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Abstract

Using coupling by change of measure and an approximation technique, Wang’s Har-
nack inequalities are established for a class of functional SDEs driven by subordinate
Brownian motions. The results cover the corresponding ones in the case without delay.
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1 Introduction

The dimension-free Harnack inequality was firstly introduced by Wang [13] to derive the
log-Sobolev inequality on Riemannian manifolds. As a weaker version of the power-Harnack
inequality, the log-Harnack inequality was considered in [10] for semi-linear SDEs. These two
Harnack-type inequalities have been intensively investigated and applied for various finite-
and infinite-dimensional SDEs and SPDEs driven by Brownian noise; we refer to the mono-
graph by F.-Y. Wang [14] for a systematic theory on dimension-free Harnack inequalities
and applications. For the functional SDEs and SPDEs, the Harnack inequalities are also
investigated in [1, 2], see also [12] for SDEs with non-Lipschitz coefficients and [7, 8] for
SDEs with Dini drifts. However, the noise in all the above results is assumed to contain
a Brownian motion part. The central aim of this work is to establish Harnack inequalities
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for functional SDEs driven by subordinate Brownian motions, which form a very large class
of Lévy processes. It turns out that our results cover the corresponding ones in the case
without delay derived by J. Wang and F.-Y. Wang [15] (cf. [4] for an improved estimate).

Fix a constant ro > 0. Denote by % the family of all right continuous functions f :
[—7g,0] — R? with left limits. To characterize the state space, equip ¢ with the norm || - ||»
given by

0
€[ = / )P ds HIEO)P. £

—7Q

For f : [~rp,00) — R%, we will denote f; € €, t > 0, the corresponding segment process, by
fi(s) = f(t+s), s€[—ro,0].

Let S = (S(t))i>0 be a subordinator (without killing), i.e. a nondecreasing Lévy process
on [0, 00) starting at S(0) = 0. Due to the independent and stationary increments property,
it is uniquely determined by the Laplace transform

]Eequ(t) — e*td’(u)’ u > 0’ t> O,

where the characteristic (Laplace) exponent ¢ : (0, 00) — (0, 00) is a Bernstein function with
#(0+) := lim, o ¢(r) = 0, i.e. a C®-function such that (—1)""1¢™ >0 for all n € N. Every
such ¢ has a unique Lévy—Khintchine representation (cf. [11, Theorem 3.2])

(1.1) o(u) = ku + /(o | (1—e™) v(dz), u>0,

where xk > 0 is the drift parameter and v is a Lévy measure on (0, 00) satisfying
/ (IAz)v(de) < co.
(0,00)

It is clear that ¢(u) := ¢(u) — ku is the Bernstein function of the subordinator S(t) :=
S(t) — kt having zero drift and Lévy measure v.
Consider the following functional SDEs on R%:

(1.2) dX(t) =b(X(t))dt + B(X;)dt +dW (S(t)),

where W = (W(t));>0 is a d-dimensional standard Brownian motion with respect to a
complete filtered probability space (Q2,.%,{% }i>0,P), S = (S(t))i>0 is a subordinator with
Bernstein function of the form (1.1) and independent of W, b : R? — R? is continuous, and
B : ¢ — RY is measurable.

We shall need the following conditions on b and B:

(H) There exist constants K € R and K; > 0 such that
<Z’—y7b(£l}) _b(y>> < K|$—y|2, z,y ERdu

and

|B(§) — B(n)| < Kill§ —nll2, §neE.



Remark 1.1. The condition (H) ensures the existence, uniqueness and non-explosion of
the solution to (1.2). Indeed, letting L(t) = W (S(t)), b(t,x) = b(x + L(t)) and B(t,§) =
B(&+ L), one has

<Il§'—y,i)<t,£€)—i)(t,y)>§K|I—y|2, I,yERd,tZO

and
’B(tyf)_B(tﬂm§K1H§—77”2, faﬂe<€,t20-

Then the following (functional) ordinary differential equation
AX (t) = b(t, X (t)) dt + B(t, X;) dt

has a unique solution which does not explode in finite time; setting X (t) := X(t) + L(t), we
know that (1.2) has a unique non-explosive solution.

