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Abstract

Let P (R?) be the space of probability measures on R? with finite second moment.
The path independence of additive functionals of McKean-Vlasov SDEs is characterized
by PDEs on the product space R? x 5 (R%) equipped with the usual derivative in
space variable and Lions’ derivative in distribution. These PDEs are solved by using
probabilistic arguments developed from [2]. As consequence, the path independence of
Girsanov transformations are identified with nonlinear PDEs on R? x 225 (R?) whose
solutions are given by probabilistic arguments as well. In particular, the corresponding
results on the Girsanov transformation killing the drift term derived earlier for the
classical SDEs are recovered as special situations.
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1 Introduction

In recent years, McKean-Vlasov stochastic differential equations (SDEs), also called distribu-
tion dependent or mean field SDESs, have received increasing attentions for their theoretically
importance in characterizing non-linear Fokker-Planck equations from physics. On the other
hand, SDEs have been developed as crucial mathematical tools modelling economic and fi-
nance systems. In the real world, the evolution of these systems is not only driven by micro
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actions (drift and noise), but also relies on the macro environment (in mathematics, distri-
bution of the systems). So, it is reasonable to characterize economic and finance systems by
using distribution dependent SDEs.

Let Z(R%) be the space of all probability measures on R¢, and let

2u(w) = { € 2@ ()= [ JoPulan) <oof.

Then 2, (R%) is a Polish space under the Wasserstein distance
%
W)= it ([ e yPranan)s wve 2@,
TEE (p,v) R x R4

where € (u, v) is the set of couplings for p and v; that is, 7 € €' (u, v) is a probability measure
on R? x R such that (- x R?) = p and 7(R? x ) = v.

Let W, be an m-dimensional Brownian motion on a standard filtered probability space
(Q, Z,{Z:}1>0,P), and denote by % the distribution of a random variable £ on R?. Consider
the following McKean-Vlasov SDE on R%:

(11) dXt = b(t,Xt,gxt)dt+O’(t,Xt,$Xt)dVVt,

where
o :[0,00) x R* x Z5(R%) — R¥®™ b [0,00) x R x Z(RY) — R?

are continuous such that for some increasing function K : [0, 00) — [0, 00) there holds

|b(t,x,,u) - b(tuyv V)‘ + ||O'(t,.§(],,u) - U(t7y7 V)HHS

(1.2) d d
< K(t)(lz =yl +Wa(p,v)), t>0,2,y € R p,v € P(RY)

and

(13) Ha(t70750>“H~9 + ‘b(tv 0750)‘ < K(t)v t =0,

where & is the Dirac measure at 0 € R%. For any t > 0, let L2(Q) — R% %, P) be the
class of .Z;-measurable square integrable random variables on R?. By (L2) and (L3)), for
any s > 0 and X, € L*(Q — R? .Z,,P), (LI) has a unique solution (X;);>, with

(1.4) sup E|X;|* < oo, T > s.
te(s,T)

See [13] for more results on gradient estimates and Harnack inequalities of the associated
nonlinear semigroup, and [§, 0] and references within for the existence and uniqueness under
weaker conditions.

In this paper, we aim to characterize the path independence of the additive functional

t t
(1.5) AE ::/ f(r,Xr,fx,.)dH/ (&(r, X, Zx,),dW;), 0<s <t,

where
f:]0,00) x R* x Z,(RY) = R, g:[0,00) x R x Z,(R%) — R™

are continuous, so that Agf for t > s is a well-defined local semi-martingale.
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Definition 1.1. The additive functional (Aﬁ:tg)tZs is called path independent, if there exists
a measurable function
Vi [0,00) x R x Z,(RY) — R

such that
(1.6) ADE =V (t, X, Zx,) — Vs, Xy, Zx,), 0<s<t.

The motivation of the study comes from mathematical statement of equilibrium financial
market. In their seminal paper [I] Black and Scholes described the price dynamics (or the
wealth growth) by using SDEs under a so-called real world probability measure. But for
an equilibrium financial market there exists a so-called risk neutral measure having a path
independent density with respect to the real world probability, see [6]. That is, under the risk
neutral measure the solution of (ILT]) becomes a martingale, and the density of the neutral
probability with respect to the real world one depends only on the initial and current states
but not those in between.

