2.2 the pointwise existence of the
heat kernels. Heat kernels have been widely used in the literature for many purposes and
in various settings, and our result provides a solid foundation for this concept.

Notation. The term “for each x” means “for a fixed but an arbitrary z”. The term
“for all (or any) x” means “for an arbitrary x” but the statement followed is independent
of the choice of x. For simplicity, set LP := LP(M,u) for 1 < p < oo by omitting M, .
The identities and inequalities between LP-functions are understood p-almost everywhere
in M.

2. Main results

In this section, we state the main results of this paper. Let (M, 1) be a measure space.
Recall that the support of a measure v on M is the smallest closed set outside which v
vanishes:

supp[v] := M \ U{O C M : O is open with v(O) = 0}.
For a non-negative measurable function f, the induced measure f.v is defined by

d(f)(@) = f(w)dv(a).

In particular, for a measurable subset F' of M, we set m := 1p.uu. Then by definition

m(Q):/Qdm:/led,u:/FmQ dp = p(F N Q)

for any measurable subset 2. A point x belongs to supp[1lp.u] = supp[m] if and only if
there exists an open neighborhood U, of = such that m(Uy) = u(U, N F) > 0.
A subset F' of M is said to be regular if
supp[lp.u] = F,
that is, u(U, N F) > 0 for any « € F and any open neighborhood U, of xz. A regular
set excludes any unnecessary isolated point in M with zero measure (called non-atomic
point). For a sequence of subsets {F},}7°, of M, denote by
C({Fr}) == {u: u|F, is continuous for each k}.

An increasing sequence of closed subsets {F},}72, of M is called a p-nest of M if

lim pu(M \ Fj,) =0,

k—o0

and is regular if each F}, is regular.

We say that a function p;(z,y) pointwise defined in (0, 00) x M x M satisfies condition
(Ap) for some 1 < p < o0, if there exists a regular p-nest {F,} >, of M such that the
following properties are true: for each t,s > 0 and each z,y in M,

(1) measurability: p.(-,-) is jointly measurable in M x M,
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(2) continuity and integrability in one variable:
pi(e,) € CURN N IP and piy) € C{F}) N 17, (2.1)

(3) continuity in integral forms: for each f € LP,

/ P> 2) F(2)du(z) € C({Fa}) and / (e ) F()dp(=) € R (22)
M M

(4) semigroup property:

Pris(,y) = /M pr(, 2)ps (2, y)ds(2). (2.3)

Let Tp € (0,00]. Recall that a family of linear bounded operators { P, };¢(o,r,) from L?
to LP for 1 < p < oo is called a semigroup on LP if for any t1,to > 0 with t; + to < Ty,

P11, = Py By, (2‘4)

where (2.4) is understood that for any f € LP, there is a null (or measure zero) set Ny, 4, ¢
depending on t1,t2, f such that

Biyyto f(2) = Py (P, f) ()

holds for any point x outside the set M s,f- Note that the operator P, may not be defined
at t = 0. A jointly measurable function p;(x,y) on (0,Tp) x M x M is said to be an integral
kernel of a semigroup {P, };c(o.1,) on LP for 1 < p < oo if

Puf(x) = /me,y)f(y)du(y) (2.5)

for p-almost all x in M when f € LP. An integral kernel may not be defined pointwise.
For a semigroup {P;};c07) on LP for 1 < p < oo, let {Pi}c0,1) be a family of
operators defined by

(Pf,9) = (I, Pg) (2.6)
: 14l i : 2 .
for any f € LP, g € L%, where (, ) is the usual inner product in the L* space, and ¢ := p%l

is the conjugate of p. Clearly, each P, defined in this way is linear. It is also bounded
from L9 to L4:

1PellLa—ra == sup [|Figllee <I[IPellpopo (2.7)

llgl ra=1

since for any f € LP, g € LY

[(Prg, ) = |(Pef, o)l < I1Peflleellglie < 1Pell oz [1f1 Lo 9l 2a s (2.8)
which gives that

1Pegllza = sup [(Prg, )l < 1Bll oo l9ll o -

||f||LP:1

Moreover, {ﬁt}te(O,To) satisfies the semigroup property:

ﬁHS = ﬁtﬁs for each t,s > 0, (2.9)
since for any f € LP, g € L4

(faﬁtJrSg) = (PtJrSf’g) = (Ps(Ptf)7g) = (Ptf7ﬁsg) = (f’ﬁtﬁsg)v

from which we see 13t+sg = ]3t135g almost everywhere in M for any g € L. The family
{P,}4~ is called the dual semigroup of {Pi}ieomy) on LP for 1 <p < oo.

We call the triple (M, d, ) a metric measure space, if (M,d) is a locally compact,
separable metric space, and p is a Radon measure on M with full support. We will work
on a semigroup {P,};e(01,) on the space L'(M, p1).
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THEOREM 2.1. Let Ty € (0,00] and {Pi}e0.m,) be a semigroup on LY(M, u) for a
metric measure space (M,d, p), and let {]3,5},56(07%) be its dual semigroup defined by (2.6)
such that each P, (t € (0,Tp)) is bounded from L' to L'. Assume that there exist a

countable family S of open sets with M = UyesU and a function ¢ : S x (0,Tp) — R4
such that, for each t € (0,Ty), U € S and each f € L*

1Pefll oy < (U O fll 1 (2.10)
1P f | ooy < o(U D)1 fll 22 (2.11)
Then { Pi}ic(0,1,) Possesses an integral kernel py(z,y) pointwise defined in (0,00) x M x M
that satisfies condition (Ap) with p =1 for some regular p-nest {F,}>°; in M, and
pe(x,y) =0 for anyt >0 (2.12)
whenever one of points , y lies outside U2 | F,,. Moreover, for each t € (0,1y) and each
zelU,yeM
pe(x,y)| < (U, t) and |pi(y, )| < o(U,t). (2.13)
We will prove Theorem 2.1 in Section 4. Below we turn to consider an interesting class
of semigroups in L', the heat semigroup {P;};~0, whose integral kernel is called a heat
kernel. We are concerned with the existence of a pointwise defined heat kernel.

A strongly continuous, contractive, symmetric, and sub-Markovian semigroup {P; };~0
on L? is called a heat semigroup, that is, for any ¢t > 0 and f,g € L?,

o strongly continuous:
lim |2 f = fll 2 = 0; (2.14)
e contractive:
1Pfllrz < [1fll L2 (2.15)

o symmetric: (Pif,g) = (f, Prg);
o sub-Markovian: P.f > 0when f >0, and P;f < 1 when f < 1, where inequalities
are understood in the sense of p-almost everywhere.

Recall that a Dirichlet form (€, F) on L? is a bilinear form satisfying that, for any u,v € F

e Fis dense in L?, and is complete in the norm of 811/2 where

E1(u) == (Jul)2 + Ew) " with £(u) == &(u, u);

o (&£, F) is positive definite: £(u) > 0, and symmetric: E(u,v) = E(v,u);

e the function uy A 1 belongs to F, and £(uy A1) < E(u).
A heat semigroup on L? and a Dirichlet form on L? are mutually corresponding (cf. [5,
Theorem 1.4.1, p.25]). Any heat semigroup {P; };+~¢ can be extended to be contractive both
on L' (cf. [5, p.37]) and on L, and therefore, is contractive on LP for any 1 < p < co by
using the Riesz-Thorin interpolation theorem. For simplicity, we still denote its extension
by {P t}t>0-

A family of functions p;(x, y) on (0,00) x M x M is called a heat kernel (or a symmetric
transition density) if the following conditions are satisfied: for any s, > 0 and u-almost
all z,y € M,

(1) measurability: p(-,-) is jointly measurable on M x M;
(2) Markov: pi(x,y) > 0 and

/ pe(x,y)du(y) < 1;
M

(3) symmetry: pi(z,y) = pe(y, );
(4) semigroup property:

Pase(®,y) = /M Pa(, 2)pe(2 1) dp2).
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(5) identity approzimation: for any f € L2,
L2
| e @dnn 2 @) ast— 0+

For a Dirichlet form (€, F) on L?, an increasing sequence of closed subsets {F;}%  of
M is called an £-nest of M if

lim cap(M \ Fy) =0,

k—o0

where cap(A) is the capacity of a measurable set A defined by
cap(A) := inf{&(u) + ||lulj3:u € F,u>1ae. on A}.

Note that by definition
11(A) < cap(A) (2.16)

for any measurable subset A of M.

THEOREM 2.2. Let (€, F) be a regular Dirichlet form on L?(M, i) for a metric measure
space (M, d, 1), and let {P;}~o be the associated heat semigroup on L?. Fiz Ty € (0, 00]
and 1 < p < 2. Assume that there exist a countable family S of open sets with M = UyesU
and a function ¢ : S x (0,Tp) — Ry such that, for each t € (0,1p), U € S and each
ferrnL?

1Pef Nl Loy < U ) fllzr- (2.17)
Then {P;}¢=0 possesses a heat kernel pi(x,y) pointwise defined in (0,00) x M x M that
satisfies condition (Ap) and some reqular €-nest {F,}o>, of M, and

pe(xz,y) =0 for any t >0 (2.18)

whenever one of points x, y lies outside U2 F,,. Moreover, for each t € (0,Tp) and x € U

Hpt(xf)”Lp’ < SO(th% (2'19)

where p' = ;EiLl is the Holder conjugate of p, and for any 1 < q <p'.

Ipe(, lzs < (p(U, 1)1~ DE=. (2.20)

We prove Theorem 2.2 in Section 6.

3. Preliminaries

For a topological space X, let B(X) be a collection of all Borel sets of X and X a
sigma-algebra on X. The following proposition shows the joint measurability of a function
on a product space, which is a modification of [9, Lemma 9.2, p.122]. Similar results on
measurability are addressed in [11], [10], [13]. We shall use this conclusion to prove the
joint measurability of the integral kernel of a semigroup on L' (see the proofs of Theorem
2.1 and Theorem 2.2 below).

