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Abstract

In this paper, the distribution dependent stochastic differential equation in a sep-
arable Hilbert space with a Dini continuous drift is investigated. The existence and
uniqueness of weak and strong solutions are obtained. Moreover, some regularity re-
sults as well as gradient estimates and Wang’s log-Harnack inequality are derived for
the associated semigroup. In addition, Wang’s Harnack inequality with power and
shift Harnack inequality are also proved when the noise is additive. All of the results
extend the ones in the distribution independent situation.
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1 Introduction

The distribution dependent stochastic differential equations (SDEs for short), also named
McKean-Vlasov SDEs due to pioneering work [18, 25], can be described as the weak limit
of N-particle interaction systems formed by N equations forced by independent Brownian
motions. The subject has been extensively explored and it is still under investigation (see
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2, 3,9, 10, 12, 13, 14, 18, 25, 32] and references within). When the drifts are singular, there
are a great number of results on the well-posedness , for instance, [4, 5, 6, 8, 15, 19, 23] and
references therein. In [4, 5, 6], the existence of weak solutions in the additive noise case is
shown by Girsanov’s transform together with Schauder’s fixed point theorem. However, this
method does not work when the diffusion coefficients depend on distribution. The results
in [8] are extended by the first author and his coauthor in [15], where the diffusion term
is allowed to be distribution dependent. The pathwise uniqueness is proved by utilizing
Zvonkin’s transform [34] in [15, 19, 23], see references therein for distribution independent
SDEs. The main idea of Zvonkin’s transform is to remove the singular drifts, and it mainly
depends on the regularity of a backward Kolmogrov equation with singular coefficients. In
the infinite dimensional and distribution independent case, the author in [31] investigates the
existence and uniqueness of solutions and log-Harnack inequality for semi-linear stochastic
partial differential equations (SPDEs) with Dini continuous drifts by Zvonkin’s transform.
For distribution dependent semi-linear SPDEs, when the drift term satisfies the Lipschitz
condition, the existence and uniqueness of the solution are obtained in [1]. Very recently,
in [13] Heinemann studied the distribution dependent stochastic differential delay equations
(DDSDDESs) in the variational framework. If the coefficients fulfill certain monotonicity
assumptions, the DDSDDEs have unique strong solutions.

The present paper attempts to extend the results in [31] to the distribution dependent
case. Meanwhile, Wang’s Harnack inequality and shift Harnack inequality are also consid-
ered in special situations. In order to obtain the existence of weak solutions under a weak
condition, the compactness method [11, chapter 8] as well as Skorohod representation and
martingale representation theorem will be employed. It is crucial to construct a family of
compact operators to deal with the stochastic convolution. Moreover, Zvonkin’s transform
combined with fixed point theorem can be used to investigate the strong well-posedness.

Using the method of coupling by change of measure, Wang’s Harnack inequality, log-
Harnack inequality and shift-Harnack inequality, introduced by F.-Y Wang in [26], [24] and
[28] respectively, have been established and applied to various SDEs and SPDEs driven by
Gaussian noises, see [17, 22, 24, 28, 29, 30, 33] and references therein. Different from the
finite dimensional case [15, Theorem 2.5], due to the existence of a non-Lipschitzian term
Auw after Zvonkin’s transform in Lemma 3.3 below, the coupling by change of measure, for
instance in [29, Chapter 3], does not work even in the distribution independent case with
multiplicative noise. To overcome this difficulty, [31] adopted the gradient-gradient estimate
for Markovian semigroups to derive the log-Harnack inequality according to [29, Chapter 1].
However, this method is unavailable in the distribution dependent case since the solution is
not a Markov process. Fortunately, we may employ the existed log-Harnack inequality in
[31] and Girsanov’s transform to obtain the desired log-Harnack inequality. The main idea
is to derive the estimate of the relative entropy between two solutions with different initial
distributions. To this end, we rewrite one of the two solutions by Girsanov’s transform to be
a new one with the same coefficients with another one, and then the log-Harnack inequality
in [31] can be used. It seems that this method is an effective way to deal with the distribution
dependent SDEs and SPDEs. As for the Harnack inequality and shift Harnack inequality,
we adopt coupling by change of measure instead of Zvonkin’s transform in the additive noise



case.

Let (H, (,),|-|) and (H, (,)g, |- |z) be two separable Hilbert spaces, and W = (W})i>o
be a cylindrical Brownian motion on H with respect to a complete filtered probability space
(2, F,{Z#}i>0,P). More precisely, Wy = >~ | By'é, for a sequence of independent one di-
mensional Brownian motions { B} },,>1 with respect to (2, Z, {.%; };>0, P) and an orthonormal
basis {€, }n>1 on H.

