Riesz transform via heat kernel and harmonic functions

on non-compact manifolds

Renjin Jiang

Abstract. Let M be a complete non-compact manifold satisfying the volume dou-
bling condition, with doubling index N and reverse doubling index n, n < N,
both for large balls. Assume a Gaussian upper bound for the heat kernel, and an
L?-Poincaré inequality outside a compact set.

If 2 < n, then we show that for p € (2,n), (R,): LP-boundedness of the Riesz
transform, (G,): L”-boundedness of the gradient of the heat semigroup, and (RH,,):
reverse LP-Holder inequality for the gradient of harmonic functions, are equivalent
to each other. Our characterization implies that for p € (2,n), (R,) has an open
ended property and is stable under gluing operations. This substantially extends
the well known equivalence of (R,) and (G,) from [4] to more general settings,
and is optimal in the sense that (R,,) does not hold for any p > n > 2 on manifolds
having at least two Euclidean ends of dimension n.

For p € (max{N, 2}, 00), the fact that (R,), (G,,) and (RH ) are equivalent essential-
ly follows from [22]]; moreover, if M is non-parabolic, then any of these conditions
implies that M has only one end.

For the proof, we develop a new criteria for boundedness of the Riesz transform,
which was nontrivially adapted from [4], and make an essential application of
results from [22]]. Our result allows extensions to non-smooth settings.
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1 Introduction

1.1 Background and motivations

Let M be a complete, connected and non-compact Riemannian manifold. Denote by d the
geodesic distance, by u the Riemannian measure, and by £ the non-negative Laplace-Beltrami
operator on M. Let {¢~"£},5( be the heat semigroup. The inverse of the square root of £ is given

by
L2 N7 foo e—sﬁﬁ.
2 S NG

Denote by V the Riemannian gradient.

The study of the Riesz transform V.£~!/2 is one of the central topics of analysis on manifolds.
Strichartz in 1983 [48], and then Bakry in 1987 [5]], provided sufficient conditions on non-compact
manifolds such that the Riesz transform is bounded for all 1 < p < oo (see Chen [14] for the case
p = 1). Since then, many sufficient, or even in some cases necessary and sufficient, conditions for
the boundedness of the Riesz transform have been provided; see for instance [[11 3] |4} 11 [13] [16}
20, 211,140, 43]]. Let us review some related results. Since the boundedness of Riesz transform on
compact manifolds is not an issue (cf. [48]), we will only consider non-compact cases.

For each p € (1,00), we say that (R,) holds, if the Riesz transform IV.L~1/2| is bounded on
LP(M). Notice that (R;) holds automatically which can be seen by integration by parts. In the
metric measure space (M, d, 1), denote by B(x, r) the open ball with centre x € M and radius r > 0
and by V(x, r) its volume u(B(x, r)). One says that M satisfies the volume doubling property (in
short is doubling) if there exists a constant Cp > 1 such that

(D) V(x,2r) < CpV(x,r),

for all » > 0 and x € M. The heat semigroup has a smooth positive and symmetric kernel p;(x, y),
meaning that

() = fM i) f ) du(y)
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for suitable functions f. One says that the heat kernel satisfies a Gaussian upper bound if there
exist C,c > O such that forall t > O and x,y € M,

(UE) pi(x,y) <

c {_dz(x,y)}
Ve v P T a [

Coulhon and Duong [20] showed that the doubling condition together with a Gaussian upper
bound of heat kernel is sufficient for (R,) for all p € (1,2). Recently, Chen et al. [13] showed,
a bit surprisingly, that a sub-Gaussian upper bound of the heat kernel could replace the Gaussian
upper bound in the above result; see [39] for further developments.

The case p > 2 is more difficult. Notice that if (R,) holds, then it follows from the analytic
property of the heat semigroup that

_ _ _ C
G)) Ve “llpmp < VLT L ], < —
Vit
for all £ > 0; see [47] or [4]. Above and in what follows, we use the notation || - ||, to denote the L?
norm over M, and the notation || - || ,—,, for the operator norm from L” to L?, for any p € [1,0]. A
natural and longstanding question is as following.

Question 1.1. Let p € (2, 00). Does (G,) imply (R),)?

Auscher, Coulhon, Duong and Hofmann in 2004 [4] established a remarkable result, which
shows that, under (D) and a scale-invariant L?>-Poincaré inequality, (G ,) implies (R),) for all p €
(2, po), where py € (2,00]. The scale invariant L?>-Poincaré inequality means that there exists
C > 0 such that for every ball B and each f € C'(B), it holds

(P2) f f = faPdu < P f VP s,
B B

where fp denotes the average of the integral of f on B. Notice that (D) together with (P,) is
equivalent to a two-sided Gaussian bound for the heat kernel; see [28.45]. By recent results from
[7,122], one finally sees that (G,) & (R),) for each p € (2, o), under (D) and (P>).

However, Question [I.T]in generality is still open; see [4, Subsection 1.4] and also [7]. The
requirement of (P;) is not necessary by looking at a manifold obtained by gluing two Euclidean
ends through a compact manifold smoothly; see [13} 20, 29]]. Here and below, an end means, an
unbounded component of a complete non-compact manifold M outside a compact subset M.

In [13]], Carron, Coulhon and Hassell showed that the Riesz transform is L”-bounded for 2 <
p < n,n > 3,if M is an n-dimensional manifold with a finite number of Euclidean ends; the result
has been further generalized to manifolds with conic ends by Guillarmou and Hassell [32], and
by Carron [12] to manifolds with quadratic Ricci curvature decay, i.e., for a fixed x; € M and
Cy > 0, it holds

Cu

(0OD) Ricy(x) > —m.



4 R. JianG

Moreover, in [[13]], it has been showed that if M has at least two ends, then the Riesz transform is
not LP-bounded for any p > n. Indeed, by using LP-cohomology, the following non-trivial result
was proved in [13]].

Theorem 1.2 ([13]]). Suppose that M has Ricci curvature bounded from below, and for some N > 2
V(x,r) s 1V, forall x € M and r > 1. If there exists C > 0 such that for any f € CX(M) it holds

(S v o), 1Al 2 < ClIV -
and M has at least two ends, then the Riesz transform is not bounded on LP (M) for any p > N.

Notice that the Sobolev inequality (S an ’2) together with V(x,r) < " implies (UE) (cf. [28,
29])), conversely (UE) only implies a local Sobolev inequality (cf. [9}128],29]). In particular, under
(UE), (S %’2) may not hold; see [49]].

The above result has been further refined by Carron [12, Theorem C]. Notice that, in particular,
in the above theorem and Carron’s theorem, the ends are not necessarily Euclidean or conic. In
view of this, in [[13], several questions, regarding relaxing the requirement that ends are Euclidean,
had been proposed; see following Question[I.13] Question [6.2]and Question [6.3]

In this paper, we provide a solution to Question by relaxing the requirement of (P,), but
only for p in the intervals (2, n) and (max{2, N}, o); see Theorem|[I.5]and Theorem[I.TT|below. As
an application, we obtain stability under gluing operation and open ended property for the Riesz
transform on manifolds with general ends. Notice that the case p € (1,2) was well understood by
[20} [15]], as we recalled above. We will only consider the case p > 2 in this work.

Throughout the paper, we assume that M is a non-compact, connected and complete manifold,
that satisfies the doubling condition (D). We shall simply recognize M as the union of a compact
set My and one or more but finitely many ends {E;};. We fix a point xj; € My and assume without
loss of generality that diam(My) = 1.

The doubling condition (D) together with connectedness implies that there exist0 < v < Y < o0
such that for any x € M and all 0 < r < R < oo it holds

R\ V(x,R) _(R\"
(1.1) (_) sMs(—) ;
r Vix,r) r
see for instance [35, p. 213, Remark 8.1.15]. This further implies that there exists 0 < N < oo
such that
V(x,R) <
V(x,r)
and there exists 0 < n < N such that

(R)" < V(xp, R)

r) V(xpy, 1)

RN
(—) ,VYxeM&VY1<r<R< o,
,

(Dn)

(RDy) , VI <r<R<oo,

where x3; € My is a fixed point. In what follows, we call n the lower dimension, and N the upper
dimension, of M. Moreover, we simply use (Dy) to indicate that u is a doubling measure with N
being the upper dimension.
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Remark 1.3. (i) It holds obviously v < n < N < Y. The examples of cocompact covering Rieman-
nian manifolds with polynomial growth deck transformation group and Lie groups of polynomial
growth show it may happen that v < n and N < T; see 1,126} 34! |49]] for instance.

(ii) Notice that we only need (RD,,) for a fixed point xy; € My and R > r > 1. Take weighted
lines (R, (1 + |x[)* dx), @ > 0, for example. A small calculation shows that (Dy+1) and (RDg+1)
hold, but (I.1) holds with v = 1 and T = a + 1; see [34] and also [12]. Moreover, by using the
doubling property and the fact My is compact, one sees that (RD,) holds if and only it holds for
eacho € Mpandall 1 < r < R < oo that (R/7)" < V(o,R)/V(o,7).

(iii) In many cases, such as manifolds with conic ends, or with ends like cocompact cover-
ing Riemannian manifolds with polynomial growth deck transformation group or Lie groups of
polynomial growth, one has n = N.

By Theorem[I.2]and [12, Theorem C], we already see that the (homogenous) dimension plays
a key role in the Riesz transform. It is then naturally to split the case p > 2 into two categories: p
less than the dimension and p bigger than the dimension. We will provide necessary and sufficient
conditions for boundedness of the Riesz transform in both cases.

We first consider p > 2 that is smaller than the lower dimension n, which means that n >
2 and the ends are non-parabolic; see Subsection [I.3] for the definition and [12} [41] for more
materials. Recall that if a manifold has two Euclidean or conic ends of dimension two, then the
Riesz transform is not L”-bounded for any p > 2 by [[12 [20].

For p > 2 that is bigger than the upper dimension N, we will consider manifolds with general
ends (including small ones). Notice that in this case boundedness of the Riesz transform will
imply that the manifold can have only one end, if M is non-parabolic; see Theorem [[.TT|below.

1.2 Necessary and sufficient conditions for small p

In this part, we provide a necessary and sufficient condition for L”-boundedness of the Riesz
transform for small p, i.e., p less than the lower dimension. Our approach depends heavily on
recent developments on the relation of regularities of harmonic functions and heat kernels from
[22]136,[37]], and is a nontrivial adaption of the criteria for the boundedness of the Riesz transform
established in [4] (see also [2]]) to our settings.

Definition 1.4 (Poincaré inequality). We say that a Poincaré inequality holds on ends ( (Pg ), for
short) of M, if there exists C > O such that for any ball B with 2B N My = 0, and each f € C'(B),

(PE) V=5 d < 7 £ 191F d

Our first main result provides a solution to Question for p € (2,n). Notice that, under
the doubling condition, our assumptions (UE) and (Pf ) below are much weaker than (P;). For
example, (UE) and (Pg) hold on a manifold obtained by gluing two copies of Eulcidean space R”
together, n > 2, while (P;) does not hold; see [[11} 12} 13} 20, 32] for instance.
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Theorem 1.5. Assume that (Dy) and (RD,) hold on M with2 < n < N < co. Suppose that (UE)
and (PzE ) hold. Let p € (2,n). Then the following statements are equivalent.