For instance, let f = 1|g|%. Then Aﬁ;% becomes

1 t t
(17) Ag,t = 5/ |g(7“, Xrang)Fdr +/ <g(7’, Xrang)adWr>> 0 S S S t.
By the Girsanov theorem, when
(18) Ee%fst ‘g(rvXTvngr)‘zdr < OO’
dQg, = ~4%:dP is a probability measure. So, to adopt Q% as a risk neutral measure, we

need to verify the path independence of the additive functional A%, in the sense of (LH). In
particular, when

(1.9) b = ob for some measurable b : [0,00) x R? x 2,(R?) — R™,

and (I8) holds for g := b, let
1 t _ t B
(1.10) Asy = 5/ b(r, X,., Lx,)|*dr +/ (b(r, X,, Zx,),dW,), 0<s<t.
Then dQ,; := e~4=tdP is a probability measure such that
W, =W, +/ l;(u,Xu,i”Xu)du, r € [s,t]
is an m-dimensional Brownian motion, and hence
X, =X, +/ o(u, Xy, Lx,)AW,, 7 € [s,1]

is a Q, ;-martingale as required for an equilibrium financial market. We would like to inves-
tigate the path independence of the additive functional A, such that Q;, is a risk neutral
measure.



In general, to characterize the path independence of Agf using PDEs on R? x 22,(RY),
we shall need that Zx,(t > s) has a full support on R%. To this end, we will assume the
Hormander condition. To state this condition, for any pu. € C([0,00); P5(R%)), let

d
Uit ) = Zaij(t,x,,ut)ami, 1<j5<m,

=1
d m d

Ug(t,l’) - Z |: t xZ, ,ut %ZZ{Ukjaxkaij}(tax>ﬂt)}axi'
=1 j=1 k=1

Then for p, := Z,, the SDE (I.T]) reduces to
dXt = b(t, Xta I[Lt)dt + U(t, Xt, I[Lt)dVVt

= U (t, Xo)dt + > U (t, Xy) 0 dWF,

j=1

where ode is the Stratonovich differential with respect to the j-th component of W;. Let
U ={Uj : 1 <j <m} and

" = " U {Lie brackets up to order [ for vector fields Ui:0<j< m}, leN.
The Hérmander condition [7] is stated as follows.

(H) For any pu. € C(]0,00); P5(R?)), there exists [ € Z, such that the vector fields {U; :
0 < j < m} are Cl-smooth and the family of vector fields %" span the tangent space.

By the Harnack inequality for hypoelliptic parabolic equations, the condition (H) implies
that for any s > 0 and X, € L*(Q — R?, %, P), the the distribution Zx, for t > s has has
full support on R?, see the proof of Lemma below for details.

In Section 2, we will characterize the path independence of Aﬁ;tg using PDEs on R? x
P5(R4), see Theorem below for details. Following the idea of [2], such type PDEs are
solved using solutions of an associated SDE, see Theorem for details. As a consequence,
the path independence of A%, in (L7) and A, in (LI0) is identified with nonlinear PDEs
on RY x P (R%), see Corollaries 24l and 225 below. When the SDE is distribution indepen-
dent, i.e. b(t,z,u) and o(t,z, ) do not depend on p € Py(R?), Corollary recovers the
corresponding existing results derived in [12] [I5, [16], see also [11], 14] for extensions to SDEs
with jumps and semi-linear SPDEs. Finally, complete proofs of these results are presented
in Section 3.

2 Main results

To state our results, we first recall the definition of L-derivative for functions on % (R%),
which was introduced by P.-L. Lions in his lectures [3] at College de France, see also [2], [5].
In the following we introduce a straightforward definition without using abstract probability
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spaces as in previous references. Let 0; denote the partial differential in time parameter
t >0, 0, or 9, the gradient operator in variables z or y € R?, and 9? the Hessian operator
in z € RY Let Id : R? — R? be the identity map, i.e. Id(xz) = x for z € R%. It is easy to see
that for any p € P5(R?) and ¢ € L*(R? — RY, 1), we have po (Id + ¢) 7! € P25(RY).

Definition 2.1. Let 7" € (0, o0], and set [0,7] = [0, 00) when T" = oo.
(1) A function f: P (R?) — R is called L-differentiable at u € Z25(R?), if the functional
LR =R 1) 3 ¢ — f(uo (Id+¢)™")

is Fréchet differentiable at 0 € L*(RY — R? u); that is, there exists (hence, unique)
€ € L*(R? — R?, ;1) such that

(2.1) e (d+ )™ — fp) — (€ 9)
ulf)—=0 1(l¢l?)