PROPOSITION 3.1. Let (X, d, X) be a separable metric space with B(X) C X and (Y,Y)
a measurable space. For two sets A € X and B € Y, assume that f is a real-valued function
pointwise defined on X XY satisfying the following conditions:

(1) f(z,y) =0 for any (z,y) € (A x B)%;
(i) f(x,-) is measurable in B for each x € A;
(ii7) f(-,y) restricted on A is continuous for each y € B.

Then f is jointly measurable with respect to (X XY, X x ).
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PrOOF. Without loss of generality, we assume that f(z,y) > 0 for all (z,y) € X x Y.
Otherwise, we shall consider fi := fV 0 and f_ := (—f) V 0 separately.

Since X is separable, we choose a countable set {z,}22,; C A such that for each k > 1,
A C U2 B(zy, 1), that is, A can be covered by balls {B(2y, 1)}n>1 of the same radius
1. For each k > 1, let Ay ) := B(z1,7) N A and

1. . 1
Auge = (B, ) \ Ui Bas, 1)) N4

for n > 2. Some of these sets may be empty, but the following argument will still work.
Then the family of sets {A,, ;}°2, are disjoint, A,, ; C B(x, %), and

A= |i| Ak (3.1)
n=1

Define a family of functions fi on X x Y by
o0
felw,y) = flan,y)la,, (z), z€X,yeVk>1.
n=1

We claim that

1. For each k, the function f; is jointly measurable;
2. For each z € X,y € Y, we have

Jim fi(z,y) = f(z,y). (3:2)
Indeed, by assumptions (i), (ii), for each n > 1 and each a > 0,

yeY: flany) <a} ={y € B: f(zn,y) <a}UB €,

which implies that f(z,,y)14, ,(7) is jointly measurable because both sets B¢ and {y € B :
f(xn,y) < a} belong to the sigma-algebra ). Therefore, the function f, as the summation
of products of two measurable functions f(x,,y) and 14_,(z), is jointly measurable, thus
proving our first claim. 7

To show our second claim, note that if x € A%y € Y, orif x € A,y € B¢ by the
definition of fi, we see that fy(z,y) = 0 = f(x,y), and thus (3.2) is obvious. On the
other hand, let = € A,y € B. By assumption (iii), for each € > 0, there exists some
K (z,y,e) > 0 such that for each k > K(z,y,¢) and any 2’ € B(z, 1) N 4,

(@', y) — f(z,y)] <e.

Since x € A = Uy, Ay, 1, we see that for each k > K (x,y,¢), there exists some n > 1 such
that € A, i, that is, x € B(xy, %) N A, which in turn gives that
1
zn € B(z, E) NA.
It follows that |f(x,,y) — f(z,y)| < e, and hence, by definition of f,

‘fk(xvy) - f(x,y)I = ‘f(xn,y) - f(x,y)\ <eg,

thus showing that (3.2) is also true. This proves our second claim.
Finally, by our claim, the function f, as a limit of jointly measurable functions fg, is
also jointly measurable on X x Y. (|

Let (M, u) be a separable measure space. The following says that any u-nest of M,
after removing all the unnecessary points, each of which has an open neighborhood of zero
measure, will become a reqular p-nest of M.

PROPOSITION 3.2. Given a p-nest {Fy} of M, let F] = supp[1lg,.u] for each k. Then
F| C Fy, for each k > 1, and {F}} is a regular p-nest.
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PROOF. Note that each Fj is closed. For each k, the fact that 15, .u(Ff) = 0 implies
F¢ cU{O € M : O is open with 15,.u(O) = 0}, thus showing that
F}, = supp[lp,.u] = M\ |U{O C M : O is open with 1p,.u(0) = 0} C F.
For an open set O C M, if 15, ,,.u(O) = 0 then 1F,.u(O) = 0, and, hence, the set
U{O € M : O is open with 15, ,.u(0) = 0}
is contained in
U{O C M : O is open with 1p,.u(O) = 0},
thus showing that
Fj 1 =supp[lp,,,.p] D supp[lp,.u] = Fj. (3.3)
On the other hand, since M is separable, by definition of F}, there exists a countable
family of open sets {O;}7°, with p(Fr N O;) = 0, i > 1 such that (F})¢ C UX,0;. It
follows that
u(F) < p((Fy)%)
(Fi N (FR)°) + p(Fe 0 (F)°)

< u(F) + ) p(FrN0;)
=1

= u(Fg), (3.4)

which gives that p((F})¢) = p(FF) | 0 as k T oo. This together with (3.3) shows that {F]}
is a p-nest of M.
It remains to prove that {F]} is regular. Indeed, we have by (3.4)

p(Fr\ Fy) = p((Fy)°) — n(Fy) =0,
showing that for any open set O,
u(Fi N 0) = u(F, N 0) + u((Fy \ F) N O) = u(F, N O).
Hence, we see that the following two sets are identical:
U{O € M : O is open with 15,.u(0) =0}

and
U{O € M : O is open with 15.u(0) = 0},

which yields that F = supp[1g,.u] = supp[1p;.p]. Thus {F}} is regular. O
We introduce the notion of the p-quasi continuity of a function.

DEFINITION 3.3. For a measure u, we say that a function v on M is u-quasi continuous
(or nearly p-continuous) if for any € > 0 there is an open set G C M such that u(G) < e
and u|yp ¢ is finite continuous. Here u|yp ¢ is the restriction of u to M \ G.

PROPOSITION 3.4. For a function u pointwise defined on M, the following two condi-
tions are equivalent:
(). w is p-quasi continuous.
(ii). There is a (regular) p-nest {Fy} such that w € C({F}y}).

PROOF. (i) = (i1). Since u is p-quasi continuous, for each k£ > 1, there is an open set
Gy, such that u(Gy) < £, and ulyng, is continuous. Let

~ k k
Fk:(mG])C:UG; fOI‘]{)Zl.
j=1 j=1
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Then {ﬁk}@l is increasing, and

~ k
PO\ F) = () G) < plGi) < £ =0 as kT
]:

showing that {ﬁk} is a p-nest on M. Note that the restriction of function u on each set
~ k
F,= U G
j=1
is continuous. Denote
Fj := supp[1z .u.

By Proposition 3.2, the p-nest {Fy} is regular. Note that u € C({F}}), since u restricted

on Fj,(D Fy) is continuous.
(73) = (i). Assume u € C({F})}) for a p-nest {Fj}. For any ¢ > 0, choose k to be

large enough such that pu(M \ Fj) < €. For such k, let G := M \ Fj. Then G is open,
1(G) < e, and u|ge = u|p, is continuous. Thus u is p-quasi continuous by definition. [

LEMMA 3.5. The following statements are true.

(i) Let S = {wu}i>1 be a countable family of p-quasi continuous functions on M.
Then there is a common regular p-nest {Fy} such that S C C({F}}).

(13) Let {Fy} be a regular p-nest and u belongs to C({Fy}). If u > 0 p-almost
everywhere on an open set U, then u(x) > 0 for every point x € U N (Uz":1 Fk)

Lemma 3.5(4) says that any u-quasi continuous function belongs to C'({F}}) for some
regular p-nest {F,,} of M, when S contains only one function, and at the same time, all
countable p-quasi continuous functions share a common regular p-nest. Lemma 3.5(i7)
says that an almost everywhere nonnegative function in a set is nonnegative everywhere
in a slightly smaller subset.

PRrROOF. (i). For each | > 1, since v; is p-quasi continuous, by Proposition 3.4, one

can choose a p-nest {Fk(;l)}zo:l such that u; € C({F,ﬁl)}) and ,LL((F,gl))C) 2% For k > 1,
let
— A D
Fo= N FY. (3.5)

Clearly, each Fy is closed because so is F,gl) for any I,k > 1. Moreover, {F}}32, is
increasing because Fk(:l) - Fl§21 for any k,l > 1. Since by (3.5)

w(Fg) = (g Z,U l) SZL]{Z—lO as k | oo,

we see that {Fj} is a p-nest. Note that S C C({Fj}) since w/ ) is continuous and
k

F, C F,gl) for any I > 1 and k > 1. Let {F/} be the regularization of {F;} as in
Proposition 3.2. Clearly,

Fic F.c FY forany k1> 1. (3.6)

Then S C C({F}]}), thus showing (i) by relabelling the notion F} by Fj.

(ii). Suppose that there is a point z € U N Fj such that u(:n) < 0. Since u|p, is
continuous on each Fj, there is an open neighborhood U, C U of = such that u(y) < 0
for any point y € U, N Fy. Since {F}} is regular, we have u(U, N Fy) > 0, thus showing
that w is strictly negative in a subset of U with positive measure, a contraction to our
assumption. Il
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REMARK 3.6. For a regular p-nest {Fy} of M and for a pointwise defined function u
on M such that v € C({Fj}) and u = 0 outside U2 Fy, it is straightforward to see by
Lemma 3.5(i7) that if u > 0 p-almost everywhere in M, then u > 0 pointwise in M. We
will frequently use this fact.

The following says that any function in the space LP for 1 < p < oo admits some
p-quasi continuous modification. Let C'(M) be the collection of all continuous functions
on M, and Cy(M) the collection of all continuous functions with compact supports on M.

LEMMA 3.7. Let (M,d, 1) be a metric measure space. Any function u from the space
L? for p € [1,00) has a p-quasi continuous modification w, that is, there exists a regular
p-nest {Fi}22  of M such that w € C({F}}) and u = u almost everywhere in M.

