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Abstract

For two s-uniform hypergraphs H and F, the Turdn number exs(H, F) is the
maximum number of edges in an F-free subgraph of H. Let s,7 k,ny,...,n, be
integers satisfying 2 < s < r and n; < ny < --- < n,.. De Silva, Heysse and
Young determined exs (K, ... ., kK2) and De Silva, Heysse, Kapilow, Schenfisch and
Young determined exa (K, n,,kK,). In this paper, as a generalization of these
results, we consider three Turdn-type problems for k disjoint cliques in r-partite s-
uniform hypergraphs. First, we consider a multi-partite version of the Erdés matching
conjecture and determine ea:s(KT(,f?,__?nT,kK‘gs)) for ny > sk? + sr. Then, using a
,,,,, o KK for all ny > k. Recently,
Alon and Shikhelman determined asymptotically, for all F', the generalized Turédn
number exs(K,, K, F'), which is the maximum number of copies of K in an F-free

probabilistic argument, we determine ea:s(Kr(f1

graph on n vertices. Here we determine exy(Ky, .. n., Ks, kK,) with ny > k and ng =
-+« = n,.. Utilizing a result on rainbow matchings due to Glebov, Sudakov and Szabd,
we determine exs (K, . n,., Ks, kK,) for all ny,...,n, with ng > r"(k — 1)k* =2
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1 Introduction

An s-uniform hypergraph, or simply an s-graph, is a hypergraph whose edges have exactly
s vertices. For an s-graph H, let V/(H) be the vertex set of H and E(H ) the edge set of H.
An s-graph H is called F-free if H does not contain any copy of F' as a subgraph. For two
s-graphs H and F', the Turdn number exs(H, F') is the maximum number of edges of an
F-free subgraph of H. Denote by Kt(s) the complete s-graph on t vertices. A copy of Kt(s)
in an s-graph H is also called a t-clique of H. Let k:Kt(s) denote the s-graph consisting
of k vertex-disjoint copies of Kt(s). If t = s, then kKés) represents a matching of size k.
Let ny,...,n, be integers and V1, Vs, ..., V, be disjoint vertex sets with |V;| = n; for each

i =1,...,7. A complete r-partite s-graph on vertex classes V1, Va,..., V., denoted by



K(S)(Vl, Va,...,V;) or K,({?n%,,nr, is defined to be the s-graph whose edge set consists of
all the s-element subsets S of V1 UV, U---UV, such that |SNV;| < 1foralli=1,...,r. An
s-graph H is called an r-partite s-graph on vertex classes Vq, Va, ..., V,. if H is a subgraph
of K&)(V1,Va,...,V;). For s = 2, we often write Ky, kKy, K(Vi,Va, ..., Vi), Knyna...onn
and ex(H, F) instead of K2 kK® KO, Vo, ..., V;), K\ s and exo(H, F). Let
[n] denote the set {1,2,...,n} and [m,n| denote the set {m,m+1,...,n} for m <n.

Turén-type problems were first considered by Mantel [17] in 1907, who determined
ex(Ky, K3). In 1941, Turan [19] showed that the balanced complete t-partite graph on n
vertices, called the Turdn graph and denoted by 7}, ;, is the unique graph that maximises
the number of edges among all K;-free graphs on n vertices. Since then, Turdn numbers
of graphs and hypergraphs have been extensively studied. However, even though lots
of progress has been made, most of the Turan problems for bipartite graphs and for
hypergraphs are still open. Specifically, none of the Turdn numbers ex, (K,(LS), Kt(s)) with
t > s > 2 has yet been determined, even asymptotically. We recommend the reader to
consult [15, 18] for surveys on Turdn numbers of graphs and hypergraphs.

Many problems in additive combinatorics are closely related to Turdn-type problems in
multi-partite graphs and hypergraphs. Recently, Turdn problems in multi-partite graphs
have received a lot of attention, see [3, 6, 14]. The following result, which is attributed to
De Silva, Heysse and Young, determines ex(Ky, . p,,kK2).

Theorem 1.1. Forny <ng <---<n, and k < nq,
ex(Kny ns,...on,, kKEK2) = (k= 1)(na + - -+ + ny).

Since it seems that their preprint has not been published online, we present a proof of
Theorem 1.1 in the Appendix for the completeness of the paper. In [6], De Silva, Heysse,
Kapilow, Schenfisch and Young determined ex (K, . n,, kK;).

Theorem 1.2. [6] Forn; <ng <---<mn, and k < ny,

ex(Kp, ..n, kK;) Z nin; —ning + (k — 1)ng

1<i<j<r

In this paper, we consider three Turan-type problems for k disjoint cliques in r-partite
s-graphs. Let ni,na,...,n, be integers. For any A C [r], denote [[;c 4 n; by na. Define

£ (na, o) = ) Y na
AACQT‘]
[Al=
g,is)(nl,ng, . Z na—nyg+ (k—1npy,
Asach
[Al=

and

hl(:)<n17n2a---vnr): Z na+ Z k—1)nona.

A:AC(r] AAC 37‘
A]=s.{1,2}¢ A |A|=

Theorem 1.3. For2 < s<r, k>1andny < ng < --- < n,, if ng > s3k + sr for
s<r—2:n1>sk>+sr fors=r—1andny >k fors=r, then

exs(K$) o 0 kED) = £ (na, .. ny).



It should be mentioned that the problem in Theorem 1.3 can be viewed as a multi-
partite version of the Erd6s matching conjecture, which states that

ews(KéS%kK(gs)) :max{<k8— 1>7 (n) _ (n—k—i—l)}
S S S

and is still open when n is close to s(k — 1), see [5, 7, 10, 11, 12] for recent progress.
The lower bound in Theorem 1.3 follows from the following construction. Let H; be an
r-partite s-graph on vertex classes Vp, Vs, ..., V, with sizes ny,ns, ..., n,, respectively. Let
V/ be a (k — 1)-element subset of Vi. An edge S of K®)(Vi,Va,...,V,) forms an edge of
Hy if and only if SNV{ # 0. It is easy to see that H; is ngs)—free. Otherwise, if H; has
a matching of size k, then we have |V{| > k since each edge of H; contains a vertex in V7.

).

As our second main result, we use a probabilistic argument to determine ex (KT(le)nT, kK,

Theorem 1.4. For2<s<r,ny<no<---<n, and k < nq,

exs (K(s) kKﬁS)) = g,(f)(nl,nQ, ce ).

NLyeeyNr?