In this case, we denote 0, f (1) = £ and call it the L-derivative of f at p.

=0.

(2) A function f : P (R?) — R is called L-differentiable on Z,(RY) if the L-derivative
O, f () exists for all € Po(R?). If moreover (9,f(11))(y) has a version differentiable
in y € R? such that (9, f(u))(y) and 8,(9,f(1))(y) are jointly continuous in (u,y) €
P5(RY) x R, we denote f € C1Y (2, (RY)).

(3) A function f : [0,7] x R? x Zy(R%) — R is said to be in the class CH*1 1 ([0, 7] x
R? x P25 (R%)), if the derivatives

Ouf(t,, 1), Ouf(t,, 1), Of(t,w ), Ouf(t,, 1) (y), 0y0uf (¢, 1) (y)
exist and are jointly continuous in the corresponding arguments (¢, x, u) or (¢, x, 1, y).
If f e CL2W0([0,T] x R x Z5(R%)) with all these derivatives bounded on [0, 7] x
R x 2,(RY), we denote f € CpP MV ([0, T] x RY x 22, (RY)).

(4) Finally, we write f € ([0, 00) x R? x Z5(R9)), if f € CH>1D([0,T] x R x 25(R?))
and the function

(t, 2, 1) = /Rd {050 Il + 10117} (8, 2, 1) (y) u(dly)

is locally bounded, i.e. it is bounded on compact subsets of [0, 7] x R? x &, (R?).

For readers’ understanding of the L-derivative, we present below an example for a class of
functions inducing the Borel o-algebra on %25(R?). See [2, Example 2.2] for concrete choices

of F' and h;.
Example 2.1. Let n € N, {h;}1<i<p, C C?(RY) with ||0?hi||c < o0 and let F € CHR").
Then the function
Z2(RY) 5 pe> f(p) o= F(p(ha), -, pl(ha))
is in O WY (P25 (RY)) with

n

0uf () (y) =Y J(OF)(p(h), -+, plha))Oyhily), p € Po(RY),y € R

i=1



Proof. By the chain rule it suffices to prove for f(u) := u(hy), i.e. n =1 and F(r) = r.
Since ||02h;|s < 00, there exists a constant C' > 0 such that

|hi(@)| + [Dhi(2) [P < C(1+[2f?), = € RY,

so that hy € L'(u) and 9,hy € L2(RY — R?, 1) for p € P5(R?). Then, for any ¢ € L*(R¢ —
R%, 1), by Taylor’s expansion we have

| f(po (Id+ o)) — f(u) — u({Oh1, 9))]

191l 2,0 191l 22 ()
1

= lim / {M(x + ¢(2)) — ha(x) — (Db (), ¢(x)) }p(de)
19112 =0 [[@1] £2(1) | e
Wil [ 5y uary < tim [02hallclléll g = O
T 16022 =0 2/ @] L2y Jra  l19llz2 =0
So, by definition, 0, f(x)(y) = 0,h1(y). O

Let us explain that the above definition of L-derivative coincides with the Wasserstein
derivative introduced by P.-L. Lions using probability spaces. Given p € Z5(RY), let
(Q,.7,P) = (R, B(R%), 1) and X = Id. Then X is a random variable with Zx|z = p.
For any square integrable random variable Y, we have ¢ := Y € L?(R? — R, 11). Moreover,
since X = Id, for any A € Z(R?),

(no (Id+¢) ) (A) = p({z : (Id+¢)(z) € A}) = pu({z : = + ¢(z) € A})
= P({z: X(z)+Y(z) € A}) = P(X +Y € A)
= $X+Y|ED(A)'
So, (po (Id + ¢)™) = (Lx.vls), and 2I) means that
L2(Q — Rd,]fp) 5Y — f($X+Y|]13>)

is Fréchet differentiable with derivative 0, f(p) := &, which coincides with [3, Definition 6.1]
given by P.-L. Lions. Note that the atomless restriction on the probability space therein is
to ensure the existence of a random variable with distribution p. It is crucial that (see [5],
Proposition A.2]) the definition of 9, f(1) € L*(R? — R?, 1) dose not depend on the choice
of probability space (Q, Z, I@’) and random variable X with Zx|3 = p. So, in particular, we
may take the above specific choice (Q,.%,P) = (R% Z(R?), 1) and X = Id.