Let & be the collection of all probability measures on H equipped with the weak topology.
For e Z,if (|- |P) == [ |z[Pp(de) < oo for some p > 1, we write yu € &2,. For p > 1 and
w, b € &, the W,-Wasserstein distance between p and fi is defined by

D=

Wy(p, i) = inf (/HH!fﬂ—y!pW(dw,dy)> :

wEC(p,t)
where C(u, i) stands for the set of all couplings of p and fi. For a random variable ¢, its law

is written by .Z, and write Z|p as the distribution of { under P.
Consider the following semi-linear distribution dependent SPDEs on H:

(1.1) AX, = {AX, + b(Xe, Zx) YAt + Qu( Xy, Ly, )AW,,

where (A, Z(A)) is a negative definite self-adjoint operator on H, b : [0,00) x Hx & — H is

measurable and locally bounded (i.e. bounded on bounded sets), and @ : [0,00) x H x & —

% (H; H) is measurable, where .2 (HH; H) is the space of bounded linear operators from H to

H. Let ||-|| and || - s denote the operator norm and the Hilbert-Schmidt norm respectively.
To characterize the singularity of b with respect to the second variable, set

1
9 = {d) 1 [0, +00) — [0, +00)|¢? is concave and ¢ is increasing with / wds < oo}.
o S

Throughout this paper, we assume that there exists an increasing function K : (0,00) —
(0,00) such that A, b and @ satisfy the following conditions.

(al) For some ¢ € (0,1), (—A)*! is of trace class. That is, > o2 A\571 < oo for 0 < A <
Ay < --- being all eigenvalues of —A counting multiplicities with —Ae; = \e;, 1 > 1
for an orthonormal basis {e;};>1 of H.

(a2) The operator @ : [0,00) x H x & — Z(H;H)) is continuous and for each t > 0 and
pe P, and Q- ) is in C?*(H; £ (H; H)) such that

sup (1Qe(z, Wl + IV Qe(w, | + IV*Qe(w, w)]]) < K(T), T >0,

(t,z,p)€[0,T)xHx 2

here V and V? stand for the first and second ordered gradient operator with respect
to the space component respectively. Meanwhile, (Q,Q7)(z, u) is invertible for each
(t,x,u) € [0,00) x H x & with

sup 1(QeQy)(, 1) || < K(T), T >0.

(t,z,n)€[0,T|xHx &
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Moreover, for any x € H, t > 0 and u € &5, it holds

(12) Tim [Qulr ) — Qi ) = 0.
where 7, is the orthonormal projection from H to span{ej,es,--- ,e,}. In addition,
for any T' > 0, it holds
L8 s ) - Qe )l < KW, v e
t,x)€[0,T] xH

(a3) For any t € [0,T7, b is continuous in H x &. sup(, ,yenx» |bi(, )| is locally bounded
in ¢, and there exists ¢ € & such that

(14) ’bt<x>ﬂ)_bt(yay)| §¢(\x—y\)+K(t)W2(u,u), tEO,x,yGH,,u,VE ‘@2'

Remark 1.1. Recall that a non-negative increasing function ¢ on [0,00) is called a Dini
function if fol %‘S)ds < 00. So, (1.4) can be regarded as a Dini continuity condition in the
space variable on the drift. Typical examples of ¢ € 2 include ¢(s) = s* for o € (0,3) and
o(s) := m for constants K,§ > 0 and c large enough such that ¢* is concave.

Definition 1.1. A continuous .#;-adapted process {X;}:>¢ is called a mild solution to Equ.
(1.1), if P-a.s

t t
(1.5) X, =X, + / A9p (X, Ly, )ds + / ADQ (X, Ly )dW,, t>0.
0 0

Moreover, if E|X;|* < oo for any ¢ > 0, then the solution is said in &,. Equ. (1.1) is called
strongly well-posed in &y, if for any .#p-measurable random variable X, with Zx, € %,
there exists a unique mild solution in %2s.

(1) A couple (X;, Wy)ss0 is called a weak solution to Equ. (1.1), if W is a cylindrical
Brownian motion with respect to a complete filtered probability space (€, {Z}>0, ]f"), and
(1.5) holds for (X;,W;)o in place of (X;, Wi)iso. Moreover, if Zi,lp € P, the weak
solution is called in 2,.

(2) Equ.(1.1) is said to have weak uniqueness in &5, if any two weak solutions in &,
of (1.1) from common initial distribution are equal in law. Furthermore, we call weak well-
posedness in &, for Equ.(1.1) holds, if it has a weak solution from any initial distribution
and has weak uniqueness in &s.

Some notations are listed which are necessary to state subsequent results and their proofs.

e Let L*(Q2 — H;.%) be the class of all random variables ¢ which are .Zy-measurable
and have finite second moment. Denote by C([0,T]; H) and C([0,T]; %) the spaces
consisted of all continuous functions from [0, 7] to H and &, respectively. Let %,(H)
be the class of all bounded measurable functions on H and LP(]0,T]; H) be the space
of the H-valued functions defined on [0, 7] with finite p-th moment.
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e For two Banach spaces F; and Fy and i = 1,2, C*(FEy; Fy)(Ci(Fy; Es)) denotes the
collection of all functions from Fj to E, with continuous ( and bounded) Fréchet’s
derivatives up to order 1.

e For a real-valued or H-valued function f defined on [0, 7] x H, let

[fllree = sup [f(¢ z)].

te[0,T],x€H

Similarly, if f is an operator-valued map defined on [0, 7] x H, let

/]

Too= sup ||f(t @)
te[0,T],xcH

e The letter C' with or without indices will denote an unimportant constant, whose values
may change from one appearance to another.

This manuscript is organized as follows. In Section 2, we state the main results, including ex-
istence and uniqueness of solutions, Wang’s Harnack inequality and shift Harnack inequality.
Section 3 devotes to proving the existence and uniqueness of solutions through the compact
method and Zvonkin’s transform. Using the coupling by change of measure, the proofs of
Wang’s Harnack inequality and shift Harnack inequality will be given in Section 4.

