RANK DIFFERENCES FOR OVERPARTITIONS MODULO 6
BIN WEI AND HELEN W. J. ZHANG

ABSTRACT. In this article, we study the 3-dissection properties of ranks for overpar-
titions modulo 6. In this case, —1 appears as a unit root, so that double poles occur
in the generating function. We prove two identities of generalized Lambert series
by taking limits in Chan’s identities, which are useful in generating various formulas
with similar poles. We also relate these ranks to the third order mock theta functions

w(q) and p(q).

NOTATION

Throughout this article we use the common g-series notation associated with infinite
products:

[e.9]

(@)oo = (a;)c == [ (1 — ag"), [a]oo = (@, ¢/ @)oo,
(a1,a9, ..., 0k) o0 = (1)o0 * * * (A ) o, [a1, a9, ..., akloo = [A1]oo - -  [Ok]c0s
3(2:9) = (20)00(0/ 25 )0 (€5 @) oo Jam = 7(@"4™); Im = (074" oo

For the sake of convergence, we always assume that |¢| < 1. Also, we adopt a notation
due to D. B. Sears [17]:

m

F(by,by, ... by) +idem(bis b, ... by) = Y F(biba, .. bisg, by, bist, - bin).

i=1

1. INTRODUCTION

An overpartition of a positive integer n is a partition of n, where the first occurrence
of each different part may be overlined. The number of overpartitions of n is denoted
by p(n). In particular, we set p(0) = 1. Lovejoy [13] employed the classical definition
of Dyson’s rank, hereafter denoted the rank, as the largest part minus the number of
parts in an overpartition. Let N(m,n) denote the number of overpartitions of n with
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the rank m. Lovejoy proved that the generating function of N(m,n) is given by
N — (_Q)oo > (1 — z)(l _ Zfl)(_l)nqn%rn
= N(m,n)z"q" = 142 '
nzz(]mzz—oo ( ) (Q)oo Z (1 — an)(l — Z—lqn)
(1.1)

Bringmann and Lovejoy [3] showed that R(z;q) is the holomorphic part of a harmonic
weak Maass form of weight 3/2.

Let N(s,f,n) denote the number of overpartitions of n with rank congruent to s
modulo /. Lovejoy and Osburn [14] pointed out that the rank differences N (s, £, fn -+
d) — N(t, 0, n + d) provide a measure of the extent to which the rank fails to produce
a Ramanujan congruence of the type

p(fn+d) =0 (mod ¢).

They also expressed the generating functions of rank differences for £ = 3,5, in terms
of infinite products and generalized Lambert series. The modulus [ = 7 has been
determined by Jennings-Shaffer [11]. For even moduli, only special linear combinations
of ranks were obtained previously. In [12], Ji, Zhang and Zhao studied 3-dissection
properties of the form

n=0
The difficulty of providing all rank differences N(s,6,n) — N(t,6,n) (0 < s <t < 3)
lies in the fact that —1 is a unit root of even moduli, so that R(—1;q) arises naturally
n (1.1). Bringmann and Lovejoy [3] pointed out that R(—1;¢q) is more complicated
since double poles occur. Similar situation happens in related problems associated with
various types of ranks (such as crank, My-rank, etc.) for different types of partitions
(see [1, 6, 7, 15, 16]).
In this article, we give 3-dissection properties for each residue in (1.2). Let

- iﬁ(s,6,3n+d)q”. (1.3)

n=0

The main results are summarized in Theorems 1.1-1.3.

Theorem 1.1. For d =0, we have

To(0) = Jg? 2J3Jss JfﬁJngG i g+
0 6T S5 Js 376 370 2. + qgn ,
71(O> = i + Jil’6j22g]§76 B 2 i n 3n 13n
6.5 6] Js 6 3J8 2 + q3n :
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oo

2.