The lower bound in Theorem 1.4 follows from the following construction. Let Hs be an
r-partite s-graph on vertex classes V1, Vs, ..., V, with sizes ny, na, ..., n,, respectively. Let
V{ be an (ny — k+ 1)-element subset of V; and let Hy be obtained by deleting all the edges
of K(S)(Vl’,Vg, ..., Vg) from K(S)(Vl,VQ, ..., V.). Tt is easy to see that Hj is kKﬁS)—free.
Otherwise, if there are) k vertex-disjoint copies of K,ES) in Ho, then we have |Vi \ V]| > k

We also consider the generalized Turdn problem in multi-partite graphs. Let ex(G, T, F')

since each copy of KT(S in Hy contains a vertex in V; \ V1/

denote the maximum number of copies of T" in an F-free subgraph of G. The first result of
this type is due to Zykov [20], who showed that the Turdn graph also maximises the number
of s-cliques in an n-vertex K 1-free graph for s < ¢. Recently, Alon and Shikhelman [2] de-
termined ex(K,, K, F') asymptotically for any F' with chromatic number x(F') = t+1 > s.
Precisely, they proved that

ex(Kp, K, F) = ks(Tpt) + o(n®),

where kg(T5,,+) denotes the number of s-cliques in the Turdn graph T}, ;. Later, the error
term of this result was further improved by Ma and Qiu [16].

In this paper, we also study the maximum number of s-cliques in a kK,-free subgraph
of Ky,....n,.. By the same probabilistic argument as in the proof of Theorem 1.4, we obtain
the following result.

Theorem 1.5. For2<s<r,ni <ng <ngandk <nq,

€$(Kn1,n2,n3, oo, Nn3s Ksa kKT) - hLS) (nh n2,ns3, ... 7n3)'
r—2 r—2
Note that for r = 3, s < 3 and arbitrary n;, na, n3, the Turdn number ex (Kp, nyng, Ks, KK3)
is determined by Theorem 1.5. Utilizing a result on rainbow matchings due to Glebov, Su-

dakov and Szabé [13], we also determine ex(Ky,,, . n,, K, kK;) for r > 4 and ny sufficiently
larger than k.

Theorem 1.6. Forr > 4, 2 < s < r,ny < ng < - < n, and k < nq, if ng >
r"(k — 1)k? =2, then

exr (Knl,...,nm Ks> kKr) = h](CS) (nb ng,... 7nr)-



The lower bounds in Theorems 1.5 and 1.6 follow from the same construction as follows.
Let G be an r-partite graph on Vi, Vo, ..., V.., which are of sizes ny, ns, ..., n,, respectively.
Let V{ be an (n; — k + 1)-element subset of Vj. Then G is obtained by deleting all the
edges of K(V{,Va) from K(V1,Va,...,V,). It is easy to see that G is kK, -free. Otherwise,
if there are k vertex-disjoint copies of K, in G, then we have |V \ V{| > k since each copy
of K, in G contains a vertex in Vi \ V/.

The rest of the paper is organized as follows. We will prove Theorem 1.3 in Section 2.
In Section 3, we prove Theorem 1.4. In Section 4, we prove Theorems 1.5 and 1.6.

2 Turan number of kKés) in r-partite s-graphs

In this section, we prove Theorem 1.3. First, we consider the case s = r, which is the base
case for other results in this paper. Aharoni and Howard [1] determined the maximum

(

number of edges in a balanced r-partite r-graph that is kK, TT)-free. By the same argument,
we prove the following result:

Lemma 2.1. For any integers 1 <k <ny3 <ng <--- < n,,

e, (K KK = (k= 1)ng - - n,.

N yeeey Ny ? r

Proof. We shall partition the edge set of K(’“)(Vl, ..., V) into nang - - - n, matchings of size
ny each. Let V; = {v;0,vi1,...,0in,—1} for i =1,2,...,r and

A=1[0,n0 —1] x [0,n3 — 1] x -+ x [0,n, — 1].
For any (r — 1)-tuple (z2,x3,...,2z,) € A, define

E(:C% L3y - - - 7xr) = {{Ul,xv V2, (z+z2) mod ngs « * +» Ur (z+=,) mod nr} HEAES [07 ny — 1}} :
It is easy to see that E(xg,xs,...,x,) is a matching of size n;. Moreover, let
QO ={E(z2,x3,...,2,): (x2,23,...,2,) € A}.

We shall show that €2 forms a partition of the edge set of K(T)(Y/l, ..., V;). On one hand,
let e = {v12,,V209,--.,0r4,} be an edge in K(T)(Vl,...,VT) with v;,, € V; for each
i1=1,2,...,r. Define

yi = (z; — x1) mod n;
for each ¢ = 2,...,r. It is easy to check that e € E(y2,ys,...,yr). Moreover, for each
(z2,3,...,2,) €A, B(x9,23,...,7,) C E(K"(Vi,...,V;)) holds. Thus, we have

E(K(T)(VL...,VT)): U E(zg,x3,...,2).
(22,33,....57) EA
On the other hand7 for any two different tuples (y27 Yz, . .- 73/7")7 (ZQa 23y e vy Z’r) S A, we claim
that E(y2,ys,...,yr)NE(22,23,...,2,) = (. Otherwise if there exists {01,351,02,127 N 7’UT,$T}
€ E(y2,y3,-..,yr) N E(29,23,...,2), then we have

x; = (x1 + y;) mod n; = (z1 + 2;) mod n;

for all : = 2,...,r. It follows that y; = z; mod n;. Since y;,z € {0,1,...,n; — 1}, we
obtain y; = z; for all ¢ = 2,...,r, a contradiction. Therefore, {2 forms a partition of the
edge set of K (Vq,...,V;).



Assume that H € K((Vy,...,V,) and e(H) > (k—1)ng - - - n, + 1. Then the partition
{E(H)N E(x2,23,...,2,): (x2,23,...,7,) € A}

of E(H) shows that at least one of the matchings F(H) N E(x2,x3,...,%,) has size k or
more, a contradiction.

For the lower bound, K,g’;)l ngmy 18 @ quST)-free r-graph with (k — 1)ng - - - n, edges.
Thus, we conclude that e:rr(Kfl?,wm, k:Ky)) =(k—1ng---n,. ]

Let H be an s-graph. For u,v € V(H) and e € E(H), we define a shifting operator
Suv on e as follows:

{ (e\{v}) U{u}, ifvee ugeand (e\{v})U{u} ¢ E(H),

e, otherwise.

Suv(e) =

Define Sy, (H) be the s-graph with vertex set V(H) and edge set {Su,(e): e € E(H)}.

It is easy to see that e(Sy,(H)) = e(H). Let v(H) denote the size of a largest matching
in H. Frankl [9] showed that applying the shifting operator to H does not increase v(H).
For the completeness we also include a short proof of this.

Lemma 2.2. [9] Let H be an s-graph. For any u,v € V(H),
v(Sw(H)) < v(H).

