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Abstract. Recently, Lin and Wang introduced two special partition functions RG1(n)
and RG2(n), the generating functions of which are the reciprocals of two identities due to
Ramanujan and Gordon. They established several congruences modulo 5 and 7 for RG1(n)
and RG2(n) and posed four conjectures on congruences modulo 25 for RG1(n) and RG2(n)
at the end of their paper. In this paper, we confirm the four conjectures given by Lin and
Wang by using Ramanujan’s modular equation of fifth degree. Moreover, we also obtain
new congruences modulo 25 for RG1(n) and RG2(n) based on Newman’s identities. For
example, we deduce that for any n ≥ 0,

RG1

(
23375n(3n+ 1)

2
+ 974

)
≡ RG1

(
23375n(3n+ 5)

2
+ 24349

)
≡ 0 (mod 25).

1. Introduction

Recall that the well-known Jacobi triple product identity [2, p. 21, Theorem 2.8] is
∞∑

n=−∞

znqn
2

= (−qz; q2)∞(−q/z; q2)∞(q2; q2)∞, z 6= 0, (1.1)

where here and throughout this paper, we use the following customary q-series notation:

(a; q)∞ =
∞∏
n=0

(1− aqn),

(a1, a2, . . . , an; q)∞ = (a1, q)∞(a2; q)∞ · · · (an; q)∞ |q| < 1.

The following three product-to-sum identities follow immediately from (1.1):
∞∑

n=−∞

(−1)nqn(3n+1)/2 =(q; q)∞, (1.2)

∞∑
n=−∞

qn
2

=
(q2; q2)5∞

(q; q)2∞(q
4; q4)2∞

, (1.3)
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∞∑
n=0

qn(n+1)/2 =
(q2; q2)2∞
(q; q)∞

. (1.4)

Now, the identity (1.2) is known as Euler’s pentagonal number theorem [2, p. 11, Corollary
1.7]. The following famous identity is called Jacobi’s identity:

∞∑
n=0

(−1)n(2n+ 1)qn(n+1)/2 = (q; q)3∞. (1.5)

which can also be derived from (1.1). For more details, see [4, p. 14].
The following two nice product-to-sum identities were independently discovered by Ra-

manujan [21, Eq. (65)] and Gordon [9]:
∞∑

n=−∞

(6n+ 1)qn(3n+1)/2 =
(q; q)5∞
(q2; q2)2∞

, (1.6)

∞∑
n=−∞

(3n+ 1)qn(3n+2) =
(q; q)2∞(q

4; q4)2∞
(q2; q2)∞

, (1.7)

which are called Ramanujan-Gordon identities.
The reciprocals of three classical theta functions

∑∞
n=−∞(−1)nqn(3n+1)/2,

∑∞
n=−∞(−1)nqn

2

and
∑∞

n=0(−q)n(n+1)/2 are the generating functions of ordinary partitions, overpartitions,
and partitions without repeated odd parts, respectively, which are three of the most im-
portant types of partitions. Many congruences for the three types of partition function-
s have been established; see for example [1, 6, 8, 13, 15, 18, 20, 23–27]. The reciprocal of∑∞

n=0(−1)n(2n + 1)qn(n+1)/2 is the generating function for p−3(n) which enumerates the
number of partitions of n in three colors. Hirschhorn [11] proved four families of congru-
ences modulo powers of 3 for p−3(n), Boylan [5] and Lin [16] proved a congruence modulo
11 for p−3(n). Recently, Lin and Wang [17] defined two partition functions RG1(n) and
RG2(n), the generating functions of which are the reciprocals of

∑∞
n=−∞(6n+ 1)qn(3n+1)/2

and
∑∞

n=−∞(3n + 1)qn(3n+2), respectively. Hence, the generating functions of RG1(n) and
RG2(n) are

∞∑
n=0

RG1(n)q
n =

(q2; q2)2∞
(q; q)5∞

, (1.8)

∞∑
n=0

RG2(n)q
n =

(q2; q2)∞
(q; q)2∞(q

4; q4)2∞
. (1.9)

The partition function RG1(n) denotes the number of overpartition triples without over-
lined parts in the last component of n, while RG2(n) denotes the number of triples of
partitions without repeated odd parts and with only even parts in the last component of
n. Lin and Wang [17] also discovered several congruences modulo 5 and 7 for RG1(n)
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and RG2(n). At the end of their paper, Lin and Wang [17] presented four conjectures on
congruences modulo 25 for RG1(n) and RG2(n).