The remaining part of this paper is organized as follows. In Section 2, we state our main
results. By using the coupling by change of measure and an approximation technique, we
establish in Section 3 the Harnack inequalities for functional SDEs driven by non-random
time-changed Brownian motions. Section 4 is devoted to the proofs of Theorem 2.1 and
Example 2.4 presented in Section 2.

2 Main results

For £ € €, let Xf be the solution to (1.2) with X, = £. Let P, be the semigroup associated
to X, ie.
Pf(€) =Ef(X;), fe€B(E).

As usual, we make the conventions: % =o0 and 0 - 00 = 0.

Theorem 2.1. Assume (H) and let T > 19 and S be a subordinator with Bernstein function
¢ of the form (1.1).

i) Forany &,n €€ and f € By(F) with f > 1,

-1

Prlog f(n) < log Prf(€) + £(0) — n(0) 2 E ( [ dS(t))

2 02K (T—ro) _ 1

# 21 (ralle = al} + (7 + 1) 1e0) - nOP)

ii) Foranyp>1, &n €€ and non-negative f € By(€),

(pf;l)z S0l (/OT_TO e 2 dS(t)) 1] >H

2 2K (T—rg) __ 1

cexp | Lo (nlle =gl + (74 ) i60) - w02 )|

(Prf)P(n) < Prf?(§) (EGXP




Remark 2.2. If B =0, then we can choose ro = 0 and K, = 0, and thus the assertions in
Theorem 2.1 reduce to the ones derived in [15] for the case without delay.

For a measurable space (F,.%), let Z(FE) denote the family of all probability measures
on (E,#). For p,v € Z(FE), the entropy Ent(v|u) is defined by

[(log g—;) dv, if v is absolutely continuous with respect to p,

Ent(v|p) == {

0, otherwise;
the total variation distance || — v||var is defined by

[l = vllvar == sup [u(A) = v(A)].

AeF

By Pinsker’s inequality (see [3, 9]),

1
(2.1) In—vl% < SEnt(wln), pve P(E).

var — 2

For ¢ € €, let Pp(€,-) be the distribution of X5. The following corollary is a direct
consequence of Theorem 2.1, see [14, Theorem 1.4.2] for the proof; we also refer to [14,
Subsection 1.4.1] for an in-depth explanation of the applications of the Harnack inequalities.

Corollary 2.3. Let the assumptions in Theorem 2.1 hold. Then the following assertions
hold.

i) For any &,m €€, Pr(£,-) is equivalent to Pr(n,-) and
-1

T—ro

But(Pr(€, P, ) < 1600) —nO)PE ([ e as)

0

K2 e2K(T—r0) —1
+ 2 (ralle =l + (7 + D 6O) = O

which together with Pinsker’s inequality (2.1) implies that
T—rg -1
20| Pr(E. ) — Pr(n. ) < 16(0) — n(O)PE ( Ja dS(t))
0

e 2K(T-r0) _ 1
# 52 (e =l + (74 ) =) = O )

ii) Foranyp>1and&,ne€E,

dPT(f,') 1/(p-1)
() o<z

(pf;l)z S0 uor (/OT_TO e 2 dS(t)) 1]

2 2K(T—ro) __ 1

cexp | Lt (e~ + (7 + D 60 - w01 ).



Example 2.4. Assume that (H) holds with K = 0. Let T > ry, and S be a subordinator
with Bernstein function ¢(u) > ku+cu® (k >0, ¢ >0, 0 < a < 1).

i) There ezists C = C(a,c) > 0 such that for any &,n € € and f € By(€) with f > 1,

C1€(0) —n(0)?
PT log f(TI) S log PTf<§> + [Ii(T _ TO)] V (T _ ro)l/a
. % (roll€ = nll3 + (T + 1)(T — 70)|€(0) — n(0)[?).

ii) If in addition 1/2 < a < 1, then there exists C' = C(a,c¢) > 0 such that for any p > 1,
&,n € € and non-negative [ € By(€),

(Prf) () < Prf?(§) - exp [1%5 (roll§ = nll3 + (T + 1)(T = 1) £(0) n<o>|2)}
o (_PIEO = 0P pIE©O) — (P pl(0) — n(O)?
(p— T =ro)Ve " [(p—1)(T —re)]Y/* V] (p—=1)R(T —ro) |

X exp

3 Harnack inequalities under deterministic time-change

Let ¢ : [0,00) — [0,00) be a sample path of S (with Bernstein function ¢ of the form
(1.1)), which is a non-decreasing and cadlag function with ¢(0) = 0. By (H) and the same
explanation as in Remark 1.1, for any ¢ € %, the following functional SDE has a unique
non-explosive solution with X§ = ¢&:

(3.1) dX“(t) = b(X (t)) dt + B(X]) dt + dW (£(t)).
We denote the solution by Xf £ Let
PIFE) =Ef(X;%), t>0.f€#(€) 7.