Proof. Suppose for contradiction that v(H) = k but v(Sy,(H)) = k+ 1. Let M =
{e1,€2,...,er+1} be a matching of size k + 1 in S,,,(H). Since each edge in E(Sy,(H)) \
E(H) contains u, it follows that exactly one of ej,ea,...,ex1 is not in H. Without
loss of generality, we assume that ex,1 ¢ E(H). Then, u € eypy1, v & exqy and €} =
exv1 \ {u} U {v} € E(H). Since v(H) = k, it is easy to see that e}, Ne; = {v} for
some i € [k]. Since e; € E(H) N E(Syw(H)) and u ¢ e;, by the definition of Sy, we have
e; = e; \{v} U{u} € E(H). Then, M \ {e;,ex11} U {ej, €}, ,} forms a matching of size

k+1in H, a contradiction. O

Let H be an r-partite s-graph on vertex classes V1, Vs, ..., V,, and
Vi=Aai1,ai2,...,0in,}
for i =1,2,...,r. Define a partial order < on V = U]_,V; such that
ai1 < aj2 =< - <X Ajp,

for each ¢ and vertices from different parts are incomparable. For two different edges
Sy = {ai,az,...,as} and Sy = {by,bo,..., b} in K"(Vi,...,V;), we define S; < Sy if
and only if there exists a permutation cio9-- -0y of [s] such that a; < bgj or aj = bgj
holds for all j =1,...,s.

An r-partite s-graph H is called a stable r-partite s-graph if Su,(H) = H holds for
all a,b € V(H) with a < b. If H is stable and e € E(H), it is easy to see that for any
s-element vertex subset S with S < e, we have S € F(H). Indeed, let S = {a1,a2,...,as}
and e = {b1,ba,...,bs} . Without loss of generality, we may assume that a; < b; for each
i=1,...,50 and a; = b; for each i = 59+ 1,...,s. Since Sy,,(H) = H and e € E(H),
it is easy to see that e; = e\ {b1} U{a1} € E(H). Since Squ,(H) = H and e; € E(H),



it follows that ea = e; \ {b2} U {a2} € E(H). Repeat the same argument for i = 3,..., so
and we shall obtain that S € E(H).

To obtain a stable r-partite s-graph, we can apply the shifting operator to H iteratively.
For an intermediate step, let H* be the current r-partite s-graph. If H* is stable, we are
done. If H* is not stable, there exists a pair (a,b) such that a < b and Sy(H*) # H*.
Then, apply S, to H* and we obtain a new r-partite s-graph. Define

-y Y Y

ecE(H*) i=1 j:a; j€e

Since after each step g(H*) decreases strictly and g(H) > 0 holds for all the non-empty
r-partite s-graphs H, the process will end in finite steps. It should be mentioned that if
we apply the shifting operator in different orders, at the end we may arrive at different
stable r-partite s-graphs. For more properties of the shifting operator, we refer the reader
o [10].

For u,v € V(H), let Ly (u) denote the set of edges in H containing u and Ly (u,v)
denote the set of edges in H containing u and v. Let dy(u) and dg(u,v) denote the
cardinality of Ly (u) and Ly (u,v), respectively. For X C V(H), let I'7 (X)) denote the set
of edges in H that intersect X. It should be noticed that I'gy({u}) is the same as L (u).
The subscripts will be dropped if there is no confusion. For S C V(H), let H[S] denote
the s-graph induced by S and H \ S the s-graph induced by V(H) \ S.

Lemma 2.3. For 3 < s <r —1, ifnZSgk—{—srforsgr—Q andn253k2+srf07“
s=r—1, then

e (K) . kKEO) = (k= 1) (Z - Dnl
—_———r

Proof. We prove the lemma by induction on k. For k = 1, the lemma holds trivially.
Suppose that the lemma holds for all ¥’ < k and H is a kK Lgs)—free subgraph of Kfi)‘ on
N——

with the maximum number of edges. By Lemma 2.2, we may further assume that His
stable. Let Ty = {a1,1,a21,...,ar1}, V(H \ Tp) = ¢t and M’ = {e1,...,e:} be a largest
matching in H \ Typ. Since H is stable, H[Tp] is not empty. Then, it is easy to see that
t < k — 2. Otherwise, for any edge e € H[Tp|, {e} UM’ forms a matching of size k
in H. Since H \ Ty is (t + 1)K§S)—free and n —1 > s3(t +1) +rs for s < 7 — 2 and
n—1>s3(t+1)%2+rs for s =7 — 1, by the induction hypothesis, it follows that

e(H\ Ty) < t<; - i) (n—1)"1.

] () P (R [

then we conclude that

e(H) = e(H \ Ty) + [0(Ty)| < (k — 1) C - 1)”5_1'

If

Thus, we are left with the case

ID(Ty)| > (k — 1) (Z - 1) nsl - t(z - D (n— 1)L (2.1)



We will show that inequality (2.1) either implies the lemma or leads to a contradiction.
The proof splits into two cases according to the value of ¢.

Case 1. t = k — 2. Without loss of generality, assume that a1 is the vertex in Tj
with the maximum degree within H. Since

> d(ain) = [T (To),

i=1
by the inequality (2.1) it follows that

(o) = ~IT(Ty)

> 1(; - 1) ((k = D0t = (k= 2)(n — 1))

r

S Lir—1 i1
T r\s—1
Then, the structure of H can be partly described by the following claim.

Claim 1. Every edge in H intersects V.

Proof. Suppose to the contrary that there exists an edge in H that does not intersect V;.
Since H is stable, there exists an edge in Tp that does not contain aq ;. Let eg be such
an edge. Let S be the set of vertices covered by the edges in M’ U {eg}, where, as before,
M’ is a matching of size k — 2 in H \ Ty. Clearly, |S| = (k — 1)s. For each u € S, the
number of edges containing v and a;; is at most (;:g)ns_Q. Then, there are at most
(k — 1)5(2:3)715_2 edges in L(aj,1) that intersect S. It follows that the number of edges

in L(a;,1) that are disjoint from the edges in M’ U {eg} is at least

d(ary) — (k - 1)3(: - ;)ns—z

> (’; B Dnl (k- 1)s<: B g) ne=?
() (e )

>0,

where the last inequality follows from the assumption that n > 2s2k. Thus, let e; be an
edge in L(ay,1) that is disjoint from the edges in M’ U {ep}. Then M’ U {ep, e} forms a
matching of size k in H, which contradicts the fact that H is kK gs)—free. Therefore, the
claim holds. O

Define an r-partite r-graph H* on vertex classes Vi, ..., V.. An r-element subset T of
V(H) forms an edge of H* if H[T] is non-empty and |[TNV;| = 1fori=1,...,r. Since H is
,1<:K§5)—free7 it follows that H* is kK" -free. By Lemma 2.1, we have e(H*) < (k—1)n"~1.
Now we prove the result by double counting. Let

& ={(e,T): e € E(H),T € E<K<’“)(m,1/2,...,w)), and e C T}.

