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Abstract

In this work we consider an energy subcritical semi-linear wave equation (3 < p < 5)

im0 = up € H*?(R3);

Fu— Au=¢(@)|ulf 'y, (z,t) € R® x R;
Orutft=0 = u1 € HS”_I(R3);

where s, = 3/2—2/(p— 1) and the function ¢ : R* — [~1,1] is a radial continuous function
with a limit at infinity. We prove that unless the elliptic equation —AW = ¢(z)|W|P~*W
has a nonzero radial solution W € C?(R®) N H*»(R?), any radial solution u with a finite
uniform upper bound on the critical Sobolev norm ||(u(-,t), Oeu(:,t))|| grop « o (r3) for all
in the maximal lifespan must be a global solution in time and scatter.

1 Introduction

1.1 Background: Pure Power-type Nonlinearity

The nonlinear wave equation (s, = 3 — %)
0?u — Au = |u|P~u, (z,t) € R x R;
u|t:0 =ug € Hsf’ (R?’); (OPO)
atu‘t:() =u € Hsp_l(RB);

has been extensively studied in a lot of previous works. There are two different cases: the
defocusing one with ( = —1 and the focusing one with ( = 1. The latter case is usually more
complicated and difficult to deal with.

Local theory Local theory usually follows a combination of suitable Strichartz estimates and
a fixed-point argument. An almost complete version of Strichartz estimates can be found in [19].
Some of the endpoint cases are discussed in [25]. There are also Stichartz estimates that hold
only in the radial case. Please see [33, 50|, for instance. A fixed-point argument then gives a
local theory for initial data in the critical Sobolev space H®» x H®~!. More details of local
theory can be found in [17, 24, 39].

Small initial data If the initial data are small, the sign of { does not play an important role.
For example, if p > 1 + /2, global existence, well-posedness and scattering of solutions with
small initial data was discussed in the papers [4, 15, 16, 34, 43]. Some of these works deal with
even worse nonlinear term |u|P. By scattering we mean that the solution approaches a solution
to the homogeneous linear wave equation as t tends to infinity.



Energy critical case The behaviour of solutions in the focusing case is much different from
the one in the defocusing case if the initial data are large. For example, if the nonlinear term is
energy critical (p = 5), any solution with a finite energy always exists for all time ¢t and scatters
in the defocusing case, see [20, 21, 46, 47]. On the other hand, the energy critical, focusing
equation has a family of stationary radial solutions (called ground states)

A2[2[2 —1/2
iAl/Q(H;l) . AeRT.

The solutions with a smaller energy than ground states either scatter in both two time directions
or blow up in finite time, as shown in [27]. Solutions with an energy at most slightly more than
the ground states and away from them are discussed in [35, 36]. Global behaviour of solutions
with a very large energy is more difficult to understand. People are particularly interested in
type II blow-up solutions, i.e. non-scattering solutions whose data remain bounded in H' x L2
within its whole lifespan. Please see [10, 12, 13] and citation therein.

Super and subcritical case There are also lots of works on the energy subcritical case
(p < 5) or the energy supercritical case (p > 5). For example, please see [9, 30, 40, 41] for blow-
up behaviour of solutions to the focusing equation, [3] for self-similar solutions in the conformal
case (p = 3), and [11, 28, 31] for conditional scattering theory in energy supercritical case. We
are particularly interested in the following conditional scattering result! in the subcritical case,
since this is most relevant to the topics of this work.

Theorem 1.1 (See [8] for 1 4+ /2 < p < 3 and [48] for 3 < p < 5). Assume 1 ++/2 < p < 5.
Let u be a radial solution to the equation (CP0) with a mazimal lifespan (=T—,TY) satisfying a
uniform boundedness condition

sup [|(u(:, £), O, ) rom w ron—1 (zy < 00
te[0,T4)

Then Ty = +o00 and u scatters in the positive time direction.

Please note that recently Dodson-Lawrie-Mendelson-Murphy [7] proved that this result still holds
for non-radial solutions if 3 < p < 5. Dodson [5, 6] proved the global existence and scattering of
solutions to the defocusing equation with 3 < p < 5 whenever initial data are radial and in the
critical Sobolev space H*» x H s»=1(R3). Scattering theory based on conformal conservation law
[18, 22] works in the non-radial case but only for initial data of higher regularity and stronger
decay at infinity. We also have conditional scattering results similar to Theorem 1.1 in higher
dimensions. See, for instance, [32, 45].

1.2 Topic and Result of this Work

We consider a semi-linear wave equation with an more general energy subcritical nonlinearity
(3 < p < 5) and radial data.