Proposition 3.1. Assume (H) and let T' > ry.
i) For any &,m €€ and f € By(€) with f > 1,
—1

PLlog f(n) < log PLE(€) + £(0) — (0) ( [ e dw))

2 02K (T—r0) _ 1

K
# 21 (ralle = al} + (7 + 1) e - nOP)
i) Foranyp > 1, {,n €€ and non-negative f € B(E€),

(PEF()" < PLIP(E) exp Lﬁw — (o) ( / g df(t)) 7 ]

2 2K (T—rg) __ 1

cexp | LT (e =l + (74 5= H0) - n0)R) |



Following the line of [4, 6, 15, 16, 17|, for € € (0, 1), consider the following regularization

of ¢

1 t+e 1
C(t) == g/ l(s)ds + et = / lles+1t)ds+et, t>0.
¢ 0

It is clear that, for each e € (0, 1), the function ¢¢ is absolutely continuous, strictly increasing
and satisfies for any ¢ > 0

(3.2) C(t)Let) aselO.
For £ € €, let ng’g be the solution to the following functional SDE with initial value &:
AXTE(t) = b(XA (1)) dt + B(X,¢) dt + dW (¢(t) — £5(0)).

The associated semigroup is denoted by Pf". Note that this SDE is indeed driven by Brow-
nian motions and thus the method of coupling and Girsanov’s transformation can be used
to establish the dimension-free Harnack inequalities for P/

Lemma 3.2. Fiz e € (0,1), assume (H) and let T > ry.
i) Forany &,n €% and f € By(€) with f > 1,
-1

PE log f(n) < log PE 1(€) + |£(0) — (0) ( [ e dwt))

2

K 2K(T—ro) __ 1
+ 23 (rlle = nll + (7 + )

60— ).

ii) Foranyp>1, &,n€F and non-negative [ € By(€),

(PE1)” < PE (€ exp Lﬁ| s o ([ emare) ]

2 o2K(T—r0) _ q

cexp | L0 (ol <l 4 (74 05 = Hs0) - no) ).

Proof. Due to the existence of the delay part B, we will construct couplings as follows. Let
Y, solve the equation

dY (t) = b(Y (t)) dt + B(X} ) dt

s XCE(H) - Y(t
+ A(t) L0, (1) |X”758 - Y8|

[€0) = n(0)[ de=(t) + dW(£(t) — €(0))

with Yy = 7, where

efKt

Jo e des(s)

A(t) == t>0,

and
=T Ainf{t >0; X)) =Y (1)}

6



is the coupling time. It is clear that (X*¢(t),Y (¢)) is well defined for t < 7. By (H), we
have

dIXEE(t) — Y (1)) < KX () — V()] dt — A(#)]€(0) — n(0)| de2(t), t € [0,7).
Thus, for t € [0,7),

XEE(E) — Y ()] < E(0) — n(0) (1 - [ dms))

(3.4) _ ekt tT 0 e 2Ks dfg( )
- foT 70 o—2Ks dez(s)
=:T'(8)[£(0) = n(0)].

If 7(w) > T — ro for some w € €2, we can take t = T' — rg in the above inequality to get

1€(0) — n(0)]

0 < [XT4(t)(w) = Y()(w)| <0,

which is absurd. Therefore, 7 < T — rq. Letting Y (t) = X*5(¢) for ¢t € [1,T], Y(t) solves
(3.3) for t € [r, T]. In particular, X5 ¢ = Y7. Moreover, by (3.4) and 7 < T — ro, we have

(3.5) [XTE() = Y (O < 1600) = n(O)PT () Ljo.r—r (1), ¢ € [0,7].