n=—oo

>

n=—oo

>

n=—oo

75(0) = I B JieliT3e 2 f’: (=1)rghn
6. 65 Jss 37 3J§ Jss “—  (1+¢) ;
() — SR 2 s (A
6.5/ J3,6 3J¢ Jsg —~_ (1+¢)?
Theorem 1.2. For d =1, we have
To(l) = 3(]7(](6;‘]2 Bjjgj Jf,63<§226‘]??,67
1,692736 1,642 §
(1) = % . Ji;]]%]iﬁ’
1,692736 5
Y ST
3JigJaJ56  3J16J2 3J¢
73(1) = % _ Jigjjijif;.
1,692/36 j
Theorem 1.3. For d = 2, we have
7o(2) = 2J}2 B 473 2Jf76J22J3,6 B 4 i (_1)nq3n2+3n 4
3J§,6J§J§,6 3J2J36 3Jg Js36 S~ (1 + g3n+1)2 T3
71(2) = 2.J42 205 2063 0se | 4 i (—1)ngtn+sn 4
B3y 5 2z 3J¢ Jss = (L+¢1)2 g
72(2) = 2J}2 N 2J3 2J{3’6J22J376 B 4 f: (_1)nq3n2+3n 9
3J0s I3 T3 32tz 3J¢ Tog 2= (L ¢ )2 " Jog
7 2J5° 473 20803 Tss 4 SN (—1)ngEnteen
o) = 376356 L 3J¢ J3 HZOO (1+ gtz

(_1)nq3n2+3n

1 + q3n+1

(_1)nq3n2+3n

1 + q3n+1

(_ 1)nq3n2+3n

1 + q3n+1

Theorems 1.1-1.3 carry information of rank sizes for different residues. For example,
by Theorem 1.1, it is easy to derive that N(1,6,3n) =
N(2,6,3n). Other comparisons take more efforts. For fixed d, numerical calculus sug-
gests that all residues share a common main term. The growth rates of the second
terms (some have the coefficient 0) overcome all the others left. This results in a total

ordering relation.

Conjecture 1.4. Forn > 11, we have
N(0,6,3n) > N(1,6,3n)

N
N

N(3,6,3n) and N(0,6,3n) >

(3,6,3n) > N(2,6,3n),

N(0,6,3n 4+ 1) > N(1,6,3n+ 1) = N(3,6,3n + 1) > N(2,6,3n + 1),
N(1,6,3n+2) > N(2,6,3n +2) > N(0,6,3n +2) > N(3,6,3n + 2).

Y

Y
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This should be verifiable by computing efficient asymptotic formulas of all terms,
using standard analytic methods. However, this is far from the theme of this article
and would take up a dozen pages. Therefore, we leave it as a conjecture !.

Generalized Lambert series identities are widely used in the research of rank dif-
ferences. In [5], Chan proved three generalized Lambert series expansions for infinite
products. By taking limits in special variables, one can increase the order of poles in
Chan’s identities. In this article, we use this method to establish two identities aim-
ing at decoupling parameters from the denominators. They are helpful in generating
various identities with similar poles. We believe these formulas can also be used in
handling functions similar to the overpartition rank.

In [9], Hickerson and Mortenson showed that a mock theta function can be expressed
in terms of Appel-Lerch sums. Inspired by their work, we establish relations between
the third order mock theta functions w(q) and p(q) and the ranks of overpartitions
modulo 6, where w(q) and p(q) are defined by Watson [18]:

OO 2n(n+1) X 2n(n+1)(,. 42

q q (44 )nt

w(q) = ——5— and p(q) = .
"0 (45 ¢*)7 41 — (€% ¢%)n+1

Theorem 1.5. We have

where M (q) is a weakly holomorphic modular form given by

4.J32

M) = —5 .

VN A

This paper is organized as follows. In §2, we establish 3-dissection properties of ranks
for overpartitions modulo 6. In §3 and §4, we introduce generalized Lambert series
identities concerning double poles and single poles respectively. In §5, we introduce an
algorithm which helps to transform S-series raised in the new identities into sums of
infinite products. Finally, we prove the relations between the ranks of overpartitions
and mock theta functions in §6.

2. RANKS OF OVERPARTITIONS MODULO 6

In this section, we study 3-dissection properties of ranks of overpartitions modulo 6.
Noting that N(s,¢,n) = N({ — s,£,n). Replacing z by & = €% in (1.1), we have

n=0

LAt the time of submission, the conjecture has been proved by Ciolan [4].
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56—56 )( gt
{HZ SR
n2+n

n=—oo

Similarly, by replacing z by &2, &8 and 1 in (1.1) successively, we obtain

R(&59) =Y (N(0,6,n) — N(1,6,n) — N(2,6,n) + N(3,6,n))q" (2.2)
oo n n o (_q>oo
n_z_:m 1—q3" T e
R(&:q) = i(ﬁ(o, 6,n) —2N(1,6,n) + 2N (2,6,n) — N(3,6,n))¢" (2.3)
_ 4( q)oo nin
(Q>oo H_X_:OO 1 + q 7
R(1;q) = 3 (N(0,6,n) +2N(1,6,n) + 2N (2,6,n) + N(3,6,n))q" (2.4)
_ (~0)ac
(@)