PROOF. For any v € C(M) N LP and any A > 0, the set G := {z € M : |u(z)| > A} is
open and
ol [vlIZs
G) < —du < —=—. 3.7
w©) < [ Sran< (3.7
Since Cy(M) is dense in LP, for any u € LP, we can choose a sequence of functions
{ur} € Co(M) such that ||ug —ulLr — 0 as k T co. Without loss of generality, we assume
that for each k,
g1 = gl < 27FFDE,
Denote
Gr = {z € M : |ups1(z) — up(z)| > 275}
Clearly, the set Gy is open. Using the inequality (3.7) with G = G%, A = 2% and
v = Up41 — ug, we obtain p(Gy) < 27%. For each k, let

oo
E, = ) Gj.
=k

Then {Ey} is a p-nest of M, since each Ej is closed, {F}} is increasing, and
[0.9] o0 (&)
uED =u(UG) <Gy <y 27 =271 =0 as k — oo
=k =k =k
Moreover, we have for any x € Fy, and any n > m > k+ 1
o0
n(2) = tm(@)] £ 3 Jusa () — w ()| = 277 < 278,
l=m
thus showing that the functions u, uniformly converge as n — oo on each Fj. Define

u(z) ;== lim up(z) for z € U Ey.

n—00
k=1

Then w € C({Ex}) and v = u almost everywhere in M. Finally, by regularization in
Proposition 3.2, there is a regular p-nest {Fj} of M with Fy, C Fj, and w is a p-quasi
continuous modification of w. The proof is complete. U

We remark that Lemma 3.7 is different from Lusin’s theorem® in that u here is not
necessarily finite. If p is finite on M, that is, if u(M) < oo, then any measurable function
u on M admits p-quasi continuous modification by directly applying Lusin’s theorem. In
this case, Lusin’s theorem is sharper than Lemma 3.7, as the function v in Lusin’s theorem
is assumed to be measurable (instead of u € LP).

1Tusin’s theorem: Let M be a Hausdorff space, A a o-algebra containing B(M), u a regular measure
on A, and let u be an A-measurable function on M. Let A € A with 0 < u(A) < co. Then, for any € > 0,
there exists a compact set K C A such that p(A\ K) < € and u|x is continuous.
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Lemma 3.5 and Lemma 3.7 are respectively motivated by [5, Theorem 2.1.2, p.69] and
[5, Theorem 2.1.3, p.71], wherein a regular Dirichlet form is assumed to exist in L?. Here
we do not assume the existence of a Dirichlet form.

4. Proof of Theorem 2.1
In this section, we prove Theorem 2.1.

PROOF OF THEOREM 2.1. The proof is quite long. We divide the proof into four
steps.

Step 1. We will extend the definitions of P, and 131: to all ¢ > 0 when Ty < oo.

Indeed, we need only to consider F;. Let us first extend the definition of P; to all
t e [To, 2T0) For t € [TQ, 2T0), let

Pif =PyoPyaf f€ L' (4.1)
Note that the above definition of P; is well defined since ¢/2 € (0,7p) and P/, is bounded
from L' to L'. Moreover, || P||p1 -1 < (| P2l pip1)? < oo.

Let us verify that {P;},c( 21, satisfies the semigroup property. Indeed, {F;}ic0,1))
satisfies the semigroup property, by (4.1), we have for any t1, t2 € (0,27Ty) with t1+to < 2Tp
and f € L',

Py Py, | = Py joPy 2Py 2By o f = Py 2Pty 40) 2P0 2 f
= Pt1/2Pt2/2Pt1/2Ptz/2f = P(t1+t2)/2p(t1+t2)/2f = Pt1+t2f'
Hence, we have extended the semigroup {P;}ie(o,7,) on L' to the semigroup {Pi}ieo2m)-
Repeating the above arguments, we can further extend it to {P;}¢~0.
Let us extend (2.10). Indeed, by (2.10), we have for any U € S and t > Ty,
Pl y = [1Pryj2 P10 2 Lo (0
< (U, To/2)| Pi—ry j2f | 11

< o(U,To/DN Py poll prpi 1 fllr, - f € LY,
This shows that for any ¢ > 0,
1P f ooy < QWU flipr,  fe Ll (42)
where
. p(U,t), for t € (0,Ty),
B(w1) = 3 A . 70)
S To/DIIP ol s for t € [Ty, 00).

Similarly, we can extend {ﬁt}te(O,TO) to {ﬁt}t>0, and obtain an inequality similar to
(4.2).

Therefore, in the rest of the proof, it suffices to consider the case when Ty = oo.

Step 2. We will construct a pointwise realization Q¢ f (resp. Q.f) for P,f (resp. P.f)
when t > 0,f € L'. In particular, we show that there exists a common regular j-nest
{F,}%, such that Q; = P, Q: = P, on L', and for all t > 0 and all f € L',

Qif € CUF.}) and Quf € C({Fu}). (4.3)
Indeed, since L' is separable, there exists a countable family {f;}?°, dense in L'.
Consider the countable family

{Psfkaﬁsfk tk>1,s¢€ Q+}7

where Q4 is the set of all positive rational numbers. By Lemma 3.7, each P f, ]35 fr has a
p-quasi continuous version, say, hs g, hs i respectively. Moreover, by Lemma 3.5(i), there
is a common regular p-nest {F,}>° ; such that

{hs,kaﬁs,k tk>1,s¢€ Q+} - C({Fn})
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Let -
My := |J F, and N = M \ M. (4.4)
n=1

It is clear that p(N) = 0 since {F),} is a p-nest.
Therefore, it follows that for each U € S, s € Q4 and each k,j > 1,

sup |hsk(z) — hsj(z)|= sup |hsp(x) — hsj(x)]
zeUNMp zeU\N

= HhS,k - hs,jHLOO(U) (using hsk — hsj € C({Fn})
and Lemma 3.5(77))
= |Psfr — Psfill o)
<o, s)|fx — fillpr (using (2.10)). (4.5)
Since {fx} is dense in L', for each f € L', there exists a sequence {fi, } from the set {f;}

such that

1 fi; = fllr — 0 as i — oo.
Thus by (4.5), for each s € Q4 and U € S, the sequence {hgy, }i>1 converges uniformly
to a function, say, Qsf, in U N My. Clearly, the function Qs f is independent of the choice
of {k;}. Since U € § is arbitrary, and S covers M, for any s € Q, and f € L', we can
define the function Qs f on M by

lim hs,k;i (x) forz e My= |J (UN My),
Qsf(x) = 7= UeS (4.6)
0 for z € N.

Moreover, it follows that Q.f|r,~v is continuous for any n > 1 since each hgy,|F, is
continuous, and hence,
st|Fn = st|Fnﬂ(UU€$U)

is continuous, that is,
Qsf € C({F,}) for all s € Q; and all f € L*. (4.7)
Let us show that for each s € Q,
Qs =P, in L', (4.8)
that is, Q,f = P,f almost everywhere in M when f € L!. Indeed, using the fact that P,
is L' — L' bounded, it follows that
B (b gy — Psfllr = lm (1P fy, — Pofllr = lim [[Ps(fi; — f)llr =0,

which implies that hgy, converges to Psf in measure as i — co. By the definition (4.6),

we obtain that Qs f = P, f, which is (4.8). Here the sign “= is understood in the sense of
almost everywhere in M.

We will extend Qs f in (4.6) to any positive real number ¢ (not only for positive rationals
s) by using the semigroup property. To do this, we claim that for any fixed real number
t>0and f e L,

QS(Ptfsf)(:E) = Qs’(Pt—s’f)($) for every T € M and 5, s’ € (Oat) n Q+' (49)
Indeed, we see by (4.6) that for any ¢t > 0, f € L' and 5,5’ € (0,£) N Q4
Qs(Pt—sf)(:U) =0= Qs’(Ptfs/f)(x) whenever x € Na (4'10)

since P,_sf, Pi_gf € L'. On the other hand, it follows from (4.8) and the semigroup
property of {P;} that for any ¢t >0, f € L! and s,s" € (0,¢) N Q4

Qs(Pt—sf) e Ps(Pt—sf) = Ptf = Ps’(Pt—s’f) = Qs’ (Pt—s’f)' (4'11)
This together with (4.7) and Lemma 3.5(ii) that
Qs(Ti—sf)(z) = Q¢ (Ti—s f)(x) whenever x € Mj. (4.12)
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Combining (4.12) and (4.10), we obtain (4.9). Consequently, we can extend Q,f in (4.6)
to any positive real number ¢ by defining

Qif(z) = Qs(P—sf)(x) feL', zeM, (4.13)
where s is a positive rational smaller than t. Note that the above formula is consistent

when t is rational.
Moreover, the family {Q;}:~0 possesses the following properties.

e Forallt>0,fe L,

Quf = Qs(P—sf) € C({Fn}) (4.14)
by using definition (4.13), (4.7), since P,_sf € L' when f € L' and s € (0,1)NQ...
e For any ¢ > 0
Q =P, inL! (4.15)
by using (4.11), (4.13).
e Foreacht > 0,2 € U € S and each f € L', we have
Quf (@) < [|Pefl ooy < @(U D)1l 21 (4.16)
Indeed, when = € N, we see by (4.10) and (4.13) that Q.f(z) = 0, and so (4.16)
is true. On the other hand, when z € U \ N/, we see that

|Qef(z)] < sup [Qif(2)]
2eU\N

=|QtfllLo) (using (4.14) and Remark 3.6)
=|Pfllz=w) (using (4.15)),

and so (4.16) is also true.
e The {Q;}+>0 satisfies the semigroup property. More precisely, for any real ¢1,to >
0,f € L' and any = € M,

Qtl-l-tzf(x) = Qu (Qtzf)(x) (4'17)
Indeed, we see by (4.15)

Qt1+t2f = Pt1+t2f = Ptl (Ptzf) = Qtl (Qth)
From this and (4.14), it follows that

0 ae Qt1+t2f - Qh (Qth) =uc C({Fn})
Note that by (4.10),

Q41 f(2) = 0= Q1 (Qr, f) ()

for every # € N and f € L'. Therefore, we conclude that (4.17) is true by
Remark 3.6.
Note that (4.17) also means that the pointwise realization in above way does
not change the semigroup property of operators.
e Each operator from {Q;};~0 is bounded. This immediately follows from (4.15):