2 Main results

The first result is concerning to the weak existence under a more general frame, where the
coefficients are only assumed to be bounded and continuous. From now on, let T" stand for
any fixed time.

Theorem 2.1. Assume (al). Ifsup, ,emxo(|0:(2, )| +[|Q:(x, 1)) is locally bounded with
respect to t and by, Qy are continuous in H x &2 for each t > 0. Then for any fired T > 0,
and po € &, Equ. (1.1) has a weak solution up to time T with initial distribution pi.

The next result ensures the well-posedness of (1.1) with the continuity of solutions in
initial values.

Theorem 2.2. Assume (al)-(a3). Then the following assertions hold.

(1) (1.1) has weak well-posedness in Py. Let Py be the unique distribution of the weak
solution at time t > 0 with initial distribution po. There exists a constant C(T) > 0
such that

T
Pta (21) / WQ(Pt*Mo, Pt*l/())2dt < C(T)WQ(Mo, VQ)Q, Mo, Vo € gg.
0



(2) The strong well-posedness in Py holds for (1.1). Moreover, there exists an increasing
function C' : [0,00) — [0,00) such that for any two solutions X; and Y; to (1.1), it
holds

T
X-Y] (2.2) / E|X, — Y,|?’ds < C(T)E|X, — Yo|?, T >0.
0
For any p € &, and any f € %,(H), define

PAW) = (P ()= [ faPim =0

For a measurable space (E,E), let Z(F) denote the family of all probability measures
on (E,E). For p,v € Z(F), the relative entropy Ent(v|u) is defined by

[(log j—;) dv, if v is absolutely continuous with respect to p,

0, otherwise;

Ent(v|p) == {
and the total variational distance || — v||rv is defined by
le = vy == sup [u(A) — v(A)].
Acg
By Pinsker’s inequality (see [21]),
1
ETX| (2.3) ln = vilty < SEnt(vlp),  pve P(E).

Next, we consider Wang’s log-Harnack inequality and Harnack inequality for the nonlinear
semigroup FP/.

Theorem 2.3. Assume (al)-(a3) and that Q.(z,p) does not depend on u. Then the fol-

lowing assertions hold.

(1) There exists an increasing function C' : [0,00) — (0,00) such that for any T > 0, the
log-Harnack inequality

O(T)

Prlog f(v) <log Prf(o) + T<—/\1W2(Mo, 10)%, o, Vo € Py

holds for strictly positive function f € %B,(H). Consequently, we have

pke| (2.4) 2(| Pro — Priollry < Ent(Prpuol Prig) < T(—/\iwﬂﬂoa vo)*.

(2) If Qi(x, 1) does not depend on (x,u), the Harnack inequality with power p > 1 holds
for non-negative f € B,(H) and any T > 0, i.e.

(2.5) (Prf(o))” < Prf?(v) (Eexp {ﬁ@(f_ﬁ)})p_l, Lo, Vo € Py,
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where

26) (1) = K() (476 (1Xo ~ Yl) + O WG y? + 2207100

with Lx, = po and Ly, = vy. Consequently, Prug is equivalent to Pyvy and it holds

apl] (2.7) PT{<3];?;§)”11} (o) < Eexp{ﬁcpm}.

The next assertion characterizes the shift Harnack inequality for P;.

Theorem 2.4. Assume (al)-(a3). If Qi(x,pn) does not depend on x, then for any T > 0,
to € P, y € H and non-negative f € SBy(H), we have

and

(Prf (o)) <Pr(f7(e"y + ) (o) exp [ K(T) (T¢2<|y|> T %) ] |

p
(p=1)
As an immediate result of Theorem 2.4 from [29, Theorem 1.4.4], we have

Corollary 2.5. Under the conditions of Theorem 2.4, for each y € H and py € Po, Pruo
is equivalent to (Pppo)(- — e*Ty). Moreover, for any p > 1, it holds

| Gy o< g (v )]

3 Existence and Uniqueness

3=

In this section, we investigate the existence and uniqueness of solutions to Equ.(1.1). Firstly,
we will use the compactness method in the proof of [11, Theorem 8.1] to complete the proof
of Theorem 2.1. Next, the strong uniqueness will be shown by the Zvonkin’s transform which
depends on distribution under (al)-(a3). Finally, the proof of Theorem 2.2 can be finished
by the modified Yamada-Watanabe principle [16, Lemma 2.1].

3.1 Proof of Theorem 2.1

For the sake of reader’s convenience, let us recall a result on the compact operators introduced
in [11, Proposition 8.4].



RHS

Lemma 3.1. Let {S(t)}is0 be a family of compact operators on H. Then for any p,« sat-
1sfying 0 < % < a <1, the operator G, defined by

(3.1) Gof(®) :/O (t— $)™1S(t — 5)f(s)ds, ¢ € [0,T],
is compact from LP([0,T],H) into C(]0,T], H).

Now, we are in the position to prove Theorem 2.1.