The following differential operator on [0,00) x R? x Z5(R?) associated with the SDE
() has been introduced in [2]: for any V € CY>11D ([0, 00) x R x Z25(R%)) and (t,z, u) €
0,00) x RY x P2y(RY), let

Lo,V (t ) = %tr(aa*agvxt, 2. 1) + (b, 0,V (¢, 7, 1)
(2.2) + /Rd [%tr{(aa*)(t,y,,u)ayﬁu‘/(t,x,,u)(y)}
+ (0t y, 1), 0,V (L, 2, u)(y)ﬂ pu(dy).
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Our first result is the following characterization on the path independence of the functional
AGE in (L),

Theorem 2.2. Assume that o and b satisfy (L2) and ([L3) for some locally bounded function
K. Let T >0, f e C([0,T] x R x 25(R%)) and g € C([0,T] x R x Py(RY) — R™).

(1) If Ve €([0,T] x R x 2,5(RY)) solves the PDE

(2.3)

{(@ + L, )V (t,x,pn) =£(t,x, 1), tel0,7T),z e R p e ﬁg(Rd),

(a*(?xV) (ta L, :u) = g(ta Z, :u)a
then the path independent property (LL6l) holds.

(2) Conversely, if (H) holds, then the path independence of Agf in the sense of (LA) for
some V € €([0,T] x R x P (R%)) implies [23).

To provide a class of (f,g) such that the additive functional Ag:tg is path independent in
the sense of ([L.6]), we adopt the idea of [2] to solve the PDE (23] using an SDE accompying
with (LI). To state this accompying SDE, for any € Z5(R%) and s > 0, let (X%,);>s solve
(L) from time s with Lxx = p. Let

(2.4) P

st

p=Lxr, t=s pe Py (RY).

As shown in [L3] that P}, is a nonlinear semigroup satisfying

(2.5) PLP, =P, 0<s<t<r

Now, for any 2 € RY, p € Z25(R?) and s > 0, let (X[});>, solve the SDE
(2.6) AXJ/ = b(t, XOF, Pryp)dt + o(t, X3, Py y)dWy, XOF =,

We have the following result.
Theorem 2.3. Assume that b;, 0,5, f € C’I}’z’(l’l)([O,T] xRYx 2y(RY)), 1<i<d1<j<
m. Then V € C;’z’(l’l)([O,T] x RT x Py (RY)) solves the first PDE in ([23) if there ewists
o e 2V (R x 25(RY)) such that
T
V(t,x,pu) = E(@(leﬁ,]%’ffpu) —/ f(r, Xt:'f;,”,]%’fru)dr), t€[0,T),z € RY i€ Py(RY).
t

Consequently, for given V € 02’2’(1’1)([0, T] x R4 x P5(RY)), Aﬁ;tg is path independent in the
sense of (LA) if

T
alt. ) = 00, B (VT XEF Plan) = [0 X5 P
t
for all (t,x, 1) € [0,T] x RY x P5(RY), and the inverse holds under assumption (H).
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Next, we consider f := %\ g|? for a constant 3 # 0. Then the additive functional Agf

reduces to
. 1 [t t
@n) A =g / g(r, X, L) dr + / (&(r, X, Zx.),dW,), 0<s<t.

This covers A%, in ([L7) for § = 1. As a consequence of Theorems and [2.3] we have the
following result on the path independence of Afjf and the corresponding nonlinear PDE:

1
(28) (at + LU,b)V(ta ZL’,,U) = %|U*8xv|2(t>za ,u)> (ta ZL’,,U) € [O>T] X ]Rd X QQ(Rd)
Corollary 2.4. Assume that o and b satisfy (L2) and ([L3) for some locally bounded function

K. LetT >0 and 0 # g € R.
(1) If V € €([0,T] x R? x 2,(R%)) solves the nonlinear PDE 28), then A%’ with g :=

st

0*0,V 1is path independent in the sense of ([IL6l). Conversely, under assumption (H),
for any g € C([0,T] x R x 2, (R%Y) — RY), the path independence of ASY in the sense

s,t

of [CH) for some V € €([0,T] x RY x Py(R?)) implies that g = 0*0,V and V solves
23).