For every T' = {x1,x9,...,2,} € E(H*) with z; € V; for each i, since by Claim 1 each
edge in H[T| contains x1, it follows that

ewvbs(‘ﬁ.

s—1

7



Moreover, H|[T] is non-empty if and only if 7" forms an edge in H*. Thus,

ol < -0 (0 7)):

On the other hand, each edge in H appears in n"~* pairs in ®. Therefore, we have

e(H) = |B] /" < (k — 1) (Z - 1) el

Case 2. t < k — 3. Let X be the set of vertices in Ty with degree greater than

%(Z:})ns_l and Y =Ty \ X.

First, we prove the following claim, which will be used several times.
Claim 2. v(H\ X) <k—-1-|X|.

Proof. Suppose to the contrary that v(H \ X) > k — | X|. Let M* be a largest matching
in H\ X. We shall show that M* can be greedily enlarged to a matching of size k in H,
which contradicts the fact that v(H) < k — 1. Since v(H \ X) > k — | X], it follows that
I X|>k—v(H\X)=Fk—|M*. Let | =k — |M*| and x1,22,...,2; be [ vertices in X.
Set X;L = {211, Tit2,...,2;} and My = M*. Note that

1 /r—1
d >7 s—1
(331) - 2r (5 — l)n
n .r—l‘ r—2 52
2(s—=1) r s—2
>7n .g. r_2 n5_2
“2(s—1) 3 \s—2
r—2
k- s—2
> S (8_2>n

r—2 _
> (ols + 17 (75 )2

2

where the second inequality follows from the fact that » > 3, the third inequality follows
form the assumption that n > 3s2k and the last inequality follows from the fact that
k = |M*|+1 > |My|+|X;|. Since there are at most (]Mg\s—i—\Xf])(;:g)nS*z edges in L(z1)
that intersect (Ueens,e) U X, we can choose €} from L(x1) such that My = My U {e}} is
a matching of size |My| + 1 and x9,x3,...,2; are not used. Now we continue to choose
an edge from each of L(x2), ..., L(x;) to enlarge the matching. When dealing with L(z;),
note that | X; | = —i. Since there are at most (|M;_1|s + |X;r|)(£:§)n5_2 edges in L(x;)
that intersect (Ueens, ,€) U X;" and

-2
> (als+ 130 (12 5)

where the last inequality follows from k = |[M*| +1 > |M;_1| + |X;"|, therefore we can
choose €] from L(x;) such that M; = M;_; U {e,} is a matching of size |M;_;| + 1 and



ZTi+1,Tit2,-..,2; are not used. Finally, we end up with M;, which is a matching of size
|M*| + 1 = k. It contradicts the fact that H is ngS)—free. Thus, we conclude that
v(H\X)<k—-1-|X| O

Then, we show that the sizes of both X and the matching number of H \ X can be
determined by the matching number of H \ Tj.
Claim 3. |[X|=k—1—1.
Proof. By Claim 2 we have

t=v(H\Tp) <v(H\X)<k-1-|X|

Thus, | X|<k—-1—t If | X| <k—2—t, then

T_]_ 871 ]. ’I“—l 871
< — —
ez < X102 e+ - 1xD - 5 (D)

e ) e
< <(k:2t) <121T> +;> (::Dns_l
< (k- 1—t)<2_1)n317

which contradicts the inequality (2.1). Thus, the claim holds. O
Claim 4. v(H\ X) =v(H \ Tp) =t.
Proof. By Claims 2 and 3, we have

vH\X)<k-1—-|X|=t=v(H\T)).

Moreover, since H \ Ty is a subgraph of H \ X, it follows that v(H \ X) > v(H \ Tp). Thus,
the claim holds. O

We also claim that Y cannot be an empty set. Otherwise, by Claim 3 we have

s—1

e Bl e (e ] ()

which contradicts the inequality (2.1).

By Claim 4, we have that all edges in LH\X(y) intersect U.epsre for each y € Y.
Otherwise, if there exists an edge ep in L\ x(y) that is disjoint from Ueepsre for some
y €Y, then M'U{ep} forms a matching of size t +1 in H \ X, a contradiction. Then, we
can obtain an upper bound on |I'g\ x (Y)| by the following argument. For e; € M’, define
a bipartite graph G; on vertex classes Y and e;, where e; is viewed as one of the sides of
G;. For u € ¢; and v € Y, {u,v} is an edge of G; if dg x(u,v) > (t + 1)3(2:2)715_3. If

there is an i such that v(G;) > 2, let {up, vp} and {ug, v,} be two disjoint edges of G; with

-3
3
intersect (Ueensre)U{vg}\{up}, we can find an edge f, in L x (up, vp) that is disjoint from
(Ueenmre)U{vg} \{up}. Similarly, there are at most (t—i—l)s(g:g) n*~3 edges in L x (ug, vg)

that intersect (Ueerrre) U {fp} \ {uq}. Thus, we can find an edge f; in Lg\ x (ug,vq) that

Up, ug € €; and vp, vy € Y. Since there are at most ts(]_5)n*"? edges in L x (up, vp) that



is disjoint from (Ueeprre) U{fp} \ {uq}. Now (M'\ {e;}) U{fp, fq} forms a matching of
size t + 1 in H \ X, which contradicts with Claim 4. Thus, we conclude that each G; has
matching number at most one.

Let ¢; € M’ and

Pmx(e,Y)={ec E(H\ X):eNe; #0and eNY # 0}.

The rest of the proof is divided into two subcases according to the size of |Y|.
Case 2.1. |Y| > s. Since v(G;) < 1, by Lemma 2.1, there are at most |Y| edges in
G;. Then,

“ﬁﬂx@vYﬂfédGﬂ(Zii)ns2+<Yﬂar—danwf+1b(2:§>n83
— o(Gy) C - 2) s <?“ - ;n —(t+ 1)s> + 1Y [Jesl (¢ + 1)S<78" B 2) 53

< Y| (Z } g) n®? (Z — ;n —(t+ 1)s> +|Y]s2(t+ 1) (Z - g) n*=3,
_ (r— X)) C - ;’>n8—3 <Z_;n (4 1)s(s — 1)) ,

where the second inequality follows from the assumption that n > sk and e(G;) < |Y]|.
By Claim 4, for any y € Y all edges in L x (y) intersect Ueepsre. It follows that

t
r—3\ _3(T—2
]I‘H\X(Y)] < Z \FH\X(eZ-,Y)\ <t(r—1X]) (s B 3)n 3 < — 2n + (t+1)s(s — 1)) )
i=1
Since
X1 r—1

I'X) < ) <X s—1

I M_Z;a%>_\\g_d)n ,
therefore

IP(To)| = (X)) + T x (V)]

<ixI(0 2 )t e (D25 (T e e sts - 1) 22

By combining the inequalities (2.1) and (2.2) and using the fact that |X| =k — 1 —¢t, we
arrive at

t<: - 1) (1 = (n— 1)*7Y) < t(r — |X)) <; B §>n5_3 (Z = ;n (4 Ds(s — 1)) .