(i) (Ry) holds;

(ii) (G ) holds;

(iii) (RH)) holds, where (RH),) means that there exists C > 0 such that for any ball B with
radius rg and any harmonic function u on 3B, it holds

1/p C
(RHp) (JC |VulP d,u) < —JC || du.
B 'B J2B

Remark 1.6. (i) Under assumptions of the theorem, (R,) holds for all p € (1, 2] from Coulhon-
Duong [20], and does not hold for any p > N, if the manifold has at least two ends, by Carron [12}
Theorem C].

(ii) The condition (RH,) is different from the true reverse Holder inequalities used in [3} 146].
Our formulation is natural since in case of manifolds with two Euclidean/conic ends, the true
reverse Holder inequalities fail for any p > 2, but (RH),) holds for p € (2, n); see [22} Section 7].

(iii) The equivalence (G,) <= (RH,) was proved in [22] under a local Poincaré inequality
(P2, 10¢ ) instead of (P5). Notice that (P%) implies (P2, 1oc ); see Lemma 2.2/ below.

In view of Theorem [I.2]and [12} Theorem C], the above result is rather optimal if the manifold
has at least two ends. It is worth to note that our method are completely different from those from
(11} 12} 13} 32], in particular, our assumptions (D), (UE) and (Pg) all are stable under quasi-
isometries. As a consequence, our results work with the Laplace-Beltrami operator replaced by
any uniformly elliptic operator of divergence form, and more generally, work on Dirichlet metric
measure spaces; see Section [3]

The condition (P‘zE ) is satisfied on an end, if the Ricci curvature has quadratic decay (QD) (see
Buser [10] or Theorem [2.6)), or the end is quasi-isometric to one of the following manifold remov-
ing a compact set: a co-compact covering manifold with polynomial growth deck transformation
group, Lie group of polynomial growth as well as conic manifold; see [} (17, 23] 26, 38| 49, [50]]
for instance.

The condition (UE) is a global condition and seems to be more restrictive. However, recent
results of Grigor’yan and Saloff-Coste [29} 30] shed some light on this point. In particular, by [30]
one sees that if each end E; is isometric to Mi \ K;, where 1\71,- is a complete manifold satisfying
(UE) and K; is a compact set, then the manifold M satisfies (UE); see the final section.

We next provide some further necessary and sufficient conditions for the boundedness of the
Riesz transform.

Definition 1.7. Let p € (2,00]. We say that the reverse LP-Holder inequality for gradients of
harmonic functions holds on ends of M (for short, (RHg )), if there exists C > 0 such that for each
ball B with 3B N My = 0, and each harmonic function u on 3B, it holds

1/p
(RHY) ( JC [Vul? d,u) < — 1 |uldpu.
B s J2B
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The observation below is that, (RH),) is stable under gluing operation, if p < n; see Lemma[3.9)
and Lemma below.

Theorem 1.8. Assume that (Dy) and (RD,,) hold on M with2 < n < N < oco. Suppose that (UE)
and (P‘zY ) hold. Let p € (2,n). Then (R,) holds on M, if and only if, (RHE ) holds.

The advantage is that (RHl’f) is a condition much easier to verify than (G,). An immediate
consequence of the above result is that compact metric perturbation does not affect (R,), if p < n.
We also note that, the above result implies the stability of (R,) (p < n) under gluing operations,

see Theorem [I.14]and Corollary [T.15]below.
An open-ended property of the Riesz transform follows from the above result.

Corollary 1.9. Assume that (Dy) and (RD,) hold on M with2 < n < N < oo. Suppose that (UE)
and (Pg) hold. Let p € (2,n). If (R)) holds, then there exists € > 0 such that p + € < n and (Rp+¢)
holds.

Further, (RHE) and (Pg ) hold if the Ricci curvature has quadratic decay.

Corollary 1.10. Assume that (Dy) and (RD,)) hold on M with2 < n < N < oo. If (UE) holds, and
there exists Cy; > 0 such that for each x € M,

Cu

(OD) Ricy(x) > —m,

then (Rp) holds for p € (1,n).

Carron [12, Thoerem A] established that if a manifold satisfies a volume comparison condition
(VC), the (RCE) condition (relatively connected to an end), (OD) and (RD,), then (R)) holds for
p € (1,n). See also Devyver [24, Theorem 5] for a related result. Note that Carron’s assumptions
imply (D) and (UE); see [12, Section 2]. However, after a careful reading of [12| Section 3 and
Section 4] we find that Carron’s proof indeed works under our assumptions in the above Corollary.
The approach [12] used Li-Yau’s Harnack inequality (cf. [42]]) to deduce point-wise behaviors of
the Riesz kernel, which depends on the smooth structure. Our approach (after applying Theorem
[I.5]and Theorem [I.8)) needs to verify the regularity of harmonic functions on the ends, and can be
applied to deal with general uniformly elliptic operators on such manifolds (see Section 5).

1.3 Necessary and sufficient conditions for large p

Theorem seems to be rather optimal if the manifold has at least two ends, however, it is less
satisfied if the manifold has only one end, where in general the Riesz transform may be bounded
on LP(M) for some p > N; see [12][32,[38] for instance. We next provide a necessary and sufficient
condition for p > N under the same requirements as Theorem except that we do not need the
reverse doubling condition, which however holds automatically. The result in this part essentially
follows from [22]]. We shall denote max{A, B} by A V B.
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Let us recall some notation regarding parabolic and hyperbolic manifolds; see [[12] for instance.
Let p € (1, 00). For a bounded open set O C M, define its p-capacity by

Capp(O) = inf {f IVyl? du, y € CX(M),y > 1on 0}.
M

We say that M is p-hyperbolic if the p-capacity of some (equivalently, any) bounded open subsets
is positive. A non-p-hyperbolic manifold is called p-parabolic. A 2-hyperbolic manifold is called
non-parabolic.

Theorem 1.11. Assume that (Dy) holds on M with 0 < N < oo, and that (UE) and (P‘zY ) hold. Let
p € (N V 2,00). Then the following statements are equivalent.

(i) (Ry) holds;

(ii) (RH)) holds;

(iii) (Gp) holds.

Moreover, if M is non-parabolic, then any of the three conditions implies that M can have only
one end.

Note that we did not assume (P;) above, however (P;) follows as a consequence of the proof;
see Remark [4.11

For the proof we will show that the validity (Pf ) guarantees scale-invariant Poincaré inequali-
ties (P,) for any p > N V 2 (see Theorem @ The validity of these Poincaré inequalities allows
us to use [22, Theorem 1.9], and then [[12, Theorem C] to conclude the theorem.

We have the following unboundedness of the Riesz transform as an application of the above
result.

Corollary 1.12. Assume that (Dy) holds on M with 0 < N < oo, and that (UE) and (Pg ) hold. If
there exists a non-constant harmonic function u on M with the growth

u(x) = O(d(x,0)*) asd(x,0) — o

for some a € [0,1) and a fixed o € M, then (R),) does not hold for any p > N V 2 satisfying
p(l—a)=N.

Using the Poincaré inequality (P,) for any p > N V 2 established in Theoremtogether with
Theorem [I.1T]allows us to conclude the claim via arguing by contradiction. We refer the reader to
[12,41]] for more on existence and non-existence of non-constant harmonic functions of sublinear
growth.

1.4 Applications and comments

As applications of our main results, in this part, we address the questions of stability of bound-
edness of the Riesz transform under gluing operations and make some final comments on our
result.

The following question was asked in [13].
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Question 1.13 (Part of Open Problem 8.2 [[13])). Under which conditions is boundedness of the
Riesz transform on L? stable under the gluing operation on manifolds?

We refer the reader to [30, Section 3] and also [29] for a detailed description of the gluing
operation. Here we only need to know that the gluing operation is smooth, and only changes
structure and metric in a compact set. As shown by Theorem [1.2] [12, Theorem C] and Theorem
the L”-boundedness of the Riesz transform is not stable under the gluing operations if p is
not less than the dimension N and bigger than two. Previously, Carron [11] and Devyver [25]]
had addressed this question under the requirement of lower Ricci curvature bound and Sobolev
inequalities; see also [[12] for a description of Devyver’s result.

Our Theorem|I.8|provides a solution to the above question in a different manner than [111 25]].

Theorem 1.14. Let k > 2. Suppose that for each 1 < i < k, M; is a complete non-compact
manifold where (D), (UE) and (Pé5 ) hold. Assume that the gluing manifold M = M#---#M;
satisfies (Dy) and (RD,) for some 2 < n < N < co. Then if for some p € (2,n), (R,) holds on each
M;, (Rp) holds on M.

It is worth to note that, our assumptions, (UE) and (Pg), are stable under gluing operations.
Indeed, under gluing operations, it is straight to see that (Pg) is stable, on the other hand, the
stability of (UE) follows from [29, [30] (see Theorem [6.T).

Since (P,) implies (UE) and (P2E ), we obtain the following corollary.

Corollary 1.15. Let k > 2. Suppose that for each 1 < i < k, M; is a complete non-compact
manifold where (D) and (P3) hold. Assume that the gluing manifold M := M#- - - #M satisfies
(Dy) and (RDy,) for some 2 <n < N < oo,

(i) There exists € > 0 such that 2 + € < n and (Ry.) holds.

(ii) If for some p € (2,n), (R,) holds on each M;, then (R),) holds on M.

In [13]], some open questions regarding manifolds with conic ends or ends isometric to simply
connected nilpotent Lie groups at infinity were also proposed. These two questions were solved
by Guillarmou and Hassell [32] and Carron [[L1], respectively; see also Carron [12]. Our results
also provide a new proof to the two questions; see Section [6]

Finally, let us make some comments. Notice that our main results, Theorem Theorem
[1.8]and Theorem [I.T1] together with [12, Theorem C] and [20]], give a more or less satisfactory
solution for the Riesz transform on manifolds with ends, for the two cases: (i) 1 < p < max{2, n},
(ii) p > N Vv 2. Recall that the case p = 2 is trivially true.

Note that for manifolds with ends like Euclidean ends, conic ends, or ends at infinity isometric
to Lie groups of polynomial growth or cocompact covering Riemannian manifolds with polyno-
mial growth deck transformation group, it holds that » = N. It turns out that on these settings,
(Rp) is stable under gluing operation for p < n = N by Theorem I.14} and not stable for p > N by
[12, Theorem C]. It is then somehow not restrictive to assume (P,) for p > N or may necessary to
have (P,), under which (R),) for p > 2 is well understood by [4], see also [22] and Theorem|[I.T1}

However, for manifolds where one only has n < N, the case p € (2, ) N [n, N] is still unclear,
and certainly deserves further study.
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Question 1.16. Let M be a complete non-compact manifold, which satisfies (Dy) and (RD,,) for
some ) <n <N <ooand N > 2. Suppose that (UE) and (P2E) hold. Then is (R,) equivalent to
(Gp) or (RH),) for p € (2,00) N [n,N]?