1Q:llprrr = 1Pl L1 pr < 00 (4.18)

e Each operator from {Q;};~o is linear as well. More precisely, for any a,b € R,
f,g € L' and any = € M,

Qi(af +bg)(x) = aQuf(x) + bQug (). (4.19)
Indeed, for any ¢t > 0 and any f,g € L*,
Qu(af +bg) ™ Pu(af +bg) (using (4.15))
aP;f +bP,g (using the linearity of P;)
a@Qif + bQrg (using (4.15) again),

.€.
a.e.
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that is, for p-almost all x € M

Qi(af +bg)(z) = aQuf(z) + bQrg(z).
Since the functions on the both sides belong to C({F},}) by virtue of (4.14), this
equality indeed is true for every point z in My by using Lemma 3.5(ii). Clearly,
(4.19) is also true for  in A by (4.10), since the both sides equal to zero in this
case.
We turn to introduce a pointwise reahzatlon Qt f of function Pt f. Indeed, note that

each hs , is the p-quasi continuous version of P, fj. Similar to (4.5), we have by (2.11)
that for each U € S, s € Q4 and each k,j > 1,

sup [ (@) — s j(2)| < (U, 8)| fr. — fill -
zeU\N

As before, let {f,} be a sequence from the set {fi} such that || f, — fllpr — 0 as i — oo.
Hence, for any s € Q,, f € L', we can define a pointwise realization QS f of function P f
by

~ lim /ﬁ&ki (x) for x € My,
st(l‘) — { 1—00

0 otherwise.
We similarly have that for any fixed real number ¢ > 0 and f € L',
@S(I%_Sf)(x) = @S/(ﬁt_s/f)(x) for every x € M and s,s" € (0,t) N Q..

Consequently, for any x in M and any f € L', we can extend @5 f(x) to any positive real
number ¢ by

Quf (2) = Qs(Pr—sf)(x) (4.20)
for some rational s > 0 strictly less than ¢. Clearly, for any t > 0, f € L'
Q.f(z) =0 whenever z € N. (4.21)

Then {@t}t>0 possesses the following properties, whose proofs are the same to those for

{Qt}i>0.
e Forallt>0andall f€ L',

Quf € C({Fa}). (4.22)
e For each t > 0,
Qi=D in L' (4.23)
e Foreacht > 0,2 € U € S and each f € L',
Qef (@)] < N Pifll ooy < (U A)| fllpa- (4.24)
e The {@t}t>0 satisfies the semigroup property: for any real t1,t, > 0, f € L' and
any x € M,
Qty+t, [ (2) = Q1 (Q1, f) (). (4.25)
e Each operator from {Q;}~o is bounded:
1Qell 1zt = 1Pl g1 < 00 (4.26)

by using (4.23).
e Each operator from {Q;};>¢ is linear: for any a,b € R, f,g € L' and any x € M,

Qi(af +bg)(z) = aQyf(z) + bQrg(x). (4.27)
Moreover, for any f,g € L' N L>®
(Qif.9) = (P.f,9) = (f. Pg) = (f,Qrg) (4.28)

by using (4.15), (2.6), and (4.23).
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Step 3. We will work on the pointwise realization semigroups {Q}:>o, {@t}t>0, and
show the existence of their integral kernels ¢;(z,y) and ¢;(z, y), respectively. The functions
qt(x,y) and @ (x,y) will be used to construct the desired pi(z,y).

To do this, we have by (4.19), (4.16) that for any fixed x € M, the map L' > f
Q. f(x) defines a bounded linear functional on L. Therefore, for each t > 0, z € U € S,
there is a function ¢ (z,-) € L such that

Q:+f(x) :/ qi(z,2) f(2)du(z) for any f € L', (4.29)
M
and by (4.16),
fae i = s QW) < (U0 (4.30)

Similarly, for each t > 0, y € U € S, we have by (4.24), (4.27) that the map L' >
f + Qif(y) defines a bounded linear functional on L!. Tt follows that there is a function
Gi(y,+) € L such that each t >0,y € U € S

@tf(y) :/M@(y,z)f(z)du(z) for any f e L', (4.31)

1@ (y, )| e < (U, ). (4.32)

Note that functions ¢ (x,-) and ¢;(y, ) in M are almost-everywhere defined for each ¢ > 0
and x,y € M. Moreover, when x,y € N,t > 0, we have

q@(x,") =0=q(y,-) p-a.e. in M. (4.33)
We show that for any t > 0,

sup [lgi(x, )| < | Pillparr, (4.34)

xeM

sup [[q¢(y, M2 < | Pell e (4.35)

yeM
Indeed, by (2.7) with p = 1,¢q = oo, we have for each t > 0, f € L*,

1P fllzoe < [Pl a1 ]| oo (4.36)
By duality, we also have for each ¢ > 0, f € L,

[P fllzoe < [Pl pa | f ]| zoe (4.37)
It follows by Remark 3.6, (4.14), (4.15), and (4.37) that for any f € L' N L™ and = € M,

Qef ()] < |Qifllzee = [1PifllLee < [Pl po [ £l 2oe- (4.38)

For a compact subset K of M, consider the layer-cake decomposition of |¢:(z,y)| over K :

’qt($7y)’ = qt(x7y)<1Kth - 1Kﬂ(V,5)C)7

where the set
Vii={y € M : q(x,y) = 0}.
By (4.29), (4.38), we see for each t > 0,2 € M,

/ gt )1 diy) = Qe (Liers — i) (@)]

<Pl lkavi — Tenayellne < [[Pillpi—pr.

Passing to the limit as K T M, we have (4.34). Similarly, inequality (4.35) also holds.
Step 4. We construct the desired p;(z,y) by using functions ¢(x,y), ¢:(z,y). Indeed,
for t > 0 and z,y € M, define

pi(a,y) = /M G2, )32 (> 2)du(2). (4.39)
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Note that the integral in the right hand side of (4.39) is well defined by (4.32) and (4.34).
We can rewrite (4.39) as follows:

Qujatija(,)(y) = pe(@,y) = Qupadija(y, N(x), t>0, 2,y e M (4.40)

by using (4.29), (4.31), (4.34), (4.35). The p(z,y) is pointwise defined for (¢,z,y) €
(0,00) x M x M.

Let us prove that the regular p-nest {F,} and the function p;(z,y) defined above
satisfy all the properties stated in Theorem 2.1. In fact, we have following.

e Property (2.12) is true whenever € N or y € N, by using definition (4.39) and
(4.33).
e Fort>0and z,y € M,

pe(z, ) € C{Fn})  and  pi(,y) € C{Fn}) (4.41)

by using (4.40), (4.22), (4.35), and (4.14), (4.34). Consequently, for any n > 1,
the function pi(-,)1g, xr, () is jointly measurable by Proposition 3.1. Hence,
the joint measurability of ps(-,-) follows by noting that

pt(x7y) = r}LI{:opt(x7y)1FnXFn<x7y)a T,y € M.
eFort>0,z€ Mand feL',
@f@) = [ ple o). (1.42)

since we have

(pe(, ), f) = (Qupaaisa(, ), f)  (by (4.40))
= (Qt/2($7 ')aQt/Qf) (by (4.28))
= Qi/2Qu/2f (2) (by (4.29))
= Qif(x) (by (4.17)).
Similarly, for ¢t > 0, y € M and f € L',
Qt) = [ ple)fG)dnts (4.43)
M

by using (4.40), (4.28), (4.31), (4.25). Hence, property (2.2) follows from (4.42),
(4.14) and (4.43), (4.22).
e Fort>0and f e L',

Pf ™ Quf = /M P, ) F(2)dp(2)
and
Ptf = @tf / pe(z dp(z),

by using (4.42), (4.15), and (4.43), (4.23). That is, the semigroups {F;}:~o and

{P;}t>0 possess the integral kernels pt( x,-) and py(-,y), respectively.
e Foranyt>0and z €U € S,

”pt(xv ')HLOO < (,D(U, t)
by using (4.16) and (4.42). This, together with (4.41), Remark 3.6, and (2.12),
yields that for any ¢t >0 and x e U € S,y € M,

pe(z, y)| < (U 1).
Similarly, forany t >0andz € U €S,y € M,

by using (4.24), (4.43), (4.41), Remark 3.6, (2.12). Hence, property (2.13) follows.
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e Property (2.1) is true. Indeed, it follows from (4.29), (4.42), and (4.34) that for
t>0and x € M,

sup [[pe(z, )|z = sup |lg:(z, )| < [[Pellprpr < oo.
xeM zeM

Similarly, it follows from (4.31), (4.43), and (4.35) that for ¢ > 0 and = € M,

sup [lpe(y)llr = sup @ (y, )l < [[Pillpi-pr < oo.
yeM yeM

Consequently, property (2.1) follows from the above two formulas and (4.41).

e Finally, the semigroup property (2.3) is true. Indeed, note first that integral in
the right hand side of (2.3) is well defined by (2.1) and (2.13). By (2.12), we only
need to consider the case when ¢ > 0 and x,y € Mj.

Since p(+, -) is jointly measurable, we have by Fubini’s Theorem that

/Mpt+5<x7y>f<y>dn<y> — Qurof(@) = QiQuf(x) (by (4.42) and (4.17))
— [ o) ([ peonstiant) ) aute) vy (1.2

- [ < /Mptu,z)ps(z,y)du(z)) F()dn(y)

for t,s > 0 and x € My. Hence,

Pers(z,y) = /Mpt(w, 2)ps(z,y)dp(z)  p—aa.ye M.