O?u — Au = gzﬁ_(x)|u|p*1u, (x,t) € R3 x R;
u|t:0 =ug € Hsf’ (Rg); (CP].)
8{&‘1/:0 =ul € Hsp_l(R?’);

Here s, = 3/2—2/(p—1) and the function ¢ : R* — [—1,1] is a radial continuous function with
a well-defined limit

lim ¢(z) = 6(c0).

|| =00

1This is slightly different than the original result, as its uniform boundedness condition is only concerning the
positive time direction. But a careful review on the proof reveals that this different version of theorem still holds.



The study of this equation may helps us understand the global behaviour of radial solutions to
nonlinear wave equation in curved spaces. For example, if v is a suitable radial solution to the
shifted wave equation in the hyperbolic space H?

02v — (Ags + Vv = +|vP~ v, (2,t) € H? x R,
which has been discussed in [1, 14, 51], then u = T is a solution to

]

p—1
OPu— Au =+ ( ) lulP~tu, (z,t) € R® x R.

sinh |z|
Here the transformation T is defined by (see also [44])

sinh r

(Tv)(r,©) = v(r,®), (r,0)cRT x§?

with (r, ©) being the polar coordinates in both spaces R? and H?®.

Remark 1.2. The assumption ¢(x) € [—1,1] is not essential. Because a continuous function
#(x) with a limit at infinity must be bounded. If u solves O2u — Au = ¢(x)|u|P~ u, then v = cu
satisfies the equation 07v — Av = ¢~ P~ g(2)|v|P~ v. We have |~ P~V (x)| < 1 as long as the
constant c is sufficiently large.

Main Result We introduce our main result of this work.

Theorem 1.3. Any radial solution u to (CP1) with a maximal lifespan (—=T—,Ty) satisfying

sup (u('vt)7615“("t))||HSp><HSp—1(R3) < o0 (1)

te[0,T4) H
must scatter in the positive time direction, unless the elliptic equation
—AW = ¢(z)|W[P'W
has a nonzero radial solution Wy € C?(R3) N H*» (R?).

Remark 1.4. A similar result holds for the negative time direction as well, because the wave
equation is time-reversible.

Remark 1.5. This is clear that if the elliptic equation does have a nonzero radial C? solution
Wo(z) in H» (R3), then u(z,t) = Wy(z) is a solution to the wave equation (CP1) independent of
tine t. Its critical Sobolev norm remains the same for all time but it definitely does not scatter.
Thus the assumption about the elliptic equation in Theorem 1.3 is not only a sufficient condition
but also a necessary one. This kind of solutions are usually called solitons. According to Remark
7.4, a solution Wy(z) as given above always comes with a nonzero limit
lim |z|Wy(x).
|| — o0

Remark 1.6. The existence of nontrivial radial C?(R3) N H*»(R3) solutions to the elliptic
equation —AW = ¢(z)|WI[P~IW can be determined if ¢(x) satisfies some additional assumptions.
For example, if p(x) < 0 for all x € R3, then such solutions do not exist. In fact we may multiply
both sides of the elliptic equation by W, integrate by parts in a ball B(0, R), and obtain

/ VW d — 1/ 4 (wyds = ()| WP+ dz < 0.

B(0,R) 2 Jiz|=r dr B(O,R)

Since W € H*»(R?) is radial, we have |W(z)| — 0 as |z| — oo by Lemma 2.15. Thus there
exists a sequence Ry — oo so that 0,(|W|?) < 0 whenr = Ry,. Let R = Ry, in the equation above
we obtain VW = 0 thus W = 0. The case ¢(x) > 0 has also been considered in some previous
works such as [42, 52]. In particular, T. Kusano and M. Naito [38] claim that if ¢ : [0,00) — RT
satisfies



e ¢(r) € C[0,00) N C0, 00);
° d% [r(‘r’*p)/ngS(r)} 18 monnegative for all t > 0 but not identically zero;

then every nonzero radial C? solution to the elliptic equation is oscillatory, i.e. it has a zero
in any neighbourhood of infinity. Therefore none of these solutions are in the space H» (R3) by
Remark 1.5. This means the elliptic equation does not have a nontrivial radial C?(R3) N H*» (R3)
solutions under the assumptions above.

Remark 1.7. In general, the global behaviour of a solution to a non-linear wave equation as
t — T4 may be one of the following three cases

(I) The solution scatters, i.e. it resembles the behaviour of a free wave*. More precisely,

Ty = +oo and there exists a pair (uf,u]) € H* x H*»~*(R?), such that

lim —Sr(t =0.
t—+oo H <8tu(t) L( ) UT fsp XHSP—I(H@)

here Sp,(t) is the linear wave propagation operator.

(II) The critical Sobolev norm of the solution is unbounded.

limsup [[(u(-,t), Oeu(-s ) grov w gron—1 ey = +00
t—Ty

(ITIT) The critical Sobolev norm of the solution is bounded but the solution does not scatter. One
typical example is a soliton as mentioned above, if it exists.