Since | X| > 2 (because |X| =k — 1 —t and in Case 2 we assume that ¢t < k — 3), we
have

(r— 1) —2)
(s—1)(s—2)

By Taylor’s Theorem with Lagrange remainder, it can be deduced that

r—2
" + (t+1)s(s — 1)) . (2.3)

s —

(nsfl —(n— 1)571) <(r—2n*3 <

s—1)(s—2)

n*t—(n—1%1>(s—-1)n*"2 - ( 5 ns73. (2.4)

10



By combining the inequalities (2.3) and (2.4), we obtain that

—1 —1 -2
Z - 2n5_2 . 5 n®3 < n3 <:2n + (t+1)s(s — 1)> . (2.5)

Since t < k — 3, by simplifying the inequality (2.5) we arrive at
—1)(s—2
ngs(s—l)(s—Q)(k:—Q)—k(T)?(S) < 83k + sr,

which contradicts the fact that n > sk + sr.
Case 2.2. [Y| <s—1.
For each i = 1,2,...,t, since v(G;) < 1, by Lemma 2.1 we have e(G;) < s. Then

-2

_ 2) n* 2+ (|Yles] — e(Gy)) (t + 1)3<T - 3) 53

s—3

= e(Gy) C - 2) n®? (70_371 —(t+ 1)3> + |V ||es| (t + 1)s<z - 2) n®=3

s —

r—3 3({r—2 9 r—3 _3
< s _ 1 Y 1 s
_s<8_3>n <S_2n (t+ )s>+ |s“(t + )<8_3>n ,
r—3\ 3 (r—2

where the second inequality follows from the assumption that n > sk and e(G;) < s.
Thus,

r—3 o fTr—2
Tinx (V)] <) T (en V)| < st<8 B 3>n8 5 <s—2” + (t+1)s(]Y] - 1)> . (2.6)
=1
Since
|X] 1
< . < S—l
rO0|< 3 e <1X1(1 7 e
therefore

IT(To)| = C(X)] + T x (V)]

< |x| <Z - Dns—l tst <’" - g) ns3 (Z - ;n + (4 Ds(Y] = 1)) L@

S —

By combining the inequalities (2.1) and (2.7) and using Claim 3, we arrive at

t<’“ - 1) (n*' — (n— 1)) < st <Z - 2) = (Z - ;n (4 Ds(Y] - 1)> . @28)

s—1

Then by combining the inequalities (2.4) and (2.8) we obtain that

Do) YD s s (122

s—2 B 2 s—2

n+ (t+1)s(]Y] — 1)> . (2.9)

By simplifying, we arrive at

(r—1(s—2) s2(s—2)t+1)(Y]|-1)
(r—=1—s)n< 5 + — )

11



Since |Y|=r —|X| <r—2and t +1 <k, it follow that

(r—1-sm< T=DE=2) 1)2(5 =2 4 s — 2k,

Since n > sk + sr when s < r — 2, it leads to a contradiction for s < r — 2.
For r = s+ 1, we shall give a slightly better upper bound on |L(X)| as follows. Let
X ={x1,...,25-1-t}, Xo=0and X; = {x1,...,2;} fori =1,2,...,k — 1 —¢. Note that

|X|
D) = |Lax,, (x3)].
=1

Now, it is easy to see that

8 1 s—1 5 1 5—2 s—1 5—2
< + — = — — .
LH\X1 (372) <S 1)71 (n 1) (8 2>n sn (S l)n

For i # 2, we use the trivial inequality |L x, ,(z;)| < sn®"!. Since |X| > 2 (because
|X| =k —1—tand in Case 2 we assume that t < k — 3), it follows that

RS

IPOOI= D L, (@] < [X|sn®" = (s = Dn2
i=1

Then, by the inequality (2.6), we obtain an upper bound on I'(Tp) as follows:

IP(To)l = ()| + T x (V)]

-3 -2
< |X|snl = (s — )2 + st (7“ 3)n8—3 <’” S+ (E+Ds(Y| - 1))
S — S

= [ X|sn*"t — (s — D)n®2 + st(s — 2)n* 3 (S ;n + (t+Ds(Y]| - 1)) . (2.10)

By combining the inequalities (2.1) and (2.10) and using Claim 3, we have

s —

s —

ts(n®1— (n—1)"1) < st(s—2)n°? < ;n + (t+1D)s(|Y| - 1)) —(s—1)n* 2

(2.11)
By simplifying, we obtain that
ts (Nt —(n—1)"1) < (st(s— 1) — s+ 1)n* 2+ s%(s — 2)t(t + 1)(|Y| — Dn® 3. (2.12)
By combining the inequalities (2.4) and (2.12), we arrive at

s(s—1)(s—2)t

(s—1)n < 5

+ 8%(s = 2)t(t + 1)([Y] - 1).

Since |Y|=s+1—|X|<s—1and t+ 1 <k, it follows that

s(s —2)
2

) 2
5 < S—k+52(3—2)k:2 < 53k2,

n <
- s—17— 2

t+ 2t +1)(Y] - 1)-

which contradicts the fact that n > s3k2 + sr for s = r — 1.
Thus, we complete the proof of Lemma 2.3. 0
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In the following proof of Theorem 1.3, we shall use Theorem 1.1 and Lemma 2.3 as
base cases.
Proof of Theorem 1.3. Notice that Lemma 2.1 implies the theorem for s = r. So we are
left with the case s < r — 1. We prove by induction on (s, Y ;_,(n; —n1)). The base case
of s = 2 is verified for all r and nqy < ng < --- < n, by Theorem 1.1. For every s > 3,
the base case of Y, ,(n; —ni) = 0 is verified for all » by Lemma 2.3. Suppose now that
Y i_o(ni—n1) > 0. Assume that for all 7, the theorem holds for all pairs (s', > _,(n,—n}))
such that s’ < s or s’ = s together with > _,(n; —n}) <> ;_5(n; —n1). There exists an
i € [2,7] such that n; > n;_;. Without loss of generality, assume that ¢ = r. Let H be a
kK gs)—free subgraph of K,(fl),._,,nr. By Lemma 2.2 we may assume that H is stable. Let V..
be the vertex set with cardinality n, and

‘/7’ = {a/’l‘,lv Ar2, ... 7a7‘,n7>}'
Let H = H \ {aypn,} and
H(ar,nr) = {S cV:Su {ar,ﬂr} € E(H)}

Clearly, H(ayp, ) is an (r —1)-partite (s —1)-graph with parts of sizes n1,ng,...,n,—1. We
claim that v(H(a,y,)) < k— 1. Otherwise, suppose M = {ey,e2,..., e} is a matching of
size k in H(ayp,). Since H is stable and n, >k, {e1 U {a,1},e2 U {ar2},...,ex U{ari}}
forms a matching of size k, which contradicts the fact that H is kK S(S)—free. Since H' is
ngs)—free, by the induction hypothesis on >, ,(n; —n), we have

e(H') < f,gs)(ng ey M1, My — 1),

Since H(ayp, ) is a k:Ks(s__ll)—free (r — 1)-partite (s — 1)-graph, ny > s3k +sr > (s —1)3k +
(s—=1)(r—1)for (s—1)<(r—1)—2and ny > s3k® +sr > (s — 1)3k% + (s — 1)(r — 1)
for (s —1) = (r — 1) — 1, by the induction hypothesis on s, we have

e(H(arn,)) < F P (na. . npa).