This, together with (4.41), (2.2), (2.1), and Lemma 3.5(ii), gives that

pris(®,y) = /Mpt(x, 2)ps(z,y)du(z)  y € M.

Therefore, we obtain (2.3).
The proof is complete. O]
Note that the global L'-L°° ultra-contractivity (1.1) of a semigroup {P:};~o on L!
will guarantee that conditions (2.10) and (2.11) are both true. Indeed, ultra-contractivity
(1.1) is just (2.10) with ¢(U,t) = ¢(t) whilst condition (2.11) is also true since
1P fllzee < (@) f] 1 (4.44)
for any ¢ > 0, f € L'; this is because by (2.6), (1.1),

(Pef,9)| = [(Prg, )] < |1Peglloe [ fllr < o(@)llglr |1 f1]

for any g € L', and so
1B le = s [(Bfig)l < suwp o®llglnllfll = o)l
lgll =1 llgll 1 =1

Therefore, by Theorem 2.1, we have the following.

COROLLARY 4.1. Let {P;}ieo,1y) be a semigroup on L', and let {ﬁt}te(O,TO) be its dual
semigroup defined by (2.6) such that each P, is bounded from L to L', where Ty € (0, 00].
If condition (1.1) holds, then {Pi}ic(o,1,) possesses an integral kernel pi(w,y) pointwise
defined in (0,00) x M x M that satisfies condition (Ap) with p = 1. Moreover, for each
t € (0,7p) and all z,y € M,

pe(z, y)| < o(t). (4.45)

COROLLARY 4.2. Assume that all the hypothesis of Theorem 2.1 are satisfied, and
pi(x,y) is the corresponding integral kernel. Then the following statements are true.
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(1) If in addition, the semigroup {P;}com) is positive: Pif > 0 p-a.e. for any
non-negative function f € L' and t € (0,Ty), then

pi(x,y) >0 for each x,y € M,t > 0.

(2) If in addition, both P, and P, have continuous versions for any t € (0,Tp), then
pi(x,-) and p(-, x) are continuous in M for any x € M and t > 0.

(3) If in addition, {P;} is symmetric: (Pif,q) = (f, Pig) for any f,g € L'NL>®t €
(0,T0), then pi(z,y) is also symmetric:

pi(x,y) = pi(y, =) for each z,y € M,t > 0.

PROOF. As shown in the proof of Theorem 2.1, it suffices to consider the case when
TO = Q.

(1). Let {F,} be the regular p-nest as in Theorem 2.1. Fix t > 0. By (2.12), we
only need to consider the case when z,y € My where My := US2 | F},. Indeed, since P; is
positive, we obtain by (4.15) that for any 0 < f € L,

Qif = Bif >0,
where @ is as in (4.13). This together with (4.14) and Lemma 3.5(ii) yields that
Qif(z) >0 x € M.
Hence, we obtain by (4.42) that for any = € M),
pi(x,y) >0 p-a.a. y € M.

Combining this and (2.1), and using Lemma 3.5(ii), we have that p;(z,y) > 0 for any
x,y € My.

(2). Since P; have continuous version for any ¢ > 0, we can choose Q; = P; in Step 1
of the proof of Theorem 2.1. Thus the p-nest {F,} can be taken as F,, :== M for n > 1,
and the conclusion follows directly from (2.1).

(3). If {P;} is symmetric, we have P, = ﬁt, and so Q.f(x) = @tf(:v) for any f € L!
and x € M. Hence,

qt(z,-) = qi(x,-) for each z € M,t > 0.

It follows from definition (4.39) that

ple) = [ aale 2Yialn 2)dn) = [ ol 2)aalo () = o)
for each z,y € M,t > 0. O
The following result is an L? version of Theorem 2.1.

THEOREM 4.3. Let { P}y 0/ be a semigroup on L?(M, i) for a metric measure space
(M,d,p), and let {ﬁt}te(o%) be its dual semigroup defined by (2.6), where Ty € (0, c0].
Assume that there exists a countable family S of open sets with M = UyesU and a function
¢ : 8% (0,Ty) — Ry such that, for each t € (0,Ty), U € S and each f € L?

IPefll ooy V1 Pefll ooy < (U, D) fll 2 (4.46)
Then { P }1e(0,1y) possesses an integral kernel pi(z,y) pointwise defined in (0,00) x M x M
that satisfies condition (Ap) with p =2 for some regular p-nest {F,}22, in M, and
pi(x,y) =0 for anyt >0

whenever one of points x, y lies outside U2 | Fy,. Moreover, for each t € (0,Tp) and any

UesS
sgg(”pt(x, Mrz Vlpe (@) 2) < (U, 1). (4.47)
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PRrROOF. Note that by (2.7), for any ¢ € (0,Tp),
[Pl p2sz2 = (|1 Pl 222 < 00,

and so {P;} is also a semigroup on L2,
The rest of the proof is similar to that of Theorem 2.1. We omit the detail. O

REMARK 4.4. In Theorem 4.3, consider the following condition instead of the assump-
tion (4.46): there exists a function ¢ : M x Ry x Ry +— Ry such that, for any ¢t > 0 and
any ball B := B(xo,r),

1P fll e By V | Pefll ooy < @(@o, )| fll2,  f € L2
Then (4.47) in Theorem 4.3 becomes that, for any ¢ > 0 and any B := B(xq, )

sup (lpe(z, llr2 Ve @)l 12) < @(@o, 7, 8).
xe

In particular, by the semigroup property, the above gives an on-diagonal upper estimate:

sup [pt(z, )| < ¢(x0,7,t) for any t > 0.
zeB

REMARK 4.5. The parallel statements on the additional properties of pi(z,y) (positiv-
ity, continuity, symmetry) in Corollary 4.2 corresponding to Theorem 4.3 for a semigroup
{P:}1e(01,) on the space L? (instead of on L') are also true.

5. Applications

In this section we give two applications of Theorem 2.1. One application is to consider a
family of moving semigroups {PP};~¢ in L!. We show the existence of pointwise integral
kernel ptB (z,y) and then look at its limit when B is expanding to the whole space M.
The other application is to consider a non-symmetric Dirichlet form, and we obtain the
existence of the non-symmetric heat kernel and its on-diagonal upper estimate.

Fix Ty € (0,00]. Let {PP}e0.1,) be a semigroup in L' such that it vanishes outside
B in the sense that

PEf(x) =0 (5.1)
for any t € (0,7Tp) and f € L' and p-almost all x € B. A semigroup {PtB}tE(O,To) in L
is monotone increasing in B if whenever By C Bs, we have

PtBlf < PtBQf [-a.e. (5.2)
for any 0 < f € L' and t € (0,T}), and is positive if
PBf>0 pae. (5.3)

for any 0 < f € L' and t € (0,Tp).
The following is the first application of Theorem 2.1.

LEMMA 5.1. Let Ty € (0,00] and {PtB}te(07T0) be a semigroup on L'(M,p) for a
separable metric space (M, d), which is monotone increasing in B, positive, and satisfies
(5.1). Let {EB}te(O,TO) be defined by (2.6) such that it is a semigroup on L. Assume that
there exists a function ¢ : M x (0,Ty) — Ry such that, for any t € (0,Tp), f € L' and
any metric ball B in M,

1BE flle < o(B, )1 (5.4)
Then there exists a function pi(x,y) pointwise defined on (0,00) x M x M satisfying the
following.
(1) (Measurability ) For any t > 0, function p(-,-) is jointly measurable in M x M.
(2) (Positivity) For any t > 0 and any x,y € M,

pe(z,y) > 0. (5.5)
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(3) (Semigroup property) For any t,s > 0 and any z,y € M, we have

Prrs(z,y) = /M pe(x, 2)ps(z, y)dp(z). (5.6)
(4) (Limit kernel) For any t > 0 and any non-negative f € L',
Jim PEf = | ) @)duty), (5.7)

where { By, }5°_, is any sequence of concentric balls tending to M.
In particular, if p(B,t) in (5.4) is further independent of B: ¢(B,t) = ¢(t), then

pe(@,y) < o(t) (5.8)
for any t € (0,Ty) and any z,y € M.

PROOF. As shown in the proof of Theorem 2.1, it suffices to consider the case when
Ty = 0o. We divide the proof into three steps.

Step 1. Fix a sequence of concentric metric balls {B;,}>°_; such that B,, — M
as m — oo. Consider the semigroup {Pth}t>0 on L'. By assumption (5.4), for any
t>0,felL,

PP fllee < o(Bum, t)I1f 111 (5.9)
From this, we have for any ¢t > 0, f € L!

IBP™ fllL = sup [(PPf,g)l= sup |(f,PPmg)l

llgll p1=1 llgllp1=1
Bm
< s B gl il < o(Bn Ol (5.10)
gllp1=

Therefore, all the hypotheses in Theorem 2.1 are satisfied for the semigroup {PtB m 10 and

its dual {PB}4~. It follows that there exists a regular y-nest {FT(Lm)} of M and a function
pPm (x,y) pointwise defined on (0,00) x M x M satisfying the following properties.