Now, we have a linear system of full rank which consists ranks for overpartitions of all
residues modulo 6. Therefore, we are able to solve N(7,6,n) in terms of R(z;q).

ioﬁ(o,&n)q” %(R(l 9) + 2R(&; q) + 2R(E5; ) + R(&53 )
iW(LG,n)CI” = % (R(139) + R(&s;9) — R(&5:9) — R(&5:9))
iOW(ZG?n)Q” = é (R(1;9) — R(&;q) — R(€%q) + R(&:q)),
SN0 = (R1s0) ~ 2s0) + 2R o) e ).

Then, we can determine 3-dissection properties of N(i,6,n) by those of R(z;q). For
z =1, it was proved by Hirschhorn and Sellers [10].
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Lemma 2.1. We have

E(l‘q) — (_Q)oo _ ']113 q 2‘]1182 q2 4‘]1182
(@)oo J§,18J§J9,18 J37,18Jg<]92,18 Jg,lsjgjg,ls

In §3 and §4, we prove the following lemmas concerning R(£3; ¢) and R(&; q), R(£2;q)
successively.

Lemma 2.2. We have

R(E2:q) = C2J505 08 T50s | 12 i (=1 Hom q2‘]§’,18‘]62‘]92,18
o It Jons = (1+¢)? JS%

1 g2 4J§,18J62J9,18_ 24 i (—1)"q 9n? +9n+ 16 i (_1)nq9n2+9n
! J168 oo 1_|_q9n+3 ‘ 1+q9n+3 '

Jg 18 <]9,18 n——

Lemma 2.3. We have
- T3 2.3 43 2 o (=1)ngron
R(&s:q) = 189,18 1yq 18 T ( 18 Z (=D"q ’

J32,18J6 J3,18J6 JoJoas  Jois = 1 4 ¢on+3

- J3s 2.J3 AT} 6 (—1)ng™tom
R(gg, q) — 128 9,18 + 18 + q2 18 Z ( ) T ]
J35 1506 J3 18J6 JoJoas  Jois S l—q

It is worth noting that

o0

R(&3:9) = R(&s:9) = > _(N(0,3,n) — N(1,3,n))q"

n=0

so the identity for R(£2;q) is exactly [14, Theorem 1] 2, where Lovejoy and Osburn
determined rank differences of overpartitions modulo 3.

3. GENERALIZED LAMBERT SERIES IDENTITIES: DOUBLE POLES

In this section, we consider R(£3;¢) first. In view of (2.3), a straightforward idea is
to split the series into three sums according to the summation index, such as

i (_l)nqn2+n _ i (_l)nq9n2+3n_ i (_1)nq9n2+9n+2+ i (_1)nq9n2+15n+6

(1 + qn)Z (1 + q3n)2 (]_ + q3n+1)2 (1 + q3n+2)2

Then Lambert series identities would help. In [5], Chan proved the following lemma.

Lemma 3.1. For non-negative integers r < s, we have

(CLO(L Q/a07 q, Q)oo[al’ ag, ... Ja'r‘]oo
[b07 bl? L 7bs]oo

2Lemma 2.3 ommited —1 from [14, Theorem 1], since we assume the convention (0) = 1.
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9 (s— r)n+1q(s—r)n(n+l)/2boaal

— [G/O/bo;al/bo;" ar/bOOo Z
[b1/bo, b2/bo, . ., bs/bo) s 1 — bog™)(1 — bog"/ap)

Tbs r—1
X (%‘“b a s q) + idem(bo; by, bo, . . ., by).
.

For r = s, this is true provided that [g¢| < |§&5=| < 1.

For the sake of matching orders, Chan’s 1dent1t1es will generate seven Lambert series,
some of which are redundant. Therefore, we choose a roundabout method. We first
make some adjustments,

i (=" i (=D)"¢" (1= q" + ")’ (3.1)

