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Abstract

Based on the recently-developed sum-of-exponential (SOE) approximation, in this article, we propose
a fast algorithm to evaluate the one-dimensional convolution potential ¢(z) = K x p = fol K(x —y)p(y)dy
at (non)uniformly distributed target grid points {x;};, where the kernel K (z) might be singular at the
origin and the source density function p(x) is given on a source grid {y; }é\le which can be different from
the target grid. It achieves an optimal accuracy, inherited from the interpolation of the density p(x), within
O(M + N) operations. Using the kernel’s SOE approximation Kgg, the potential is split into two integrals:
the exponential convolution ¢gs = Kgs * p and the local correction integral ¢cor = (K — Kgg) * p. The
exponential convolution is evaluated via the recurrence formula that is typical of the exponential function.
The local correction integral is restricted to a small neighborhood of the target point where the kernel
singularity is considered. Rigorous estimates of the optimal accuracy are provided. The algorithm is ideal
for parallelization and favors easy extensions to complicated kernels. Extensive numerical results for different
kernels are presented.
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1. Introduction

Pairwise interaction is common and important in computational physics and practical engineering, and
it is usually long-ranged and described by a continuous/discrete convolution. For example, the electrostatic
interactions of charged carriers are essential in simulating lightning, blue jet/gigantic jet in atmospheric
science, or in the corona discharges around power transmission lines [I2]. Such interactions are originally
three dimensional and the evaluations will cost huge amount of computational resources. Reduction to lower
dimensional convolutions is common and necessary for meaningful long-time simulations [I7, 2T]. Here we
focus on the following rescaled one-dimensional convolution

o(z) = / K(x—y)py)dy, Vel 1], (1.1)

where the kernel K (x),x € [—1, 1] might be singular at the origin and p(z) is the source density. Numerically,
the density p(z) may be given on a discrete source grid of N points, denoted as S := {y; };-V:O which might
be distributed nonuniformly, and the target grid of M points, denoted as T := {x;}M,, does not necessarily
coincide with the source grid. Usually, the source grid is given as finite difference/element/volume grid and
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is often nonuniform, so is the target grid. In this paper, we aim to design an accurate and fast algorithm
for on general grids.

When both the source and target grids are uniformly distributed, the evaluation boils down to
a discrete convolution [I0, 14, T9] and can be accelerated via the discrete Fast Fourier Transform within
O(N log N) operations. However, on nonuniform grids, a simple direct summation of the resulted quadra-
ture costs O(M N) operations, and usually bottlenecks practical simulations, therefore, it is imperative to
design fast algorithms for better efficiency while maintaining the accuracy. There have been several work
dealing with such convolutions. In 1999, Yarvin and Rokhlin proposed an improved Fast Multipole Method
[16] for the one dimensional discrete convolution with singular kernels, including 2=, log(z) and z~'/2.
Subsequently, Beylkin [4, [5] designed a fast discrete convolution algorithm of complexity O(NQ), where
@ is the number of exponentials, for a wider range of kernels. Recently, Greengard et al [8] proposed an
algorithm for finding nearly optimal SOE approximation for non-oscillatory functions, and applied the SOE
to calculate high dimensional spatial volume convolutions. Similar ideas using the recurrence scheme of the
exponential function has been developed and applied to many problems in various fields, e.g., the temporal
convolution whose integration domain is [0, ¢] rather than the whole interval [0,T7], in the context of nonre-
flecting boundary condition of the Schrédinger equation, wave equation, and fractional temporal derivatives
(see, for example [2] [13] [18]).

To compute the potential ¢, we first construct a sum-of-exponential approximation of the kernel

Q
Kgs(z) = que_%x, with wg, ag €C, R(ay) >0, (1.2)
g=1
such that
1K (x) — Kps(@)|loo <&, Yaze€ldl], (1.3)

with a small truncation parameter 0 < § < 1 and a prescribed accuracy 0 < € < 1, which can be controlled
as small as possible, e.g., 107 ~ 10712, The number of exponentials @ often depends on the prescribed
precision € logarithmically [7, 9]. Then, using the above SOE approximation, the potential is split as

oz) = / (K — Kys)( — y)p(y)dy + / Kes( — y)p(y)dy
- (/ +f )(K—KEsm—y) p(y) dy + dps (@)
[0,1]N[z—6,z+4] [0,1]\[z—6,2+4]
= ¢cor(x) + (,255(15) + d’ES(x) (14)