(1) For each t > 0, the function p;”™(-,-) is jointly measurable in M x M.
(2) For each ¢t > 0 and each x,y in M,

pi"(x,-) € CUEI™H N LY and pPm(-,y) € CHEI™}) N L. (5.11)
(3) For each t > 0 and each f € L,
/ pe™ (- 2) f(2)dp(z) € C({F{™}) and / pe™ (z,) f(2)dp(z) € CH{E™MY). (5.12)
M M

(4) For each t,s > 0 and each z,y in M

pEn (s, y) = /M PP (2, 2)pPm (2, y)du(2). (5.13)
(5) For each t > 0, we have
pPm(z,y) =0 (5.14)

whenever one of points x, y lies outside U;’f’:lF,gm).
(6) For each t > 0 and each z,y € M ,

7™ (x,y)| < @(Bn, t). (5.15)
(7) For each t > 0, f € L,
PP 1) = [ () Wdnt) prac. in M. (5.16)
M

(8) For each ¢t > 0 and each x,y in M,
pf™ (w,y) > 0. (5.17)
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All the properties (1)-(7) above are proved in Theorem 2.1 except the property (8),
which follows from Corollary 4.2(i).
Step 2. Without loss of generality, we assume that for all m,n > 1

1

(m) _

PO\ F™) < =

Otherwise, we can take a subsequence satisfying this inequality. By Lemma 3.5(i) and its
proof, we can construct a regular p-nest {F,} such that

o0
F,c N E™,  n>1 (5.18)
m=1
The set F;, is not empty for large n, since the intersection ﬂ;‘fb’le,(Lm) has almost the same
measure as M for large n by using the fact that the measure of its complement is small:

R s x© 1 1
( (Fr(zm))c) <> M((F}(Lm))c) < — =——0 asn — .
m=1 m=1 m=1 2mn n

Since C({Fém)}) C C({F,}) for all m > 1, it follows from (5.11) that for any m > 1,¢ >0
and z,y € M,

pi"(x,) € C{F}) and p/™(-,y) € C({Fa}), (5.19)
whilst by (5.12), for each f € L',

/ PP (-, 2) f(2)dp(z) € C({Fy,}) and / pem (2, ) f(2)du(z) € C({F,}).  (5.20)
M M

On the other hand, since {P?};~¢ is monotone increasing in B on L' by assumption, we
have for any 0 < f € L'

P f(x) < PP f(x) (5.21)
for each t > 0 and p-almost all x € M. By (5.16), (5.20), (5.21), and Lemma 3.5(ii), we
obtain that for any f € L'

Bom >
[ P2 Gut) < [ 9 e 1 @) tor o € My o= U F.
M M n=1
Therefore, for each ¢ > 0 and every © € M,

Bm
prm(xy) <p. " (@,y) praas y € M.
By (5.19) and using Lemma 3.5(i7) again, this inequality holds for every y € Mj.
We now define the function pi(z,y) for ¢ > 0 by

lim pf’m(x?y) for T,y € M(],
m—oo

pi(z,y) = (5.22)

0 otherwise.

Step 3. We verify that p(z,y) defined by (5.22) satisfies all the properties in Lemma
5.1. In fact, the joint measurability of p;(z,y), being a limit of the jointly measurable
functions p;’™(x,y), is obvious. The positivity (5.5) of pi(z,y) follows from (5.17) and
definition (5.22).

Property (5.7) is also true by using (5.16) and the monotone convergence theorem.

We show the semigroup property (5.6). Note that if one point x or y lies outside the
set My, then

Proa(y) = 0= /M pr(a 2)ps (20 )ds(2).

If both = and y belong to My, then the semigroup property follows from (5.13) and the
monotone convergence theorem.
Finally, if ¢(B,t) = ¢(t) for any ball B, we see by (2.13)

P (2,y) < (B, t) = pl(t)
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forall ¢t > 0 and all z,y € My, thus (5.8) follows by taking m — oo. The proof is complete.
O

Next we consider the coercive closed form (£, D(£)) in L? introduced in [8, Definition
2.4 on p.16], and apply Theorem 2.1 to the semigroup corresponding to (£, D(E)).

Recall that a coercive closed form (£,D(€)) in L? is a bilinear form & defined on
D(E) x D(E) satisfying that

e D(€) is dense in L?, and is complete in the norm of 511/2 where
1/2
&1(u) = (Jull3 +&(w)”
with E(u) = E(u,u).
o (£,D(€)) is positive definite: E(u) > 0 for any u € D(E).
e The weak sector condition holds: there exists a constant K such that
€1 (u,0)] < KE (w)'/2E(v)'/?

for any u,v € D(E).
For u,v € D(£), we set

E(u,v) = E(v,u). (5.23)
In particular, we see &(u) = &(u) for any u € D(E). Clearly, if (£, D(E)) is a coercive
closed form (£, D(€)) on L? then so is (£,D(E)). A coercive closed form (£, D(£)) on L?
is said to be symmetric if E(u,v) = E(v,u) for any u,v € D(E), and to be Markovian if

E(ur N1) < E(u) for any u € D(E).

A coercive closed form (£, D(€)) on L? is called a Dirichlet form on L? if it is symmetric
and Markovian, see [8, Definition 4.5 on p.34] or [5, on p.5]. It turns out that a coercive
closed form (£, D(€)) in L? is uniquely corresponding to a strongly continuous contraction
semigroup {P;};~0 on L? (cf. [8, Diagram 2 on p.27]) by the relationship

£(u,v) = lim (“ _tPt“, v> (5.24)

for any u,v € D(E). Clearly, the dual semigroup {ﬁt}t>0 is unique corresponding to the
coercive closed form (€, D(£)), since for any v,u € D(E),

N ~ P, ~P
E(v,u) = E(u,v) :%i_I)I(l] (u " tu,v) zlltii% (v . tv,u). (5.25)

Moreover, {ﬁt}t>0 is also strongly continuous, contractive on L2.

The following says that the Nash inequality associated with a coercive closed form
(&,D(&)) on L? will imply conditions (2.10), (2.11) in Theorem 2.1. This conclusion was
proved in [3, Theorem 2.1] when (&£, D(€)) is a regular conservative Dirichlet form in L2
The following says that this result is still valid for a more general setting.

LEMMA 5.2. Let {P;}1~0 be a strongly continuous contraction semigroup on L* and let
(E,D(E)) be the corresponding coercive closed form on L? determined by (5.24). Assume
that {P;}¢~0, {P:}¢>0 are bounded in the norm of L': for allt > 0, f € L'

IPefllr <all flliprs (5.26)
| P fll o < allfllz (5.27)

for some constant a > 0. If (£,D(£)) satisfies the Nash inequality: there exist three
constants \,v > 0 and p > 0 such that

FIPSH < X (ECH) + ol FI122) 1F12 for all f € D(E)N LY, (5.28)
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then both {ﬁt}t>0 and { P;}y>o satisfies the L'-L> wultra-contractivity: for allt >0, f € L!

1
~ A\ v _1
max{IPef = 1Pef =) < @ (2) et (5.20)

Consequently, all the hypotheses in Theorem 2.1 are satisfied for {P;}4~o and its dual

{]3t}t>0, and thus { P }1~ possesses an integral kernel p,(xz,y) pointwise defined in (0,00) X
M x M satisfying condition (A,) with p =1, and moreover,

1

A\ v _1
Ipe(z, )| < a® (;) ety (5.30)

for allt >0 and all z,y in M.

PROOF. Let A be the domain of the infinitesimal generator of semigroup {P;};~o on
L?, that is, A is a subspace of L? that consists of all functions f such that there exists
some g € L? satisfying

lim [s~4(f = P.f) = gll2 = 0. (5.31)

By the Hille-Yosida theorem, the space A is dense in L? since the semigroup {P,};~0 on
L? is strongly continuous. For each t > 0, if f € A then

Pth-Aa

see for example [8, Exercise 1.9, p. 10].
For t > 0, f € A, we have

d
P flIZe = lim 57! ((Peysf, Prvsf) = (Pof PS))
= llg(l] sV ((Peysf — Pof, Prsf — Pif) + 2(Pigsf — Pof, Pof)) (5.32)

=~ 28(P.f, P.f), (5.33)

since the first term on the right-hand side of (5.32) tends to zero, whilst for the second,
we see by (5.24) and the fact that P, f € A,

s (Prysf = Puf, Puf) = =s~H(Bif = Ps(Pof), Pif) — —E(P.f, P.f) as s — 0.
Temporally fix f € A with ||f||;1 < 1. By (5.26)
1P fller < all fllzr < a

Let
u(t) == e || Pf||72, t>0.
Applying (5.28) with f being replaced by P, f, we see by (5.33)

d _
—ut) =2e 2UEPS) + pllPefI72)
_ 1 2(1+
2207 | PfI7
— 2 e—2pt(e2ptu(t))1+u _ 2 e21/ptu(t)1+u > 2 u(t)l—i-u
T a2 T \a?v = a2¥ :
Integrating this inequality over (0,¢), we obtain
— 2v
u(t)™ > ST
Therefore,
2 \—1/v
IPAIEs = ufe) < o (2 ) ™
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For a general non-zero f € A, we consider function HT‘IIL1 and have
L

v \—1/(2v
1Pz < e (5opt) Il

Since A is dense in L?, we conclude that for any ¢ > 0,

2v N\ ~1/(2v)
1Pz < (ot) e (5.34)
Similarly, we have for any ¢ > 0,
= 2v N\ 1/ (2v)
[Pl 2 < (Wt) e, (5.35)

We show (5.29) by using the semigroup property. Indeed, for any f,g € L' N L?

(Pacf.9) = (Pi(P.f), 9) = (Pif. Pig)
< HPtf”L2Hﬁtg”L2
<Pl flles - 1 Pell i r2llgl o,
which implies that

|PatfllLe = sup |(Pacf,9)|

lgll1<1
<Pl g2l fllr - 1Pl e,
thus showing that
1Parll oo < N Pella 2 1Pl g (5.36)
Similarly, we have
1 Patll 1 e < [Pillpi—pe || Pill 1 po-
It follows from (5.36), (5.34), (5.35) that

)

27/ 71/1/ 2
[ Patl| 1 oo < (Wt) e

which gives, after changing 2t by t, that

v —1/v
||Pt”L1—>L°° S (Wt> ept.

The same bound for || P11z is true. Thus (5.29) follows.
Finally, the upper bound of p;(z,y) in (5.30) follows directly from (2.13) where U = M,

v —1/v
QO(U, t) = (Wt) 6pt.
The proof is complete. O

In order to apply Lemma 5.2, one needs to verify the contractivity (5.26), (5.27) of the
semigroups { P, }¢~o and {P,};~¢ in the norm of L!, respectively. The following provides a
criterion in terms of the form (&€, D(E)).