For each p € (2, o), it was known from [22] that (G,) <= (RH,), and it holds automatically
that (R,) = (G,) (cf. [4]). So the only question left is, does (G,) or (RH),) imply (R),) for
pE2,00)N[n,N]?

1.5 Structure of the paper

The paper is organized as follows. In Section 2, we provide various versions of Poincaré in-
equalities for later use. In Section 3, we study the Riesz transform for p less than the lower
dimension, while in Section 4, we study the case p bigger than the upper dimension. In Section
5, we provide some extensions of the main results to non-smooth settings. In the final section,
we shall discuss the validity of (UE), and provide examples that our results can be applied to, in
particular, we give the proof of Theorem [I.14]and Corollary

Throughout the work, we denote by C, ¢ positive constants which are independent of the main
parameters, but which may vary from line to line. For a ball B, unless otherwisely specified, we
denote its radius and center by rp and xp, respectively.

2 Poincaré inequality
In this section, we shall provide various versions of Poincaré inequalities for later use.

Definition 2.1 (Hardy-Littlewood maximal function). For any locally integrable function f on M,
its Hardy-Littlewood maximal function is defined as

Mf(x) := sup Jilfld,u,

B: xeB

where B is any ball that contains x. For p > 1, we define the p-Hardy-Littlewood maximal function
as

1/p
Mof(0) = sup ( fur d#) .

B: xeB

We say that M supports a local [*-Poincaré inequality (for short, (P2, 10c ), if for all rp > O there
exists Cp(ro) > 0 such that, for every ball B with r < ry and each f € C'(B),

(Py1oc) Ji f = S5 du < Colro)2 Ji V1 du.

Lemma 2.2. Assume that (P‘zE ) holds on M, then (P3,1oc ) holds on M.



RIESZ TRANSFORM ON NON-COMPACT MANIFOLDS 11

Proof. For any ry > 0, the Ricci curvature on the set {x € M : dist(x, My) < 3rp} is bounded
below by a constant K(rp) depending on ry. Therefore, by Buser [[10] (see also [33]]), there exists
Cp(rp) such that for every ball B = B(x, r) with r < ry and dist (x, My) < 2rg, and each f € C'(B),
it holds

(Pa10c) f f = f5 du < Cotro) f V1 du.
B B

On the other hand, by (Pf), one sees that there exists C such that for any ball B(x, r) with center
x¢{yeM: dist(y, My) < 2rp} and r < ry, it holds for each f € C!(B) that

fB f — faPdu < CP Ji VA du,

as desired. m|
For a real number y > 0 we denote by [log, y] the biggest integer not bigger than log, .

Theorem 2.3. Assume that (Dy) holds on M with 0 < N < co. If (Pg) holds on M, then for any
p > NV 2 there is a Poincaré inequality (P)), i.e., there exists C > 0 such that for any ball B and
any f € C\(B) it holds

1/p
(Pp) Jilf — fpldu < Crp (Ji IV£1P du) -

Proof. Since (M, d) is a geodesic space, by Hajtasz-Koskela [33, Section 9], it suffices to prove
the following weaker version, i.e., for f € C ! (8B),

— 1/p
(P f |f = faldu < Crg ( f IV £1P du) .
B 8B

By Lenhldma a local Poincaré inequality (P5, 1oc) holds. If rg < 100, then the required
estimate (P),) follows from (P, joc ).

Assume now rg > 100. If 2B N M, = 0, then (P,,) and hence (F;) follows from (P‘zE ).

Suppose 2BN My # 0. Let f € C'(8B) and write

£ 1 = faldu < £ £ 1760 = SO dux) du).
B BJB
Claim: For each g € (N V 2, 00), there is a constant C > 0 such that for all x,y € B it holds

£ = FO)I < Crg [ Mg (19 fliss) () + Mg (1Y flyss) )]

If the claim holds, then by taking g € (N V 2, p), we conclude that

17 = fulde < Crm £ £ [ My 09 sm) 09+ My 09 lxs) 0] i
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1/p
< Crp ( fB M, (V£lsp) (0] d#(x))

1/p
sc@(f IVfI”dﬂ) ,
8B

where the last inequality follows from the fact that M, is LP-bounded for p > q. The above
estimate completes the proof of (F;,) and therefore the theorem.

Let us prove the claim. Take xjz, € MoN2B and set By, = B(xamy, 1). Note that B(xy,, 1) C 3B
since rp > 100. Recall that we assume diam(My) = 1. For all x,y € B, we write

2.1 1fC) = fON < 1F () = foy,, | +1FO) = I, |-

Step 1. Suppose first that d(x, xps,) < 100. We choose a sequence of balls {B j}?;o such that
B; = B(x, 27/ % 102) for each j > 0. As x € B and rg > 100, we have Bj C 3B C 8B. We write

(2.2) |f(x) = fBay, | < |f@) = fa,| + If5, - T8y, -

For the first term, note that Bj;; C B; for each j > 0. By using (P2,1oc), ¢ > N V 2 and the
Holder inequality, we conclude that

|f(0) = fao| = jlgg |f3, = fa] < ; /3, =[5,

< ZJC |f_fBj| dp
j=0 VB
) [eS) ) 1/q
<C — fa,|du< Y €2 102| § VS d
< ;ﬁjﬁ fs) u<§ . (Ji,.' f u)

< > C2I M, (1Y flxss) (1)

=0
(2.3) < CrgMy (IV flxsp) (%),

where in the last step we used the fact rg > 100.

For the remaining term in (2.2)), note that BXM0 = B(xp,, 1) € B(x,102) = By C 3B C 8B since
d(x, xp,) < 100. From this and using (Dy), (P2,10c), ¢ > N V 2 and the Holder inequality, we
conclude that

i~ | < £ Vil dusc f | fu] du

Mo
< C( . V1 d,u)l/q < CMy (IV flxss) (x)
(2.4) < CVBA/(;q (IVflxsp) (x),
since rg > 100. The estimates (2.3) and (2.4) yield that for x € B with d(x, xy,) < 100,
2.5 /() = fr,,, | < CraMy (Y flxsp) (x).
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Step 2. Suppose d(x, xp,) > 100 and let kg € N be such that

9 ko 9 k0+1
(2.6) 9 (g) <d(x,xpm,)+8<9 (g)
Note that (2.6) together with d(x, x),) > 100 implies
9 k() 9 k0+1
2.7) 8 (g) <d(x,xpm,) <9 (g) .

Take a geodesic y connecting x to xy,. On the geodesic, we choose a sequence of points {x j}lj‘;o

Figure 1: The chosen points and balls along the geodesic.

such that d(xo, xp,) = 1, d(xj, xj+1) = (9/8)/*! for 0 < j < ko — 1. As the set {x,-}’;f; , belongs to
the geodesic vy, we have

ko 9 J 9 ko+1
d(x, xg)) = d(x, xpm,) — Z (g) = d(x,xp,) — 8 [(g) - 1},

J=0

which together with (2.6) yields that
k0+1
(2.8) 0 <d(x,xx,) < (g) .
Let B; = B(x;,(9/8))) for 0 < j < ko and By = B(x, (9/8)**!). We write

Z |fB fB,+1

—.I+II+III+IV.

00 = Fi, | < |, = Fio| + ~ fi |+ [F 0 = £,
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For the term 1, by (P2,10c ), (D) and the Holder inequality, we obtain
I < |wa0 - fB(xM0,2)| + |fBo - fB(xMO,2)|
< 1Sl £ 1 = Facsuyolde
Buy, By
C

a V(XM() > 2) B(XMO ,2)

c 12 c 1/g
< VfPdy| <—=—- f IV f1? du
V(xa, )2 (fB(xMO,Z) Vxmgs M9\ I, 2)
Cd(x, xy)N9 Ha
< (x XM()) 1 f |Vf|q dll
Vg, 2d0x, xpp))Y 9\ J Bt )+2)

1/q
Cd(x, xp, N4
< " V1 d
V(x, 2d(x, xpp)) 9\ I Bix,2d0xxmg)

< Cd(x, xp)NIM, (IV flysp) (x) < CrgM, (1Y flysp) ().

If = fBexu, 2| dit

Above, in the last second inequality we used that d(x, xy,) < 3rp, B(x,2d(x, xp,)) C 8B since
x € B and xp, € 2B, and in the last inequality we used that 100 < d(x, xp,) < 3r5.

Let us estimate the second term //. For each 0 < j < ko, we have B;, Bj;1 C B(xj;1, %(%)j)
and B(xj.1, %(%)j ) C B(x,2d(x, xp,)) by (2.7). By the doubling property, we have

< ‘fBj - fB(x,-H,%(%)-f)’ + ’wa - fB(x,-H,%(g)f)

< — .
< £, U = szl f,

),
S ——F— If = Foxs, 1200 dpe.
V(xje1, (3 IBeja, L@ Gt ¥ (30)

9\ (o\*! 17 (9}
Z Z =— 2] <
(6 (&) =% () <

by using (P2, 10¢ ), (Dy), (2.7) and the Holder inequality, we conclude that
cL29yi 1/q
PR 5 L ( | V¥ du)
V(xj+1’ §(§)J) /q B(xj1, X ()7

C(2)i+ k=Nl Va
P f V419 du
V(xji1, (§)k0)1/q B(x,2d(x,xm,))

CYA-NDg(x, xp YN /g
(2.9) < ) & %oto) f VAT du|
B(x,2d(x,xm,,))

|fBj - fBj+l

1 lf = fB(xjH,%(%)f)l du

J

For the j’s such that

|fB./ = /B

V(x, 2d(x, xp,))/4



RIESZ TRANSFORM ON NON-COMPACT MANIFOLDS 15

where in the last inequality we used that V(x j+1,(%)k0) ~ V(xjs1,2d(x, xp,)) ~ V(x,2d(x, xp,))

which follows from (2.7).
oy (9y* 179V
=) +(z] =—(2] > 100
5+ =)

For the j’s such that
Mook (Y2 +2
Z 9 8 9
d(Xj+1,XM0) = (_) = —( ) =8 (—) — 8’

9
j=08 §_1

notice that

which together with diam(My) = 1 implies

, 9\ [9\/*! 17 (9) 47 (9 47 800
dlSt()Cj.;,l,M())-Z{(g) + (g) > d(xj'_,.l,XMo)—l—I(g) > ? (g) -9 > gv—g > 100.

Therefore, 2B(x .1, % (%)]) N My = 0. Applying (P5), (Dy), (277) and the Hélder inequality, we
conclude that for such j’s

| C%(%)j 1/q
fs, — fo| < . ( f v A1 du)
! ! V(xj+1, %(%)J)l/q B(xj1, 2 ()

C(%)j+(ko—j)N/q a
< vl ), AT
Vxjer, (Y)Y \JperdCeng )

C(2)I=ND(x, x3, )V 1/q
(2.10) Pty ( Ml‘)) f Vi du| .
V(x, 2d(x, xpmy )4 B(x2d(x.xu,))

Combining (2.9) and (2.10), we further deduce from (2.7) and the fact ¢ > N that

ko=l 0 (9)JA=NID g(x, xpy YN/ l/q
msy —* ( Mf/q ( f IV £14 du]
= V(x2d(x, xu)) B(x2d(x, %)

ko—1

< 3 CEMI0dCx 010V M, (9 Fless) ()
j=0

< M0k, 11,19 My (19 fless) ()
< CraM, (¥ flyss) (0.