Thus,
e(H) = e(H') + e(H(arn,))
< g, me = 1)+ F (g, )
- f,gs)(nQ ey M1, M),
which completes the proof. O

3 Turan number of kKﬁs) in r-partite s-graphs

In this section, we generalize the result of [6] to s-graphs by using a probabilistic argument.
The following lemma will be useful for us.

13



Lemma 3.1. Assume that b > 0, wy > we > --- > wy > 0 and let (P) be a linear

programming model as follows:

N
max z = sz
i=1
N
Zwi_lzri <b,
i=1

0§xi§wi, i=1,2,...,N.

Let M be the integral part of b and a = wpr41(b — M). Then Zf‘il w; + a is the optimal
value of (P).

Proof. Suppose to the contrary that there exists a feasible solution y = (y1,y2,...,yn) to
(P) such that

N M
Z Yi > Z w; + a.
i=1 i=1

Since y is a feasible solution, it follows that

Zw yzSb—M—I—wMHa—Zwi_lwi—l—wX/[lHa.
=1 =1

Then, since w; > w; for any 7 < j, we have

M N N M
wal(wi —Yi) > Z w; 'y — w]&lﬂa > wj/jlﬂ ( Z Yi — a) > wM1+1 (wi — i)
i=1 i 1

i=M+1

On the other hand, since

M M
-1 1
>_wi(wi—y >
=1 =1
we arrived at w;/ll > w&lﬂ, a contradiction. Thus, the lemma holds. ]

Let H be an r-partite s-graph on vertex classes Vi, Vs, ..., V.. For any A C [r], we
shall write U;e4V; as V4 for short. Denote by F(Vy) the edge set of the induced subgraph
H[Vy] and e(V4) the cardinality of E(Vy4).

Proof of Theorem 1.4. Suppose H C K,({i)’_,,,nr does not contain any copy of kKﬁS).
Choose an r-tuple (x1,z2,...,2,) from Vi x Vo x -+ x V,. uniformly at random. Let
T ={x1,22,...,2,} and X(T') be the number of edges in H[T|. Then

EX(T)= Y PrScT)= Z > o—=> eVa), (3.1)

na
SEE( ) AAC SGE VA A:AC([r]
|A [Al=s

On the other hand, let m be the number of copies of Kﬁs)

in H. Define an r-partite
r-graph H* on the same vertex classes V1, Va,..., V.. An r-element set S forms an edge
in H* if and only if H[S] is a copy of Kﬁs). Since H is kK,SS)—free, it follows that the

matching number of H* is at most k£ — 1. Moreover, the number of edges in H* is exactly

14



m. Then, by Lemma 2.1, we have m < (k —1)ng---n,. Let Ap be the event that H[T] is

(s

a copy of K, ), Clearly, we have

P?“(AT) = S

Thus,

g<>—1+k1. (3.2)

Putting (3.1) and (3.2) together, we obtain that

> e(VA)L < <Z> —1+ kn_l L (3.3)

A:AC[r] nA
|Al=s

We consider the linear programming model (P1) as follows:

max z = E TA

A:AC(r]
|Al=s

s.t. Z nylza < < )

A:AC(r]
|Al=s

0<z4 <ngy, A€< )

Applying Lemma 3.1 by setting N = (}), b= () =1+ kn—_ll and w; be the i-th largest
value in {nq: A € ([r )} foreach i € 1,2,..., (%) in (P), we have M = [b] = () — 1. Since
ng < na for all A € (I7), it follows that

k—1

a=wp41(b— M) = n[s - - = (k- 1)”[2,5]'

Thus, the optimal value of (P1) is

M
Zwi—l—a: Z na+ (k—1)npgy :g,(f)(nl,ng,...,nr).
i=1 A:AC[r]

| A=, A%[s]

Let y be a vector indexed by the s-element subset A of [r] with y4 = e(V4). Since
e(V4) < na and the inequality (3.3) holds, it follows that y is a feasible solution to (P1).
Therefore, we have

e(H) = Z e(Va) = Z yA<g,(€)(n1,n2,..., ).

A:AC[r] A:AC[r]
|Al=s |Al=s

Thus, the theorem follows. ]
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4 The number of s-cliques in r-partite graphs

In this section, we first determine ex(Ky, .. n,, Ky, kK, ) for the case ny <ng <nz =ny =

-+ = n,. Then, by utilizing a result on rainbow matchings, we determine ez (K, . n,, Ks, kK)

for all ny,...,n, with ng > r"(k — 1)k% 2,

For an r-partite graph G on vertex classes V1, Vs, ..., V., we use K (G) to denote the
family of s-element subsets of V(G) that form s-cliques in G and for u € V(G) we use
Ks(u,G) to denote the family of s-element subsets in K4(G) that contain uw. For any
A C [r], we also use K (Vy4) to denote K (G[V4]). Let ks(G), ks(u, G) and ks(V4) be the
cardinalities of K(G), Ks(u,G) and K4(V4), respectively.

Proof of Theorem 1.5. Let Vi, Va, ..., V, be the vertex classes such that |V;| = n; for each
i=1,2,...,rand ngy = ... = n, = ng. Suppose G C K(V1,Vs,...,V,) does not contain
any copy of kK,. Choose an r-tuple (z1,x9,...,2,) from Vj x Vo x -+ x V. uniformly at
random. Let T' = {x1, 2, ..., 2, } and X (T') be the number of copies of K in G[T]. Then,

1 ks(Vy
E(X(T)= Y Pr(ScT)= > > — = > 72 ). (4.1)
SEKL(G) AACh] SEK, (Va) A aach] 4

On the other hand, let m be the number of copies of K, in G. By a similar argument
as in the proof of Theorem 1.4, we have m < (k — 1)n2n§_2. If s = r, then the theorem

holds already (because hg) (n1,n9,...,n;) = (k—1)ny...n,), so we are left with the case
s <r —1. Let Ar be the event that H[T] is a copy of K. Clearly, we have
k—1
Pr(Ar) < .
ny

Since there are (Z) s-cliques in K, and at most (;) — (Z:g) s-cliques in a graph on r vertices

that is not a complete graph, it follows that
E(X(T)) = E(X(T)|Ar)Pr(Ar) + E(X(T)|Ar) Pr(Ar)