Our main theorem claims that case (III) is possible only if there is a soliton W € C*(R*) N
H*»(R3), i.e a classic solution to the elliptic equation that is also contained in the critical Sobolev
space of (CP1).

1.3 Main Idea

As in the case with ¢(x) = %1, the idea is to apply the compactness-rigidity argument introduced
by Kenig-Merle [26, 27]. We outline the proof and briefly describe the most important methods
involved in the introduction here, before more details are given in later sections. The novelty
of our argument lies in the compactness part. The lack of natural dilation makes this equation
more difficult to deal with than the equation with a pure power-type nonlinearity. This problem
can be solved by observing the fact that very high or low frequency solutions to (CP1) can be
approximated by solutions to 92u — Au = clu|P~1u, with ¢ € {$(0), ¢(00)} is a constant. This is
similar to the situation of profile decomposition in curved background, see [23, 37], for example.

1.3.1 Compactness

First of all, it suffices to verify that the statement Sc(A) below is true for all A > 0, whenever
a radial C? N H*®» soliton does not exist, in order to prove the main theorem.

Statement 1.8 (Sc(A)). If u(x,t) is a radial solution of the non-linear wave equation (CP1)
with a mazimal lifespan (=T-,T5), so that

sup || (w(t), Q)| gron x fron—1(rsy < 4
t€[0,T4)

then Ty = oo and the solution scatters in the positive time direction.

2A free wave is a solution to the homogenous linear wave equation Btzu —Au=0



By the local theory given in section 2.2, we know that Sc(A) holds for small A > 0. If
the statement Sc(A) failed for some A > 0, there would exist a positive number M, called the
break-down point, so that Sc(M) held but Sc(A) failed for each A > M. Thus we can pick up
a sequence {u,} of non-scattering solutions, so that

sup ”(un('vt)?atun('7t))||HSP><HSP—1 \IM
t€[0,T5)

We are now seeking to take a limit and obtain a “critical element” u, which is a global solution
of (CP1) and satisfies

o sup | (ul 1), 0 ) = ay = M-

e The set {(u(-,t),du(-,t))|t € R} is pre-compact in the space H» x H*»~(R?).

Among the key gradients of the argument are the profile decomposition and non-linear profiles
associated to it.

The profile decomposition Given a sequence of radial initial data {(uon, u1,n)}nez+ Which
are uniformly bounded in the space Hs» x H s»~1(R?), we can always find a subsequence of it,
still denoted by {(uon,u1,n)}nez+, a sequence of radial free waves, denoted by {V;(z,t)},cz+,
and a pair (), t;,,) € RT x R for each pair (j,n) € Z* x Z*, such that

e For each integer J > 0, we can write each pair of initial data in the subsequence into a
sum of J major components plus an error term:

Mg

(uO,mul,n) = (Vjﬂ('vo>7 atvjm(" 0)) + (wOJ,n’w({n)

j=1

Here V} ,, is a modified version of V; via the application of a dilation and a time translation:

1 xr t—t 1 z t—t;
Vin(2,1),0Vin(z,1)) = | —=Vi | v L) — o, ; (2
(Vin(2,t),0tVjn(2,t)) ()\pl j (/\j,n M ) i 0V <>\j,n o )) (2)

and (wo‘{n,wl{ ) Tepresents an error term that gradually becomes negligible as J and n
grow.

e The sequences {(Aj n,tjn)nez+ and {(Ajr n, tj/ n) nez+ are “almost orthogonal” for j # j'.
More precisely we have

lim (Aj’" 4 A M _tj””|) = +00.

n=e \Ajrn - A Ajn

e We can also assume A;,, = A; € {0,1,00} and —¢;,,/A;, = t; € RU{o0, —0c0} as n — o0
for each fixed j, by possibly passing to a subsequence and/or adjusting the free waves
{Vi}jez+-

The nonlinear profile In the case of a pure power-type nonlinearity, we can approximate
the solution to (CP0) with initial data (V},(-,0),0;V;n(-,0)) by a nonlinear profile U;, which
is another solution to (CPO0), up to a dilation and a time translation, and then add these ap-
proximations up to obtain an approximation of u,,, thanks to the almost orthogonality. The fact
that the equation (CPO0) is invariant under dilations and time translations plays a crucial role in
this argument. The same argument no longer works for the equation (CP1), since the presence
of ¢(x) prevents the application of dilations in this purpose. However, we can overcome this
difficulty if we allow the use of nonlinear profiles that are not necessarily solutions to (CP1) but
possibly solutions to other related equations instead. In fact, the solution to (CP1) with initial
data (V},(-,0),0:V;n(-,0)) can be approximated by a nonlinear profile U; as described below,
up to a dilation and a time translation.