PROPOSITION 5.3 ([12, Theorem 1.1.5 on p.7]). Let (€, D(E)) be a coercive closed form
on L?. Then the following statements are equivalent.

(1) For any u € D(E), the function uy N1 € D(E) and
E(up Nyu—up A1) > 0. (5.37)
(2) {P,}e0 is sub-Markov: for any f € L? with0 < f <1 p-a.e., we have 0 < P, f <
1 p-a.e. for anyt > 0.
(3) {Pt} is positivity preserving and contractive in L':if f € L' with f >0 p-a.e.,
then Pif >0 p-a.e. and | Pof| 2 < || f]1-
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PRrROOF. Note that a coercive closed form (£, D(€)) is a special closed form introduced
in [12, on page 1] with ap = 0. Proposition 5.3 follows immediately from [12, Theorem
1.1.5 on p.7] wherein the notions {7} }:~0, {71} }+>0 are used instead of {P;}i~0, {P: }i>0. O

We give an example where all the hypotheses in Lemma 5.2 are satisfied.

EXAMPLE 5.4. Consider the non-symmetric operator £L = A—5b-V —c on R" for n > 3,
where the functions b : R" — R" belong to the Kato class K, o:

. |b(y)|
Ky 9 :={b: lim sup / ——————=dy = 0},
" T=02eRn J|z—y|<r |£E - y|n72
and c is a positive constant. The Kato class K, 2 is an extension of spaces LP when p is
large:
n
LP C Ky if 5 <P < 0. (5.38)

Indeed, if u € LP with § < p < oo, then by Hoélder’s inequality, for all = € R”,

1/q
|u(y)] / —(n-2) : p
————=dy < ||u x—y| "y with ¢ = ——
/B(x,r) ’.T - y’n—Z ” Hp B(z,r) ’ ’ ( p— 1)

" 1/q
= Hu”p <wn_1/ 3(”2)q+n1ds)
0

= C(n,p)rQ_”/pHqu —0 asr—0

since 2 —n/p > 0, where w,,_1 is the area of the unit sphere in R", thus showing (5.38).

Let F = VVD1 2(R™) be the usual Sobolev space. The operator £ determines a bilinear
form on F x F by

E(u,v) = Vu - Vodx —I—/

b-Vu'vd:U—l—c/ wodzr, u,v € F.
Rn

n n

We claim that if the constant ¢ is large enough, then (&, F) is coercive closed form on
L2(R™).
To see this, applying [4, Theorem 3.25, p. 91|, we have that there exists co = ¢o(n,b) >
0 such that for all u € F,
1
/ b(x)|?|u(z) Pdz < —/ |Vul|?dz + co/ lu|*da. (5.39)

From this and using the elementary inequality ab < %a2 +b? for a,b > 0, we have for any

u,v € F
1/2
<Ivull, ([ lo)Ploteas )

1 ) ) 1/2
< IVl (3 17015+ co 013 (5.40)

/n(b(a:) -Vu(z))v(x)dx

1 1
< 219l + 3 IV + co ol

In particular, for any u € F
/ (b(z) - Vu(z))u(x)dx

Denote by Dy (u,v) = D(u,v) + (u,v) where

1
< 5 IVull; + collull; (5.41)

1
D(u,v) = 3 Jon Vu - Voudz.
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It follows by (5.41) that

E(u,u) = 2D(u,u) + / (b(z) - Vu(z))u(z)dz + c|ul2

> 2D(u,w) — (D, u) + o |jul}3) + ellull3
= D(u,u) + (¢ — co)|Jull32 > D(u,u) >0 (5.42)
whenever ¢ > ¢p. From this and using (5.41), we have
Ex(u,w) = E(u,u) + [[ull3 > D(u,w) + [|uf3 = Di(u,u). (5.43)
On the other hand, it follows from (5.40) that for any u,v € F,

| (u,v)| = (b(z) - Vu(z))v(zr)dr + c/ uvdx

n

VuVodx + /

n

R

1 ) N 1/2
<|[IVall2[[Vollz + [[Vulls (1 IVoll3 + co HvH2> +cllull2][o]l2

1
<7l (19l + 5 190l + V@ lol, ) + clulellle

< 1Dy (u, w) Dy (v, v) /2 (5.44)
for some constant ¢; > 0. Combining this with (5.43), we obtain for all u € F
Dy (u,u) < E(u,u) < ey (u,u) + ||lul|3 < (e + 1)Dy (u, u) (5.45)

whenever ¢ > ¢g. Therefore, F is complete in the norm of /&1 (u,u) if ¢ > ¢y, since F is
complete in Dj-norm. Clearly, F is dense in L?, and the form (&, F) is positive definite if
c > -
We need to verify the weak sector condition. Indeed, we have by (5.44), (5.45) that
for all u,v € F,
[E1(u, 0)] = [E(u,v) + (w,0)] < eaDi (u, w) /2Dy (v, 0) % + [Jully [[v]l
< (e1 + 1)Dy (u, w) 2Dy (0,0)2 < (e1 + 1)E1(u, u)/2E1 (v, v) 2
whenever ¢ > ¢g, thus proving the weak sector condition. Therefore, the form (&, F) is a
coercive closed form in L?(R™) when c is large enough.
In order to show the Nash inequality, note that for any u € F N L'(R"),
2(1+42 4
lal5 ™ < eaD(u, ) [lully™
From this, we have by (5.42)
2(1+42 4
Jul5 ™ < o () ully™

thus showing that (€, F) satisfies the Nash inequality (5.28) with A = ¢, p = 0 and v = 2.

We show that {ﬁt}t>0 is contractive in L'(R"). Indeed, for any v € F, we have
uy A1 € F, and

1, ifu>1, uw—1, ifu>1,
Uy ANl =< u, if0<u<l, u—ur N1 =<0, if0<u<l,
0, ifu <0, U, if u <0,

Vu, if 0 <u <1,
0, otherwise,

0, if0<u<l,
Vu, otherwise.

V(ug A1) { V(u—uy A1) = {

If follows that

5(u+/\1,u—u+/\1):0+0+c/ (u—1)dz >0,
{u>1}
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and condition (5.37) is true. Thus, {ﬁt} is contractive in L! by Proposition 5.3.
It remains to show that || P||p:1_ 1 is uniformly bounded in ¢. We will show that

Pl pipr <1forallt>0 (5.46)
when the functions b € K, » further satisfies
esupdivb < c. (5.47)
Rn

In fact, let u := P;f for any non-negative f € L?. Then

2u—Eu—Au—b Vu — cu,
ot

where %u is understood the Fréchet derivative with respect to the inner product of L2.
Integrating over R™, we have by (5.47)

d
7 u(t, z)dr = /H(Au(m) —b(z) - Vu(z) — cu(x))dx

=0+ / (divb(z) — c)u(z)dr (integration by parts)
<0.

From this, we see for all t > 0

|l = /R u(t,2)de < /R (0, 2)dz = |11,

thus showing (5.46).

Therefore, all the hypotheses in Lemma 5.2 are satisfied where ¢ = 1, and hence, the
semigroup {P;} associated with the coercive closed form (£, F) in L? possesses an integral
kernel p(x,y) satisfying condition (A,) with p = 1, and by (5.30) with a = 1, A = ¢y,
p=0,v=2,

con\"/2 _n
ey < (55) 178

forall t > 0 and all z,y in M.
There is a plenty of examples in which functions b € K, o satisfies (5.47), for instance,

b= (fl?f?a"' 7fn) where
fi(z) = Eexp(—]xz]) for x = (z1,29, - ,2n) € R" (1 <i<n),
since each f; € L C K, 2 by virtue of (5.38).

In the remainder of this section, we briefly state another application of Theorem 2.1
related with Green function.

PROPOSITION 5.5. Let (M, d, 1) be a metric measure space. Let { P;}1~o be a semigroup

on L' and ]3t = P,. Assume that {P;}4~0 possesses an integral kernel q(x,y) such that
for each t > 0,

lqe(, y)| < ¢(1) (5.48)

for p-almost all x,y in M, where ¢ : Ry — R4 is a measurable function. Then there exist

a regular p-nest {F,}22, and a pointwise defined version pi(x,y) of qi(z,y) in (0,00) x

M x M, such that the following properties are true: for each t,s >0 and oll z,y € M,
(1) pe(-,-) is jointly measurable in M x M ;

(2) pe(,-) and pi(-,y) belong to C({Fn}), and |pi(z,y)| < ¢(1);

(3) pt+s(:v y) = [y pe(x, 2)ps(z, y)dp(z);

(4) Pif(x) = [1;pe(x,y) f(y)du(y) for p-almost all x € M.
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PROOF. By (5.48), we have for any t > 0, f € L',

1Pifllee = IPef e = ||J aeC0) f@)n(@) || oo < SO f1l11-

It follows that all the hypothesis of Theorem 2.1 are satisfied, and Proposition 5.5 follows.
O

Proposition 5.5 has the following advantage. One may define the Green function
G(z,y) as the integral of a heat kernel ¢, (x,y) with respect to dt, that is,

G(x,y) = /OOO qt(z,y)dt.

However, this integral may not be well defined, because ¢;(z,y) is defined for p x p-almost
all (z,y) € M x M where the null set may depend on t. Proposition 5.5 says that one
can use a pointwise defined version p(z,y), instead of ¢;(z,y) itself, to define the Green
function by

G(z,y) = /OOO pe(, y)dt, (5.49)

since we have a common measurable set A/ independent of ¢ with u(N) = 0, and the
integral in (5.49) makes sense in this way.

6. Proof of Theorem 2.2
In this section we prove Theorem 2.2. We shall use the following results in the proof.

PROPOSITION 6.1 ([5, Lemma 2.1.3 on p.69]). Let (£,F) be a Dirichlet form on L2.
Given an E-nest {F,} of M, let F|, = supp[lp,.u] for each k. Then F|. C F}, for each
k> 1, and {F}} is a regular E-nest.