)
Deran+ ((0) - (023)) a - priany
-(1)- <Z Zo)(hoa)pran
09509

r—2 k—1(r—2
ks(Va)— < : 4.3
> rwge= () - (2«5 (00 @
We consider the linear programming model (P2) as follows:

max z = Z TA

A:AC[r
[Al= 9

r—2 k—1/(r—2
2. < i
e 3 s ()= (52 5 ()
Asacl

[Al=

0<za<ny, A€ ([T]>
S
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Apply Lemma 3.1 by setting N = (1), b= (}) — (Z:g) + %(Z:g) and w; be the i-th
largest value in {n4: 4 € ([z])} for each i € 1,2,..., (;) in (P). Note that ny = nj for
Ac ([3;T]), ng = n2n§_1 for A € ([2!]) and2 € A, ny = n1n§_1 for A € ([r]\S{Q}) and1 € A,

ng = n1n2n§_2 for A € ([g]) and {1,2} C A. Since n§ > n2n§_1 > n1n§_1 > n1n2n§_2

G A )y B (o ) (e R Y

it follows that w; = nlngn?? for 1 > (T) — (Z:g) + 1. Since M = |b] > (2) — (T_Q), we

s s—2
have w1 = n1n2n§*2. Thus, the optimal value of (P2) is

M (0-(23) M
Zwi—kaz Z w; + Z w; + war41(b— M)
i=1

S
M
= Z na+ Z w1+ (b — M)wpyr
|A\iﬁi[§¢A i:(;)f(;:§)+1

-2
= Z na+ (M— <T> — <7“ ) —I—b—M> n1n2n§_2
. S s—2

A:AC|
[Al=s,{1,2}ZA

kE—1(r—2 9
= Z na+ ninang
ny \s—2

A:AC[r]
[Al=s,{1,2}ZA

= Z na + Z (k— 1)nany

A:AC[r] A:AC[3,r]
[Al=s,{1,2}7 A |Al=s—2
EAC)
_hk (nl, na,ns, ... ,ng).
N——
r—2

Let y be a vector indexed by s-element subset A of [r] with y4 = ks(V4). Since
ks(V4) < ny and the inequality (4.3) holds, it follows that y is a feasible solution to (P2).
Therefore, we obtain that

k(G = Y ko(Va) < B (nayma,ms, . ).

A:AC(r]

[A|=s r—2

Thus, the theorem holds. O

Let f,k > 1 be integers. A k-matching is a matching of size k. Given a coloring
c: E(G) — [f] of the edges of an r-graph G, we call a matching M C E(G) a rainbow
matching if all its edges have distinct colors. An (f, k)-colored r-graph G = (V, E) is
an r-uniform multi-hypergraph whose edges are colored in f colors such that every color
class contains a k-matching. Denote by f(r, k) the largest number f of colors such that
there exists an (f, k)-colored r-partite r-graph without a rainbow k-matching. Recently,
Glebov, Sudakov and Szabé [13] gave an upper bound on f(r, k).

Theorem 4.1. [13] For arbitrary integers r.k > 2, f(r,k) < (r +1)" 1 (k — 1)k?".
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Now we consider the maximum number of copies of K in a kK,-free r-partite graph
forng <ng <-..--<n,.

Proof of Theorem 1.6. Let r > 4, ny, no and n3 be fixed integers. The proof is by induction
on (s,Y :_4(n; —n3)). The base case of s = 2 is verified for all 7 and n; <ng <--- < n,
by Theorem 1.2. For every s > 3, the base case of ny < ng < ng =ng = --- = n, is
verified for all » by Theorem 1.5. Assume that for all r, the theorem holds for all pairs
(¢, >4 (nf—nk)) such that s’ < s or ' = s together with ., (nf—n%) < >7_,(n; —n3).
Suppose G C Ky, . n, does not contain a copy of kK,. Since >.. ,(n; —nz) > 0,
there exists an i € [4,7] such that n; > n;—;. Without loss of generality, assume that
i =r. For u € V,., let G(u) denote the (r — 1)-partite graph on vertex classes V1,...,V,_1,
and a pair {v;,v;} forms an edge in G(u) if and only if {u,v;}, {u,v;} and {v;,v;} are all
edges in G. If there is a vertex u € V. such that G(u) is kK, _1-free, then by induction on
s, we have ks(u,G) = ks—1(G(u)) < h,(:_l)(nl,ng, ...,ny_1). Moreover, by induction on
>oi_s(n; —ng3), we obtain that ks(G \ {u}) < h,(j) (n1,n2,...,np—1,n, — 1). Therefore,

ks(G) = ks(G\{u}) + ks(u, G)

< hés)(m,nz,...,nr—hnr—1)—i—h;f_l)(nl,ng,...,nr_l)
= h;cs)(nl,ng,...,nr_l,nr).

Otherwise, suppose that for all u € V,., there are at least k vertex-disjoint copies of
K,_1 in G(u). Since G is kK,-free, we have k > 2. Let H be an (r — 1)-partite (r — 1)-
uniform multi-hypergraph on vertex classes Vi,...,V,_1. For any u € V., if {u,...,ur—1}
forms a copy of K,_1 in G(u), let {u1,...,u,—1} be an edge in H with color u. Then H is
(ny, k)-colored. Since n, > ny > r"(k — 1)k’ =2 > f(r — 1,k), by Theorem 4.1, there is a
rainbow k-matching {e;,,...,e; } in H. Thus, there are k vertices {u;,,...,u; } C V, such
that {e;, U{u; },... e U{u;,}} forms a kK, in G, a contradiction. Thus, we complete
the proof. O
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Lemma A.1. Forni <ns <ng andk <nq,

ex(Kn, noms, kK2) = (k —1)(n2 + n3).
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Proof. First, we prove the lemma for n; = ny = n3 = n by induction on k. Clearly, the
lemma holds trivially for &k = 1. We assume that the result holds for all ¥’ with ¥’ < k < n.
Suppose G is a kKs-free 3-partite graph with vertex set V=X UY U Z and let

X =Ax1,...,;zn}, Y={y1,...,ynt and Z={z,...,2,}.
Define a partial order < on X UY U Z such that
1 =" =<ZTp, Y1 = <Yn, 21 = = 2,

and vertices from different parts are incomparable. Assume that G has maximal number
of edges. Thus, v(G) = k—1. By Lemma 2.2, we may further assume that G is stable. Let
To = {z1,y1,21} and G' = G\ Ty. Furthermore, let v(G’) =t and let M’ = {e1,..., e}
be a largest matching in G'. If G[Tp] is not a triangle, since G is stable, there exist two
vertex sets V;, V; € {X,Y, Z} such that G[V;UV}] is empty. It follows that G is a bipartite
graph. Then by Lemma 2.1 with » = 2, we conclude that e(G) < 2(k—1)n and the lemma
holds. If G[Tp] is a triangle, then we have k — 4 < v(G’') < k — 2, where v(G') < k —2
follows from G[Tp] being non-empty, and v(G’) > k — 4 follows from there being only three
vertices in Ty and from v(G) = k — 1. The proof splits into three cases according to the
value of v(G").