I (Expanding Profile) If A; = oo, then the profile spreads out in the space as n — oc.
Eventually a given compact set won’t contain any significant part of the profile. The

combination of this fact and our assumption ‘ llim ¢(z) = ¢(o0) implies that the nonlinear
T|—00

term ¢(z)|u|P~tu works in a similar way as ¢(0o)|ulP~!u. As a result, the nonlinear profile
U; in this case is a solution to the nonlinear wave equation 92u — Au = ¢(00)|u|P~ u.

IT (Stable Profile) If A; = 1, then the profile approaches a stationary scale as n — oc.
Therefore the nonlinear profile U; is still a solution to (CP1).

IIT (Concentrating Profile) If A\; = 0, then the profile concentrates around the origin as n — co.
The nonlinear term ¢(z)|u[P~lu performs in almost the same way as ¢(0)[u[P~lu. As a
result, the nonlinear profile U; is a solution to the wave equation 97u — Au = ¢(0)|u[P~1u.

1.3.2 Rigidity

In this part we need to prove the non-existence of a critical element as mentioned above unless
the equation (CP1) has a nontrivial C? soliton in H*®», i.e. a solution to the elliptic equation
—AW = |[W[P~'W in C?N H*»(R?). This is because we can show that any critical element must
coincides with such a soliton. The argument is similar to the one we used for the equation (CP0)
and consists of three steps

(I) We first show that the critical element u must be more regular than we have assumed.
More precisely, it is in the space H' x L?(R?\ B(0, R)) for all R > 0 and its behaviour
near infinity is similar to that of A/|x|, where A is a constant independent of ¢.

(IT) We then construct a solution W to the equation —AW = ¢(x)|W [P~1W, whose behaviour
near infinity is similar to that of u. Please note that this can be done even if the elliptic
equation does not have a nontrivial C? solution in Hs» (R3). The function W is typically
outside the space H*» (R3) when A # 0, sometimes defined only for large x, or identically
zero if A = 0. However, if the elliptic equation does have a radial solution in C2N H*» (R3),
this solution can always be constructed via our method.

(IT) By applying “channel of energy” method, we show that u must be exactly the same as
W. This gives a contradiction if the elliptic equation does not have a nonzero radial
C? N H*» solution. Because under our assumption W is either outside the space H*»(R?)
or identically zero, which is definitely different from w.

1.4 Structure of this Paper

In section 2 we introduce notations, local theory, and already-known results as a preparation for
the proof of the main theorem. The first part of the proof comes with two sections: In section
3 we make a review on the profile decomposition, introduce non-linear profiles and prove some
properties of the non-linear profiles. Next we carry on the compactness procedure and extract
a critical element in section 4. The second part of proof consists of three sections: We show
the additional regularity of the critical element in section 5, then consider the solutions to the
elliptic equation —AW = ¢(z)|W|P~1W in section 6, and finally finish the proof in section 7 via
the “channel of energy” method. Please note that the methods used in section 5 and section
7 are similar to our previous argument for the equation (CP0). Therefore we skip most details
and merely give most important statements and ideas in these two sections.



2 Preliminary Results

2.1 Notations

Definition 2.1. The notation A < B means that there exists a constant ¢ so that the inequality
A < ¢B holds. We may also add a subscript to the symbol < to indicate that the implicit constant
¢ depends on the parameter(s) mentioned in the subscript but nothing else.

Definition 2.2. The function F is defined by F(u) = |u[P~ u throughout this paper unless
otherwise specified.

Definition 2.3. We define T to be the dilation operator

s 0= (s () b ()

Here x is the spatial variable of functions.

Definition 2.4. Let Sp(t) be the linear wave propagation operator. More precisely, if u is the
solution to linear wave equation 02w — Au = 0 with initial data (u,dyu)|i—0 = (ug,u1), then we
define

U1

St t0)(unvun) = (uleta o)) Selto) (1) = (101)).

In addition, we use the notation Sg, o(ug, u1) for the first component u(-,to) of the vector above.

2.2 Local Theory

We start by the Strichartz estimates, as they are the basis of our local theory.

Proposition 2.5 (Generalized Strichartz Inequalities). (Please see Proposition 3.1 of [19], here
we use the Sobolev version in R3) Let2 < q1,q2 <00, 2< 11,19 < 00 and p1, p2,5 € R with

Vai+1/ri <1/2; =12

/g1 +3/r1=3/2 s+ p1;

1/q2+3/ra =1/2+ 5+ pa.
Let u be the solution of the following linear wave equation

0?u — Au = Fy(x,t), (z,t) € R® xR,
Ulp=0 = ug € Hs.(RB’); (3)
atu|t:0 =uy € Hs_l(RS).