For the term /11, by the choice of the points {x.,-}';(;o, we see that

. k0+1
o\rl oyl ligvi 79y (3)T -1 17 9% 19 (9\k
d -2|(= =Y (2] -= (2] 22— -— (2] === -8
e xh0) [(8) 3 —20(8) A e I
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By (2.6)) one has 108 < d(x, xps,) + 8 < 9(9/8)%*! which implies

1 k() 1 k0+1
—9(2) ~-8= 98(2) —8>12§—8>40,

4 \8 4918
and hence,
9 k0+1 9 ko 9 k0+1 9 k()
(2.11) dist (x, My) — 2 (g) + (g) } >d(x,xp,)—1-2 (§) + (g) > 39,

from which it follows that 2B(x, ¥ (3)©) N My = 0. By @), B(x, ¥(3)%) c B(x,d(x, xpm,)),
where d(x, xp,) < 3rp. Thus, by applying (PgE ), (Dy) and the Holder inequality, we conclude that

11 < o= o o] + oy = Fie g

o )y
<— o 1f = Fonoyol du
Vix, 2(3)%0) I, 220 5 (G0

C(%)ko 1/q
< ——F IV £l dﬂ]
Vix, Z(@)o)l/a (fB(x,‘g<§’)ko>

< CrgMy (IV flxss) (x).

For the term IV, Z.11) implies 2B, N My = 0, where B, = B(x, (9/8)%*!). Therefore, by
applying (P%), (Dy) and the approach similar to (2.3), we find

1V =f(x) = fg| < CrMy (IVflxsp) ().
For x € B with d(x, xp,) > 100, from the estimates for I, [, 11,1V, it follows that
(2.12) /() = fr,,, | < CraMy (IV flxsp) ().
Apparently, the same proofs in Step 1 and Step 2 work for y € B and yield that
(2.13) 1fO) = Ty, | < CraMy (IV flxse) (-

A combination of 2.1), 2.5), (2.12) and (2.13) completes the proof of the Claim. i

Remark 2.4. The approach used in proving (2.3 is called “telescopic approach” in the literature,
see [35 p. 211, proof of Theorem 8.1.7, and p. 243, Section 8.5].

Proposition 2.5. Assume that (Dy) holds on M with 0 < N < oo and that (P3,1oc) holds._Then
there exist N, > 0 and C > 0 such that for any ball B = B(xo,r), r > 1, and any f € C'(2B), it
holds

(Pe) f f = fol du < PN £ v R .
B 2B
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Proof. Based on the validity of (P2, 10c ), we only need to show (Pg) for balls B = B(xp, r) when r
is sufficiently large. Let us assume r > 100. Set By = B(xp, 1). By (Dy), we can find a sequence of
balls via an e-net with € = 1/2, {B;}1<i<c(r), where C(r) is an integer not bigger than Crle, N, >0,
such that each ball B; is of radius one and the center of B; is located in B, %B,- N %B ; = 0 for any
i# j,0<1i,j<C(r);see [35 p. 102] for instance. By the choice of B; we have

(2.14) B c U)B; c UXY3B; c B(xo,r +3) € 2B.

Write

1/2 1/2 ) C(r) 1/2
(-l <2(f1r- st an) SW;(LM—J&%W) .

If i = 0, then (P3,1oc ) implies
f ~ faPdu<cC | VfPdu.
By By

For other i’s, let x; be the center of the ball B;, and there exists a geodesic y(xg, x;) that links x;
to xo with length equaling d(xo, x;). As x; € B, one has d(xg, x;) < r and y(xg, x;) C B. Along
(X0, x;), we may find a sequence of balls {B; ;}i<j<cq;) with C(i) be an integer not bigger than
2d(xo, x;), such that each ball B; ; is of radius one and has center on y(xo, x;), and B;; N By # 0,
BiciyNBi # 0and B;; N B; j_1 # 0if 2 < j < C(i). As the balls B; ; are of radius one and have
center on y(xg, X;), where y(xo, x;) C B, we have

(2.15) UlgjsC(i) Bi,j C UlgjsC(i)3Bi,j C B(xo, r—+ 3) Cc 2B.

A chain argument implies

1/2 1/2 C()
( f If - fiol? du) < ( f f - f5? du) 1fs, = Foicol + oo = ol + ) foypo, )
B,‘ B[ ,

=2

Notice that, as Bo N B;1 # 0, B;; C 3By, and therefore,

12
/By — fBir| < 1f38y = fBol + 138y — [Bis| < CJC If = fag,ldp < C(J[ V£ dﬂ) :
3By 3By

Similarly, we conclude via (Dy), (2.14) and (2.13) that for each 1 < i < C(r),

1/2
( f f- fBO|2du)
B;
.

1/2 1/2 C(
sc(f IVflzdu) +C(JC |Vf|2d,u) +C
330 3B,‘4’C(,') .

J=1

12
( f st du)
3Bi’j
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C(i)-1

s 1/2 ) 1/2 ) 1/2
V£l“d V£lcd Vi£lcd
(f33|f| u) +(f33m|f| /1) +;(f33”|f| u)

J i

C(l)rN /2 1/2 FN/2+1 1/2
CL@B” (f VAT ) SCmml/z( ' e ) '

Summarizing these estimates, we conclude that

5 1/2 C(r) 1/2
(Jilf—fgl du) P (B)l/z (f 1f = fao du)

C 12 € N2+ B2 1/2
(B2 (f% VAT d ) +Z] H(2B)12 (f V¥ du )

cc N/2+1 1/2
L [

1/2
< CI”NH+N/2+1 (f |Vf|2 d/.l) ,
2B

where in the third inequality we used u(B;)/u(2B) < 1. This gives the desired estimate.

/2
<o
u(2B)'2

Theorem 2.6. If there exists Cyp; > 0 such that for each x € M, it holds
Cu
Ri >
MO G 1T

then (Pf ) holds on M.

Proof. By Buser’s inequality (cf. [[10} 33]]), there exists a constant C > 0 depending only on the

dimension such that, for any f € C'(B),

f f = foldu < CeVErsry f IVl d:
B B

where K > 0 and the Ricci curvature on B is not less than —K.
For any B ¢ M with 2B N My = (), we then have

Cu
Ri >——, Yx€eB.
icpy(x) ot 1 X

This together with Buser’s inequality implies

f = faldu<ceN s g f IV fldu < Crp f IV fldu,
B B B

which together with [33] Theorem 5.1] further implies

f f = faPdu < P f V1 dp,
B B

as desired.
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3 Riesz transform for p below the lower dimension

3.1 Riesz transform via heat kernel regularity

In this section, we study the behavior of the Riesz transform on L”(M), where p € (2,n). In
what follows, let A, := I — (I — e"2£)’”, where m € N is chosen such that m > N/4; see [4, p.
932]. Let T := V.L~'/2. The sharp maximal function M’;’ 4Jf for every locally integrable function
f is given as

1/2
MG Af(x) := sup (ﬁ (1 —Arg)flzdﬂ) :

B: xeB

Lemma 3.1. Assume that (Dy) holds on M with 0 < N < oo. There exists C > 0 such that for any
f € L*(M), any ball B and x € B, it holds

1/2
(3.1) ( Jg T - AP d#) < Mb, f(0) < CMa(fD().

Proof. See [4, Lemma 3.1]. O

Lemma 3.2. Assume that (Dy) holds on M with 0 < N < oo, and that (UE) and (G,) for some
po € (2,00) hold. Then for every p € (2, po), there exist C,T > 0 such that for every ball B with
radius rg and every f € L>(M) supported in U; = 2*'B\ 2/B, i > 2, or U, = 4B, one has

1/p Ce—‘r4i 1 ) 1/2
3.2 VA, . fIPd < —_— d .
(32) ( £ 19, ,U) = (ﬂ(zl 5 1 ,U)
Proof. The lemma was proved in [4, Lemma 3.2]. Notice that, although in the statement of [4,
Lemma 3.2], (P2) was assumed, its proof indeed only needs (Dy), (UE) and (Gp,). O

Recall that x); € My is fixed, and we assume that diam(My) = 1. The reverse doubling
condition only requires that for all 1 < » < R < oo it holds

(R)” < V(xy,R)

v V(1)

(RDy)

Lemma 3.3. Assume that (Dy) and (RD,,) hold on M with 1 < n < N < oo, and that (UE) holds.
Let Cy > 10 be fixed. Then for any p € (1, n), there exists C > 0, depending only on Cy,n, N, such
that for any ball B, with rg > 1 and CoB N\ My # 0, and any f € LP(M), it holds

—1/2 o1p Hp Crp
(ficemwa) <o,

Proof. For each x € B, write

(2Corp)? 00
12 Vr 5L ds ﬁf .y ds _
|‘£ f(X)| = 2 j(; |e f(X)| \/E i 2 (2Corp)? 'e f(X)l ‘/E = hth
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For the term I, one has via the Minkowski inequality that

1/p (2Corg)? (2Corp)?
( f IIllpdu) <C f ‘SLfII a5 f ||f||,, < Cralifl,.
B 0

For the term I, notice that by (Dy), the assumptions CoB N My # 0 and diam (My) = 1, it holds
V(xp, Vi) ~ V(xy, Vi) ~ V(x, Vi)

for any x € Band ¢ > (2Corp)*. From this together with (UE), (RD,) and the Holder inequality,
we deduce that for each x € B

S c P, y)}
D < _ d —_—
Il < f(z . fM TR { O du) 2 \f

OO 1 2( ,y) (p-D/p ds
=€ f(zCorB)z Hf”p (fM W exp{ c(p—1s } dﬂ(Y)) %

* C ds
<Clifll, f __C &
(2C0r3)2 V(.XM, \/E) P \/E
b Cr "/P ds Cr
=W ”"f Trron o < m
(2Corp)? V(XM’ZCOT'B) D gn/{sp \/_ (B) p

where in the last inequality we used the fact that p < n. Combining the estimates of /| and />, we

conclude that
12 1/p 1/p Cr
- Pd < L + bL|Pd < ,
(freemwa) <(fmemra) <o,

as desired. O

Using the the previous mapping property of the Riesz potentials together with Lemma[3.2] we
deduce the following estimates.

Proposition 3.4. Assume that (Dy) and (RD,,) hold on M with 2 < n < N < oo, and that (UE)

and (Pg) hold. Suppose that (G,) for some py € (2,n) holds. Let p € (2, po) and q € (2,n). Let

10 < Co, @, B < oo. Then for each B = B(xp,rg) C M and each f € CZ (M), the followings hold.
(i) If rg < @, then there exists C1 = C1(n, N, p, po, @) such that it holds

1/p
(3.3) ( Ji ITAL S dﬂ) < Crinf Mo(T 0.