Denote by ~¢ : [¢¢(0),00) — [0,00) the inverse function of ¢¢. Then ¢¢(~1*(t)) = t for
t > 5(0), v*(¢5(t)) = t for t > 0, and ¢t — ~°(¢) is absolutely continuous and strictly
increasing. Let

W) ::/Ot\Il(u)du—i—W(t) and M, ::—/0t<\11(u),dW(u)>, L0,

where U(u) := ® o v*(u + ¢°(0)) and

L X)) Y
(=) (u) + A( )]1[0,7')( )’ngf(u) Y (u)] £(0) = n(0)].

By (H), the compensator of the martingale M, satisfies, for ¢t > 0,

M), = / () du < / B(s) [ de<(s)

T ; T—ro
< 2K / IXE€ Y2 dr 4 216(0) - n(0)? / A2 e (1),

®(u) = [B(X, *) — B(Y.)]

3.6
(36 1
(£=)'(t)
Recalling that ¢ is a sample path of the subordinator S with drift parameter x > 0, one has

ey =0 s



and therefore

(3.7) /T||X”vf—y||2 ! dt < ! /T||X£5’£—Y\|2dt
. ) t t 2(£g)/(t> =k 0 t tij2 Mt

Next, we focus on the estimate of fOT | X5 —Y;||2d¢t. Firstly, it is clear that for any ¢ € [0, 77,

0 0
/ |Xf€’§(s)—Yt(s)|2ds_/ IXTE(E 4 8) — V(t+ ) ds

T0 —To

t
N / [ X4 (s) = Y(s) ds.
t—ro
This implies that for ¢ € [0, 7],

/0 X0 €(5) — Yils) P ds = </to +/Ot> X(s) - Y(s) P s

(3.8) <

and by (3.5), for t € [rg, T1,

(3.9) / XE(s) — Vis) P ds < / X ) - V()P ds.

—70

Combining (3.5), (3.8) and (3.9), we obtain

[ e vigga
([ o viras) a [C([ e - vioras) a
-/ X YR
310 sn ([ e -apass [T - vera)
= ([ - veras) = [ s - v

< roll€ — i3+ (T + DIE() — n(0)? / D5 ds

o) - o)

) eZK(T—ro)
< rollé — i+ (7 + 1)

8



where in the last inequality we have used I'(s) < e** for s € [0, T — ry]. By the definition of
A(t), it is easy to see that

-1

2160) 10 [ MOP ) <20 - n0)P ( [ e owf(t))

This, together with (3.6), (3.7) and (3.10), yields that for any ¢ > 0
2K (T—ro) __ 1

2K

#2060 - o) (| T g ()

2K?

(1) < 255 (vl = nll + (74 1) £00) - n0)°)

(3.11) -1

By Novikov’s criterion, we have ER = 1, where
1
R .= exp Mga(T)_gs(O) — §<M>ga(T)_gs(0) .

According to Girsanov’s theorem, (W(t))ogtge(gp),gs(o) is a d-dimensional Brownian motion
under the new probability measure RP. Rewrite (3.3) as

AY (¢) = b(Y (1)) dt + B(Y;) dt + dW (¢2(t) — £2(0)).

Thus, the distribution of (¥;)g<;<7 under RP coincides with that of (X} ")o<i<r under P; in
particular, it holds that for any f € %,(%),

(3.12) Ef(X7") = Eref(Yr) = E[Rf(Yr)] = E[Rf(X7)].
By (3.12), the Young inequality (cf. [14, p. 24]), and the observation that

LE(T)—£2(0) 1 L2 (T)—£2(0)
log R = — / (), 4 (u)) — 5 / 0 ()2 du
0 0
(1) ~£2(0) N )
— [ @ W W) + (o,

we get that, for any f € %,(%¢) with f > 1,
Py log f(n) = Elog f(X7")
=E[Rlog f(X} )]
<logEf(X5*) +E[Rlog R]
= log P f(€) + Ezplog R
. 1
= log Py f(£) + 3 E rp (M) ¢z (1)—e=(0)-



Combining this with (3.11), we obtain the desired log-Harnack inequality.
Next, we prove the second assertion of the theorem. For any non-negative f € %,(%),
we find with (3.12) and the Holder inequality

(Pzgff)p(n) = (]Ef(Xffm))p
(3.13) _ (E[RAXEE)?
< PEfr(¢) - (E [Rp/(p—n])p—l.