Then we have (1/qg2+1/G2 =1, 1/ra+ 172 =1)

), 0 )|l s o gy + [1D7 m
tes[%F)T] ||(’LL( ) t’LL( ))”H < H 1(R3) || UHL‘ZIL ([O,T] XR3)

<C (”(umul)”Hs x HS—I(RS) + ||D;p2F1(m7t)HL@LFfz([O,T] > RS)) .
The constant C' does not depend on T.
Definition 2.6. If I is a time interval, we define the following norms

[ (o, wi)ll = [[(wos wa) |l grop  frev—1 (2

e, Ollyn = O 25

lo(@, )l 2y = lluz, )]

_2 2 .
LTFp L2750 (IxR3)



Here the space-time norm is defined in a standard way:

q/r 1/a
lu(@, t)||parr(rxrsy = (/ < |u(a:,t)’"d:c> dt) )
1 \JRs

If V is a free wave, then the norm ||[(V(-,t),0:V (-, t)||m is independent of t. Thus we may use
the notation |V || g instead for simplicity.

The fixed-point argument If u is a solution to (3) on a time interval I containing 0, then
we have the Strichartz estimates

sup || (u(®), (Dl + llully oy < € [ (o, un)lle + 1 Fallze] -

Combining this with the inequalities

loF (Wl 2y < Mlully7);

|6F (1) = 6F ()l 21y < Cyllun = wallyny [lun Iy + luzllyp ]

and applying a fixed-point argument, we obtain a local theory as below. Since our argument is
similar to those in a lot of earlier papers, we only give important statements but omit most of
the proof here. Please see, for instance, [24, 39] for more details.

Definition 2.7 (Solutions). We say that u is a solution of (CP1) in the time interval I, if
(u(-t),0pu(-,t)) € C(I; H? x H*»1(R?)), with a finite norm |ully ) for any bounded closed
interval J C I so that the integral equation

t—71)V/-A)
V-A

w¢>smmem+AS“( (6F(u(-,7))dr

holds for all time t € I.

Theorem 2.8 (Local solution). For any initial data (ug,u,) € H® x H*»~, there is a mazimal
interval (—T—(ug,u1), T+ (uo,u1)) in which the equation has a unique solution.

Theorem 2.9 (Scattering with small data). There exists 6 = §(p) > 0 such that if the norm of
the initial data ||(wo,u1)|| ep « ren—1 < 0, then the Cauchy problem (CP1) has a global-in-time
solution u with |[ully (—oo,+00) < Cpll(wo,wr) grep  frsp—1- Here both the constants d(p) and C,
can be chosen independent of the coefficient function |¢(z)| < 1.

Corollary 2.10. There exists a function n : RY — RT, such that if ||(uo,w1)| gep « grep—1 >
Cy > 0, then the solution u to (CP1) with the initial data (ug,uy) satisfies

te(fiTI“l,f,TJr) ”(u('vt)v 875“(" t)”HSp x H*»~1(R3) 2 77(01)’

Lemma 2.11 (Standard finite-time blow-up criterion). If T < oo, then |lully (jo,r,)) = oo

Theorem 2.12 (Perturbation theory). Fiz 3 < p < 5. Let M be a positive constant. There
exists a constant g = €o(M,p) > 0, such that if an approximation solution u defined on R3 x I
(0 € I) and a pair of initial data (ug,uy) € H x H%»~1 satisfy

(07 = A)(@) — ¢F (@) = e(x,t),  (a,t) €R® x I

lally ) < M; [[(@(-,0), 0eul-, 0)) | grop  freo—1 < 00

e = le(z, )z + ISL,0(t) (wo — a(+,0), ur — 0¢(-, 0))|ly (1) < €0s



there exists a solution u(x,t) of (CP1) defined in the interval I with the initial data (ug,u1) and
satisfying
[u(z,t) —u(z,t)lly 1) < C(M, pe.

(orstn) ~ (o) =520 (o)

Proof. Let us first prove the perturbation theory when M is sufficiently small. Let I; be the
maximal lifespan of the solution u(x,t) to the Cauchy problem (CP1) with the given initial data
(ug,u1) and assume [0,7] C I N I;. By the Strichartz estimates, we have

< C(M,p)e.
HSP XHsp—l

sup
tel

@ — ully o, < ISL,0(t)(uo — @(0), ur — @(0))lly(o,17) + Cplle + ¢F (@) — ¢F (w)]l z(jo,17)
< e+ Gpllellzqo,m + CpllF(@) — F(u)l 20,

< e+ Cpe + Gl — ully(po,m)) (Ha”I;/_([lo,T}) +lla— “HI;/_([lo,T]))
< Cye + Cylli = ullyqory (M7~ + 1l = ully 7y ) -

Here the notation C}, may represent different constants at different places. By a continuity
argument in T, there exist My = My(p) > 0 and g = g¢(p) > 0, such that if M < My and
€ < g9, we have

% — ully o, < Cpe.