(ii) If rg = B and d(xp, xpr) < Corp, then there exists Co = Co(n, N, p, q, po, Co, B) such that it
holds

1/p C
p
(3.4) ( fira,s d,u) < e
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(iii) If rg > B and d(xp, xpr) = Corp, then there exist Cz, Cy4, depending on n, N, p, q, po, Co, 5,
such that it holds

I/p C
(3.5) ( fB ITAfV du) < Sl + Cyinf MoTFI)0)

V(xm, d(xp, xp) + 1)1/a

Proof. Let g := £7'2f for f € C®(M). Let U; = 2*'B\ 2/B, i > 2, and U, = 4B.
(i) The case rp < a follows from a proof similar to [4, p. 935], we provide a proof for com-
pleteness. By Lemma 3.2 one has

1/p 1/p
(Ji ITArBfI”du) <Z(f VAl - g4B)XU]|Pdu)

i>1

Ce_T4l 1 5 172
< - . - d .
I (p@B)fU,,'g gusl u)

i>1

By using (P2, 1oc ) from Lemma [2.2]and (Pg) from Proposition [2.5] one finds

1/p —r4i 1/2
Ce 1
ITA |1’d) < E (— f| - |2d)
(JCB rBf M : s /J(ZIB) U, g — 84B M

i>1
Ce_-r4t 1/2 i
< Z (JC lg — gszI2 dy) + Z |g2i — &2+l
=1 2i+1 B j=2
_-,4! i+1 1/2
< Z Z(Z]+1r3)[(2]+1r8) v 1]N uts (f |Vg|2 d,l,l)
e~ 2/+1p
rp<a 4, i+ N 1
< D Ce 3 2N inf Ma(VeD()
i1 J=1

<C §2£M2(|Tf|)(y)‘

(ii) Suppose now d(xp, xpr) < Corg and rg > 8. By Lemma|[3.2] Lemma [3.3]together with the

Holder inequality, one has
1/p —r4i 1/2
Ce 1
VA ) < —_— 2d
( JC IVA,(gxu)l ,U) E - (# 2B fU[_ lg] u)

1/p
( £ 1A, du) <
B

i>1 i>1
Ce—‘r4’ 1 1/q
<y L f g1 di
~ 8 \u2'B) Jy,
Ce ™ 2irg
< le (2IB)I/qIIfIIq < (B)l/qllfllq

(iii) If d(xp, xpr) = Corp and rg > 3, then the ball B is included in one end. Let £ € N such that
25+ yp < d(xp, xy) < 252rp (recall that Co > 10).
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By Lemma 3.2] again one has

1/p

>
k i 172
Ce™™ 1 2
< - —ouplPdu) + Y-
_Z - (ﬂ(le) fu | g — gasl ﬂ) Z

i>k

Since d(xp, xpr) < 2M*2rp, for each i > k, 2*'B N My # 0. By Lemma g < n, (Dy) and
(RD,,), we obtain

Ce ™ [ 1 , P
L < — — d
) < Z - (N(ZI B) fU ,~ lg — gaBl /1)

i>k

Ce™™ 1 >\
< +|— d
Py [lgm (o, 1o

>k

Ce ™ ( 1 le ta
< — Igl"dﬂ) o | letdu
; rg  [\u(B) Jor+1p u2'B) Jy,
i 2k 21
< Ce™™ + —
Yce [ﬂ(B)l/qnfuq #(ZLB)anfuq]
; 2k+kN/q 21’
<) C 4 + .
_; /lle [/1(2]‘3)1/’1 V(XM,2’VB)1/"]
; 2k+kN/q 2k+(i—k)(1—n/q)
<>y C 4 +
Zk: e [V(xM,2krB)1/q v<xM,2'<rB>”q]
Ce—c‘r4"2k+kN/q
< — £l
V(xp,d(xg, xp) + 1)V4
C3
< 1/ 1lg-

V(xm, d(xp, xp) + 1)1/a

Using (P‘ZE), we can estimate the term /; as

Ce™ ( 1 f , V2
—— | g —gaBl"du
rg \p(2'B) Jy,
Co—4 12 i
[(JC g — goiipl* d,u) + Z 182/8 — &2i+1l
rp Qi+l g P

J_
Cot¥ 1/2
Z(zfrg)(f |Vg|2du)

DM I 2D

L

IA

r'p

i
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<Cy ;16111; Mo(T D).

Using the estimates of /; and I,, one can finally conclude that

1/p
C3 )
TA,, fI”d < Cyinf T ,
(JCB' s ) S Vear, g, sy + a1l ¥ Gl MAT D)

as desired. O

Using Proposition |3.4|and adapting the argument from [4], we are able to provide a modified
good-A inequality. The key ingredient is that for large balls, Proposition [3.4] allows us to deduce a
small error term in the good-A inequality; see Proposition 3.6 below.

Proposition 3.5. Assume that (Dy) and (RD,) hold on M with2 < n < N < oo, and that (UE)
and (Pg) hold. Assume that (Gp,) holds for some py € (2,n). Let « > 10 and 2 < q < pg. There
exist Ko, C > 0 only depending on n,N, a, q, po, such that for each f € CZ(M), every 1 > 0,
K > Ky and y > 0, and every ball By = B(xp,rp), rg < a, if there exists xo € By such that
Mo(IT f)(x0) £ A, then it holds

(3.6) u({r € Bo: MaT D) > KA M7, f(0) < y2)) < COF + K~ u(Bo).
Proof. By using (i) of Proposition the conclusion follows from [4, Lemma 2.2]. O

Recall again that we fix xj; € My and assume diam(My) = 1.

Proposition 3.6. Assume that (Dy) and (RD,,) hold on M with2 < n < N < oo, and that (UE) and
(Pg) hold. Suppose that (Gp,) holds for some py € (2,n). Let > 10 and 2 < p < g < po. There
exist Ko > 1 and C,Cg > 0 only depending on n, N, p, q, po,3, such that for every f € C (M),
every 1 >0, K > Ko and y > 0, and every ball By = B(xp,rg), rg > f3, if there exists xy € By such
that My(IT f|)(x0) < A, then it holds

) # /1l
,u({x € By : Ma(ITf)(x) > KA, MT’Af(x) < y4, Vo dOxa) 3 D7 < CE/I})

(3.7) < C(y* + K™) u(Bo).
Proof. Let J,K > 1 and y, Cg > 0 to be fixed later. For 4 > 0 let

111,
T V(xp, d(x, xp) + 1)1

E = {x € By : Mu(TfD(x) > KA, M?Af(x) <yAd < CE/l}

and

— : 1l
Q= {x € By : MZ(lTA3rBfIX3Bo)(x) > JA, Vi dGexa) + DUP < CE/l} .

Claim 1. There exists C > 0 such that

(3-8) () < CJ™u(By).
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Let us prove the claim. First assume d(xp, x)) < 100rp. Notice that, if || f]|, > ,u(Bo)l/l’/l, then
it follows from the doubling property (Dy) that for each x € By
Ve, d(x, xp) + 1) < V(xp, d(x, xp) + 1) < V(xp, 2d(xp, xp) + 2rp)

< C(Zd(xg,xM) + 2]"3
rp

N
) V(xp,rg) < Cu(By),

and hence, there exists ¢; > 0 such that for each x € By it holds

/1l

1< Bo) VP < .
Il £1l ,1(Bo) VG dGe ) D

By choosing Cg < 1/c; we see that
3.9 u(Q) =0.

Suppose now |[|f]l, < u(Bo)l/ P ). Recall that the 2-Hardy-Littlewood maximal operator M; is
bounded on LY(M) for all ¢ > 2. By using (ii) of Proposition and (Dy) one has

1/q C
( f [T Asy, f17 dﬂ) < ey,
38, u(3Bo)'/P
which together with the (g, g) boundedness of M, implies that

1

R T

C
f Mo(ITAszrp fli3p,)? dp < f ITA3, f17 du < —u(By).
Bo 3By J1

(JAy1

If d(xp, xp) > 100rp, then by using (iii) of Proposition[3.4] one has via the fact My (T f)(xo) < A
that

1a Cslifil
(Jf TAs, f|qd,u) < ¢y inf MO
By V(xp. d(xg, xpp) + DVP 7 yebo
C
o o SI1A

V(xp, d(xg, xpr) + DVP

If (| fll, = V(xpm, d(xp, xpm) + 1)'/P A, then by the fact that d(xp, xps) = 100rg, we see that for each
x € By it holds
VAl < 1711,

= Vg deg. o) + D7~ V. dxxa) + DUP

By choosing Cg < 1/c¢, we find

(3.12) Q) = 0.

Suppose now || fll, < V(xp, d(xp, xpr) + 1)!/P 2. Then by the (¢, ¢) boundedness of M, and (3.11)
we obtain

uQ) < Mo(IT Az flx3p,)? du <

.
T Az, f19d
T g, 7 Sy, T AT
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c 171, a
= T (“ Vo, dCeg,xon) + Dp | HOB0)
C
(3.13) < H(Bo).

By choosing 0 < Cg < min{1/cy, 1/c;}, the above estimates (3.9)—(3.13)) confirm Claim 1.
Let us estimate the measure of the set E \ Q. Notice that there exists ¢y > 0 only depending on
the measure such that if coK> > 1 then

Mo(IT flz,)(x) > K4,

if x € E. Indeed, since Mp(|T f])(x) > KA for x € E and My(|T f])(xo) < A, there exists a ball
B = B(z,r) such that x € B, xp ¢ B and

f T2 du > K22u(B),
B
and hence
f T f1?> du > f IT 1> du > K> 2u(B) > coK?>A%V(x,2r) > 22V (x,2r).
B(x,2r) B

This implies that r < rg. To see this, let us assume r > rg. Then since x € E C By = B(xp, rg), one
has xg € By C B(x,2r). This together with the above inequality implies that M, (|7 f)(xp) > 4,
which contradicts the assumption My(|T f|)(xo) < A. Therefore it holds r < rp, B C 3By, and
hence Mu(IT flx3B,)(x) > KA.

Therefore, there exists Ky > 0 large enough, such that for any K > K and x € E it holds

Mo(IT flx3B,)(x) > KA.
By letting K = J + 1 > K we find
H(EN\ Q)
<u ({x € By : Mo(IT Az flx3s,) (%) < JA, Mo(IT flyas,)(x) > KA, M?’,Af(x) < 7/1})
<p ({x € By : Ma(T(I = Asyy) fli38,)(x) > (K = DA, MG, f(x) < M})

C 2 Cu(Bo) . # 2
<— T(I-A du < inf M X
(K - \])2/12 \[3‘30 | ( 3r3)f| # /12 Xx€By: M;Af(x)Sy/l( T’Af( ))
< Cy*u(Bo)-
This together with the estimate (3.8) with J = K — 1 for Q gives the desired result. m|

We next show that (G, ) implies (R),) for p < po.

Theorem 3.7. Assume that (Dy) and (RD,;)) hold on M with2 < n < N < oo, and that (UE) and
(Pg ) hold. Suppose that (G,) for some pg € (2,n) hold. Then (R,) holds for all p € (2, po).
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Proof. Let p € (2, po) and fix g € (p, po). Let f € CX(M). Then we have [VL™V/2f| € L*(M). For
each 1 > 0, let
E,:= {x eM: MyVL 2 fl(x) > /l}'

Then u(E,) < oo for each 4 > 0.