The aim of this paper is to confirm the four conjectures on congruences modulo 25 for
two special partition functions RG1(n) and RG2(n) and establish new congruences modulo
25 for RG1(n) and RG2(n) by using Newman’s identities. The main results of this paper
can be stated as follows.

Theorem 1.1. For any n ≥ 0,

RG1(125n+ 74) ≡ 0 (mod 25), (1.10)

RG1(125n+ 124) ≡ 0 (mod 25), (1.11)

RG1(625n+ 599) ≡ 0 (mod 25), (1.12)

RG2(125n+ 92) ≡ 0 (mod 25), (1.13)

RG2(125n+ 117) ≡ 0 (mod 25), (1.14)

RG2(625n+ 417) ≡ 0 (mod 25). (1.15)

The congruences (1.10), (1.11), (1.13) and (1.14) were conjectured by Lin and Wang [17].
Based on some identities due to Newman [19], we can get the following two theorems.

Theorem 1.2. Let c1(n) be defined by
∞∑
n=0

c1(n)q
n :=

(q2; q2)10∞
(q; q)∞

. (1.16)

Suppose that a is a nonnegative integer such that c1(a) ≡ 0 (mod 5). Suppose further that
24a+ 19 =

∏u
i=1 fi

∏v
j=1 g

αj

j with each αj ≥ 2 is the prime factorization of 24a+ 19. Then
for any n ≥ 1,

RG1

(
125an2 +

2375n2 + 1

24

)
≡ 0 (mod 25), (1.17)

where gcd
(
n, 6

∏v
j=1 g

αj

j

)
= 1.

Example. It is easy to check that c1(7) ≡ 0 (mod 5). Therefore, if we set a = 7 in
(1.17), we deduce that for any n ≥ 0,

RG1

(
23375n(3n+ 1)

2
+ 974

)
≡ RG1

(
23375n(3n+ 5)

2
+ 24349

)
≡ 0 (mod 25).

Theorem 1.3. Let c2(n) be defined by
∞∑
n=0

c2(n)q
n :=

(q; q)10∞
(q2; q2)∞

. (1.18)



4 M. BIAN, D. TANG, E. X. W. XIA, AND F. GANG

Suppose that a is a nonnegative integer such that c2(a) ≡ 0 (mod 5). Suppose further that
24a+8 =

∏h
i=1 ri

∏m
j=1 s

βj
j with each βj ≥ 2 is the prime factorization of 24a+8. Then for

any n ≥ 1,

RG2

(
125an2 +

125n2 + 1

3

)
≡ 0 (mod 25), (1.19)

where gcd
(
n, 6

∏m
j=1 s

βj
j

)
= 1.

Example. One can verify that c2(1) ≡ 0 (mod 5). Thus, taking a = 1 in (1.19), one
sees that for any n ≥ 0,

RG2 (2000n(3n+ 1) + 167) ≡ RG2 (2000n(3n+ 5) + 4167) ≡ 0 (mod 25).

2. Preliminaries

In this section, we collect some necessary definitions and lemmas which are needed to
prove the main results of this paper.

Lemma 2.1. The following 5-dissection formulas are true:

(q; q)∞ = (q25; q25)∞

(
1

R(q5)
− q − q2R(q5)

)
(2.1)

and
1

(q; q)∞
=

(q25; q25)5∞
(q5; q5)6∞

(
1

R4(q5)
+

q

R3(q5)
+

2q2

R2(q5)
+

3q3

R(q5)

+ 5q4 − 3q5R(q5) + 2q6R2(q5)− q7R3(q5) + q8R4(q5)

)
, (2.2)

where

R(q) :=
(q; q5)∞(q

4; q5)∞
(q2; q5)∞(q3; q5)∞

.

The identity (2.1) was given by Ramanujan [22, p. 212]. Hirschhorn [10] gave a simple
proof of (2.2) by using Jacobi’s triple product identity.

Throughout this paper, for any positive integer k, define
∞∑
n=0

p−k(n)q
n :=

1

(q; q)k∞
.

Lemma 2.2. We have
∞∑
n=0

p−3(5n+ 2)qn ≡ 9
(q5; q5)3∞
(q; q)6∞

(mod 25) (2.3)
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and
∞∑
n=0

p−6(5n+ 4)qn ≡ 15
(q5; q5)6∞
(q; q)12∞

(mod 25). (2.4)

Proof. For a formal power series
∑∞

n=−∞ s(n)q
n, define an operator U5 as

U5

(
∞∑

n=−∞

s(n)qn

)
=

∞∑
n=−∞

s(5n)qn.