The exponential convolution

1 Q 1
dEs (@) :=/0 Kes(z — y)p(y)dy = qu/o el ¥l p(y)dy, (1.5)

can be computed within O((M + N)Q) operations for each exponentials via recurrence formula, and the
correction integral

boon(t) = / (K — Kps)(x — y)p(y)dy, (L6)
[0,1]N[z—6,2+4]

will be evaluated pointwisely which also costs O(M) operations. The remainder integral ¢s(z) is negligible
because

o5l < [ (K ~ Kes(o — )l ]p)ldy < <ol (1.7
[0,1]\[z—6,z+6]
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Therefore, we have

¢(x) = dus () + Peor(z) + O(e). (1.8)

The convolution evaluation boils down to the computation of the exponential convolution ¢gs(x) and the
local correction integral ¢s5(x) on the given discrete target grid.

The paper is organized as follows. In Section [2] we first briefly review the algorithm for finding the SOE
approximation, then describe the discrete exponential convolution and local correction integral computation
in details, followed by a discussion on the extension to asymmetric kernels and the error estimates. Extensive
numerical results are reported in Section [3] Finally, some conclusions are drawn in Section [4

2. Numerical algorithm

In this section, we briefly review the black-box algorithm for constructing the SOE approximation, and
introduce the computation of the exponential convolution ¢rg(z;) and local correction integral ¢cop(z;) in
details. A discussion on the extension to asymmetric kernels and the error estimate are provided in the last
two subsections. Note that the density p(x) is given on a discrete N-point source grid S, and we aim to
evaluate the potential on M-point target grid 7 which does not necessarily coincide with the source grid.

As described earlier, the evaluation is composed of three parts, i.e., the SOE approximation, the ex-
ponential convolution and the local correction integral. For sake of better readability, we first present the
algorithm below, then add details in later subsections.

Algorithm 1 Generalized SOE based fast convolution algorithm.

Require: Given a precision requirement ¢, the computational grid {y; ?’:0, the convolution kernel K, and
the discrete density p;, compute the potential ¢(x;) defined in .

Precomputation stage: select appropriate ¢ and construct the SOE approximation of K on [4, 1].
Compute the potential ¢gs(x;) as described in subsection ([2.2)).

Compute the potential ¢eop(z;) as shown in subsection

Sum up ¢ps(x;) and deor(x;) to achieve ¢(x;).

2.1. Black-box algorithm for the SOE approzimation

The algorithm was first described in [8], and consists of two steps. First, an accurate but inefficient SOE
approximation is obtained via a least squares procedure. That is, we select a large set of the exponential
nodes in such a way that the associated set of exponential functions are sufficient to represent the given
function, determine an oversampled grid on the given interval for the given function, and calculate the
weights of the SOE approximation by matching the function values on this discrete grid with the SOE
approximation in the sense of least squares. The least squares problem is simultaneously overdetermined
and rank-deficient, but can be solved in a backward stable fashion, namely, via an SVD based algorithm. This
will lead to a solution with a prescribed residual error. Second, a standard algorithm in model reduction
is applied to reduce the number of exponentials to achieve a nearly optimal SOE approximation. For
details, we refer the readers to [II]. Related SOE codes are now available at Shidong JIANG’s homepage
https://web.njit.edu/ jiang/pub.html.

2.2. Fast exponential convolution via recurrence: ¢gs(z;)

We notice that it is straightforward to parallelize the @-term exponential convolution , and it is
sufficient to describe the algorithm for one-exponential convolution, i.e., the convolution of e™** with the
density. It is clear that the convolution with the exponential function can be viewed as the solution to the
ordinary differential equation v’ = —au + p. Thus, such convolution can be computed in linear time using a


https://web.njit.edu/~jiang/pub.html
https://web.njit.edu/~jiang/pub.html

simple marching scheme. Alternatively, using the recurrence formula that stems from translation invariant

property of the exponential [4] [I6], the potential at x;,i =1,..., M can be rewritten as follows
1 N
I(z;) = / e~ lr i vlp(y)dy = Z/ eV p(y)dy
0 j=1vYi—-1
Yj Yig Yj+1
_ Z / e—a(ﬂci_y)p<y)dy +/ e—olTi— yl y)dy + Z / a(y—w;) p(y)dy
y; <x; Yj—1 Yig—1 ;i <y;
= P+ L;+ J;,

where P;, L; and J; are the first, second and last integral respectively and index [y € N is determined such
that x; lies in [y1,—1,y1,]-
We shall treat the above three terms respectively. For the third term J;, we have