(2) Let b, 04 € C;’2’(1’1)([O,T] x R x Py(RY) for 1 < i < d,1 < j < m. For any
o e C2UV(RY x 25(RY)) with inf & > 0,

(2.9) V(t,a,p) = —Blog {E&(X]F, fier)}, (t,2, 1) € 0,T] x R x P5(RY)
is the unique solution to the nonlinear PDE (28] with
V(T,x, 1) = =Blog ®(xz, 1), (z,1) € RY x P5(R7).
Finally, we consider the path independence of the functional Ay, in (L.I0). Let
1 1
L,V (t,x,un) :§tr(aa*8§V)(t, T, @) + 5\0*&‘/\2(@ T, )
1 "
(2.10) + [ [l maay o)

+((00°0,V) (t.y. 1), 0,V (& 2, 1) ()| ().

Corollary 2.5. Assume that o and b satisfy (L2) and ([L3) for some locally bounded function
K. LetT > 0.

(1) If V e €([0,T] x R? x 2,(R%)) solves the nonlinear PDE

(2.11) {@ +Lo)V(t @, 1) =0, te[0,T],2 € R: € Py(RY),

b(t,x, 1) = (000, V)(t,x, 1),
then (L3) holds for b := 0*9,V and A,, in (LI0) is path independent in the sense of
(L8). Conversely, under assumption (H), if (LJ) holds for some b = 0*8,V such that
Agy in (LIQ) is path independent in the sense of ([LG) for some V € €([0,T] x R x
P5(R?)), then 2IT) holds.



(2) A function V € 0572’(1’”([0, T] x R x P5(R?)) solves @IT) if and only if there exists
o ¢ CP(RE x 25(RY)) with inf & > 0 such that

V(ta z, :U“) = _%E{ lOg(I)(X;’I;f, P;:T/"L)}?
bt 2. 1) = (00°0,V )t ), £ € [0,T)x € RY, p € PR

Since b(t, v, ) = (00*0,V)(t, v, i) implies that both X7 and P;u may depend on V,
unlike Theorem 2.3 and Corollary 2.4[(2) providing solutions of (2.3) and (2.8) respectively,
Corollary 2.5](2) only gives an alternative version of (Z.I1]) but not solutions. To construct
a nontrivial solution of (2.I1]), the nonlinear term

(0070, V)t y, 1), OVt 1) (y)) 1l dly)

in L, causes an essential difficulty. To overcome this difficulty, many other things have to
be treated. So, we would like to leave this problem to a forthcoming paper.

3 Proofs

We need the following 1t6’s formula for distribution dependent functionals, see [2 Proposition
6.1] or [5, Proposition A.8] under stronger conditions on ¢ and f.

Lemma 3.1 (Itd’s formula for distribution dependent functional). For any f € €([0,00) X
R? x P5(R%)), f(t, Xy, ZLx,) is a semi-martingale with

(3.1) df(t, X, Lx,) = (0 + Lop) [ (8, Xy, L)t + (070, ) (E, X, Lx, ), AW,
where Ly, is in (2.2)).
Proof. Let pu, = Zx, and
b(t,x) = b(t,x, ), o(t,x) =o(t,z, ), flt,x)=f(t,z, ), t>0,z€R%
Then (X});>0 solves the classical SDE
dX; = b(t, X;)dt + & (t, X;)dW,.

By the definition 211 (4), f € €([0, 00) x R? x P5(R?)) implies that f(¢,z) is C*-smooth in
r € R4 So, if f(t,x) is C' in t > 0, we will be able to apply the classical 1t6’s formula to
derive

df(t>Xt>$Xt) =d

d d
+0,f + % 2(65*)ijaxiaxjf+ Zbiaxif}(taXt)dt
ij=1 i=1
) (t, X, Zx,), dW) + (@f (t, X)d

“0) X,)dt
1 d
5 Z (o0* Uﬁxﬁ%fjth@xl } (t, X, L, )dt.
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Therefore, to finish the proof, it suffices to show that f(¢,z) is differentiable in ¢ > 0 and

(atf)(t7 LL’) = 8tf(t7 Z, V)|V=,ut + 8tf(8, T, :U’t>|8=t

(3:2) (O () + (D)t 1)
where

(O )t 1) : = Z [ (001000000, (@0 0} ) )
(3.3) 2im

+Z/ ity ) (0, f )it %Mt)]ﬂt(dy)a

is continuous in (¢,z) € [0,00) x RY, since f € €([0,00) x R? x P5(R?)) and for any
T € (0,00), {p: : t €[0,T]}is a compact set in Z,(RY). Below we prove ([B.2) by two steps.
(a) According to [5, Proposition A.6], if