Proof of Theorem 2.1. The proof is divided into three steps.
Step 1. For each n > 1, let n,(s) = [T/nj -, where |-| stands for the integer part. Let

Xy be an F#y-measurable random variable with Zx, = po. For ¢t € [0, 7], define

t t
32) X=Xt [N ) Ly st [ NI, g AW
0 0

Due to (al), we have

t —+00 t +o0
(33) / T_SHGATH%ISdT — Z/ r—se—2>\¢rdr S 25—1F(1 . 8) Z )\5_1 < 0,
0 i=1 V0 i1

where I' stands for Gamma-function. This, together with the condition that b and @) are
bounded on [0, 7], implies that X}* in (3.2) is well-defined. Moreover, X™ has a continuous
version (see [11, Theorem 5.9]).

Step 2. In this step, we aim to prove that {%xn},>1 is tight in the space of probability
measures on C([0, T]; H). Let G, be as in (3.1) with e in place of S(¢). By (3.1), (3.3) and
stochastic Fubini theorem, we have

l\')\m

/ A(t— S)QS( gX )AW, = Sm_G Y, (t), tel0,T],
0

7n (5) T

where

t
Yn(t):/o(t—s)_2eA(t_5)Qs( (s)? XX ))dW.

Define G : H — C([0, T); H) as
(G(2)](t) = eMz, = eH,te0,T)
It is not difficult to see that G is a compact operator. Then X}' can be reformulated as

sin ¢

G

W(t), tel0,T].

l\J\m

(B4) X7 =[G + Gy (b0 L ) () +

Note that for p > g and each n > 1, it is clear that

T T t
IE/ \Yn(t)|pdt§(]p/ E(/ (t — ) AIQUXD ) Ly ())||f{sds> dt
0 0 0 s

[NM4S)



T £
<o s sw (el ([ et i) =g <o vz,
0

t€(0,T) (z,u)EHX P

where (), is a constant only depending on p,T" and its value can change from line to line.
Hence, we obtain
P(|Xo| >7) =0, r— 400,

T 1 T
F ( / [Ya(s)"ds > ) <—E / Y (s)[Pds < 2 0, r— +oo,
0 TP 0 P

”
and
- C, sup  sup ) by (x, ) |PT
P (/0 |bs(Xy, (), ZLxp )P > rp) < 0Tl (x’u)eijj — 0, r— +oo.

Therefore, for each ¢ > 0 small enough, there exists r5 > 0 such that

T N T N
P <|XO| S s, </ |Yn(5)|pd8) S s, </ |bs<X;7ln(8)’$Xn ( ))lpdS) S T(S) Z 1-6.
0 0 mis

This leads to Zxn(Ks) > 1—9,n > 1, where
- sin T z T
Ks =G +Gf + - Geg: x| <rs, |f(s)[Pds | < s, lg(s)[Pds | <rs
0 0
is compact in C'([0, 7]; H) by Lemma 3.1. So {-Zxn },>1 is tight.

Step 3. Due to the tightness of {%xn },>1, there exists a weakly convergent subsequence
still denoted by {Zxn}n>1. By the Skorohod representation theorem [11, Theorem 2.4],
there exists a probablhty space (Q,.Z,P) and C([0, T]; H)-valued stochastic processes X",
X such that Pynlp = Lenls, and P-as. X" converges in C([0,T];H) to X as n — oo,

which implies that for any ¢ € [0, T], Z%, | weakly converges to ¢ [s. On the other hand,
it follows from (3.2) that

3=

t
(85)  (=A) X} =eM(—A) Xy + / AT (A0, (X L )ds
0

n(s)
t

+ [ MU Ly )W 1 0.T)
0

In view of [7, Lemma 3.5], (3.5) implies

£i7] (3.6)  (—A)'X! =(—A>1Xo+/0t(—X§)ds+/Ot<—A) (X (9, . )ds

t
+ /0 (_A)_le(Xgn(S)7gX:n(s))dWS
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Let

N = (=A)'X]P — (—A) ' Xy + /t Xitds — /t(—A) by (X)) o) Lxn

0

(S>)d87 t 6 [07 T]?

and N” be defined in the same way with X" replaced by X”. It is clear that {N}}icjo i
a martingale with respect to the filtration #" = o{X7,s <t}. Thanks to Lxn|p = L5.[p
and the boundedness of Q) and b, it is not difficult to prove that {N;*}.co,7] is a martingale

with respect to the filtration .#;* = o{X", s < t} and the quadratic variation process is

<N”>t:/0t(< A QUE 0 Ly ) (AU Ly ) ds, e 0.7

nn (s) nn(s)
where * stands for the adjoint operator. Noting that

| | < |X n(s) nn(5)| + |X77n(5) - X| < SEI)T} | Xg — X + |X77n(8) - X,
se|0,

we conclude that P-a.s. X;”n (s) Cconverges to X, as n goes to infinity. This combined with the
continuity of b;, Q); implies that the process

t t
N, = (—A)l)?t—(—A)lX0+/ Xsds—/ (—A)'by(X,, Ly )ds, te[0,T]
0 0

is a martingale with respect to the filtration .%;, = o{X,,s <t} and the quadratic variation
process is

= [ (70uE 20) (-4 QUK. 25)) ds, te0.7).