Yi+1 Yj+1

Ji = e olmmmm) 37 e p(y)dy + Y e W) p(y)dy
Tip1<y; v Yi @i <y;j<wip1 VY
Yji+1
= e @I 4 Z e~ W= p(y)dy == e~ @m0 4 gL, (2.9)

2 <y;j<zip1 " YI

Once J¢ is available for each 4, all the J; can be computed recursively from Jps to Jy. In fact, all the J&
can be calculated explicitly. Specially, consider a linear interpolation of p(y) over [y;,y;+1], we have

Yi+1

: —aly—z; Yy—y; Yi+1 —
JC = 3 e~oy—=) (ij = )dy = > (L +pmlin),
@;<yj<mip1 * Y Yit1 =Y Yi+1 = Yj T <Y;<Tita

where the local coefficients I';, I'j 11 have analytical formula, depending on y;,y;4+1,%; and the exponent «,
and we omit it here for brevity. High order polynomial interpolation leads to similar local multiplications.
Therefore, one can compute all the J; within O(M + N) operations. Similarly, we can calculate the first
integral P; recursively within O(M + N) operations. All the integral L; can be computed within O(M)
operations.

Collecting all the Q-term exponential (1.2)), we get ¢rs(x;). The overall computation cost is O((M+N)Q)
with a storage requirement O(M +N +Q).

2.8. Fast local correction: ¢cor(;)

As is seen that SOE well approximates K(x) for larger z, which results in a numerically compact
supported integrand in (1.6, the effective integration interval is restricted to a small neighborhood of x;,
i.e.,

Geon () = / (K — Kes) (@i — y)p(y)dy. (2.10)
[0,1]N[z;—8,2;+06]

The effective interval may span several elements, and the element number depends on § and grid adaptivity.
For example, for z;, one will go through [y, Yig+1], - - - [Yir—1, Yi, ] Where y;, is the largest point that is no
greater than z; —  and y;, is the smallest point which is no less than z; + 4.

To integrate over the effective intervals, we first interpolate the density p(x) using local polynomials,
then integrate the SOE and kernel part respectively. The SOE integration is computed the same way
as shown above, and the kernel part is reduced to convolution with polynomials. The kernel integration
may have analytical expressions, e.g., convolution with the power function 1/z® results in polynomial-form
solutions. While for a more general kernel, it is usually not possible, or at least it takes great efforts to find



explicit solutions. In such cases, it is feasible to replace K (z) by its generalized m-th order Taylor series
approximation, i.e.,

K(z) = Kp(2z) :=Co(z) +CL 2+ Cy 2> + ...+ Cp, 2™,  for || < 6, (2.11)

where Cy(z) is the leading order asymptotic of the kernel, and might be singular. With such substitution, the
kernel contribution boils down to a polynomial-polynomial convolution, and it is polynomial-form solution
too. Discrepancy function EM (z;) := f[o 1N [wi—6,21-+6] (K — Kin)(zi — y)p(y)dy is estimated as follows:

cor

Ene)l < | f ij(K—Kmxxi—y)p(y)dy]

IA

/_65 ‘(K - Km)(y)‘ |p(@; — y)|dy

o
< cmn /5 lp(z; —y)|dy < C ™ |p|l 1,

™ oo < C5™FY|pl|:. The integer m and parameter § are chosen such that

[IE™ || is small enough. For weak singular and nearly singular kernels, it is important to have some a-priori
asymptotics around the singularity point.

The number of effective intervals for each x; depends on ¢ and the grid adaptively, and is basically O(1),
therefore the total cost of computing all the ¢cor(x;) is O(M). Summing up ¢gs(z;) and @cor(x;), we have
the potential ¢(z;). In total, the overall computation cost is O((M + N)Q) + O(M), and the maximum
storage requirement is O(M+N +Q).

and it immediately implies ||E

Remark 2.1. We remark here that it is easy to parallelize the second step, which takes up most of the
computational efforts, leading to a further reduction on the computational time if needed.