The following identities were given by Hirschhorn and Hunt [12]:

U5(η) = −1, U5(η
2) = −1, U5(η

3) = 5, U5(η
4) = −5, (2.5)

where

η =
(q; q)∞

q(q25; q25)∞
.

Furthermore, from Ramanujan’s modular equation of fifth degree, we have

η5 = −5η4 − 15η3 − 25η2 − 25η +
(q5; q5)6∞

q5(q25; q25)6∞
. (2.6)

It follows from (2.6) that for any integer k,

U5(η
5+k) = −5U5(η

4+k)− 15U5(η
3+k)− 25U5(η

2+k)− 25U5(η
1+k) +

(q; q)6∞
q(q5; q5)6∞

U5(η
k).

(2.7)

Obviously,

U5(η
0) = 1. (2.8)

By (2.5), (2.7), (2.8) and iterative method, we get

U5(η
−3) = 3125q3

(q5; q5)18∞
(q; q)18∞

+ 375q2
(q5; q5)12∞
(q; q)12∞

+ 9q
(q5; q5)6∞
(q; q)6∞

(2.9)

and

U5(η
−6) =48828125q6

(q5; q5)36∞
(q; q)36∞

+ 11718750q5
(q5; q5)30∞
(q; q)30∞

+ 984375q4
(q5; q5)24∞
(q; q)24∞

+ 32500q3
(q5; q5)18∞
(q; q)18∞

+ 315q2
(q5; q5)12∞
(q; q)12∞

. (2.10)

It is easy to check that

U5(η
−3) = U5

(
q3
(q25; q25)3∞
(q; q)3∞

)
= q(q5; q5)3∞

∞∑
n=0

p−3(5n+ 2)qn (2.11)
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and

U5(η
−6) = U5

(
q6
(q25; q25)6∞
(q; q)6∞

)
= q2(q5; q5)6∞

∞∑
n=0

p−6(5n+ 4)qn. (2.12)

With the help of (2.9)–(2.12), we obtain (2.3) and (2.4).

Lemma 2.3. We have
∞∑
n=0

p−3(5n+ 2)qn ≡ 15q
(q; q)∞(q

10; q10)5∞
(q2; q2)9∞

+ 9
(q; q)4∞(q

5; q5)∞(q
10; q10)2∞

(q2; q2)10∞
(mod 25).

(2.13)

Proof. It follows from [3, p. 262, Entry 10 (iv)] that

(q; q)4∞
(q2; q2)2∞

=
(q5; q5)4∞
(q10; q10)2∞

− 4q
(q; q)∞(q

10; q10)3∞
(q2; q2)∞(q5; q5)∞

. (2.14)

Based on (2.14),

(q; q)2∞
(q2; q2)5∞

=
(q; q)2∞
(q2; q2)3∞

(
(q5; q5)4∞

(q; q)4∞(q
10; q10)2∞

− 4q
(q10; q10)3∞

(q; q)3∞(q
2; q2)∞(q5; q5)∞

)

=
(q5; q5)4∞

(q; q)2∞(q
2; q2)3∞(q

10; q10)2∞
− 4q

(q10; q10)3∞
(q; q)∞(q5; q5)∞

· 1

(q2; q2)4∞
. (2.15)

On the other hand, from [3, p. 262, Entry 10(v)],

(q2; q2)4∞
(q; q)2∞

=
(q2; q2)∞(q

5; q5)3∞
(q; q)∞(q10; q10)∞

+ q
(q10; q10)4∞
(q5; q5)2∞

, (2.16)

which yields

1

(q2; q2)4∞
=

1

q

(
(q5; q5)2∞

(q; q)2∞(q
10; q10)4∞

− (q5; q5)5∞
(q; q)∞(q2; q2)3∞(q

10; q10)5∞

)
. (2.17)

By the binomial theorem,

(q; q)5∞ ≡ (q5; q5)∞ (mod 5). (2.18)

Substituting (2.17) into (2.15) and employing (2.18) yields

(q; q)2∞
(q2; q2)5∞

=5
(q5; q5)4∞

(q; q)2∞(q
2; q2)3∞(q

10; q10)2∞
− 4

(q5; q5)∞
(q; q)3∞(q

10; q10)∞

≡5(q
2; q2)2∞(q

5; q5)4∞
(q; q)2∞(q

10; q10)3∞
− 4

(q5; q5)∞
(q; q)3∞(q

10; q10)∞
(mod 25). (2.19)