By the martingale representation theorem [11, Theorem 8.2], there exists a complete filtered

probability space (Q,.%,{.%},P), a cylindrical Brownian motion W such that Zilp =
Z Xs|]fn and

t t
(3.7) (—A)X, :(—A)lXO—i—/ (—Xs)der/ (—A)*lbs(Xs,gXJﬁ)ds
0 0
t ~
+/(—A)—1QS(XS,$XS|I@)C1WS, te[0,7).
0
Again by [7, Lemma 3.5], (3.7) yields
t
(_A)fl)z-t :eAt(_A>71X—O +/ (—A)*leA(t*S)bs(Xs,fgs\]ﬁ,)ds
0
t ~
+ /0 (—A)1AIQ (X, L )W, € [0,7),

which derives

t t ~
(3.8) X, =eMXy+ / AIb (X, Ly 2)ds + / MQ (X, Ly 12)dW,, t€[0,T).
0

0

Thus, (Xt, ﬁ/t)te[O,T] is a weak solution of (1.1) with initial distribution py. O
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3.2 Proof of Theorem 2.2

In this part, the Zvonkin transform is used to obtain the strong uniqueness. Since [t0’s
formula for (1.1) is unavailable, we shall use finite dimensional approximation such that
the formula can be applied. To this end, for A > 0, p € C([0,T], %;) and n > 1, let
H,, = span{ey,--- ,e,} and define

W = by ) © T QP = 1aQules ) 0 Ty Ay = Ao,
Let Z7,(z) solve
(3.9) Az = A, Zrdt + Q)" (Z])dW,
with Z7,(2) = z € H,, and P[;" be the associated semigroup. That is,

P f(x) =Ef(Z],(2)), ze€H,, fe PB(H,),t>s>0.

Consider
T
(3.10) u = / e A P (V! + b")dt, s € [0, 7.

Due to [31, Lemma 2.3, Proposition 2.5], we have

Lemma 3.2. Assume (al)-(a3). Let T' > 0 be fized. Then there exists a constant Ao > 0
independent of n and p € C([0,T]; &3) such that for any X > Xo, (3.10) has a unique
solution u™*™ which belongs to C*([0,T]; CZ(H,; H,)) with

1

HT,oo - g’ n 2 L.

(3.11) e o+ 1V 700 + [0

Let @M (z) = z + uM"(z),r € H,. Then we have the regularization of the finite
dimensional approximation as follows.

Lemma 3.3. Assume (al)-(a3). For any T > 0, there exists a constant \(T') > Ao such
that for any ¢ € C([0,T; P2) and adapted continuous process (Xi)icpo,m on H with P-a.s.

t t

(312) Xy =eMXo+ / e by(Xs, G)ds + / MTIQ(Xs, ()W, € [0,7],
0 0

and any A > \N(T),n > 1, X] ;= 7, X; satisfies

t
O (X]') = MO (X)) + / AIVOI (X Qu( X, C) AW,
t

(A — A)eAt=s)ybmn (XM ds

t

eA(tis)v@;\’#’n(X?)ﬂ-n[bs(st CS) - bS(X?’ ’us)]ds

_l’_
(3.13)

+

S— S—

45 [ eMI(QUQ(X ) ~ (QURDXT )PP (X)) ds, ¢ € 0.7,

0

N | —
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where
eA“‘S)tr{[(QsQi)(Xs, Co) = (@@ (XY, )] VP u ™™ (X))}
- Z ili=s tl"{ Q Q )(X57Cs) - (QSQ:)( s 7“’8)]V2< )\un(Xn) 61>}) €i.

Proof. The proof mainly follows the idea of [31, Proposition 2.5]. However, due to the
distribution dependence of b and (), some additional terms will appear to the calculations.

For simplicity, let b} = by(-, ) and QF = Qq(-, pr). For any second-order differential
function F on H,, let L}"" be defined as

n

% D Q@) (2)en e;)Ve Ve, F(2), 2 € H,.

1,j=1

(3.14) LY"F(z) = (A2, VF(2)) +

This together with [31, (2.6)], dominated convergence theorem and u**" = m,uM*" o T,

implies

(3.15) Oguy ™ (2) = [(A = LE™Mugt"](2) — [Vppmud™™ + 00" (2), 2 € H,.

Since X! = m, X, solves the following equation

(3.16) dX! = AXDds + m,bs(Xs, C)ds + m,Q4(Xs, )AW,, s € [0,T],

It6’s formula, (3.15), u)*™ = mu}*" o m, and [Vyenul#"| o m, = [Vyeul*"] o m, lead to

dud ™ (X1) =(Vud"(X), Qs(Xs, C)AWy) + Oul " (X1)ds
+ (VU™ (X, be( X, G))ds + (AXT, Vud™(X™))ds

+ % i<(QSQ:)<Xs><s)€i,€]>V veJU;\“"(X”)d

ij=1
=(Vugt™(X7), Qs( Xy, C)dAWs) + At (X7 )ds — [LE ugh (X )ds
— [Vynud ™ 4 0" (X ) ds + (V™ (XT), by( X, Cs))ds

n

FLAXT Vi) s 3 3@ (Ka, G)er, ) V2, Vo (X2 s

€5 s
z] 1

=(Vud™(X1), Qs(Xs, ¢)dW) 4+ Au*™ (X7 ds
+ <vui7u7n(X:)7 bS<X57 CS) - bg(X:»dS - Wnbg(X:)dS

5 QX G — QU@L (XTJew )V, Ve i (X7 s,

ij=1
This together with (3.16) and u}*™ = m,uM*" o 1, yields

dlug™"(X]) + X7

12



=A[X] +ul*™(XD)]ds + (A = A)ud*™(XT)ds
(VUM (X™), Qu( Xy, (AW, 4 m,Q4 (X, Co) AW,
(VU (X)), bs( X, G) — DA(XD))ds + [mabs (X, Zx,) — w2 (X1)]ds