By [19, Chapter III, Theorem 1.3], we can find a sequence of balls {B;}; with finite overlap
property, such that £, = U;B;. Moreover, there exists Cy > 1 such that there exists ¥; € CwB;,
Mo(IVLV2)(%) < A for each i.

Fix a sufficient large Ko > 0 such that Propositions [3.5]and [3.6/hold for any K > K. Lety > 0
to be fixed later. Set

Fy = {x eEM: M’;Af(x) > y/l}
and
A1l

V(xp, d(x, xp) + DUP

where Cg is the constant from Proposition @ By noticing that Ex, C E,, we find

PEQ\ (FuUG)) £ > u(BiNEx)\Fy)+ Y. p((Bin Ex) \ (Fya UGo)
Bi:r3i<100 B,—:rBl.ZlOO

=13+ 1.

G,{I={XEMZ >CE/1},

For each B; with rp, < 100, by applying Proposition 3.5|to the ball Cw B;, one concludes that
p((Bi N Eg) \ Fya) < p((CwB; 0 Exa) \ Fya) < C (> + K™4) u(CwB) < C (> + K™) u(By),
and hence by the bounded overlap property of {B;}, we obtain

D (P +KNuB) < C (¥ + K ) uEy).
Bi: 1, <100

I;

IA

Meanwhile, Proposition [3.6] gives for each B; with rp, > 100 that

u((BiNExg) \ (FyaUG) <u((CwBiNEg)\ (F,yUGy)) <C ()’2 + K_q),u(Bi),
and hence by applying the bounded overlap property of {B;} once more, we obtain

Ls Y C(P+KuB)<C(*+K)uEy
B,-:rBl.ZlOO

By the estimates of /3 and /4, we conclude that
(3.14) p(Exa) < C (" + K™ u(E) + u(Fy) + p(G).
It follows from Lemma [3.1] that

1
(y)p

C
(yr

CllfIy
< —L
(yr

HF ) < fM (M, )P du < fM (Maf)? dy
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Let us estimate u(G,). If V(xp, 1)(CgA)? > ||f||[’;, then since for any x € M it holds

/1l < Il

< < CgA,
V(. d(x,xn) + DUP = Vg, DIP = F
we conclude that G, = 0.
If V(xp, D(CeA)P < ||fII5, then we have
AN, \
Gy=13xeM: V(XM,d(XM,x)+1)< —_— s
CgA

and hence
£11,\?
Cgd] -~

Inserting the estimates of j(F,,;) and (G,) into the estimate (3.14), we see that

Ciiflly ( 111l )P
o \Cea)

mGa) < C(

p(ER) < C (¥ + K™ p(E) +

This implies that for each 4 > 0
(KD u(Egy) < C (v + K™9) (KO u(Ey) + CKPy P Il + CKP| £

By taking K large enough first and then y small enough, we see that

1
MV LD < SIMOV L2 FDI, o + CCK, . IS

which implies the Riesz transform is bounded from L?”(M) to LP*°(M) for p € (2, po).
Since the Riesz transform is naturally L?>-bounded, we conclude that the Riesz transform is
LP-bounded for any p € (2, pg) via the Marcinkiewicz interpolation theorem. ]

3.2 Harmonic functions and Riesz transform

We need the following lemmas to conclude Theorem [I.5]and Theorem [I.8] Recall that M is a
complete, non-compact manifold with one or more but finitely many ends.

Let p € (2,00]. We say that the local reverse L”-Holder inequality for gradients of harmonic
functions holds on M, if for all r¢ > O there exists Cy(rg) > 0 such that, for all balls B with
rp < rg, and each u satisfying Lu = 0 in 3B, it holds

1/p
C
(RH 10c) (f IVul”du) < Gnlo) f jul .
B rp 2B

Notice that, if the constant Cy(rp) can be taken independent of ro, then (RH ), 1oc ) becomes (RH ).
We shall need the mean value property for harmonic functions (see [22, Proposition 2.1] for
instance).
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Lemma 3.8. Assume that (Dy) holds on M with 0 < N < oo, and that (UE) holds. Then for any
B € (0,1) there exists C > 0 depending on 8 such that if Lu = 0 in B(xo, 1), then

llell Lo (B(xo.5r)) < CJC |u| du.
B(xo,r)
Proof. The case B = 1/2 is a well-known fact as a consequence of Sobolev inequality; see [22]
Proposition 2.1] for instance. The general case for 8 € (0, 1) follows from a simple covering
argument. ]

Lemma 3.9. Assume that (Dy) and (RD,,) hold on M with2 < n < N < oo, and that (UE) and
(PY) hold. Let p € (2,n). Then (RH,) holds if and only if (RH,1oc ) and (RHF) hold.

Proof. Itis obvious that (RH,) implies (RH), ioc ) and (RH 5 ). Let us prove the converse side.
If 3B N My = 0, then (RH ) holds by (RHg), and if rg < 100, then (RH ) holds by (RH), 1oc ).
Assume now 3B N My # 0 and rp > 100. For any x € B, we set

ry := max{10, min{d(x, x»7)/10, rz/10}}.

If d(x, xpr) < 100, then r, = 10, and by applying (RH, 1o ) to the ball B, := B(x,r,), we see
that

A

1/p
C C
Vul? d ) < — 1 luldu< —JC luld
(Jix # 10 Jop, M= dan +1 28, a
C

Nl < — f ld
—||U||j > L — u .
dCx, ) + 10ECE) = e o + 1 g

where the last inequality follows from the fact 2B, C gB C 2B and Lemma

If d(x,xpy) > 100, then r, = min{d(x, x))/10, rg/10}. Notice that since diam My = 1,
3B(x,ry) N My = 0. By applying (RHII,E) to B, := B(x,r,), we conclude via Lemma once
more that

1/p
C C C C
( £ 1vur dy) <= lldus Sl < e gy < - f lulde
By I'x J2B, I'x Ix 10 rx J2B

Noticing that d(x, xy) < d(x,xp) + d(xp,xpy) < 4rgp + 1 < 5rp, and combining the above two
estimates, we conclude that for each x € B, it holds

C p
(3.15) JLI;X |Vul? du < m(ﬁlg |u|du) .

Let ko = [log,(5rg)]. Since p < n, by using (RD,) and (Dy), we have

1 1
fg [+ dCe o ) = fB(xM,sm [+ dCe, s M
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—ko
< 7, du(x) + f ———————du(x)
% kaB(xM S\ By, srp) L1+ d(x, )17 250 By Srg) L1+ d(x, xm)]P
—ko C
<Y ————V(xa, 255r) + V(xu, 1
; T VG 25 + Vi 1)
_kO C
kn —kon
<D T 272V Srg) + C27RV (g, )
—ko
< > CMPE PV (xyy, Srg) + Crg"V(xu, Sra)
k=0
3.16) < Cy(B)rl;p
For each x € B, and every y € B, = B(x, ry), one has
d(x, xp) — re < d(y, xp) < d(x, xp) + Ty
As a consequence of d(x,xy) > 100 and rg > 100, it holds 9r,/10 < < 11r,/10, where

= max{10, min{d(y, x7)/10, rg/10}}. This together with the doubling condltlon leads to

f f VuO)P dyu(y) dpa(x) = f f P20 g duce)
B JB, Vi(x, ry)

> cfflv &y )|pXB(er)())/) du(y) du(x)
YTy

XB(y.10r,/11)(X)
C Vu(y))P————— 4, d
> | [ o P ducoduc)

c fB VU du(y).

This together with (3.15) and (3.16)) gives that

C P
fB VU duty) < fB Ji VuO)P da(y) du(x) < fB m(ﬁB |u|du) e

p
< CutBry’ (f |u|dy) ,
2B

which is nothing but (RH,,). m|

Lemma 3.10. Assume that (Dy) holds on M with 0 < N < oo, and that (P’ZE) and (UE) hold. Let
p € (2,00]. If(RHg) holds on M, then (RH ), 1oc ) holds on M.

Proof. The proof is similar to that of Lemma[2.2] by using Yau’s gradient estimates for harmonic
functions.
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Recall that Yau’s gradient estimate states that if « is a harmonic function on 2B, then it holds

sup Va0l < C(N) (i + ‘/E),
xeB  u(x) '
where K > 0, if every point in 2B has Ricci curvature not less than —K; see [[17, 50].

For any ry > 0, the Ricci curvature on the set {x € M : dist(x, My) < 6r¢} is bounded below
by a constant —K(rp) depending on rg, K(r9) > 0. Suppose that u is a harmonic function on 3B,
where B = B(x, r) with r < ry.

If dist (x, Mp) < 3ro, then for an arbitrary € > 0, applying the pointwise Yau’s gradient estimate
tou+ IIMIILOQ(%B) + &, one has for eachy € B

1 C(ro)
Vu(y)| < C(u + ”u”LD"(%B) + s)(; + \/K(ro)) < r0 (||u||Lm(%B) + s).
By Lemma3.§]and letting & — 0, we see that
C
vacol < < £ jula
r 2B
and hence,
1/p
C
( f wur du) <€ L
B r 2B

If dist (x, My) > 3rp, then B(x,3r) N My = 0 for any r < rg. By using (RH[’f), one sees that

1/p C
( JC |Vul? du) <= JC lul du,
B r J2B

as desired. O

The above lemma leads to the following open-ended character of condition (RH),) for p < n.

Lemma 3.11. Assume that (Dy) and (RD,,) hold on M with2 < n < N < oo, and that (UE) and
(Pg ) hold. Let p € (2,n). Then if (RH),) holds, there exists € > 0 such that p + € < n and (RH )
holds.

Proof. For each ball B = B(xp, rg) with 3B N My = (), we can find via the e-net argument (cf.
[35 p.102]) a sequence of balls {B;}<i<k,, Where 1 < kg < 8V« and N, > 0 depending only on the
measure u (see the proof of Proposition , such that each B; has radius of rg/4, %B,- N %B.,- =0
whenever i # j, and Ulgsko%B,- C B C Uj<i<i, Bi-
As B; has radius of rg/4, %Bi C Band 3B N My = (), we find that 4B; C 2B and 4B; N My = (.
Let v be a harmonic function on 3B. Using (Pg), one can conclude from (RH),) that for each
1 <i < ko, it holds

1/p C 1/2 1/2
( JC |V d,u) < — ( JC v —va,* du) < C( f |Vv|2d,u) .
B; ' 23,' 2Bi
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Moreover, this estimate holds for any sub-ball B; with 2B; c 2B;, since 4B; N My = 0. Apply-
ing Gehring’s lemma (cf. [31]) and self-improvements of the reverse Holder inequality (cf. [6,
Appendix]), we see that it holds for some € > 0,

1/(p+e) 1/2 C C
(J[ |Vy|Pte d,u) < C(J[ [Vv[? d,u) < — JC vldu < — JC [vldu,
B; 2B; B J4B; s J2B

where the second inequality follows from (RH,), and hence,

1/(p+e) ko (B )l/(p+e) 1/(p+e)
(] 32 e ™ f

Le., (RH, E ) holds. This together with Lemma and Lemma completes the proof. O
We can now finish the proof of Theorem[I.5]

Proof of Theorem([L.3] Since in our setting, (D) and (UE) hold, and (P, 1o ) follows from (Pf)
by Lemma @ we see that (RH),) & (G)) holds for any p € (2, 0) by [22, Theorem 1.5]. The
implication (R,) = (G) holds automatically by the analyticity on L? of the heat semigroup; see
[4] for instance.