Observing that the estimate above is independent of time 7" and works as well for an interval
[T,0] if T < 0, we are actually able to conclude I C I; by the finite-time blow-up criterion and
obtain

@ —ully) < Cpe.

In addition, by the Strichartz estimate we have

(oth) = (o) =50 (s
i)

<C||¢F<> OF(@) — el 201
Cy (lellzary + ||F<u> — F (@) zn)
< Gy [e+ llu = aillvary (Nl + = ally )]

< Che.

sup
tel

This finishes the proof as M is sufficiently small. To deal with the general case, we can separate
the time interval I into finite number of subintervals {I;}, so that |[i[ly(;,) < Mo, and then
iterate our argument above. O

Remark 2.13. If K is a compact subset of the space Hs x Hspfl(]R?’), then there exists T =
T(K) > 0 such that for any (ug,u1) € K, Ty (ug,u1) > T(K). This is a direct corollary from
the perturbation theory.

2.3 Known Results for a Constant ¢

In this subsection we make a review on the already-known results concerning radial solutions to
the equation
0?u — Au = clulP~tu;
uli—o = ug € H (R3); (4)
Oyuli—o = w1 € H»~H(R3);

Here c is a constant. The case with ¢ = 1, namely the equation (CP0), has been discussed in
the author’s previous work [48], whose main result has been mentioned in the introduction as



Theorem 1.1. The case ¢ = 0 is trivial, since u becomes a solution to linear wave equation. If
u is a solution to (4) with ¢ ¢ {—1,0,1}, then |c|/?=Dy is a solution to (CP0); and vice versa.
This transformation immediately gives

Proposition 2.14. Let u be a radial solution to the equation (4) with a mazimal lifespan
(=T-,Ty) and a uniform boundedness condition

sup

(- 8), Oul ) fron s fron—1.(msy < 00
tel0,T4)

Then Ty = 0o and u scatters in the positive time direction.

2.4 Properties of Radial H* Functions

Lemma 2.15. (Please see lemma 3.2 of [28]) Let 1/2 < s < 3/2. Any radial H*(R®) function
u satisfies the inequality
[l He (R3)

u(x)] < -
)] 5,

Remark 2.16. This actually means that a radial H® function is uniformly continuous in R3 \
B(0,R) if R > 0.
Lemma 2.17. Let K be a compact subset of H*(R?), 1/2 < s < 3/2. Then we have
sup |x|%_s\u(x)| —0, asR— +oo;
|z|>R,ue K

sup |x\%75|u(a:)| —0, asr— 0"
|z|<r,ue K

Proof. A Combination of the compactness with Lemma 2.15 shows that it suffices to prove this
lemma when K contains a single element. Please see Appendix of [48] for a proof of this special
case. O

3 Profile Decomposition

3.1 Linear Profile Decomposition

Theorem 3.1 (Profile Decomposition). Let A be a constant. Given a sequence of radial ini-
tial data {(wo,n,U1n)}tnez+ S0 that ||(uom,u1n)|ln < A, there exist a subsequence of it, still
denoted by (uo,n,u1,n); a sequence of radial free waves Vi(z,t) = Sr(t)(v)0,v51),7 € Z"; a pair
(Ajnytjn) € RT xR for each pair (j,n) € ZT x Z*; such that

(i) Given a positive integer J, each pair of initial data in the subsequence can be expressed as
a sum of the first J major components plus an error term

J
1 .t 1 .t
(uo,mulm) = 7,‘/‘ (7 Jm) ’7,615‘/‘ (’ ‘77n> + (wb]nvwljn)
jzl Ao T A\ N g )TN A N A e

s

J
D Sn(—tjn) T, (Vo5 v15) + (Wi 0 ,);
j=1

(i1) If j # j', then the sequences {(Ajn,tjn) tnez+ and {(Aj/ n,tjr n) tnez+ are “almost orthog-
onal”, i.e. we have the limit

lim (/\j’,n b X |tj,n—fj’,n|> .

n=oo \ Ajn Ajin Ajn

10



(iii) lirrlnjo%p ’|SL(t)(w5’7mw1J)n)’|Y(R) —0 as J — 0.

(iv) For each given J > 1, we have

J

2
o w7 = D WVillEr + 1| (w0f s wi ) || + 00 (1):
j=1

Here 05,(1) = 0 as n — oo.
(v) We have the limits Xj,, — X\; € {0,1,00} and —t;j,,/\j, = t; € [—00,00] as n — oo for
each j.
Please see [2] for the proof. There are a few remarks.

e This original paper deals with the energy critical case s, = 1. But the same argument
works for all 1/2 < s, < 1 as well.

e The original paper works for non-radial initial data as well. In this work we only consider
the radial case.

e The original theorem is proved under an additional assumption labelled (1.6) there. But
this condition can be eliminated according to Remark 5 on Page 159 of that paper. The
elimination of this condition also implies that A;, the limit of the sequence A; , as n — oo,
may converge to 1 or +00, besides 0, as given in part (v) above.