2.4. Adaptation to asymmetric kernels

The above algorithm works only for symmetric kernels, i.e., K(—z) = K(z), and cannot be applied
directly to the asymmetric case. For asymmetric kernels, we should modify the algorithm as follows. First,
instead of approximating the kernel over [0,1] by a single SOE approximation, we construct two different
SOE approximations over [4,1] and [—1, —d], denoted as Kjq and Kg with numbers of exponentials Q*
and ()~ respectively.

For the exponential convolution , in order to utilize the recurrence formula, we shall adopt Kgs(x)
for positive z, Kgq for negative z. The overall computation cost is O((M+N)(QT + Q7)) with a storage
requirement O(M+N +Q% + Q™). For the local correction integral , only the convolution of SOE and
the polynomials needs to updated, where the kernel is now switched as Kgs and K.

2.5. Error estimates

The convolution is decomposed as ¢(z) = ¢gs () + deor () + ¢s(z) as shown in (L.4). According to (L.7),
we do not need to compute ¢s5. Therefore, the numerical evaluation ¢y, (x) consists of two integrals

On(@) = Pisg () + Dpor (@), (2.12)

where (b%s, @" . are approximations of ¢gs,deor Dy replacing the density p with its approximation py(z),
and h = maxg<j<n (zj41 — x;) denotes the largest mesh size of the discrete grid.

For p(z) € C%([0,1]), assuming pp(x) is a linear interpolation approximation of p(z), by standard
numerical analysis, we know that the interpolation error is

o(z) — pr(@)] < ClpP o (yjsr — ¥5)* < ClpP |l B2,¥ @ € [y5,yj41), 5 =0,...,N — 1.
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First, the error estimate of the exponential convolution reads as follows

Q N1 ryjm
bes(o) = ols(@ll = [Yown > [ e 000) - pulo))dy
=1 j=0"7Yi

IA

211 () YR SR
CR2p@ e |3 sl Z/ e~aalevlgy
g=1 J=0 7Y

IN

Q
Ch2|1p?]| oo (Z |wq> < C(K,5,2) h2)|p® | oo,

g=1
where C(K,0,¢) is bounded and depends on the SOE approximation, and it immediately implies
||¢ES - ¢%SHOO < C(Ka 5’ E) hzllp(Q)HOO'

Second, the error estimates for the correction integral are

(Geon() — Bln(2)] = / (K — Kus)(@ — ) (0(y) — puy)) dy
[0,1]\[z—6,2+0]

z+0
< CR2p? / (K~ Kas)(z )y
) )
< CRp?ln <| / K (rye] + | / 5KEs<t>dt|>
< Ch¥|p? | (C(K,8) + 5 C(K,b,¢))

where C(K,J) = |fis K(t)dt| is bounded because the convolution (1.1)) is well-defined, and C(K,,¢) is
defined as above and bounded too. Therefore, we have the following estimates

9cor = Borlloe < CH2[|pP|c (C(K, ) + 6 C(K, b€)). (2.13)
Finally, we have the total estimates
16 = énlloo < C(K,6,)1%|p® oo + ellpll 1, (2.14)
where C(K,0,¢) is a bounded constant depending on the kernel K and SOE parameters J, €.

3. Numerical results

To demonstrate the accuracy and efficiency, we carry out several numerical experiments. All the numer-

ical errors are calculated in the relative maximum norm, defined as follows:
E), = H(b — ¢h||l°° _ MmaXg; eTh |¢($2) - ¢h($l)| ) (315)
[[@]]102 maxg, e7;, [¢(€i)|

Here ¢, is the numerical solution and ¢ is the reference solution. When the reference solution is not
available analytically, Ej is defined as ||¢n — ¢p2lli = maxg, e, [én(2:) — ¢nj2(2i)|. The convergence
order is calculated via the formula log(Er/E}/2)/ log(2). The computational time shown here is calculated
as the average of 50 evaluations without any parallel acceleration. The interval is uniformly discretized on
the grid 7, := {x]— =jh= j%,j =0,..., N}. For simplicity, the target points are chosen the same as source
points unless otherwise stated.

The algorithm has been implemented in FORTRAN, and all reported timing results are obtained using
a single 2.60GHz Intel(R) Core(TM) i7-6660U CPU with a 4-MB cache with the Intel compiler ifort and
optimization level -O3.