Since by (3.11)

p/(p—1) _ P . P .
R exp {p — 1 Mem-ro) = 50,y (Mem-ro)
—oxp | L (M )e=(T)—¢=(0)

2(p—1)?
2

p p
X ex —Me .y ——M e _ye
€ p{ 1 L2 (T)—£2(0) 2( 1)2< )é (T)—¢ (0)}

Sexp[ P 1¢(0) = n(0)? (/OT_me‘mdéa(t))l]

(p—1)?
pK12 ) eZK(Tfro) -1 )
<o [ 25 (et + 0+ 0 ) o)

2

p
w(MﬂS(T)—EE(O)} ’

P
X exp | ——— M= (1y—p=(0) —
{p —1 (1)-£0 2(p

2

and noting the fact that exp [I%Mgs(t),gs(o) — z(ppr<M>€5(t)f€5(0)}v 0 <t<T,is a martin-
gale with mean 1 — this is due to Novikov’s criterion — we know that

B[R07] < exp [ Lteo o ([ e déa(t))ll

(p—1)?
pK12 9 eZK(T*TO) -1 )
— — T+1)—— [£(0) —n(0 :
cexp | 2L (valle = nlB + (74 S5 160) - O)
Inserting this estimate into (3.13), we get the power-Harnack inequality. O

To prove Proposition 3.1 by using Lemma 3.2, we first prove the following lemma.

Lemma 3.3. Let e € (0,1) and T > 0. If g : [=ro,00) — [0,00) satisfies g (s) = 0 for
s € [=r0,0, [T 6\ )13 dt < oo, and

t
gOWP < / 19OIBdr + O, te [0,T),
0

10



where C > 0 is a constant and h'®) : [0,T] — [0, 00) is measurable such that

sup  hE(t) < 00
€€(0,1),t€[0,T

and lim_ o h®)(t) = 0 for any t € [0,T]. Then we have

: oy _
lgifnggt lo=0, tel0,T]

Proof. Since gt (s) = 0 for s € [~rg, 0], it holds that

0
/ lg 6)(t—i—s|2ds—(/ /)|g (5)|*ds
—ro —ro+t
S/MWMMS
0
t s t
<C’/ </ ||gf)||%d7“) ds+/ hE(s) ds
0 0 0
¢ ¢
SC’t/ ||g7(j5)||§dr+/ h(a)(s)ds.
0 0

Thus, we find that for any ¢t € [0, 7]

0
Hﬁ%=/|fﬁ+wwﬁw@w2

—-7r0

t
gaﬁn/Wﬁ%w+wa
0
t
sc@+n/nﬁmm+ﬂ@@
0

where
t
HE(t) == h9(t) +/ h®(s) ds.
0

Now we can apply Gronwall’s inequality to get that, for all ¢ € [0, 7],
¢
1912 < HO() + C(T + 1)/ H©) (5) eCT+D(E=9) g,
0

By our assumptions, we know that lim.;o H®)(t) = 0 for all ¢ € [0, T]. Letting € | 0 on both
sides of the above inequality and using the dominated convergence theorem, we complete
the proof. O

Proof of Proposition 3.1. Fix T' > rg. By a standard approximation argument, we may and
do assume that f € Cy(%).

11



Step 1: First, we assume that b is globally Lipschitzian: there exists a constant C' > 0
such that
[b(x) = b(y)| < Clo —yl, a,y€R"

By the Lipschitz continuity of b and B, and noting that | X*¢(r) — X5¢(r)| < [| X5¢ — X5,
we have for t > 0
XS0 = XS] <€ [ XS X+ Ky [ IS XS
+ W(EQR) = £(0)) = W(E(@))|
< (C+ Ky) /Ot 17 = X7l dr + [W(E(2) — £(0)) = W ()]

By the elementary inequality
(u+v)* <2u* +20% w0 >0,

and the Holder inequality, we get that for ¢ € [0, T,
¢
[ XTE(t) - XS ()P < 2(C + K1)2t/ 1€ = XPSIS dr + 2| W (£(8) — €5(0)) — W (£(t)[?
0
t
<2(C+ K1)2T/ 1€ = X0 dr + 2|W (€ (8) — €(0)) = W (£(1)) [
0

Applying Lemma 3.3 with ¢ (t) = | X€(t) — X%(t)| and RO (t) = 2{W (¢5(t) — £2(0)) —
W (£(t))[?, we conclude that X5 * — X5% in € as € | 0, and so

lim Py f = Prf,  f€Ci(®).