Case 1. v(G') = k—2. For every edge {u;,v;} € M’, it is easy to see that the number
of edges between {u;, v;} and Tj is at most 4 since G is a 3-partite graph. Thus, there are
at most 4(k — 2) edge between Uqeppre and Ty. If |T'(Tp)| > 4(k — 2) 4 3, then we will find
an edge between Ty and V(G’) \ (Ueeprre). Without loss of generality, assume {zq,u} is
such an edge. Then M’ U {{x1,u},{y1,21}} forms a matching of size k, which contradicts
the fact that G is kKs-free. If |T'(Tp)| < 4(k — 2) 4+ 3, then by the induction hypothesis,

we have

e(G) = |D(Th)| + e(G")

<4k —2)+3+2(k—2)(n—1)
2(k — 1)n — 2n + 2k — 1
2(k — 1)n.

Case 2. v(G') =k — 3. If |[I'(Tp)| < 4n+ 2(k — 3), then by the induction hypothesis,

we have

IN

e(G) = |T(Tp)| + e(G') < 4n +2(k —3) +2(k —3)(n — 1) = 2(k — 1)n.

Thus, the lemma holds. If |I'(7p)| > 4n + 2(k — 3), let G” = G’ \ (Ueenrre) and consider
the edges between Ty and V(G”). Since there are at most 4(k — 3) edges between T and
(Ueenrre), the number of edges between Ty and V(G”) is at least 4n+2(k—3) +1 —4(k —
3) =3 =4n —2k+ 4. For any u € V(G) and S C V(G), let d(u,S) be the number of
neighbors of » in S. Then, it follows that

d(z1, V(G") 4+ d(y1, V(G")) + d(z1, V(G")) > 4n — 2k + 4.

Since (Y U Z) \ (UM') \ Tp has at most 2(n — 1) — (k — 3) = 2n — k + 1 vertices, we
have d(z1,V(G")) < 2n — k+ 1. Similarly, d(y1, V(G")) <2n—k+ 1 and d(z1, V(G")) <
2n—k+1. Therefore, for any v € {x1,y1, 21}, d(v, V(G")) > dn—2k+4—-2(2n—k+1) = 2.
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It follows from Hall’s theorem that there exist three disjoint edges {x1,u1}, {y1,u2} and
{z1,us} with uy,uz,us € V(G"). These edges together with edges in M’ form a matching
of size k, which contradicts the fact that G is kKo-free.

Case 3. v(G') = k — 4. Since |I'(Tp)| < 6n, by the induction hypothesis, we have

e(G) = [I(To)| + e(G') < bn+2(k —4)(n — 1) < 2(k — 1)n.

Thus, the lemma holds for ny = ny = n3 = n.

At last, we prove the lemma for the general case n; < ny < ng by induction on
ng + ng — 2nq. Since we've already proven the base case ny + n3 — 2nq = 0, now assume
that ng + ng — 2n; > 0. There exists ¢ = 2 or 3 such that n; > n;_;. Without loss of
generality, assume that ¢ = 3. If there exists v € Z such that d(v) < k — 1, we have

e(G) =d(v) +e(G\v)
<k—-1+(k—-1)(n2+n3—1)
= (k‘ — 1)(”2 + ng).

If d(v) > k for every v € Z, since |Z| > k, it is easy greedily to find a matching of size k,
a contradiction. Thus, we complete the proof. O

Proof of Theorem 1.1. The cases r = 2 and r = 3 follow from Lemmas 2.1 and A.1,
respectively. Thus, we are left with the case » > 4 which we prove by induction on
k. Clearly, the result holds for k¥ = 1. Assume that the result holds for all ¥ < k. Let
G C Kp,,... n, be a kKy-free graph with the maximum number of edges. Thus, v(G) = k—1.
Denote by X; the set of vertices in V; with degree at least 2k — 1 and put z; = |X;| for
i=1,...,7r. Let n=n1+---n. and zr =1 + - - - + z,.. Now we divide the proof into two
cases according to the value of .

Case 1. z > 1. Let X = |J;_; X; and G’ = G\ X. Since d(u) > 2k — 1 for each
u € X, it is easy to see that x <k —1 and v(G") < k — 1 — x because otherwise one could
greedily find a matching of size k. Let ; = x — x; and n;, — x4, = min;ep{n; — zi}. By
the induction hypothesis, we have

e(G) = |D(X)|+e(G)
< inxj + Zajz Z(n] —zj) | +(k—1—-2) <Z(nl — ;) — min{n; — xz}>
i<j i=1 j#i i—1 i€lr]
= (k—Dn—(k—1)(x+niy — i) + Zﬂfﬂfj + Zwl(nzo — 2y — (N — ;)
1<J =1
< (k=1n—(k—1)(ni, +Tiy) + > wiz;
1<j
= (k — 1)(n — nio) — (k- 1)Ti0 + X, Tiy + Z TiTj
i
< (k=1)(n—mnq) —@20 + Z LT
1,;;510
= (k—=1)(n—n1)— fo - Z TiT;
1#10 i<j
1,510
< (k=1)(na+---+n,),
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where the second inequality follows from n;, — x;, — (n; — ;) < 0 and the third inequality
follows from n;, > n1 and z;, + =;, = * < k — 1. Thus, the theorem holds.

Case 2. x = 0. Then all the vertices in G have degree at most 2k — 2. Let M =
{{ur,v1}, ..., {uk—1,vx_1}} be a largest matching of G, A = {uy,...,up_1,v1,...,0%_1}
and B = V(G) \ A. Since M is a largest matching, B is an independent set of G.
Let t; be the number of edges between {u;,v;} and B. We claim that ¢; < 2k — 2.
Otherwise, there exist u,v € B such that both {u;,u} and {v;,v} are edges of G, and
then M’ \ {{u;,v;}} U {{u;,u},{vi,v}} forms a matching of size k, a contradiction. Since
d(v) < 2k — 2 for every v € V(G) and dp(u;) + dp(vi) = ti, we have da(u;) + da(v;) <
4k — 4 — t;. Thus, we have

e(G) = e(A,B)+e(A)

= Y ds() + 5 > dalw)
veEA vEA
k—1

= Z(dB(Ui) +dp(vi)) +

=1

o

-1

(da(ui) +da(v;))
1

N —

-
Il

k—1

k—1 1
Zti+52(4k—4—ti)
=1

i=1

IN

1
= S L4 (k—1)(4k—4
3 2t (k= Dk =)

(k —1)(3k — 3)
< (k=1D(ng+-+n),

IN

where the last inequality follows from r» > 4 and n; > k. Thus, we complete the proof. [
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