3.1. Multiquadrics

We consider multiquadric kernels that are quite common in electrostatic computation[20] 21]. The kernel
is K(z) = m, 0 < a < 1, and the potential ¢(z) generated by some simple source functions are given
explicitly as

z24+a?—zx
ola) = (3.16)
Va2 + (1 —2)2 — Va2 + 22+ zlog ((1m)+ a2+(1m)2) . plz) =z

a?+x2—z

log <\/ (1—z)2+a?+(1— x)) p(x) _ 1’

In this example, the kernel parameter is chosen a = 1073. The local correction integral is computed
exactly, thus waiving the Taylor approximation . The SOE approximation parameters are chosen as
e =10"12§ = 1078, and the number of exponentials is 139.

First, we present the accuracy and efficiency results for a linear source function p(z) = %(1 + z) for
different NV in Table [} The exact solution ¢(z) is a linear combination of ([3.16). As the source function is
fully resolved by piecewise elements, the accuracy depends only on the approximation parameters £ and 9,
which are sufficiently small to ensure accurate evaluation, see (2.14]). The computational time scales linearly
with N as expected, and it takes about 3 seconds for one million points.

Second, we choose a Gaussian density p(xz) = e=4@=3)" and adopt a linear element approximation.
Table [2] displays the successive errors Ej, for different mesh sizes, and the convergence rates. A second order
convergence in mesh size h is clearly shown in Table

Table 1: Accuracy and CPU time (in seconds) for multiquardics K(x) = \/z;ﬁ with different V.
N 102 10° 10* 10° 10°
by 3.564E-11 1.208E-10 2.183E-11 1.576E-10 3.629E-9
Time 4.190E-4 2.948E-3 2.676E-2 2.950E-1 3.686

142
Table 2: Second order convergence for multiquardics kernel with Gaussian density p(x) = e=*==3)" and hg = 10-3.

h/ho 1 1/2 1/4 1/8 1/16
E 5.876E-6 1.469E-6 3.675E-7 9.204E-8 2.307E-8
Rate 2.000 1.999 1.998 1.996 -

3.2. Power function

We consider the power kernel K (x) = 2~ with 0 < a < 1, which has close connections with temporal
fractional derivative. The potential ¢(x) generated by a linear source p(z) is given explicitly as
e (@ (-2, pla) =1,
¢(.’E) = 2(2—) . Z)l— _p)2—e (317)
Tae—a T Gl — 4 52— p(a) ==

The SOE approximation parameters are chosen as ¢ = 107'2,§ = 107%, and the number of exponentials
for different « is around 120. Similarly to the multiquardics kernel, the local correction integral is also
computed exactly, thus waiving the Taylor approximation (2.11)).
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First, we present the number of exponentials () and the accuracy results for a linear source function
p(z) = 3(1 + ) in Table [3{ on uniform grids and the Chebyshev grids (z; = (1 — cos(32))) for different
exponents «, and the exact solution ¢(z) is a linear combination of (38.17). Second, CPU time (in seconds) is
shown in Table |4/ for the randomly distributed grid with a = %, from which the linear scaling with respect to
N is clearly observed. Finally, we present the successive errors Ej, and its convergence rate for the Gaussian
density p(z) = e~ in Table from which one can see clearly a second order convergence rate.

Table 3: Accuracy for the power kernel K (z) = z~ with N = 10* on the uniform and Chebyshev grid.

o 0.25 0.5 0.75 0.85 0.95 0.99
Q 122 123 125 125 127 127
Uniform 1.964E-11 2.898E-10 7.606E-9 7.523E-9 1.390E-8 4.012E-9
Chebyshev 1.830E-11 3.255E-10 4.704E-9 1.108E-8 1.418E-8 4.766E-9

Table 4: CPU time (in seconds) for the power kernel K(z) = 2~ 3% case on randomly nonuniform grids.