Since ¢ is of bounded variation, it is easy to get from (3.2) that

T—ro T—ro
lim e 2 Aee(t) = / e 2K Ae(t).
b0 Jo 0
Letting € | 0 in Lemma 3.2, we obtain the desired inequalities.

Step 2: For the general case, we shall make use of the approximation argument proposed
in [15, part (c) of proof of Theorem 2.1]. Let

b(z) :=b(z) — Kz, xeR.
Then b satisfies the dissipative condition:
(b(x) = b(y),z —y) <0, w,yeRY,

and it is easy to see that the mapping id jgl; : R? — R? is injective for any ¢ > 0. For € > 0,
let ) be the Yoshida approximation of b, i.e.

5O () = & [(id —56)_1 (z) - x] . reR

€

12



Then b€ is dissipative and globally Lipschitzian, |0®)| < [b| and lim, o b = b. Let b©)(z) :=
b (z) + Kx. Then b is also Lipschitzian and

B (2) — b9 (y),x —y) < K|z — y|2-

Let X% solve the SDE (3.1) with b replaced by b© and X79* = ¢ € €. Denote by P
the associated semigroup. Due to the first part of the proof the statements of Proposition
3.1 hold with P/ replaced by P Cf

(3.14) lim PROS = PL, S € G(#),
then we complete the proof by applying Proposition 3.1 with Pf replaced by Pf’(e) and letting
€ |} 0. Indeed, noting that
d[ X (1) = X4 (1)
= 2(X"OL(t) = XO4(1), b (XD () — b (XH(1)) dt
+2(X (1) — XU (), (5)(X“( t)) — b(X (1)) dt
+2(XAO4(t) — XU(1), BX, ) — BX[) dt
< (2K +1)|X*% 5)’5( t) = XOE ()P dt + b (X (1) — b(X (1)) dt
+ 200 | X - X de
< QUK+ 2K, + 1) = Xp€5 de+ pO (X (1) — (X" (1)) dt,
one has for ¢t € [0, T
XL - X0

t t
< @IK|+ 26+ 1) [ X0 - X R [ OO () - )P dr
0 0
t t
= (2|K|+ 2K, +1) / | X5 — XEE|2dr + / 0 (X4 (r)) — b(X 5 (r))* dr.
0 0
Applying Lemma 3.3 with ¢©(t) = | X5©£(t) — X4¢(t)| and hO(t) = [ [bE (X5 (r))

— B(XE(r)) |2 dr, we find that X2 — X% in € ase | 0, and thus (3.14) follows. O

4 Proofs of Theorem 2.1 and Example 2.4
Proof of Theorem 2.1. Since the processes W and S are independent, we have
(4.1) Prf(-)=E [P%f() li=s], [ € B(F).

By the first assertion of Proposition 3.1, for all f € %,(%¢) with f > 1,

Prlog f(n) = E [Prlog f(1) |e=s]

13



T—rg -1
< B [log PHF(6)l-s] +160) ~nOPE ([ e aso)
2 2K (T—rg) __ 1

#21 (alle =l + (7 + D=0 - n0)R).

which, together with the Jensen inequality and (4.1), implies the log-Harnack inequality.
Analogously, by the second assertion of Proposition 3.1, for all non-negative f € %,(%),

Prf(n) =E [PLf() le=s]
.
K12 2K(T—ro) _q

<E|(Ph(©) " exp [ﬁ\am o ([ e dé(t))_ll
cexp |1 (e =l + (7 + ) =)~ n0)R ).

It remains to use the Holder inequality and (4.1) to derive the power-Harnack inequality. [

Proof of Example 2.4. By the assumption, one has

S(t) > Kt + S(t) > (st) v S(t), t>0,

where S is an a-stable subordinator with Bernstein function ¢(u) = cu®. Combining this
with Theorem 2.1 and the moment estimates for subordinators in [5, Theorem 3.8 (a) and
(b)], we get the desired estimates. O
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