We need to prove a few lemmata before the introduction of the non-linear profiles.

Lemma 3.2. If j # j', then we have the almost orthogonality

lim <SL(—tj,n)TAj,n(v0,jvUl,j)a SL(—tj’,n)TA,-,,n(Uo,juUl,j’)>H =0.

n—oo

Proof. We first rewrite the dot product into

<SL(—tj,n)TAj,n (vo,55v1,5), Sc(=tj1.n) T, , (Vo5 Ul,j')>H

tin —t
jm — Yi'n
= <T>\j,n//\j’,n(v07jv”Lj)a St < iV ) (vo,juvl,j/)> :
J’mn H

We can immediately finish the proof by the almost orthogonal condition (ii) and Fourier analysis.
O

Lemma 3.3. Let {(won, w1 n)}nez+ be a bounded sequence in H, i.e. |[(won,win)|ng < A so
that [|Sr,o(t)(Wo,n, win)|ly® — 0. Then we have the weak limit (wo ,,w1,) — 0 in H.

Proof. If the weak limit (wg ,, w1,,) — 0 were false, we could assume (wg p, w1,n) = (wo, w1) # 0
in H by possibly passing to a subsequence. Because the map (ug,u1) — Sr0(f)(uo,u1) is a
bounded linear operator from the space H to Y (R) by the Strichartz estimates, we also have a
weak limit Sy, o(¢) (wo,n, w1,n) = Sr,0(t)(we, w1) in the space Y (R). On the other hand, the same
sequence Sz, o(t)(wo n, w1 ) has a strong limit zero in the space Y (R) by the given conditions.
As a result, we have Sy, o(t)(wo, w1) = 0 = (wo, w1) = 0. This is a contradiction. O

Lemma 3.4. Assume ||(wo,n, w1n)||lxr < A and [|Sr o(t)(wo,n, wim)|ly@®) — 0. Let I be a closed
time interval and (Uy(x,t),Ui(x,t)) € C(I; H). If I contains a neighbourhood of oo or —oo, we

also assume (1) +
. UO -,t 7 Ug —
Jn | (G0) s ()], =0

for some pair(s) (uZ,ui) € H. Then for any two sequences {\, : A\p > 0 ezt and {t, : t, €
I} ,ez+, we have the limit

<T)\n (UO('a tn)7 Ul('a tn))a (wO,nv wl,n)>H — 0.

11



Proof. First of all, we can rewrite the pairing into

(T, (Uo(-,t0), Ui (5 tn)), (Wo,n, win))
((Uo(-,tn), Ur(-stn)), T1yx, (Wom, Win)) 1
<SL(_tn)(U0('7 tn>7 Ul('ﬂ tn))7 SL(_tn)Tl/An (wO,m wl,n)>H~

According to the conditions given, we have
e The set {Sp(—t)(Us(-,t),Us(-,t))|t € I} is pre-compact in H.

e The sequence Sr,(—t,)T1/x, (wo,n, w1,,) is bounded and converges weakly to 0 in the space
H, by Lemma 3.3 and

SL(=tn)T1a, (wO,nawl,n)HH = [[(wo,n, win)lly < A;

||SL,O(t)SL(_tn)T1/>\n (’wo,men)Hy(R) = ||SL,o(t)(wo,mw1,n)||y(R) — 0.
Therefore the pairing converges to zero. O

3.2 Nonlinear Profiles

In this subsection we introduce the nonlinear profiles and prove some properties of them. Recall
the notation F(u) = |u[P~ u.

Definition 3.5 (A nonlinear profile). Fiz ¢ to be either the function ¢ or a constant function
c. Let V(z,t) = Sp,0(t)(vo,v1) be a free wave and t € [—00, 0] be a time. We say that U(x,t) is
a nonlinear profile associated to (V,¢,t) if U(x,t) is a solution to the nonlinear wave equation

0%u — Au = ¢F (u) (5)
with a mazimal timespan I so that I contains a neighbourhood® of t and

Hm [[(U(-,), U (1) = (V-5 8), 0V (- 1))l = 0.

t—t

Remark 3.6. Given a triple (V, qg, t) as above, one can show there is always a unique nonlin-
ear profile. Please see Remark 2.13 in [26] for the idea of proof. In particular, if t is finite,
then the nonlinear profile U is simply the solution to the equation (5) with the initial data

(U(-,1),0U(-, 1)) = (V(-,1), 0V (-,1)). We will also use the fact that the nonlinear profile auto-
matically scatters in the positive time direction if t = +o0.