Therefore,

(q; q)4∞(q
5; q5)∞(q

10; q10)2∞
(q2; q2)10∞

≡ (q5; q5)∞(q
10; q10)2∞
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×
(
5
(q2; q2)2∞(q

5; q5)4∞
(q; q)2∞(q

10; q10)3∞
− 4

(q5; q5)∞
(q; q)3∞(q

10; q10)∞

)2

≡ 10
(q2; q2)2∞(q

5; q5)6∞
(q; q)5∞(q

10; q10)2∞
+ 16

(q5; q5)3∞
(q; q)6∞

(mod 25). (2.20)

from which we have
(q; q)4∞(q

5; q5)∞(q
10; q10)2∞

(q2; q2)10∞
− (q5; q5)3∞

(q; q)6∞
≡ 10

(
(q2; q2)2∞(q

5; q5)6∞
(q; q)5∞(q

10; q10)2∞
− (q5; q5)3∞

(q; q)6∞

)
(mod 25).

(2.21)

By (2.16) and (2.18),

(q2; q2)2∞(q
5; q5)6∞

(q; q)5∞(q
10; q10)2∞

− (q5; q5)3∞
(q; q)6∞

≡ −q (q; q)∞(q
10; q10)5∞

(q2; q2)9∞
(mod 5). (2.22)

Combining (2.21) and (2.22), we get

(q5; q5)3∞
(q; q)6∞

≡ (q; q)4∞(q
5; q5)∞(q

10; q10)2∞
(q2; q2)10∞

+ 10q
(q; q)∞(q

10; q10)5∞
(q2; q2)9∞

(mod 25),

which yields

9
(q5; q5)3∞
(q; q)6∞

≡ 9
(q; q)4∞(q

5; q5)∞(q
10; q10)2∞

(q2; q2)10∞
+ 15q

(q; q)∞(q
10; q10)5∞

(q2; q2)9∞
(mod 25). (2.23)

The congruence (2.13) follows from (2.3) and (2.23). This completes the proof of Lemma
2.3.

Lemma 2.4. We have
∞∑
n=0

c(5n+ 4)qn ≡ 15
(q5; q5)2∞(q

10; q10)2∞
(q; q)4∞(q

2; q2)4∞
(mod 25), (2.24)

where
∞∑
n=0

c(n)qn :=
1

(q; q)2∞(q
2; q2)2∞

. (2.25)

Lemma 2.4 was proved by Chern and Tang [7].

3. Proof of Theorem 1.1

We first prove (1.10)–(1.12).
We can rewrite (2.14) as

1

(q; q)4∞
=

(q10; q10)2∞
(q2; q2)2∞(q

5; q5)4∞
+ 4q

(q10; q10)5∞
(q; q)3∞(q

2; q2)∞(q5; q5)5∞
. (3.1)
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In view of (1.8) and (3.1),
∞∑
n=0

RG1(n)q
n =

(q2; q2)2∞
(q; q)∞

(
(q10; q10)2∞

(q2; q2)2∞(q
5; q5)4∞

+ 4q
(q10; q10)5∞

(q; q)3∞(q
2; q2)∞(q5; q5)5∞

)

=
(q10; q10)2∞

(q; q)∞(q5; q5)4∞
+ 4q

(q2; q2)∞(q
10; q10)5∞

(q; q)4∞(q
5; q5)5∞

=
(q10; q10)2∞

(q; q)∞(q5; q5)4∞
+ 4q

(q2; q2)∞(q
10; q10)5∞

(q5; q5)5∞

×
(

(q10; q10)2∞
(q2; q2)2∞(q

5; q5)4∞
+ 4q

(q10; q10)5∞
(q; q)3∞(q

2; q2)∞(q5; q5)5∞

)

=
(q10; q10)2∞

(q; q)∞(q5; q5)4∞
+ 4q

(q10; q10)7∞
(q2; q2)∞(q5; q5)9∞

+ 16q2
(q10; q10)10∞

(q; q)3∞(q
5; q5)10∞

. (3.2)

If we substitute (2.2) into (3.2) and extract those terms that involve only the powers q5n+4,
then divide both sides by q4 and replace q5 by q, we deduce that

∞∑
n=0

RG1(5n+ 4)qn =5
(q2; q2)2∞(q

5; q5)5∞
(q; q)10∞

+ 20q
(q2; q2)∞(q

10; q10)5∞
(q; q)9∞

+ 16
(q2; q2)10∞
(q; q)10∞

∞∑
n=0

p−3(5n+ 2)qn. (3.3)