T
(3.4) B [ {100t X ) P+ 1ot X ) st < .
0

then for any f € €([0,00) x RY x Z5(RY)),

Fltsaugnss) = Fta) = [ dr [ [5 57 00000000, (@i sie) )
(3.5) ) W

+ by 1) @il ) ()| e (dy), s > 0.

i=1

By conditions on b, 0 and f, this implies (3.2)).
(b) In general, let 7" > 0 be fixed. By (L.2) and (L3]) we have

(36) 10t ) + ot 7, ) s < O (14 Jol? + Wi, b)), = € Rt € [0,7]

for some constant C' > 0. This, together with (IL4]), implies

B [ {100 X 0+l Xt < o
So, to verify ([B4]), we need to make approximations on o. For any k € N, let
or(r) = ({2 AR}V {=K}) ey v €RE
Let o™ (t, 2, 1) = o(t, ¢p(x), 1), and let Xt(k) solve the SDE

(3.7) Ax = b(t. X L)t + oW (8, X 2 00)dW X = X,
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Then as explained in (a), uik) : XX(k) satisfies

flt o) — ft,a uﬁk))

/ ar / d o ®Y*)5(r, 2, 1Py, {0, )iy, 1)} )

2]1

(3.8)
+Zb (1,5, 1)@ )i, n) ) | 1 (dy), s > 0.

We intend to show that with & — oo this implies ([B.5]) and hence, completes the proof.
By Itd’s formula and using (L2) and (L3), we may find out a constant C' > 0 such that

d X, — X2 <dM+C{ X, — X+ EIX, - X2

(3.9)
||U(t7 Xtv :U’t) o U(k)(tv Xtv :U’t>H%{S}dtv te [07 T]

holds for some martingale M;. By (LZ) and the definition of o*), for some constant C’ > 0
we have

lo(t, X, o) = (8, Xo, )35 < C'1X0 = 0u(X)P < CIX P -

Combining this with ([8.9]) and using Gronwall’s lemma, we arrive at
t
ElX, — XP)? < C’C’eZCt/ E[| X1 x,=k]ds, t€[0,T).
0

This, together with (I4), implies

lim sup Wg(ut,ug )? < lim sup IE|X1t—th(k)|2 =0.

k=00 (0,1 k=00 ei0,1)

In particular, {,ugk) : t € [0,T],k > 1} is compact in Py(R?). So, from the continuity of
ob,d,f, and 9,0, f, the linear growth of |ob|, and the condition f € €(]0, 00) x R, Z,(R%)),
it is easy to see that with k — oo (B.8) implies (33). O

We will also need the following result which is more or less standard for classical SDEs.
For readers’ convenience we present a complete proof for the present distribution dependent
setting.

Lemma 3.2. Assume (H). For any s > 0 and p € £ (R?), let (X;)i>s solve () for
Px. = . Then for anyt > s, Lx, has has full support on RY,

Proof. Consider the SDE (2.6]), we have

(3.10) Lx, = | Lxeppldz), t>s.

R4
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So, it suffices to prove that for any = € R? and t > s, D%X:’f has full support on R%. Let
Pl f(x) =Ef(X3F), t> s, f € B(RY.
By [10, Theorem 5.1], assumption (H) implies the Harnack inequality
(3.11) PF f(y) <ol t,a,y)Plf(x), t>r>szyeR,0< feB(RY
for some measurable function
U (rt, o, y) = (1,00), t>r>sxycR

If for some t > s and x € R? the distribution Zx=n does not have full support R?, then
there exist y € R? and ¢ > 0 such that

Plilpye(r) = P(XS) ¢ B(y,e)) = 0.
Combining this with (3IT]) gives
P(XYF € B(y,e)) = Plilpwe(y) <otz y)Pilpye(z) =0, 1€ (s,1).

By the continuity of XY}, by letting r — s we obtain P(y = X! € B(y,¢/2)) = 0 which is

ERS]

impossible. So, as required, for any z € R? and ¢ > s the distribution ZLx= has full support
on RY, O

Proof of Theorem[2Z2 (1) Let puy = ZLx,. Applying the [t6 formula ([B.)) yields
(3.12) AV (£, X, 112) = (B + Loy V)(t, Xy, pr)dt + (070, V) (t, X, o), AWV,
This, together with (2.3), gives

(3.13) AV (£, X, 110) = £(£, Xo, 1) dt + (g(t, Xy, 1), AW,), £ 0.