5 QX G) — (QUQI) (XD er, ) Ve, Vel (X7)ds.

ij=1
Thus, we get
WP (XT) + X

t
=M [ug™" (X7) + Xg] + /0 eI (N — Ayu™(X])ds

t
+/ MNP (XT) + 1, m Qs (X, C)dW,)
0

t
(317)  + / AUl (XT) + 1, mbs( X, G) — bl (X]))ds
0

I L \ R n(yn
5 [N S QU@L G) — (@U@ (XD &) T Ve (XD s
0 ij=1
The proof is finished. O

Remark 3.4. The conditions in Lemma 3.3 are stronger than those required in [31, Propo-
sition 2.5], where (a3”) cannot ensure the existence of VuM*™ in (3.13), which does not
appear in the distribution independent setting. Moreover, different from the proof of [31,
Proposition 2.5 ], we do not take limit in (3.13) with respect to n in order to avoid calculat-
ing lim,, o VZu2*"(X™). However, the present formula is enough for us to prove the strong
uniqueness by (3.13), see the proof of Theorem 2.2(2) below for more details.

Proof of Theorem 2.2. Thanks to Theorem 2.1 and the modified Yamada-Watanabe princi-
ple [16, Lemma 2.1], it suffices to prove the uniqueness of (1.1) and (2.2). According to [31,
Theorem 1.1], for any p € C([0,T]; P,) and X, € L?(2 — H;.%,), the following equation

(318) dXt = {AXt + bt(Xt, ,Mt)}dt -+ Qt(Xt7 ,LLt)th

has a unique mild solution X;. Let v € C([0,7]; %) and Yy € L*(Q — H; %) and Y,

solve (3.18) with (u, Xy) replaced by (v,Yy). Moreover, let @fxo (u) and (I);?YO(I/) be the
distribution of X; and Y; respectively. Set X' = 7, X; and Y;" = 7, Y;.
Let A be large enough such that the assertions in Lemma 3.3 and Lemma 3.2 hold. By

13



(3.13), we have P-a.s.

O (X — O (Y
e (O (X)) — 0y (1))

t
+ / AINVOLH (XD )T Qo (X, ) — VO (V)1 Qs (Y, v5)] AW,
0

t
+ / (A — A)eAt=)[dun(Xm) — y mn(ymds
0

(319 /t AT O (XY, [bs (X, 1) — bs(XT, 1)) ds
0
5 | QR (Xun ) = QX[ TH 7 (X s

t
. / AT OM (Y, [0, (Ve 1) — by(V7, )]s
0

N %/Ot eA(tiS)tr{[(QsQ:x}/;? ys) - (QSQ:)(Y??Ns)]VQU;‘”u’n(Y;")}dS’ t e [07T]

By the same argument as in [31, (3.7)] and Fatou’s lemma, it is routine to obtain

2

l t
E lim inf / o2 / (A — A)eAt=) (hmn(xm) _ hmn(ymy)ds| de
n—oo 0 0
l t 2
< liminfE / o2 / (A — A)eAlt=s) (hmn () hmn(ymy)ds| dy

1 l
< Z/ e ME|X, — Yi|2dt, 1€]0,T].
0

Due to (a2), Fatou’s lemma and Lemma 3.2, there exists some function e(\) | 0 as A T oo
such that

l t 2
E lim inf / o™ / A TOMM (XM 1, Qo (X, f1s) — VO™ (Y 1,Q4 (Y, vs)|dW,| dt
l t 2
< liminf / e MR / A TOMM (XM Q4 (X, p1s) — VO (YMQ4 (Y, v)|dW,| dt

l l
<5(A)/ e_2A5E|Xs—Y5|st+5(A)/ e MWy (1, v5)?ds, 1€ [0,T).
0 0

Furthermore, it follows from (a2)-(a3), Lemma 3.2 and dominated convergence theorem
that

2

l
[E lim inf / e M dt
0

n—oo

t
/ IO (V) b (Y, ) = u(Y' ) ds
0

14



n—0o0

l
gé()\)/ “2Wo (1, vs)2ds 4 cE lim / |bs (Y, 1) — bs( s”,us)\st
0
!
=) [ Wl s, e (0.7),
0
and
!
Eliminf/ e 2N
n—oo 0

<E / / 1A 2 [6[(QuQ0) (Yo, 1) — (@u@7) (Y o)) sl

2

/oteA(ts)tf{[(QsQZ)(K,Vs) (QsQ)(YY, ) [V ™ (Y1) ds| dt

+ Eliminf / / A g [0 Qu@0) (Yo ) — (Qu@)(Y, )] sl

n—oo

<OK(T)E / / oA Qs (Yo, 72) — Qul(Yar 1) sl
0 0
ror(Etmint [ B [N 100 1) - Q7 ) s
= Jo 0
<2K(1) [ o [ AWty
varrpmimine [ [ 0.0 ) — QT ) s st
<K (T /l 8_2/\SW2<MS,VS)2dS/l o 2A1=9) | AU—5)|2 g
0 s
2K (TP Elmint [ QY1) = QoY ) s / e oA 2
<E(N) /Ol e MW (pus, vs) ds +cE lim /Ol 1Qs(Yas pts) — Q(Y, i) || g ds
l
=£(\) /O e Wy (s, v5)?ds, 1€ (0,7

for some £(A) | 0 as A 1 oo, where we use (1.2) in the last display. Similarly, dominated
convergence theorem, (a3), Lemma 3.2 and (1.2) lead to

l t 2
Eliminf/ e 2N / AT M (XM, [bs( X, ps) — bs( X, p)]ds| dt = 0,
and
l t 2
Elim inf / / A [(Qu@) (X ) — (Qu@)(XT )]V (XM }ds| dt = o.