Thanks to (2.13), (2.18) and (3.3),
∞∑
n=0

RG1(5n+ 4)qn ≡5(q2; q2)2∞(q5; q5)3∞ + 20q
(q; q)∞(q

2; q2)∞(q
10; q10)5∞

(q5; q5)2∞

+ 16
(q2; q2)10∞
(q; q)10∞

(
15q

(q; q)∞(q
10; q10)5∞

(q2; q2)9∞
+ 9

(q; q)4∞(q
5; q5)∞(q

10; q10)2∞
(q2; q2)10∞

)

≡5(q2; q2)2∞(q5; q5)3∞ + 19
(q5; q5)∞(q

10; q10)2∞
(q; q)6∞

+ 10q
(q; q)∞(q

2; q2)∞(q
10; q10)5∞

(q5; q5)2∞
(mod 25). (3.4)

Substituting (2.1) into (3.4), picking out the terms involving q5n+4, then dividing by q4 and
replacing q5 by q, we arrive at
∞∑
n=0

RG1(25n+ 24)qn ≡− 5(q; q)3(q10; q10)2 + 10
(q2; q2)5∞(q

5; q5)∞(q
10; q10)∞

(q; q)2
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+ 19(q; q)∞(q
2; q2)2∞

∞∑
n=0

p−6(5n+ 4)qn

≡− 5(q; q)3(q10; q10)2 + 10
(q2; q2)5∞(q

5; q5)∞(q
10; q10)∞

(q; q)2

+ 10
(q2; q2)2∞(q

5; q5)6∞
(q; q)11

≡5(q; q)3(q10; q10)2 + 10
(q2; q2)2∞(q

5; q5)4∞
(q; q)∞

(mod 25). (by (2.18))

(3.5)

Hirschhorn and Sellers [14] proved the following congruence:

(q; q)3∞ ≡(q10, q15, q25; q25)∞ + 2q(q5, q20, q25; q25)∞ (mod 5). (3.6)

From [3, p. 49, Corollary (ii)],

(q2; q2)2∞
(q; q)∞

=(−q10,−q15, q25; q25)∞ + q(−q5,−q20, q25; q25)∞ + q3
(q50; q50)2∞
(q25; q25)∞

. (3.7)

By virtue of (3.5)–(3.7), we obtain (1.10) and (1.11).
Furthermore, substituting (3.6) and (3.7) into (3.5), extracting those terms that involve

only the powers q5n+3, then dividing both sides by q3, replacing q5 by q and employing
(2.18), we find that

∞∑
n=0

RG1(125n+ 99)qn ≡ 10
(q; q)4∞(q

10; q10)2∞
(q5; q5)∞

≡ 10
(q10; q10)2∞
(q; q)∞

(mod 25). (3.8)

Combining (2.2) and (3.8), we arrive at (1.12).
Now, we proceed to prove (1.13)–(1.15).
Replacing q by −q in (1.9) and utilizing

(−q;−q)∞ =
(q2; q2)3∞

(q; q)∞(q4; q4)∞
, (3.9)

we arrive at
∞∑
n=0

(−1)nRG2(n)q
n =

(q; q)2∞
(q2; q2)5∞

. (3.10)

Define
∞∑
n=0

a(n)qn = 5
(q2; q2)2∞(q

5; q5)4∞
(q; q)2∞(q

10; q10)3∞
(3.11)



10 M. BIAN, D. TANG, E. X. W. XIA, AND F. GANG

and
∞∑
n=0

b(n)qn = −4 (q5; q5)∞
(q; q)3∞(q

10; q10)∞
. (3.12)

Combining (2.19) and (3.10)–(3.12) yields

(−1)nRG2(n) ≡ a(n) + b(n) (mod 25). (3.13)

In view of (2.16) and (3.11),
∞∑
n=0

a(n)qn =5
(q5; q5)4∞

(q2; q2)2∞(q
10; q10)3∞

(
(q2; q2)∞(q

5; q5)3∞
(q; q)∞(q10; q10)∞

+ q
(q10; q10)4∞
(q5; q5)2∞

)