= (l+qr)? (14 g*)?
n n 24n 0 (_1)nqn2+2n o (_1>nqn2+3n
—9 I N G SRS T N S
n;)o 1+ q3" n;oo (1 +¢*)? n;@ (1+¢*)?
Then, consider the following 3-dissections of each Lambert series:
e (1 4 q3n)2 - e (1 4 qgn)z = (1 T q9n+3)2 = (1 4 q9n+6>2 )
e (_1>nqn2+2n B o (_1)nq9n2+6n > (_1)nq9n2+12n+3 o (_1>nq9n2+18n+8
n_z_oo (1 + q3n)2 - n_z_oo (1 + qgn)Z n_z_oo (1 + q9n+3)2 + nzoo (1 + q9n+6)2 ’
o0 (_1>nqn2+3n B o0 (_1)nq9n2+9n > (_1)nq9n2+15n+4 n 9n +21n+10
nz_oo (14 ¢3n)2 o nz_oo (14 )2 nz_oo (1 + ¢o+3)2 T nzoo 1 + ¢o+6)2

The following lemma transforms each 3-dissection into one single Lambert series.
Lemma 3.2. We have
f: (_1)nqn2+n _ ‘]??,18‘]5"]92,18 (2 B J92,18Jf8 n J§,18Jg<]g,18)
(14 ¢3)? 2J7% 3 4J3 56 12J3%
B (1 B 2qJ3,18) f: (_1)nqs)n?+9n+27
Tois ) “—_ (14 gont3)2

i (—1)nqn2+2n . Jg,lsjgjg,w (1 J92,18J§8 J§,18J3J3,18>

n=—oo

S (Mg 20 \3 0 A5 1273,
2qJ: X (—1)nrg9°+18n+5
B (1 _2q 3,18> Z (—1)"q |
Joas ) (1 + ¢ot3)2
[e%¢] _1 n n2+3n J5 JQJS 2 J [e%] _1 n . 9n2+9n
Z( )"q :q3,1869,18+<1_ QS,ls)Z( )q
(1 + q3n)2 2‘]{38 J9,18 (1 + q9”)2 .

n=—oo
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Then in view of (2.3), Lemma 2.2 follows by substituting Lemma 3.2 into (3.1) and

using Lemma 2.1. To prove Lemma 3.2, we first take ag = 1, by = —1, by = —¢°,

by = —¢% in Lemma 3.1, and get

J§,18J62J’§,18 2.J5.1 i (_1)nq9n2+9n f: (—1)"q 9In2+15n+3 N Z ) 9n +21n+9
2J168 o Jo1s S~ (14 ¢on)2 = (1 + ¢°n+3)2 . 1+q9n+6)

This proves the third formula. Though, for the other two formulas, it is hard to give
a proper relationship directly by Lemma 3.1. Poles are twisted with the orders of ¢ in
numerators. Therefore, we introduce the following theorem.

First, for a sequence a = (ay, ..., a,), we define series S(ay,...,a,) as
1
8(a17-"7ar) = S(a17"'aara uz;nz%(l_a qn 1_au1qn+1) ’ (32>

We also write S(a) = S(ay, . .., a,) for brevity.

Theorem 3.3. Let a = (a1,...,a,) and b = (by,...,bs). Then for non-negative
integers r < s, we have

(q)2 [a17"'7ar]oo
= 1-S S(b
A (1 - S(a) +S(b))
/b /b fﬁ S (R
[bg/bl,.. b/bl 1—b1Q) b2 "bs

+ idem(by; by, . .. ,bs).

For r = s, this is true provided that |¢°| < [{5=| < |q|.

Proof. by setting ag = 1 and by = ¢ in Lemma 3.1 and taking limits We need to
compute the limits at by = ¢. First, take ag = 1 in Lemma 3.1,

(L lar, .., ar]e _ [bo, a1/bo, - .., ar/bo)so
B0, 01, -2 bl 01/ el
y Z (s r n+1q( r)n(n+1)/2b0 ap - - arbg—r—lq n
e — o0 1 — boqn) bl s bs

+ idem(bg; by, . . ., bs).

Denote the term on the left-hand side by L and those on the right-hand side by
Ry, ..., Rs respectively. For Ry, we take by — ¢ directly and deduce that

b —r)n (s r)n(n+1)/2 . s—r—1\ "
lim R, = [ai /by, .. ar/b1 0o Z (a1 abj )
bo—q [b2/b1, .., bs/b1]oo (1 —bygn)? by - - b,
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Thus it remains to show that

: (q>2 [a17"'7ar]oo
lim (L — Ry) = —=
bo—>q( O) [bb RN 7bs]oo
We separate terms containing poles from L and Ry successively. First we rewrite L
and R, as

(1-S(a) + S(b)). (3.3)