Finally, if (RH,,) holds, then by Lemma [3.11|there exists € > 0 such that p + € < n and (RH +.)
holds. This implies (Gp+.), which by Theorem gives (R,) for all ¢ € (2, p + €), in particular,
(Rp). The proof is complete. O

Theorem follows from Lemma and Theorem

Proof of Theorem[I.8 By Theorem (R,) is equivalent to (RH),). By Lemma 3.9 and Lemma
3.10{one sees that (RH,,) is equivalent to (RHp). O

Proof of Corollary[I.9 This corollary follows from Theorem[I.8and Lemma [3.11] i

Lemma 3.12. Assume that (Dy) holds on M with 0 < N < oo, and that (QD) and (UE) hold.
Then (RHE) holds.

Proof. Suppose that u is a harmonic function on 3B, with 38 N My = 0. For an arbitrary € > 0,
applying the pointwise Yau’s gradient estimate (see the proof of Lemma@) to u + ||ul| e RE
one has for each x € B

1 Cu C
V()| < C(u s gy + a)(rB . 1) <& (||u||Lm( 1y + g JC (ul + ) du.
Above in the last step we used Lemma Letting & — 0, we see that (RHE) holds. O

Proof of Corollary By [20] it is known that under (D) and (UE), (R,,) holds for all p € (1, 2].

Notice that under (QD), (Pg ) holds by Theorem and (RHE)) holds by Lemma Since
(RHE)) implies (RHllf) for all p € (2, 0), we see that (R,) holds for all p € (2,n) by Theorem
.8 O
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4 Riesz transform for p above the upper dimension

In this section, we provide the proofs for Theorem and Corollary The ideas employed
come from recent developments of the elliptic theory for heat kernels from [6} [22]].

Proof of Theorem[I.11] By Theorem [2.3] we see that (P,) holds for any p > N Vv 2. Since our
measure is doubling, and (U E) holds, we can apply [22, Theorem 1.9] to show that the conditions
(Rp), (RH)p) and (G),) are equivalent.

Notice that, by [20]], (D) and (UE) implies that (R,) holds for all g € (1,2). Since p > N, M is
p-parabolic. By [12, Theorem C] and the assumption that M is non-parabolic, (R,) together with
(R 2 ) implies that M can have only one end. O

Remark 4.1. Notice that (P,) together with (G,) implies (P>) by [6]. One may also use (P>) to
show that there exists only one end if n > 2.

Proof of Corollary[I.T2] Suppose that there exists a non-constant harmonic function # on M with
the growth
u(x) = O(d(x,0)*) as d(x,0) —

for some a € [0, 1) and a fixed 0 € M.
Assume first @ = 0. If (R,) holds for some p > N V 2, then by Theorem we have (RH)),
which implies that for all balls B with 7 > 1 and harmonic function v in 3B it holds

1/p 1/ 1/p,NIp
Cu(B)''? CV(xg,1)'/Pr
@1 ( f |VV|pd,U) L f pldus 2 Te £y
B g 2B rp 2B

Applying this estimate to u and letting the radius of B tend to infinity, we see that |||Vull|l, = O,
which cannot be true. Therefore the Riesz transform is not bounded on L?(M) for any p > N Vv 2.

Assume now « € (0, 1). Suppose first that % < 2. Notice that it implies N < 2. Assume (R),)
holds for some p > 2. Then the estimate (4.1]) holds for u, which further implies that

1/p 1/
CuB)'"” i
(f Vul” d#) < &f juldp < CV(xp, DVPAYPT S 0,
B rB 2B

as rp — o0, since p > 2 > 2-. This implies [|[Vulll, = O which contradicts with u being non-

-
constant. Therefore, (R,) does not hold for any p > 2.

For the cases % > 2, we only need to show that the Riesz transform is not bounded on L”(M)
for p = % Suppose this is not the case. By the validity of (P,) from Theorem and (R)), we

apply [22, Corollary 1.10] to find that there exists € > 0 such that for each v satisfying Lv = 0 in

3B, it holds
Vpte -
(Jc [Vy|Pte d,u) < —JC [vldu.
B s J2B

1/(p+e) 1/(p+€)
Cu(B)'/'P
( f |Vv|P+fdu) BT L
B s 2B

This gives
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Applying this estimate to u and using (Dy), we conclude that

1/(p+e) NO-®) _jLo
(f |Vu|p+6 dp) < CV(xg, 1)1/(p+e)rg/(p+f)—l+d - rg“(l"’) -0,
B

as rg — oo. This contradicts with u being non-constant. Therefore, the Riesz transform cannot be

bounded on L”(M) for p = % The proof is completed. O

Carron [12, Theorem D & Proposition E] had provided some sufficient conditions for both
boundedness and unboundedness of the Riesz transform for p > N, under the requirement of
quadratic Ricci curvature decay (QD). As an application of our criteria above, we can relax the
requirement of Ricci curvature bound from [12]] to (Pg) and (RHfo) (see Lemma and Lemma
[3.12)), and show that his condition (HE,) is also necessary, if n = N.

Theorem 4.2. Assume that (Dy) and (RD,,) hold on M with 1 <n = N < co. Suppose that (UE),
(P‘ZE) and (RHE) hold. Let p € (N V 2, c0). Then the following statements are equivalent.

(i) (Ry) holds;

(ii) (RH)) holds;

(iii) (HE) holds for some a € (1 — %, 1], i.e., there exists C > O such that for any ball BC M
and any harmonic function u on 3B, it holds for any x,y € B that

d(x, @
(HEq) lu(x) — u(y)| < C(M) ul d.
rp 2B

Proof. The equivalence (R),) and (RH)) is a special case of Theorem Let us show that
(RH,) © (HE,).
Step 1. (HE,) = (RH),). The case a = 1 is easy, since (HE, ) implies that for any x € B,

[Vu(x)| < limsup Jux) = u@)l < 9

< |ul du,
yid(xy)—0  d(x,y) rB J2B

which is (RH,).

Suppose now @ € (1 — N/p,1). Recall that p > N v 2. If 3B N My = 0, then (RH) holds
on B by (RHE). If rz < 100, then by applying (RH,1oc ) from Lemma one has that for u
satisfying Lu = 0 on 3B, it holds

C
IVadlpom < — f ul .
B J2B

Let us consider the remaining case: 3BN My # @ and g > 100. For any x € B, if d(x, x);) < 10,
then by applying (RH, 1oc ) to the ball By := B(x,d(x, xpy) + 1) and u — upp, we see that

C
IVl < Jo Jggx JSB () - (] du(y) dua(2).
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Applying (HE,) we find

C[1+d(x,xpy)]*
¥l < G g

For any x € B, if d(x,xp) > 10, then by applying (RHfo) to By := B(x,ry), where r, =
min{d(x, xp7)/10, rg/10}, and using (HE,), we conclude

C Cr;y_1
WVulll=s,) < — JC f lu(y) — u()| du(y) du(z) < —3 f |uel dpa.
I'x J2B, J2B, I'p 2B

Noticing that d(x, xps) < 5rp, and combining the above two estimates, we conclude that for each

X € B, it holds
C
V)| < : f ul dp.
[1+d(x, xp)]' ~%ry Jop

Notice that p(1 — @) < N. One has via (3.16) that

1/p 1 1/p
Vul’ d < CJ[ d f d
(jl;l “ 'u) 28 d M( B [1+d(x, xp)]-Pr” M(X))

C 1 1/p
< — d d
r% JEB ul p (fB(XM,SVB) [1+ d(x, xp) |- y(x))

< Cu(B)"Pr3! JC lul du.
2B

That is nothing but (RH,,).

Step 2. (RH,) = (HE,).

As (RHfo) and hence (RH,10c ) hold, for a ball B satisfying 3B N My = 0 or rg < 100, one sees
that for each v satisfying Lv = 0 in 3B, it holds that

() — vyl < CQJC ] .

Thus we only need to verify (HE,) for balls B with large radius and 38BN My # 0. By Theorem
@ (P)) holds since p > N vV 2. By using (RH,) and (P,), we apply [22, Corollary 1.10] to see
that (RH ;) holds for some € > 0. Therefore, for each v satisfying Lv = 0 in 3B, it holds

1/(p+e) C
( f e du) <o
B 2B

Let x,y € B. If d(x,y) > rg/100, then by Lemma 3.8 one has that

d(x,y)

v(x) =v(y)l < C( ) (VI + D < C( S y)) vl dp.
r'p 2B
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Suppose that d(x,y) < rg/100. Using (Ppi¢), (Dy), (RH,,.), and a standard telescopic argument
(see Remark [2.4) gives that

v(x) = v(y)l

< Z IVB(x2-i+1d(xy)) = VB2 idoey)] + [VB(x2d(xy)) = VB.dxy)| + Z IVBy,2-7*1d(xy)) — VBp2-idiey)l
Jj=0 J=1

00 , 1/(p+e)
< Cd(x,y)| Y 27 ( JC s d,u) + ( f IVv[P*e dy
=0 B(x,277* 1 d(x,y)) B(x,2d(x,y))
© (p+o
+ )y 27 (JC |Vy|Pte d,u)
Z B(y,277*1d(x.y))
00 ' rg 1/(p+e) 1/(p+e)
< Cd(x,y) 2_]( . ) (f |Vy|P+e d,u)
Z 27/Nd(x, y)NV(x,rp/8) B(x.r5/8)
00 _ rg 1/(p+e) 1/(p+e)
+ N2 ( . ) ( f [Vy|P+e dy)
; 2-INd(x,y)NV(y, rp/8) B(y,rz/8)

. 1/(p+e) 1/(p+e)
d(x,y)<rg/100 . I
< Cd(x, 27| — B f VPted
- JZ:(; (2‘”’ d(x, YNV (x,rp/ 8)) ( B(xrp/4) W M)

N N
d ]—? 1/(p+e) d 1—?
sc@(ﬂ) ’ (JC |Vv|p+€dﬂ) SC(M) ’ f Iv] dys
B B(x,rg/4) B B(x,rp/2)

et fo

Above in the fourth inequality we used the facts d(x,y) < rg/100, V(y,rg/8) ~ V(x,rp/8)
and B(y,rg/8) C B(x,rg/4), and the last inequality holds since x € B, B(x, r3/2) C 2B, and
Vix,rg/2) ~ V(%B) V(2B). The above estimate implies (HE,) for @ = 1 — ==, and completes
the proof. O

)1/(P+6)

S Extensions to Dirichlet metric measure spaces

In this section, we discuss extensions of main results to the setting of Dirichlet metric mea-
sure spaces. Since in a non-smooth setting, local Poincaré inequality (see Lemma [2.2)) and local
smoothness of harmonic functions (see Lemma do not follow automatically from the as-
sumptions on ends, we need to consider them as additional assumptions. However, other assump-
tions are the same as in the smooth settings. As the proofs are basically identical to the smooth
settings (see [4}[22]]), we will sketch the proofs in the section.