For a Dirichlet form (&, F), a function w is £-quasi continuous if for any € > 0, there
is an open set G C M such that cap(G) < ¢ and uyp ¢ is finite continuous (cf. [5, on

p.69)).

LEMMA 6.2 ([5, Theorem 2.1.2 on p.69]). Let (£,F) be a Dirichlet form on L*. The
following statements are true.

(1) Let S = {u;,l > 1} be a countable family of E-quasi continuous functions on M.
Then there is a common reqular €-nest {Fy} of M such that S C C({Fy}).

(13) Let {Fy} be a regular £-nest on M and u belongs to C({F}). If u> 0 p-almost
everywhere on an open set U, then u(x) > 0 for every point x € U N (Uz":1 Fk)

LEMMA 6.3 ([5, Theorem 2.1.3 on p.71]). Let (£, F) be a regular Dirichlet form on L2.
Then each function u in F has an E-quasi continuous modification w, that is, function u
is £-quasi continuous and u = U almost everywhere in M.

We need to assume that (£, F) is regular in Lemma 6.3. We begin to prove Theorem
2.2.

PROOF OF THEOREM 2.2. As shown in the proof of Theorem 2.1, it suffices to con-
sider the case when Ty = co. We sketch the proof, since the argument is similar to that
for Theorem 2.1. In fact, one needs only to replace p-nest in the proof of Theorem 2.1
by E-nest here, and the rest argument keeps the same but much simpler since {P;};~¢ is
symmetric: P, = P,. Let p € [1,2], and note that {P;} is contractive on L7 (¢ € [1,00]),
that is,

1P flle <N fllze t>0, feLf

Step 1. We show that there exists a pointwise realization Q:f for P;f when f € LP,
t > 0, and also a common regular E-nest {F,}7°; of M such that for all t > 0 and all
felr,

Quf € CH{FL}). (6.1)



28 A. GRIGORYAN, E. HU, AND J. HU

Indeed, note that if f € L? N LP(M), then
PfeF foranyt>0 (6.2)

(cf. [5, Lemma 1.3.3() on p.23]). Since (&, F) is regular, the space F N Cy(M) is dense
in Cy(M) in the supremum norm. Using the fact that Co(M) is dense in LP, we see
that 7 N Co(M) is dense in LP. Since LP is separable, there exists a sequence {f}32,
from F N Cy(M) dense in LP. It follows from (6.2) that the function P;f; € F for each
t > 0,k > 1, and thus it has an £-quasi-continuous version h;; by using Lemma 6.3.
Consider the countable family

{hs,k NS Q+,k > 1},

where Q is the set of all positive rational numbers as before. By Lemma 6.2(i), there
exists a common regular E-nest {F,}°°; such that

hsp € C{F,}) forall s e Qy,k>1. (6.3)

Set My := U | F,, and N' = M \ M,. Clearly, u(N) = cap(N) = 0.

We will extend (6.3) to any function f in LP (not only for f;) by using assumption
(2.17), and then continue to extend it to any real positive ¢ (not only for rationals s) by
using the semigroup property. To do this, similar to (4.5), we have for each z € U in S
and k,5 > 1,

sup |hsk(z) — hsj(x)|= sup |hsp(x) — hs ()]
xeUNMy zeU\N

= ”hs,k - hs,jHLOO(U) (using hsg —hs;j € C({Fn})
and Lemma 6.2(7))
=||Psfr — Psfjllpooqry (using hep = Py fy VE)
<o, s)|fr = filler (using (2.17)). (6.4)
For any f € LP, there is a sequence {f, }i>1 from {f}r>1 such that ||fz, — f|lzr — 0 as
i — oo. Thus by (6.4), for each s € Q4 and U € S, the sequence {hsy, }i>1 converges

uniformly to a function, say, Qsf, in U N My. Since U € S is arbitrary, and S covers M,
for any s € Q4 and f € LP, we can define the function Qsf on M by

lim hg i, (x) forz e My= |J (UN My),

Qsf(x) =4 "7 Ues (6.5)
0 for z € N.

It follows by (6.3) that
Qsf € C({Fn}) (6.6)
forall s € Qi,k > 1and all f € L.
Similarly to (4.9), we can prove that
QulPres ) (@) = Qu(Pr_y f)(@) for every o € M and s,5' € (0,6) N Q.

Consequently, we can extend Qf in (6.5) to any positive real number ¢ by defining

Qif(x) = Qs(Pi—sf)(z), f € LP, x € M, (6.7)

where s is a positive rational smaller than ¢. Note that the above formula is consistent
when t is rational.
Then {Q;}+~0 satisfies the following properties.

e For each t > 0, we have
Qt == Pt on LP.
Moreover, for any x € N and any f € LP,
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e Foreacht > 0,2 € U € S and each f € LP, we have

Quf (@) < |Pefll ey < o(U )| f]] e
e For all t > 0 and all f € LP, we have

Qrf € C({Fn}).

o {Q+}+>0 satisfies the semigroup property: for any real ¢1,t; > 0, f € LP and any
r e M,

Qty+1, () = Q1 (Q1, f) ().

e (); is bounded and linear: for each t > 0
Q¢ psrr = | Pl Lrpr < 1 < 00,
Qi(af +bg)(z) = aQ:f(z) + bQrg()
forall x € M, a,b € R and f,g € LP, and

(Qif 9) = (Pif,g) = (f, Prg) = (f, Qt9)-

Step 2. We show that the semigroup {Q:}i~0 possesses an integral kernel ¢/(zx,y).
More precisely, let p’ = p%l € [2,00] be the Holder conjugate of p. Then, for each ¢t > 0

and z € U € S, there exists a function ¢(z,-) in L¥" such that for any f € LP,

@fw)= [ ale.n) w)dut) (68)
HQt(xﬂ‘)HLP’ SQD(U, t)? (69)
and
sup [g¢(, )|l < 1. (6.10)
zeM
Consequently, by (6.9), (6.10) and Holder inequality, we obtain for any ¢ € [1,p/],
sup gz, e < (p(U, ). (6.11)
Te

In particular, for any ¢t > 0, g;(z,-) € L? since p € [1,p'].
Note that the function ¢ (x,-) is defined for each ¢t > 0 and each = € M, and
qt(z,") =01in M (6.12)

whenever z € N and t > 0.
Step 3. We construct the desired py(z,y) by using function ¢ (x,y). Indeed, we can
define py(x,y) for any ¢ > 0 and any x,y € M by

mwwzﬂﬁmamWWQW@. (6.13)

Note that the integral in the right hand side of (6.13) is well defined by (6.9) and the fact
that g(z,-) € LP. Similar to (4.42), we have for any ¢t > 0 and any z € M

Quf(z) = /M pe(, ) F(2)d(2). (6.14)

Finally, we verify that the function p;(x,y) defined by (6.13) is a heat kernel. We only
need to verify the symmetry and positivity of p;(z,y), and (2.20). Other properties can
be verified as in Step 3 of the proof of Theorem 2.1.

Indeed, symmetry follows directly from the definition (6.13). Positivity can be verified
by the similar arguments in Corollary 4.2(1). It remains to prove (2.20). By (6.8) and
(6.14), we obtain that for any ¢ > 0 and x € M,

pt(xv ) = Qt(x, )
This together with (6.11) yields (2.20).
The proof is complete. O
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REMARK 6.4. Consider the special case when S = {M}, p = 1 and Ty = oo in Theorem
2.2. In this case, by the fact that pi(x, ) is quasi-continuous, the inequality (2.19) becomes
the diagonal upper estimate: for any t > 0

pe(z,y) < (M, t) z,y € M.

This result in this special case was already addressed in [2, Theorem 3.1]. However, the
authors used the joint measurability of the function po(t, z,y) (whose counterpart is g.(x, y)
in (6.8) in our paper) in (z,y) without proof; see formula [2, (3.5)] and formulas following
it, neither did they prove the joint measurability of p;(x,y) in (x,y) for any fixed ¢ > 0.
Note also that the function M (¢) in [2, Theorem 3.1] was assumed to be left continuous.
While, the function ¢(M,t) in Theorem 2.2 is not assumed to be left continuous.

REMARK 6.5. Under the assumption in Theorem 2.2, when & = {M}, one can prove
by duality that condition (2.17) with p = 1 is equivalent to that with p = 2. While in the
present settings, it is not clear that whether they are equivalent or not. Roughly speaking,
if we denote the the function in condition (2.17) by ¢,, then condition (2.17) with p = 1
implies that the heat kernel satisfies the diagonal upper estimate:

pt(l‘ay) < sol(Uv t) te (OvTO)a zelUe S? y e M. (615)

While, (2.17) with p = 2 implies that the heat kernel satisfies the on-diagonal upper
estimate:

pe(z, ) = [|p/a(, M3z < po(U,t/2)* t€(0,Tp), z€U € S. (6.16)

Clearly, (6.15) implies (6.16) with (U, t) := /¢, (U,2t). While, it is not clear whether
(6.16) implies (6.15) with some function ¢; determined by 5.

REMARK 6.6. Note that the number p in Theorem 2.2 is assumed to be in [1, 2]. In fact,
under the assumption of Theorem 2.2 but with p € (2,00), we can follow the arguments
of Lemma 5.1 to obtain all the results of Theorem 2.2 except that py(x, ) € C({F,}). The
reason is as follows. In the case when p € (2,00), we have p’ = 1% < 2 < p, then the
combination of (6.9) and (6.10) can not guarantee that q,/5(z,-) € L? as done in the case
when p € [1,2]. Consequently, by (6.13), the function pi(z,-) = Q;/2¢;/2(7,-)(-) may not
be in C({Fy,}).
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