N/10 1 2 4 8 16 32 64
Time 2.921E-02  5910B-02  1.234E-01  2828E-01  50989E-01 1297 2296

Table 5: Second order convergence for power kernels with Gaussian density p(z) = e=*" and ho =0.1.

h/hg 1 1/2 1/4 1/8 1/16 1/32
a=1 Ep 8.808E-4 2.24TE-4 5.685E-5 1.431E5 3.592E-6 9.000E-7
Rate 1.971 1.983 1.990 1.994 1.997 -
a=1 Ep, 1.732E-3 4.600E-4 1.194E-4 3.053E-5 7.819E-6 1.937E-6
Rate 1.913 1.946 1.967 1.965 2.013 -
a=3 Ej, 3.556E-3 1.006E-3 2.733E-4 7.295E-5 1.935E-5 4.991E-6
Rate 1.822 1.880 1.905 1.915 1.955 -

3.3. Kernel arising from photoionization

We consider a cylindrically symmetric density, i.e., p(x,y,z) = p(r,0,2), r = \/22 + y. The original
three dimensional convolution

e_)‘l |x‘ — e_XQ ‘Xl

d(x)=Uxp, with U(x)= R a—

x €R3, A\, )\ €RT, (3.18)

is also cylindrically symmetric. With a further assumption that the density is distributed uniformly over a
small disk, i.e., % =0, 0 <r < rg, the potential along z-axis is given below

z2

¢(z) = 2m /Z2 p(2)dz' /m U ( r2+(z — z’)2> rdr = 27r/ p(z2K(z — 2")dz'. (3.19)

z1 0 z1



The kernel K (z) is symmetric and reads as follows

rd o . . Ry 7 - . A2 Ry o
K(z) = /O exp( >\1R)R3exp( /\QR)TdT:/ exp( AlR)RQexp( AQR)dRA d)\/ %R)\R)dl%

(€*>\12 _ efAzz)Rd _ (6*>\le _ e*)\2Rd)Z

- Raz +A1(To(ARa) = To(A12)) + A2(To(A22) — Fo(A2Ra))

where R = V12422, Ry = \/r2+ 2% and Ty(z) = I'(0,2) := [t~ 'e'dt is the incomplete gamma
function[I]. The asymptotic analysis of K (z) around z =0 is

K(z) =~ (M= A2)log(2) + (ve — 1)(A1 — A2)
e~ TdA2 _ g—TdM

1
—‘r/\lF()(?“d)\l) — )\QFQ(Td)\g) + M 10g()\1) — Aa log()\g) + 7"— + 5()\% — /\?)Z (320)
d

The original convolution (3.19)) is rescaled to the standard form

1 ~
@) = 2n(21 — 20) / RGE-9) 7@ dj,  Fe), (3.21)

with p(Z) = p(x), = = 20 + (21 — 20)% and K(2) = K(2), z = (21 — 20)%.

Here we choose a set of parameters: A\; = 5.32, \y = 304,27 = 0,29 = 100, r4 = 0.1 [22]. The SOE
approximation parameters are set € = 10710, § = 1076, and the number of exponentials is 174. In the local
correction integral , the kernel can not be integrated simply like in the last two examples. Therefore, we
use the first order Taylor series approximation for the kernel, i.e., setting m = 1 in , and the remainder
is C0%||p||z+ =~ 10712, which is practically small enough to guarantee the second order convergence O(h?).
Table é displays the successive errors Ej, and the convergence rate for a Gaussian density p(z) = e~ 4@=1/ 2)2,
from which one can observe a second order convergence clearly.

Table 6: Second order convergence for photoionization kernel with Gaussian density p(z) = 674(17%>2 and hg = 0.005.

h/ho 1 1/2 1/4 1/8 1/16 1/32
E, 2.826E-1 7.076E-2 1.770E-2 142753 1.107E-3 2.767E-4
Rate 1.998 1.999 1.999 1.999 2.000 -

4. Conclusions

We proposed an accurate and fast algorithm for the one-dimensional spatial convolution based on sum-
of-exponential (SOE) approximation of the kernel. The convolution evaluation boils down to the exponential
convolution ¢gs = Kgg *p and the local correction integral ¢co,(z) = f[o,l]m[z—é,a;+5] (K — Kgs)(z—1y)p(y)dy,
and both are computed in O(M + N) operations on discrete uniform/nonuniform grids. The exponential
convolution is calculated via standard recurrence formulas. The accurate local correction calculation is
done by approximating the density with its low order Taylor series in a small neighborhood of length ¢ and
integrating the kernel’s singularity with polynomials as accurately as possible. Our algorithm is ideal for
parallelization and favors easy extensions to complicated kernel with SOE. Extensive numerical results for
different kernels have shown its efficiency, accuracy and easy extension, which implies its possible application
in real simulations.
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