Let X be a locally compact, separable, metrisable, and connected space equipped with a Borel
measure y that is finite on compact sets and strictly positive on non-empty open sets. Consider a
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strongly local and regular Dirichlet form & on L*(X, u) with dense domain 2 ¢ L>(X, i) (see [27]
for precise definitions). According to Beurling and Deny [8], such a form can be written as

E(f.9) = fX dr(f.g)

for all f,g € &, where I is a measure-valued non-negative and symmetric bilinear form defined
by the formula

1
fxsodl“(f,g) =S 16(f.08) + 88, 0f) = (5. 9]

forall f,g e 2N L*X,u) and ¢ € 2 N 6p(X). Here and in what follows, % (X) denotes the space
of continuous functions on X and %,(X) the space of functions in %’ (X) with compact support.
We shall assume in addition that & admits a “carré du champ”, meaning that T'(f, g) is absolutely
continuous with respect to u, for all f, g € &. In what follows, for simplicity of notation, we will
denote by (Df, Dg) the energy density drgl ’g), and by |Df| the square root of w

Since & is strongly local, I' is local and satisfies the Leibniz rule and the chain rule; see [27].
Therefore we can define &(f,g) and I'(f, g) locally. Denote by Zjo. the collection of all f €
L%OC (X) for which, for each relatively compact set K C X, there exists a function &7 € & such
that f = h almost everywhere on K. The intrinsic (pseudo-)distance on X associated to & is then

defined by

d(x,y) :==sup{f(x) = f(y) : f € Dioc NEX), |IDf| <1ae.}.

We always assume that d is indeed a distance (meaning that for x # y, 0 < d(x,y) < +c0) and that
the topology induced by d is equivalent to the original topology on X. Moreover, we assume that
(X, d) is a complete metric space.

Corresponding to such a Dirichlet form &, there exists an operator, denoted by .Z, acting on a
dense domain 2(.%) in L*(X, n), 2(£) ¢ 2, such that for all f € (%) and each g € 2,

fX FOLe() du(x) = E(f. g).

The opposite of .Z is the infinitesimal generator of the heat semigroup H; = e <, ¢ > 0.

We assume that X is the union of a compact set Xy and some ends {E;};<j<k, kK € N. We simply
adapt all the notions from previous sections with the Laplace-Beltrami operator £ replaced by .Z,
the Riemannian gradient V replaced by D, and My replaced by Xj; see [6} 22] for more studies in
such settings.

The following result generalizes Theorem[I.5]and Theorem [I.8]to the metric setting.

Theorem 5.1. Assume that the non-compact Dirichlet metric measure space (X, d,u, &) satisfies
(Dy) and (RD,,) with2 < n < N < oo. Suppose that (UE), (P3,10c) and (Pg) hold. Let p € (2,n).
Then the following statements are equivalent.

(i) (Ry) holds;

(ii) (RH)) holds;

(iii) (RH},) and (RH p,\oc ) hold;

(iv) (Gp) holds.
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Remark 5.2. Comparing to Theorem [I.5]and Theorem [I.8] (P3,10c ) is an additional assumption.
Notice that, in the smooth setting, (P2, joc ) follows from (Pg )asin Lemma however, in the non-
smooth setting, this is not true in general. Also in the term (iii), we need (RH, 1oc ) additionally,
since in metric setting, harmonic functions are not necessarily smooth (see [22]]), and (RH), 1oc )
does not follow from (RH 5 ), comparing to Lemma For instance, one can glue two Euclidean
ends via a smooth part removing a suitable fractal, where the local Poincaré inequality and local
smoothness of harmonic functions may not hold.

Proof of Theorem[5.1] By [22] Theorem 1.6], we have the equivalence of (RH, ») and (G ). More-
over, the same proof of Lemma 3.9 works in the metric setting, which implies that (RH,,) is equiv-
alent to (RH [’f ) together with (RH), 1oc ), for p € (2,n).

It remains to show that (R),) is equivalent to (G ). It holds automatically that (R,) implies (G ),
see [4} 22] for instance. On the other hand, the same proof of Theorem gives that (G,,) implies
(Ry) for any g € (2, p). By the same proof of Lemma@ one sees that there exists £ > 0 such
that (G ,+) holds, which then implies (R,), and completes the proof. |

We have the following metric version of Theorem[I.11] Recall that N V 2 stands for max{N, 2}.

Theorem 5.3. Assume that the non-compact Dirichlet metric measure space (X, d, u, &) satisfies
(Dy) with 0 < N < oo. Suppose that (UE), (P,1oc) and (Pg) hold. Let p € (N V 2,0). Then the
following statements are equivalent.

(i) (Ry) holds;

(ii) (RH),) holds;

(iii) (Gp) holds.

Proof. Notice that, by the same proof of Theorem (P2,10c) and (Pg) imply that Poincaré
inequality (P,) holds for any p € (N V 2, 00). [22, Theorem 1.9] then gives the desired conclusion.
O

6 Applications

A key tool in the paper is the Gaussian upper bound of heat kernel, i.e., there exist C,c > 0
such that for allt > 0 and x,y € M,

c d*(x,y)
(UE) (x,y) < ex {— )
PN T
By [28 144} 145]], it is well known that, (D) together with (UE) is equivalent to a Faber-Krahn
inequality, and also equivalent to a local Sobolev inequality; see also [9]. Recent result by Grig-

or’yan and Saloff-Coste [29, 130] gives a very useful solution to the stability of (UE) under gluing
operations. The following result follows from [30, Theorem 3.5], see also [29] Corollary 4.6].

Theorem 6.1. Let M be a manifold with finitely many ends {E;}1<i<k, kK € N. Suppose that M
satisfies (D). If for each i, there exists a manifold M; satisfying (D) and (UE), and a compact
subset K; C M, such that E; is isometric to M; \ K;, then (UE) holds on M.
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Above by “each M; satisfies (UE)”, we mean the heat kernel on M; satisfies (UE), with nothing
to do with the gluing manifold M.

From Theorem we see that, if M is obtained by gluing some Riemannian manifolds with
non-negative Ricci curvature, simply connected nilpotent Lie groups with polynomial growth as
well as conic manifolds, together through a compact manifold smoothly, then M satisfies (UE),
since (UE) holds on the aforementioned manifolds; see [, 14} [33, 22]] for instance.

As a consequence, our Theorem [I.5] Theorem|[I.8]and Theorem [I.T1|work, if M is obtained by
gluing Riemannian manifolds with non-negative Ricci curvature, simply connected nilpotent Lie
groups as well as conic manifolds, together through a compact manifold smoothly.

Another class of gluing manifolds to which our result can be applied is the manifold obtained
by gluing several cocompact covering Riemannian manifolds with polynomial growth deck trans-
formation group together. Here, a manifold M has a cocompact covering, if there is a finitely
generated discrete group G with polynomial volume growth of some order D > 2, that acts prop-
erly and freely on M by isometries, such that the orbit space Mg = M/Gisa compact manifold.
See [26, 22] for instance.

Note also, our results also work on the these settings with the Laplace-Beltrami operator re-
placed by any uniformly elliptic operators of divergence form, by Theorem 5.1]and Theorem[5.3]

Let us finish the proof of Theorem [I.14]and Corollary

Proof of Theorem Notice that (P‘zE ) holds automatically, as each M; satisfies (P2E ). Moreover,
(UE) follows from Theorem [6.1] since M; supports (UE).

For each p € (2,n), since (R),) implies (RH),) on each M; by Theorem we see that (RHg)
holds on M and the conclusion follows from Theorem O

Proof of Corollary[I.15] Since (D) plus (P») imply (UE) and (Pg), we see that Theorem m
applies.

(1) By [3! Theorem 0.4], for each M;, there exists € > 0 such that the Riesz transform is bounded
on L**%(M;). This implies that there exists € > 0, possibly smaller than ¢, 1 < i < k, such that
2 + € < n and (Ry4¢) holds on each M;. By Theorem|1.14{ we see that (Ry.¢) holds.

(ii) Since (R)) holds on each M;, we apply Theoremto conclude that (R,) holdson M. O

Consider an n-dimensional conic manifold C(X) with compact basis X, C(X) := R* x X, where
the metric is given by dr? + r2dy. Let A; be the smallest nonzero eigenvalue of the Laplacian on
the basis X. By Li [38]], the Riesz transform is bounded on L?(C(X)) for all p € (1, pg) and not

bounded for p > pg, where
-1

n n—-2\?
poi=nh 57 (2 )+/11

if 4 <n—1and pg = oo otherwise; see also [4]. The following question was also asked in [13]].

Question 6.2 (Open Problem 8.1 [13]]). Is a result similar to H.-Q. Li’s valid for smooth manifolds
with one conic or asymptotically conic end? What happens for several conic ends?
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Guillarmou and Hassell [32]] had solved the above question, which was recovered by recent
work of Carron [12]]. Our result also gives a new proof to the above question.

Let us explain how the proof works.

Notice that the measure satisfies V(x,r) ~ " for each x € M and each r > 0, where n > 2.
Suppose that the manifold has at least two conic ends. If n > 3, then Corollary [I.10] applies to
show that the Riesz transform is bounded on LP(M), for any p € (1, n), while [13] (see Theorem
[1.2) already implies the Riesz transform cannot bounded for any p > nifn > 3. If n = 2, (R),)
holds for any p € (1, 2] by [20], and is not bounded for any p > 2 by applying Corollary and
using the fact that there exists a non-constant harmonic function of logarithmic growth (cf. [12}
Section 7]).

If the manifold has only one conic end, our Theorem [4.2] and Corollary apply since the
Ricci curvature satisfies

Cu

Ricp(x) > _—[d(x, o)+ 11

for some Cy; > 0. The existence of harmonic functions of sub-linear growth, and the elliptic
Holder regularity of harmonic functions can be found in [[18]] and also [[12] Section 7].

Let (M, go) be a simply connected nilpotent Lie group of dimension n > 2 (endowed with a
left-invariant metric), and v be the homogenous dimension of M, i.e. for some o € M

log V(o,R)
y:= lim ————,
R—co  logR
Notice that v > n > 2. Let (M, g) be a manifold obtained by gluing £k > 1 copies of M, £0)-
Carron-Coulhon-Hassell [13] showed that (R,,) does not hold if p > v, and they asked

Question 6.3 (Open Problem 8.3 [13]]). Show that the Riesz transform on (M, g) is bounded on LP
forp e(1,v).

Carron [[11]] had solved the question. Our Corollary [I.15]also provides a proof, by noticing that
(Dy) and (RD,) hold on M, and on a Lie group of polynomial growth (P>) holds and (R,) holds
for all p € (1, 00); see [, 122} 149].
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