Whence, (L.0) follows by integrating ([B.13) from s to t.

(2) On the other hand, for any s € [0,7) and p € P(R?), let X, € L*(Q — RY, %, P)
with L%, = p, and let (X;).e[s,m solve (LI from time s. By combining (3.12) with (.13
and using the uniqueness of decomposition for semi-martingale, we infer that

f(ta Xt> Mt) = (atv + Lme)(t, Xta ,ut)a g(ta Xt> Mt) = (U*a:cv)(t? Xt> /”Lt)7 S [S’ T]’

where p; == Zx, with ps = p. Since by Lemma the assumption (H) implies that p; for
t € (s,T] has a full support on R?, we derive

f(t7 xz, ,U/t) = (8tv + Lo,bv> (tu xz, /J’t)7 g(t7 T, :U’t> = (U*ng) (t7 T, /J’t)v YIS Rdvt € (87 T]

Since fi; is continuous in ¢, and since f, (9; + L, ;)V are continuous on [0, 7] x R? x 22,(RR?),
by letting t | s we obtain

f(s,z,1) = (OsV + Loy V) (s, 2, 10),  gls, 2, 1) = (0*0,V)(s, 2, 1), =€R%
By the arbitrariness of s € [0,T) and u € P5(R?), this implies ([Z.3). O
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To prove Theorem 23] we will need the following lemma, which reduces to the main
result Theorem 6.2 in [2] when b(¢, x, 1) and o(t, z, u) are independent of t. Since the proof
of [2, Theorem 6.2] also applies to the the present time inhomogeneous situation, we skip
the proof.

Lemma 3.3 ([2]). In the situation of Theorem B3, let ® € CPMY(RY x P, (RY)). Then
V(t,x, ) == EO(X[Y, Pipp) is the unique solution to the PDE

(3.14) (O + Lop)V(t, 2, 1) = 0,
: V(T,z,p) = @(z, ), (t,z, 1) € [0,T] x RY x 25(R%).

We will also need the following lemma for a probabilistic representation of a particular
solution to the first equation in ([23)).

Lemma 3.4. In the situation of Theorem 23], let
T
Viltoro) = —E [ 8 X2 Pl (tnp) € 0.7) X R x 2(R).
t

Then V¢ is the unique solution to the PDE

(3.15) Ve(T,x,11) =0, (t,2,p) €[0,T] x R? % gzz(Rd).

{(8t + LO’,b)‘/f(tv x, M) = f(tv &£, :u)v

Proof. (a) We first observe that Vi(t, z, 1) solves (B.IH). Obviously,
V(T 2, 1) = 0.

It remains to prove

(3'16) (at +La7b)‘/f(taxmu) - f(t,:l:',,u).

By the definition of V¢ and our condition on f, we have

T
(La,b‘/f)(ta x, ,U) - - / La,b{Ef(Ta XZ;*H> P[‘,TT‘/”L)}dT?
t
and .
(O Ve)(t,x,p) = £(t, 1) — / O {Ef (r, X;;“,P{fru)}dr.
t
So,
T
(O + Lop)Ve(t, 2, p) = £(t, 2, 1) — / (O + Lo {E£(r, XY, Pyp) b
t
On the other hand, applying Lemma B3 to 7' = r and ®(x, u) = f(r, x, 1), we obtain

(0 + Loy {BE(r, X2 L) =0, 1 e (4,T).
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Therefore, (B16]) holds.
(b) We assume that U(¢,x, ) is another solution to (BIH) with U(T,x,u) = 0. By
Lemma 3.1, for any 0 <t < s < T,

Uls, X{', Plop) — / f(u, Xi0, Plyp)du
t
and s
Vi(s, X2, Proyt) — / £(u, X2, P2 oyi)du
t

are martingales. Then
U(87 Xm“u f);:su) - ‘/f(su Xm“u Ptfsru’)

t,s t,s

is a martingale. Combining this with U(T, z, u) = V¢(T, z, u) = 0, we arrive at
U(ta €z, :U) - Vf(ta xz, :U) = E(U(T’ Xz;ﬁ’ Pth:U) - Vf(T’ Xz;ﬁ’ Pth:u)Lth) = 0.
Then the uniqueness is proved. O

Proof of Theorem[2.3. By Theorem [2.2] it suffices to prove the first assertion. By Lemma
B3, we deduce that
Vi(t, z, i) := BO(XGy, Prpp)

is the unique solution to the PDE (8I4]). And, according to Lemma [3.4] we know that
Ve(t, o ) := —E /T f£(r, X371, Py Lp)dr
t
solves (LI0). So,
Vltas0) 1= Vilha,0) Vil ) = BOOGE Pogn) =B [ 600 X5 P

together with g = (0*0,V) (¢, z, u), solves (2.3)).
On the other hand, let V (¢, z, 1) solve (23] and let
Oz, 1) = V(T 2, ), (2,p) € R x Py(R).