=5
(q5; q5)7∞

(q; q)∞(q2; q2)∞(q10; q10)4∞
+ 5q

(q5; q5)2∞(q
10; q10)∞

(q2; q2)2∞

≡5(q
2; q2)4∞
(q; q)2∞

(q; q)∞(q
5; q5)7∞

(q10; q10)5∞
+ 5q(q2; q2)3∞(q

5; q5)2∞

=5
(q; q)∞(q

5; q5)7∞
(q10; q10)5∞

(
(q2; q2)∞(q

5; q5)3∞
(q; q)∞(q10; q10)∞

+ q
(q10; q10)4∞
(q5; q5)2∞

)
+ 5q(q2; q2)3∞(q

5; q5)2∞

=5
(q2; q2)∞(q

5; q5)10∞
(q10; q10)6∞

+ 5q
(q; q)∞(q

5; q5)∞5

(q10; q10)∞
+ 5q(q2; q2)3∞(q

5; q5)2∞ (mod 25).

(3.14)

Substituting (2.1) and (3.6) into (3.14), then picking out the terms involving q5n+2, then
dividing by q2 and replacing q5 by q, we have

∞∑
n=0

a(5n+ 2)qn ≡− 5
(q; q)10∞(q

10; q10)∞
(q2; q2)6∞

− 5
(q; q)5∞(q

5; q5)∞
(q2; q2)∞

≡15(q
5; q5)2∞

(q2; q2)∞
(mod 25). (by (2.18)) (3.15)

It follows from (2.2) and (3.15) that for any n ≥ 0

a(25n+ 17) ≡ 0 (mod 25). (3.16)

It follows from (3.12) that
∞∑
n=0

b(5n+ 2)qn =− 4
(q; q)∞
(q2; q2)∞

∞∑
n=0

p−3(5n+ 2)qn (mod 25). (3.17)

Substituting (2.3) into (3.17) yields
∞∑
n=0

b(5n+ 2)qn ≡14 (q5; q5)3∞
(q; q)5∞(q

2; q2)∞
(mod 25). (3.18)
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By (3.1),
1

(q; q)6∞
=

1

(q; q)2∞

(
(q10; q10)2∞

(q2; q2)2∞(q
5; q5)4∞

+ 4q
(q10; q10)5∞

(q; q)3∞(q
2; q2)∞(q5; q5)5∞

)
,

which yields

4
(q5; q5)3∞

(q; q)5∞(q
2; q2)∞

= −1

q

(q5; q5)4∞
(q; q)2∞(q

2; q2)2∞(q
10; q10)3∞

+
1

q

(q5; q5)8∞
(q; q)6∞(q

10; q10)5∞
and

(q5; q5)3∞
(q; q)5∞(q

2; q2)∞
≡ 6

q

(q5; q5)4∞
(q; q)2∞(q

2; q2)2∞(q
10; q10)3∞

− 6

q

(q5; q5)8∞
(q; q)6∞(q

10; q10)5∞
(mod 25). (3.19)

It follows from (3.18) and (3.19) that
∞∑
n=0

b(5n+ 2)qn ≡ 9

q

(q5; q5)4∞
(q; q)2∞(q

2; q2)2∞(q
10; q10)3∞

− 9

q

(q5; q5)8∞
(q; q)6∞(q

10; q10)5∞
(mod 25),

which implies
∞∑
n=0

b(25n+ 17)qn ≡ 9
(q; q)4∞
(q2; q2)3∞

∞∑
n=0

c(5n+ 4)qn − 9
(q; q)8∞
(q2; q2)5∞

∞∑
n=0

p−6(5n+ 4)qn (mod 25),

(3.20)

where c(n) is defined by (2.25).
Based on (2.4), (2.24) and (3.20),

∞∑
n=0

b(25n+ 17)qn ≡10(q
5; q5)2∞(q

10; q10)2∞
(q2; q2)7∞

− 10
(q5; q5)6∞

(q; q)4∞(q
2; q2)5∞

≡10(q2; q2)3∞(q5; q5)2∞ − 10(q; q)∞
(q25; q25)∞
(q10; q10)∞

(mod 25). (3.21)

It follows from (2.1), (3.6) and (3.21) that for any n ≥ 0

b(125n+ 92) ≡ b(125n+ 117) ≡ 0 (mod 25). (3.22)

The congruences (1.13) and (1.14) follow from (3.13), (3.16) and (3.22).
Furthermore, if we substitute (2.1) and (3.6) into (3.21) and pick out the terms involving

q5n+1, then divide by q and replace q5 by q, we deduce that
∞∑
n=0

b(125n+ 42)qn ≡ 10
(q5; q5)2∞
(q2; q2)∞

(mod 25). (3.23)

By (2.2) and (3.23),

b(625n+ 417) ≡ 0 (mod 25). (3.24)

With the aid of (3.13), (3.16) and (3.24), we obtain (1.15). This finishes the proof of
Theorem 1.1.
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4. Proofs of Theorems 1.2 and 1.3

We need to the following two lemmas.