(@) lar, - ar]eo ' b
(b07balq2)m[bla"'7bs]oo bO_q7

and
(1 — b5 ' q)(bo, by '¢*)c[a1/bo, - - -, 4rq/bo] oo
[bIQ/b(b S 7bSQ/bO]OO
y i (_1)(sfr)(nJrl)q(sfr)n(nJrl)/ZbO (al . arb(s)—'r)n-‘rl (i)n |
(1 —bog™)? by - - - b bo

n=—oo

Ry =

In Ry, terms with n # —1 vanish when setting by — ¢. Thus, in (3.3), we have

b0—>q
— i 1 < (q)io[ah"'?a'f]oo (b07balq2>oo[G’IQ/b07"‘7aTQ/b0]oo >
= lim 5 . bO — - q
bo—q bo—q (b07b0 q )oo[bly---abs]oo [b1Q/b0,...,bSQ/b0]oo
— hm i ( (q)go[alﬁ"‘7a7’]00 bO - (b07b51q2>oo[alq/b07'"aa'TQ/bO]ooq>
bo—q dbo (bo, b61q2)oo[b1, e 7bs]oo [b1Q/b0, P bsq/b()]oo
=: lim i(L’" — RY),
bo—q A0y

where the penultimate equation follows by L’Hopital’s rule.
For L*, it is easy to obtain

dL* (@)% [a1,- -\ ar]eo

li =
bovg dbo b1, byl
For Rj, we have
o q@iar, -]
lim R, = e .
borg 0 b1, bl

It follows by taking the logarithmic derivative that

lim dlog Ry S(a) —S(b)
bo—q dbo q
where S is defined in (3.2). Therefore,
. dRy dlog R} (@2 ]a1, .\ ar]o
1 0 =1 R} 0) = ~pei S(a) —S(b)).
bova dby bolinq( 0" db, ) b b, o) —S0)

Thus we complete the proof. O




10 BIN WEI AND HELEN W. J. ZHANG

Now, we replace ¢ by ¢° and set » = 1, s = 3, by = —1, by = —¢>, b3 = —¢°® in
Theorem 3.3. Then by taking a; = ¢® and a; = q6 successwely, we obtain

Al (Lo swi)) = 3 g (3.4

B 2J3,18 i (_1)nq9n2+9n+3 N i (_1)nq9n2+15n+6
Jg 18 = (1+q9n+3)2 = (1_|_q9n+6)2 )

JeSra s (— - S(%q )> i g (3.5)

2.J3% 2 = (T go)?
oo (_1>nq9n2+12n+3 2J3,18 o0 (_1>nq9n2+18n+9

N Z (1+ ¢*t3)2 Jo1s ZOO (1 + ¢ot6)2

Note that
o (_1)nq9n2+18n+8 o0 (_1>nq9n2+18n+5
nz_:oo (1 + ¢ont6)2 - nz_:oo (1 + ¢o+3)2

(3.4) and (3.5) prove the first two 3-dissections in Lemma 3.2 respectively provided
that

‘]g 18‘];)8 Jg 18‘]63 Jg 18 1

S(¢®:¢%) = -8 - SR 3.6
(¢*¢°) = =S(¢%; ¢°) = 2o 127, 5 (3.6)

We will prove this in §5.

4. GENERALIZED LAMBERT SERIES IDENTITIES: SINGLE POLES

In this section, we consider R(&s;q) and R(&;¢?), which both contain generalized
Lambert series with single poles. Consider their 3-dissections:

f: (_1)nqn2+n _ i (—1)"q 9n®+3n Z YO Hon+2 N i (—1)ngon*+15n+6

[e'e) (_1)nqn2+n B o0 (_1)nq9n2+3n o0 (_1)nq9n +9n+-2 n 9n +15n+6
n;x) 1—g¢ n_z_:oo 1—¢ n:z_:oo 1 — ¢ont3 T n_z_:oo 1 — ¢ont6
n#0 n#0

Similarly to Lemma 3.2, the following lemma transforms these 3-dissections into one
single series.

Lemma 4.1. We have

o 1) n2+4n J o~ —1)" In24+9n+2 Jo J3J
Z (=1)"¢ — (24 318 4 Z (=1)"q 4 7318 918’
1+ g3 1+ ¢on+3 2J5

n=—oo n=—oo
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S A Y T S Co Vil kLN T/ T
— 1— q3n Jg 18 = 1— q9n+3 61]?8 6
n#0

Then Lemma 2.3 follows by substituting Lemma 4.1 into (2.1), (2.2) and using
Lemma 2.1. The first identity in Lemma 4.1 was proved by Ji, Zhang and Zhao [12]
by using the following Chan’s identity [5].