It suffices to prove

T
(3.17) Vit = B(OOCE Pion) < B [ 80 X8 Pllar ).
t

Indeed, by (23] and Lemma 3.4 we have
(O + Lop)(V — V)(t, 2, 1) = 0.
So, Lemma B3 and V¢(T, z, ) = 0 imply
(V = Ve)(t,z, ) = BR(Xyy, Pippe)
with (V. — Ve)(T,z,p) = V(T,2,1u) = ®(x, ). This, together with the definition of V¢,
implies (B.I7). Then the proof is completed. O
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Proof of Corollary[2.4 Assertion (1) is direct consequence of Theorem 2.2 for f = %\g\z. It
remains to prove assertion (2). .

Under the condition of assertion (2), let V'(t, z, u) = E®(X[y, Pirp). By Lemma B3] we
have

(at + La,b)v(t> z, :u) =0.
Since for V' in ([2.9) we have V = —flog V, this implies

*9 172
BOALV (| Al 0Pt )
4 2V2(t, z, )

0,V 2.

(O + Lop)V(t,x,p) = —
_1
=23

So, ([2.8) holds, and the boundary condition V(7' z, ) = —Blog ®(z, i) follows from (2.9)
and the definition of V.
On the other hand, let V € C;’z’(l’l)([O,T] x R? x P5(R?)) solve [ZJ). We take

(3.18) V(t,x, 1) = exp[—F 'V (t,z, 1)), (t,z, 1) €[0,T] x RY x P,5(RY).
It is easy to see that (2.8]) implies
(8 4+ L)V (t,z, 1) =0, (t,z, 1) € [0,T] x R? x Py(RY).
Therefore, by Lemma [3.3] we have
V(t,a,p) =EV(T, X7, fur) = ES(X[H, fur) (tz,p) €[0,T] x RY x 25(RY).
Combining this with ([B.I8]), we obtain (2.9]) and hence finish the proof. O
Proof of Corollary[2.3. By (2.2) and (2.10), the definitions of L, and L, ;, we have

(at + Lo)v(tv x, M)
=9V (t,x, 1) + %tr(w*@iv)(t, z, 1) + (b, 0,V )(t, y, 1)

i / [ (00" )b,y MO0V (12, 1)(0) } + (blt, v, 1), D,V (8,2, 1) ()| ety
+ %\a*&wVP(t,x, 1) — (b, 0,V (b y, 1)
+ [ AoVt m. 0,1 (. ) )()
- / (bl o 10), 0V (1, 1) () ()
= (0y + Lop)V(t, 2, 1) + %Ia*(?xVIQ(t, 2, 1) = (0, 0.V)(t,y, 1)

L ((5070,V = b)(t,y, 1), 0,V (t, 2, 1) (y) )pa(dy).
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Combining this with b(t, z, i) = (600, V)(t, z, p), we obtain

(3.19)

1
(O + L)V (t,x, 1) = (Op + Lop)V (¢, z, 1) — §|a*&pV|2(t, T, ).

We are now ready to finish the proof by using Theorem 2.2l and Corollary 2.4

_If (ZII) holds, then (L9) holds for b = 0*0,V, and (B.I9) implies [Z3) for f(t, 2, u) =
2o (t, z, 1) and g(t, z, ) = b(t, x, p). So, by Theorem 2Z2(1), Ay, is path independent. On

the other hand, if (L9) holds for b = ¢*0,V and A, is path independent in the sense of

(K3Y

for some V € CY2WD([0,T] x R? x Z5(R?)), then by Theorems Z2(2) and (BI9),

(2100 holds. So, assertion (1) is proved.
Finally, by (819), the first equation in (2.I1)) is equivalent to (2.8)) for 5 = 1. Then the

second assertion (2) follows from Corollary 2.4)(2) for g = 1. O
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