Lemma 4.1. Let c1(n) be defined by (1.16) and suppose that a is a nonnegative integer
such that c1(a) ≡ 0 (mod 5). Suppose further that 24a + 19 =

∏u
i=1 fi

∏v
j=1 g

αj

j with each
αj ≥ 2 is the prime factorization of 24a+ 19. Then for any n ≥ 1,

c1

(
an2 +

19(n2 − 1)

24

)
≡ 0 (mod 5), (4.1)

where gcd
(
n, 6

∏v
j=1 g

αj

j

)
= 1.

Proof. We prove Lemma 4.1 by induction on the total number of prime factors of n. Let
c1(n) be defined by (1.16). If n = 1 (n has no prime factors), then (4.1) states c1(a) ≡ 0

(mod 5), which is true by hypothesis. Let p ≥ 5 be a prime. The Legendre symbol
(
a
p

)
L

is defined by

(
a

p

)
L

:=


1, if a is a quadratic residue modulo p and p - a,
0, if p | a,
−1, if a is a nonquadratic residue modulo p.

Newman [19] proved that for any n ≥ 0,

c1

(
p2n+

19(p2 − 1)

24

)
= χ(n)c1(n)− p7c1

(
n− 19(p2−1)

24

p2

)
, (4.2)

where

χ(n) = p7d− p3
(
2n+ 1− 7(p2−1)

12

p

)
L

, (4.3)

and d is a constant.
To obtain (4.1), we also need to prove that χ(n) is an integer. Taking n = 0 in (4.2) and

using the facts that c1
(
− 19(p2−1)

24

p2

)
= 0 and c1(0) = 1, we have

χ(0) = c1

(
19(p2 − 1)

24

)
. (4.4)

Setting n = 0 in (4.3) and utilizing (4.4), we deduce that

p7d = c1

(
19(p2 − 1)

24

)
+ p3

(
1− 7(p2−1)

12

p

)
L

. (4.5)
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Substituting (4.5) into (4.3) yields

χ(n) =c1

(
19(p2 − 1)

24

)
+ p3

(
1− 7(p2−1)

12

p

)
L

− p3
(
2n+ 1− 7(p2−1)

12

p

)
L

. (4.6)

Suppose further that 24a + 19 =
∏u

i=1 fi
∏v

j=1 g
αj

j with each αj ≥ 2 is the prime factor-

ization of 24a + 19. Let p1 ≥ 5 be a prime with gcd
(
p1,
∏v

j=1 g
αj

j

)
= 1. Replacing (n, p)

by (a, p1) in (4.2) and employing the hypothesis that c1(a) ≡ 0 (mod 5) and the fact that
χ(a) is an integer, we find that

c1

(
ap21 +

19(p21 − 1)

24

)
≡ −p7c1

(
a− 19(p21−1)

24

p21

)
(mod 5). (4.7)

Note that
a− 19(p21−1)

24

p21
=

24a+ 19− 19p21
24p21

=

∏u
i=1 fi

∏v
j=1 g

αj

j − 19p21
24p21

is not an integer since gcd
(
p1,
∏v

j=1 g
αj

j

)
= 1. Therefore,

c1

(
a− 19(p21−1)

24

p21

)
= 0. (4.8)

It follows from (4.7) and (4.8) that

c1

(
ap21 +

19(p21 − 1)

24

)
≡ 0 (mod 5).

Therefore, (4.1) holds when n = p1 (n has only one prime factor). Suppose that (4.1) is true
for all integers with not more than k prime factors. In order to prove Theorem 1.2, it suffices
to prove that (4.1) is true when n has k+1 prime factors. We write n as n = p1p2 · · · pkpk+1

with 5 ≤ p1 ≤ p2 ≤ · · · ≤ pk ≤ pk+1 and gcd
(
p1 · · · pk−1pkpk+1,

∏v
j=1 g

αj

j

)
= 1.