Lemma 4.2. For non-negative integers r < s, we have

[ala s 7a7‘]oo<Q)go _ [al/bO; s aar/b[)]oo
[b07b17'°‘7b8]00 [bl/bOJ"'7bS/b0]oo

y i (_1)(s—r+l)nq(s—r+l)n(n+1)/2 ay - arbg_r n
1—b0qn bl"'bs

n=—oo

+ 1dem(b0, b17 ey bs)
For r = s+ 1, this is true provided that |¢| < |§-732] < 1.

Set r = 1 and s = 2 in Lemma 4.2. Then by replacing ¢ by ¢” and taking a; = ¢>,
bg = —1, by = —¢?, and by = —¢°, we have

J§,18J3J3’18 _ f: (_1)nq9n2+3n B 2J3718 f: (_1)nq9n2+9n+3 f: (_1)nq9n2+15n+6
2‘]?8 1+q9n J9,18 = 1+q9n+3 1 +q9n+6 :

n=—oo

This proves the first identity in Lemma 4.1. For the second one, one need to take
efforts in the term n = 0. By taking by — ¢, we obtain the following theorem.

Theorem 4.3. Let a = (ay,...,a,) and b = (by,...,bs). Then for non-negative
integers r < s, we have

a1y -y Qrloo
G (L S(a) + ()
Llaneale [ah o r - Z (s— 7’+1)nq(s—r+1)n(n+1)/2—n ay---a, n
[bl,...,s — 1—qgn by - bs
Yo
B [al/bla o >ar/b1]oo i (_1)(s—'r’+l)nq(s—r+1)n(n+1)/2—n (Ch . arbi_r)n
[b1,b2/b1, - .., bs /b1 St 1L —bign by -+~ by

+ 1dem(bl, bg, e ,bs).
Forr = s+ 1, this is true provided that |¢*| < |$-=3=| < /.

Proof. The proof is similar to that of Theorem 3.3. Denote the term on the left-hand
side of Lemma 4.2 by L', and those on the right-hand side by Ry, ..., R, respectively.
Likewise by taking by — ¢ directly in terms other than Rj, we get the right-hand side.
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The difference arises in Rj. The terms with n # —1 are no longer vanishing while
taking by — ¢, which results in an extra Lambert series. In this case we have

1 [al/bo,...,ar/bo]oo ) (—bo)Tﬁsbl"'bS g

lim R/ = lim

bo—q bo—q bo—q [bl/bo,.. b /b[)] ai - - a,
(s—r+1)n ,(s—r+1)n(n+1)/24+(s—r)n . n
+ [al/Q7-' ar/Qoo Z q — (al ar) .
[b1/q, . bs/qloc “—. 1—qn by ---bs
n#—1

Thus, denoting the first term by Ry, it suffices to show

lim (L' — RY) = ot (- g0y 4 S()) . (4.1)
bo—q [bla - 7bs]oo

This can be proved following procedures similar to proving (3.3). O

Now we set 7 = 1 and s = 2 in Theorem 4.3. By replacing ¢ by ¢ and taking
a; = —q'?, by = ¢ and by = ¢%, we obtain
.~ ( 1)n In?4+9n+3 o n 9n +15n+6

o0 n, 9In?2+3n
3. 9\ __ (_1) QQ * 2J3,18 —1)7q
8(_(] g ) - § : 1— q9n o Z 1— q9n+3 + Z 1 _ q9n+6

J9,18

n=-o0 n=-—00 n=-—00

n#0

This proves the second identity in Lemma 4.1 supplied that

JS s Je T2 1
S(=a'q’) = P (+2)

We will prove this in §5.

5. AN ALCORITHM FOR S-SERIES

The generalized Lambert series S defined in (3.2) appears as an encumbrance in our
expansions for infinite products. In this section, we show that S(4¢™;¢") with m,n
integers can be expanded as sums of infinite products. The following lemma shows
that, for special a, the function S(a) degenerates to concise forms.

Lemma 5.1. The function S has the following properties:
(1) S(-1) = -1, S(—q) = &
(2) S(aq) = S(a) +1, S(g/a) = =S(a);
(3) Let @ = (aq,...,a,). If (¢/a1,...,q/a,) is a permutation of a, we have S(a) =
0;
(4) S(¢%07") =S ¢).