15
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Finally, by the monotone convergence theorem and Lemma 3.2, we arrive at

2

l
1 ! 16 [
> 0% i [ o2 IXP — Y dt = —GE/ e M X, — V[P dt.
25 n—oo /g 25 0

Combining all the estimates above, for A large enough, we have

l l
1
(3.20) / e ME|X, — Yi|Ads < 5/ e Wy (s, vs)?ds + c(T)E| Xo — Yo|?, 1€ [0,T].
0 0

This combined with Wg(@fxo (1), ®

holds

G
Py,
S

(v))? < E|X, — Y,|* implies for A\ large enough, it

G
jYO
S

T . 1 [T
(3.21) / e_QASWQ(q);ZXO (1), @5 °(v))3ds < 5/ e T2 Wy (1, v5)?ds + ¢(T)E| Xy — Y|
0 0

In particular, we have

T 1 (T
(3.22) / e_Q’\SWQ((I)}?XO (1), @5 (v))*ds < 5/ e Wy (1, vg)*ds.
0 0

The strong uniqueness of (1.1) follows immediately from (3.22). More precisely, for two
solutions X; and X; to (1.1) with the same initial £ € L*(Q — H; %), (3.22) yields

T
/ WLy, Ly )ds = 0,
0

which together with Zx. , 5 € C([0,T]; &%) implies Zx, = L5 _,s € [0,T]. Thus, X; and
X, solve the same classical SPDE as in [31, Theorem 1.1], which gives X, = X,,t € [0,7].
Finally, if X; and Y; are two solutions to (1.1), (3.20) holds for ps, = Zx, and v, = L.
Again using Wy (s, v5)? < E| X, — Y,|?, we deduce (2.2). O

Remark 3.5. If Q;(z, 1) does not depend on u, the weak uniqueness can be ensured in the
case that b is not weakly continuous in the distribution variable, see [16, Theorem 1.1(1)]
and references therein for the condition that b is Lipschitz continuous in distribution variable
under total variational distance. The crucial technique is Girsanov’s transform, which is also
available in infinite dimensional situation.

4 Proof of Theorem 2.3 and Theorem 2.4

The main idea of the proof is to fix the distribution in the coefficients of Equ. (1.1), which
goes back to the classical situation. Then the log-Harnack inequality from different initial

16
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distribution holds according to [31, (1.7)]. Next, we calculate the relative entropy for two
solutions with different distributions in the coefficients of (1.1) but same initial distribution,
which dominates the total variational distance of these two solutions by Pinsker’s inequality.
Combining the above two parts, the desired log-Harnack inequality follows. As for Wang’s
Harnack inequality and shift Harnack inequality, the coupling by change of measure is used.

4.1 Proof of Theorem 2.3

Proof. (1) According to [29, Theorem 1.4.2(2)], (2.4) follows from log-Harnack inequality
and Pinsker’s inequality. (2.7) is a direct conclusion of Wang’s Harnack inequality, see [29,
Theorem 1.4.2(1)]. So we only need to prove log-Harnack inequality and Wang’s Harnack
inequality.

Let p; = Pfpo and vy = Pjvy. Let X; be the solution to SPDEs

(41) dXt = AXtdt + bt(Xta ,ut)dt + Qt(Xt)th

with #x, = po. Define

t
e = QUQQ) (X)X i) — bo(Xov)], Wi = Wi+ /0 s,

T 1 [T
Ry =exp {—/ (s, dWy) — §/ |%|2ds} :
0 0

By (a2)-(a3) and (2.1), Girsanov’s theorem yields that {Wj}cjo7] is a cylindrical Brownian
motion under Qr = RrpP. Moreover, from (1.4), (a2) and (2.1), it is clear that

and

(4.2) log ER% = log E exp {— /TQ(%,dWs) - /T |75|2ds}
. 0 0
< C’(T)/O Wa(ps, vs)?ds < C(T)Wa(po, vo)?.
for some constant C'(7") > 0. Then we have
(4.3) dX; = AX;dt + by( Xy, v)dt + Q(X;)dW,.
Letting fi; be the distribution of X; under Qr, we derive
(44)  ar(f) =E%¥ f(Xr) = E(Rrf(Xr)) = E(E(Rr|X7) f(X1)), [ € By(H).
This implies P-a.s.
dfir

(4.5) E(XT> = E(Rr|Xr).