By hypothesis, (4.1) is true for all integers with not more than k prime factors. Therefore,

c1

(
ap21p

2
2 · · · p2k−1 +

19(p21p
2
2 · · · p2k−1 − 1)

24

)
≡ 0 (mod 5) (4.9)

and

c1

(
ap21p

2
2 · · · p2k−1p2k +

19(p21p
2
2 · · · p2k−1p2k − 1)

24

)
≡ 0 (mod 5). (4.10)

Replacing n by ap21p
2
2 · · · p2k−1p2k +

19(p21p
2
2···p2k−1p

2
k−1)

24
and replacing p by pk+1 in (4.2), then

utilizing (4.10) and the fact that χ
(
ap21p

2
2 · · · p2k−1p2k +

19(p21p
2
2···p2k−1p

2
k−1)

24

)
is an integer, we

deduce that

c1

(
ap21p

2
2 · · · p2k−1p2kp2k+1 +

19(p21p
2
2 · · · p2k−1p2kp2k+1 − 1)

24

)
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≡− p7k+1c1

(
ap21p

2
2 · · · p2k−1p2k +

19(p21p
2
2···p2k−1p

2
k−p

2
k+1)

24

p2k+1

)
(mod 5). (4.11)

Now, we break our proof into two cases: pk+1 = pk and pk+1 > pk. If pk+1 = pk, in view of
(4.9), we can rewrite (4.11) as

c1

(
ap21p

2
2 · · · p2k−1p2kp2k+1 +

19(p21p
2
2 · · · p2k−1p2kp2k+1 − 1)

24

)

≡− p7k+1c1

(
ap21p

2
2 · · · p2k−1 +

19(p21p
2
2 · · · p2k−1 − 1)

24

)
≡ 0 (mod 5). (4.12)

If pk+1 > pk, then pk+1 6∈ {p1, p2, . . . , pk}. It should be note that

ap21p
2
2 · · · p2k−1p2k +

19(p21p
2
2···p2k−1p

2
k−p

2
k+1)

24

p2k+1

=
(24a+ 19)p21p

2
2 · · · p2k−1p2k − 19p2k+1

24p2k+1

=
p21p

2
2 · · · p2k−1p2k

∏u
i=1 fi

∏v
j=1 g

αj

j − 19p2k+1

24p2k+1

is not an integer since gcd
(
pk+1,

∏v
j=1 g

αj

j

)
= 1. Thus,

c1

(
ap21p

2
2 · · · p2k−1p2k +

19(p21p
2
2···p2k−1p

2
k−p

2
k+1)

24

p2k+1

)
= 0. (4.13)

Combining (4.11), (4.12) and (4.13) yields

c1

(
ap21p

2
2 · · · p2k−1p2kp2k+1 +

19(p21p
2
2 · · · p2k−1p2kp2k+1 − 1)

24

)
≡ 0 (mod 5). (4.14)

Therefore, for any case, (4.1) is true when n = p1p2 · · · pkpk+1. Lemma 4.1 is proved by
induction.

Using Newman’s identity on c2(n) given by Newman [19] and the same method for
proving Lemma 4.1, we can prove the following lemma. Since the process is similarly, we
omit the details.

Lemma 4.2. Let c2(n) be defined by (1.18) and suppose that a is a nonnegative integer
such that c2(a) ≡ 0 (mod 5). Suppose further that 24a + 8 =

∏h
i=1 ri

∏m
j=1 s

βj
j with each

βj ≥ 2 is the prime factorization of 24a+ 8. Then for any n ≥ 1,

c2

(
an2 +

n2 − 1

3

)
≡ 0 (mod 5), (4.15)

where gcd
(
n, 6

∏m
j=1 s

βj
j

)
= 1.
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To conclude this section, we present the proofs of Theorems 1.2 and 1.3.
By (2.18) and (3.8),

∞∑
n=0

RG1(125n+ 99)qn ≡ 10
(q2; q2)10∞
(q; q)∞

(mod 25). (4.16)

In view of (1.16) and (4.16),

RG1(125n+ 99) ≡ 10c1(n) (mod 25). (4.17)

The congruence (1.17) follows from (4.1) and (4.17).
It follows from (2.18) and (3.23) that

∞∑
n=0

b(125n+ 42)qn ≡ 10
(q; q)10∞
(q2; q2)∞

(mod 25). (4.18)

In view of (3.13), (3.16) and (4.18),
∞∑
n=0

(−1)nRG2(125n+ 42)qn ≡ 10
(q; q)10∞
(q2; q2)∞

(mod 25). (4.19)

The congruences (1.18) and (4.19) imply that for any n ≥ 0,

(−1)nRG2(125n+ 42) ≡ 10c2(n) (mod 25). (4.20)

Combining (4.15) and (4.20), we arrive at (1.19). This completes the proof.
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