Proof. Properties (1)-(3) are quite trivial. For (4), We have

00 1 e qsftn _ qfsftnft
q q - nz <]_ —q q—tn 1 — q—sq—tn—t) - ‘ (1 _ qs—tn)<1 _ q—s—tn—t) '

n=
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We multiply both the denominator and numerator of each term by ¢*Ttnttg—stin

deduce that

, and

> 1 1
s, —t\ __ _ s+t, t
S(q*q >Z<1_qs+m+f 1_q_s+m) =S ).

n=0

O

In view of (2) and (4), it suffices to consider S(£¢™; ¢") with m,n positive integers.
The following lemma is due to Andrews, Lewis and Liu [2]. Chan [5] provided another
proof using his generalized Lambert series identitites.

Lemma 5.2. For ]q| < 1, we have

[ab, be, cal o ( q"/a bt = q¢"/b
x _q 4 N~ 9/0
[abcabc +Zl—aq Zl—qn/oz Zl—bq" — 1—¢"/b
cq™ qr/c =, abeg” q"/abe
+;1—cq Z1—q”/c Z1—abcq Z1—q"/abc
(5.1)

We denote the infinite product on the left-hand side of Lemma 5.2 by P(a,b,c),
which is
[ab, be, cal o (a)5
la, b, ¢, abc]o

For the sake of brevity, we denote P(a,a,a) by P(a). Then, Lemma 5.2 shows that
P(a,b,c) =1+ S(a,b,c) — S(abe). (5.2)

P(U,, b7 C) = P(CL, b7 & Q) =

We are now equipped to propose an algorithm for S(4¢™; ¢") with arbitrary positive
integers m and n. First in (5.2), by replacing ¢ by ¢" and setting a = +¢™, b = £¢™
and ¢ = —¢" 2", we have

P(E£q™, £¢", —¢"*";¢") = 1 + S(£¢", £¢", —¢" " ¢") — S(—q"; ¢") (5.3)
1
=5 +25(+4";¢") - S(—¢*™; q").

Therefore, in order to obtain expansions for S(£¢™;¢") in terms of P-functions, we
need to calculate S(—¢*™;¢"). Our strategy is to implement a recursive procedure
using (5.2). Suppose that n = 3° - n’ with (3,n") = 1. We denote by k the order of 3
in the cyclic group Z, . Thus, we have

3¥ =1 (mod )

and accordingly
35TF = 3% (mod n). (5.4)
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Ji—1.9m

Then, by replacing all a,b, ¢ with —¢*
obtain a chain of identities as following;:

j=1: P(—¢*";q") =1+ 38(—q
j=s P(—¢* " q") = 1+ 38(—¢
j=s+1 P(—¢**™q") =1+ 38(—¢q

j=s+k:  P(=¢" ¢ =1438(—q

In view of (5.4) and Lemma 5.1(2), we are now able to solve S(—¢>

where j = 1,...,

s + k successively, we

35—1.9m, qn>

9

_ S(_q3s~2m;qn);
s s+1,
TG = S(=¢7 P )
3stk=l.om

L") = S(—=¢* P g,

":q"). Concretely,

the weighted summation of the first s identities with weights 3°~7 shows

3% —
2

33 12m n):

238 IP(—

1
+3°S(—q

2m

1q") — S(—¢* "5 q").

The welghted summation of the last k identities with weights 3°+*~7 shows

s+k

Z 3s+k—jfp(_q3j71.2m;qn) _

j=s+1

3F—1

Considering (5.4), we have
S(=¢"" ") =

Then we are able to calculate S(—gq

+3FS(—

S(_q35-2m; qn> +

Zm. q™), and consequently S(+¢™; ¢") by (5.3). We

S2m, n stkom. n
¢ q") = S(=¢7 Mg,

353k —1)-2m
n

summarize the algorithm as the followmg theorem.

Theorem 5.3. Suppose that m and n are positive integers withn = 3°-n’ and (3,n’) =

1. Denote by k the order of 3 in the cyclic group Z,,

2m _n s+k
S(+q™;q") =

J=1

S 37]
Y P
jzl 2(3F — 1)

P 12m

37-1.9m

3k
o T Z 2(3kF — 1)P<_

. Then, we have

;q")

q") + P(iq G =" ).