17
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On the other hand, according to the log-Harnack inequality in [31, (1.7)] and [29, Theorem
1.4.2(2)], there exists a constant C' > 0 such that

WQ(,“Oa ’/0)2-

dP;vVO log dpj*on) < C

Ent(Pjvolfir) = f
n ( TVO‘,UT> Hr < dIELT dﬂT ~TA1

Thus, by Young’s inequality, Jensen’s inequality, (4.2), (4.4) and (4.5), for any f € %,(H),
one can arrive at

Prlog f(w)

. (dILLT dPs Vo )
B dpr dMT
dir d
dpp

<log Prf(po) + pir

TVO (dﬂ dp;vl/o) )
dpr dpr dar
,uT dPTV() d/LT) (dﬂT dP;:I/() lo dP;vVo)
dpr dpr dM dpr dpr dpr
dPTVO d[,LT> i 'aT <sztV0 l()g dewV@)
dMT dpir dur
d dPjv d Py
<10gPTf(uo)+10guT( T >+2 T( T2 Jog —~ O)
dpir dpir dpr
dPZtI/Q log dpj*vl/o)
d,LLT duT

=log Prf (ko)

=log Prf(uo +MT<

< log Py f(j10) + log ER2 + 2y (

<108 Prf (o) + C(TIWa(po, )2 + W, )
c(r)

W 2
T A1 2(M0>V0)

<log Prf(uo) +

for some constant C(7T") > 0.
(2) Recall py = Py and vy = Pyy. Let Xy, Y; solve the equations respectively

dXt = AXtdt + bt(Xt7 /llt>dt + Qtth,

4.6 vy
o dYy = AYydt + by (X5, pe)dt + QedW; + eAt%

dt
with Zx, = po and %, = 1. Then we have V; = X; + eAtw. In particular,
YT = XT. Let

Xo — Y,
D(t) = be( Xy, pte) — bs(Ye, ve) + eAtu’

telo,T
T € (0,77,

and

M, — / 1), dW,), s € [0, 7.
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Set

R(s) = exp (—MS - §<M>s) seT)
and )
W5:W5+/ QX (QuQ:)*d(u)du, s [0,T].
0

In addition, combining (a3) with (2.1), there exists a constant C' > 0 such that for any

t €10,7],
2
}dt

oo (Tt ! 2 2
< [ 4¢ [Xo — Yol | dt + [ 4K(T) " Wa(p, v)"dt + 2
0 0

T
| Xo — Yo|?
.

By Girsanov’s theorem, {W,}.cjor] is a cylindrical Brownian motion under Q = R(T)P.
Then the second equation in (4.6) can be rewritten as

Xy — Y,
eAt 0 0

T T
/ B(0)|2dt < / {2|bt<xt,ut>—bt<n,ut>|2+2
0 0

| Xo — Yo|?
T

< AT* (| Xo — Yo|) + C(T)W(po, v9)* + 2

(4.7) dY; = AY,dt + b(Y;, 1) dt + Q,dW,.
Consider SPDEs
(4.8) dY; = AY,dt + b,(Y;, L5, g)dt + Q. dW,

with Yy = Yy, then %, |p = ilg = Z5,1lg = vo- Thus, by the weak uniqueness, .23, |5 = v,
which implies Y; = Y; and 2, |@ = .
On the other hand, by Holder’s inequality, for any p > 1, it holds

Prf(v) = E@f(YT) = E@f(XT) < (prpr))%{ER(T)p%}p%'
By the definition of R(T) and (a2), one can obtain

p 1 p
< E{E{ exp {— Z:MT - §M<M>T}

p 2 2 | Xo — Yo|?
X exp {WK(T) (4T¢ (|1Xo — Yo|) + C(T)Wo(po, v0)° + QT) } }

< Eexp {ﬁm) (4T¢2 (10 — ) + D) Wa(pg,v)? + 217010 )}

Thus, we derive the Harnack inequalities. O
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4.2 Proof of Theorem 2.4
Proof. Recall iy = P pg. Let X, Y; solve the equations

dX, = AX,dt + by(Xy, pe)dt + Qo) dWy, Lx, = po,
dY; = AYydt + by(Xe, 1)t + Q, (1) AW, + eAt%dt, Yy = Xo.

(1.9

Then we have Y; = X, + eAt%y. In particular, Yy = Xy + e4Ty. Let

D(t) = bi(Xs, ) = bi(Yio o) + 2, ¢ € (0,7

For any t € [0, 77, set

R(t)zexp[—/o«QZ(QuQZ) ) () B(w), IV, ——/| (Qu@) ) (1) B ()P

and

W, = wt+/0<@ (Qu@)™) (1) ®(u) s

There exists a constant C' > 0 such that for any ¢ € [0, 77,

(410) (o)< o (| )) + 2],
Thus, we have
T 2
(11) | 1oras < org(al) + 212
0

Girsanov’s theorem implies that {Wi}sepo.r) is a cylindrical Brownian motion under Qr =
R(T)P. Then the second equation in (4.9) can be reformulated as

Thus, the distribution of Y7 under the new probability Qr coincides with the one of X
under P.
On the other hand, by Young’s inequality and Holder’s inequality respectively, we arrive
at
Prlog f (o) = E%" log f(Yr)

=E% log f (X7 + ¢"y)

<log Prf(- 4+ e¢*"y) (o) + ER(T)log R(T),
and

Prf(no) = E¥ f(Yy)
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= B9 f(Xp + " Ty) < (Prf?(- + e*Ty))7 (o) {ER(T) 71} 7 .

It is standard to obtain

and by the same argument as in the estimate of ]ER(T)ﬁ in Section 4.1, it holds

B < e {52 [ @@ )b |

2(p—1
Thus, the shift Harnack inequality follows from (4.11) and (a2). O
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