The length of the chain may be reduced for special m and n. We consider the first
[ identities in the chain. Their summation with weights 3'~7 gives

l , Sl .
D 3IP(=¢¥ ") = 5

j=1

L 3S(—

Zm’ qn) o S(_qSZ-Qm; qn) (55)
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Lemma 5.1 provides values of S at special points, which would help to shorten the
chain of identities. Suppose that

n=23"-2".n" with (3,n)=1and (2,n) =1,

m=3%.22.m with (3,m)=1and (2,m)=1.

We consider two special cases.
Case I: n/ | m' and t; < to + 1.
We take [ by setting

- {0, when s9 > sq, (5.6)
$1 — 89, when s9 < s1.
In this case, [ is the least nonnegative integer such that
3'-2m =0 (mod n).
By Lemma 5.1, we have
S(—¢*";q") = 5o 2m +8(=Lq") = Al % (5.7)

Considering (5.5), we are able to obtain S(—¢*™; ¢"), and consequently S(¢™;¢").
Case II: n' | m' and t; =ty + 2.
We take [ as in (5.6). Now [ is the least nonnegative integer such that

3" 2m =n/2 (mod n).

The discussion is similar to that of Case I. A tiny difference lies in (5.7), where we now
have

3t-2m —n/2 W 3h2m 1
SISl =

We summarize these two cases as the following corollary.

S(—=¢" i q") =

n 2

Corollary 5.4. Let m and n be positive integers. Suppose that there exists a least
nonnegative integer [ such that 3! - 4m = 0 (mod n). Then, we have

2m —n 377 i1 1

S(E+ag™: ") = e 37 2m, n - :l:m:l:m_anm,n.

(£q™;q") 5 +]Zl P(—q 1q") + 5P 2 =" ")
For example, when n = 3, we have [ = 1 in Corollary 5.4. We give the explicit

expansion for S(#¢; ¢*) in terms of infinite products. This completes the proof of (3.6)

and (4.2).
Corollary 5.5. We have
Jiels  Jiel3is 1

S(a: 3y — _ —
(45 4°) 120, 12786
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JS J3J2 1
Sl—a- ®) = 21672736 _ =
6. Mock THETA FUNCTIONS

Recall that the Appell-Lerch sum is defined as

e e}

—1)\r (g)zr
m(z,q,2) = - 1 Z (GRS

J(z;q) 1—qlaz’

r=—00

where z,z € C* with neither z nor zz an integral power of ¢. In [9], it is pointed out
that the third order mock theta functions w(q) and p(g) can be expressed in term of
m(z,q, z) as follows,

Je
JoJs6’
p(a) = ¢ 'mlq,¢° —q). (6.1)
A generalized Lambert series with simple poles is essentially an Appell-Lerch sums,
so they play a the key role in relating rank differences with mock theta functions. This
section is devoted to proving the relations between the rank differences of overpartitions
and mock theta functions, as stated in Theorem 1.5.

First we recall the universal mock theta function gs(x,q) defined by Gordon and
MeclIntosh [8]

w(q) = —2¢"'m(q,¢*, ¢*) +

1 > -1 nqn(n—l—l)
wlog) =5 Y0 S

N JLQ n 1-— .Can

Hickerson and Mortenson [9] showed that go(x,q) and m(z,q, z) have the following
relation,

92(z,q) = —z'm(z%q, ¢*, x). (6.2)

We are now in a position to give a proof of Theorem 1.5.

Proof of Theorem 1.5. From Theorem 1.3, we have

4 i (—1)ngPn+on 472 168
J36 1+ g3 tt 3063 T3 3Jadss

To(2) +73(2) =

(6.3)

Replacing ¢ by ¢® in (6.2) and setting z = —¢, we have
92(—4,4°) = ¢"'m(q. ¢°, —q),
and by (6.1), we deduce that

p(q) = 92(—4, %)
Together with the identity in [18, p.63]

3.3
w(q) +2p(q) = 7 Ji "
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we find that (6.3) can be transformed as follows:

Fo(2) + T5(2) = 4p(q) — 2 (w(q) + 20(q)) + 20
0 3 = 4plq 9 q P\aq 3<]1676J§<]§’,6
4 16 4712

4 > (_1)nq3n2+3n 2J§’

T1(2) —7T3(2) = —
Tl( ) 7"3( ) J36n:Z_OO 1_'_q3n+1 J2J3,6

)

= 2w(q),

and

10.

11.

[e.e]

2 3 (—1)rg #3107 LA
= 1@ Bhdze 3760y T3

10 4J82

2 10 4]0

Thus we complete the proof of Theorem 1.5. 0
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