Definition 3.7 (Nonlinear Profiles). For each linear profile V; in a profile decomposition as
given in Theorem 3.1, we assign a nonlinear profile U; to it in the following way

o If X\; =0, then Uj is chosen as the nonlinear profile associated to (V;, $(0),t;);

o If \j =1, then U; is chosen as the nonlinear profile associated to (V;, d,t;);

o If \j =00, then U; is chosen as the nonlinear profile associated to (V;, $(0),t;).
In either case, we use the notation I; for the mazimal lifespan of U; and define

1 Tz t—t;
Ujn(a,t) = —o—U;, U
Js (l‘ ) )\??/Q_Sp ]<>\j,n )\j,n )

J,m

3 A neighbourhood of infinity is (M, 4+-00), if £ = 4-o00; or (—oo0, M), if £ = —cc.

12



Remark 3.8. By the definition of nonlinear profile, for each j we have the limit

lim [(Ujn(:,0),0:Ujn(+,0)) = Sp(=tjn)Tx,, (voj,v1)lm = 0.

n— oo

Lemma 3.9. If j # j', then we have the following almost orthogonality.

lim <(Uj7n('7 0)7 8tUj,n(" 0))7 (Uj'ﬂl(" 0)) atUj’,n('v 0))>H =0.

n— oo
Proof. This is a direct corollary of Remark 3.8 and Lemma 3.2. O

Lemma 3.10 (Almost Orthogonality of Uj,). Assume ||Uj||y(];) < oo for j = 1,2. Let
{10 t10) tnezr and {( A2 n,to.n) tnez+ be two “almost orthogonal” sequences of pairs, i.e.

. )\211 A1n |t1n_t2n|
lim — 4+ —— 4+ —— | =+o0.
n—r+o00 ()\l,n )\2,11 A1,n

If {J.} is a sequence of time intervals, such that J,, C (t1,, + A1,nd1) N (t2.n + A2.n15) holds for
all sufficiently large positive integers n, then we have

N(n) = Hﬁl)nﬁgm

- — 0, as n — oo.
L, "°P L, °P (J,xR3)

Here Uj,n is defined as usual

7 1 = x t—t
Ujn(@,t) = ———0U; [ ——, =2 ) .
(1) A3/2= J<A " i >

in J,m

Proof. (See also Lemma 2.7 in [29]) First of all, by defining U;(z,t) = 0 for t ¢ I, we can always
assume [ ]' =R and J,, = R. Observing the continuity of the map

O Y(R) x Y(R) = 1%, &0,0,) = {HUMUQ,TL

p P :
T++ 2—s ’
L, °P L, °P (RxR3) }n€Z+

we can also assume, without loss of generality, that

Uy 1)] < Mj, for any (2,0) € B x B Supp(T5) € {(2,1) : [z, 1] < By}

for each j = 1,2 and some constants M; and R;, since the functions satisfying these conditions
are dense in the space Y (R). If the conclusion were false, we would find a sequence n; < ng <
ng < --- and a positive constant g such that N(ng) > e9. There are three cases

(I) imsup A1, /A2,n, = 00. In this case the product Ul,nk (727,% is supported in the (3 + 1)-
k—o0
dimensional circular cylinder centred at (0, t2,,, ) with radius Ag ,, Re and height 2Xz ,,, Ro

since ﬁgjnk is supported in this cylinder. On the other hand, we also have

7 s —3/24sp y—3/2+sp
(Ot Oz | AT 2T 70025 MM,

A basic computation shows

~ 5 95, (Ao \ 2T
N(ng) = HUl,nkUan < C(p)Mi MR, ™" <k> .

Al,nk

_pr  _P
LTP L2 (RxR?)

This upper bound tends to zero as A1, /A2,n, — 00. Thus we have a contradiction.

13



(IT) li]rcn SUp A2.n, /A1,n, = 00. This can be handled in the same way as case (I).
—00

(II) A1,n, =~ A2,n,- By the “almost orthogonality” of the sequences of pairs, we also have

|t1,n, — t2,n4 |
Al,nk

This implies Supp(ULnk) N Supp(ﬁgynk) = @ when k is sufficiently large thus gives a
contradiction.

O

Lemma 3.11. Let I} C I; with HUj(x,t)Hy([‘;) < 00. Suppose that {J,} is a sequence of time

intervals, so that given J € Z" we have J, C ﬁjzl(tj,n + )\j’nlj’-) for sufficiently large n. Then
for each J € Zt the following limits hold.

J
dm |FA D Ui | =2 FWa)| - =0.
j=1 J=1 Z(Jn)
J 1/p
limﬁsup ZUj,n < ZHUJ’”];/(I,’.)
n—o00 =1 Jj=1 ’

Y (Jn)

Proof We use an induction

J J-1
lim sup || F Ui,| —F Uin| —FUj,
w7 (32050 | = F (03| - F0
J= J= Z(Jn)
1 J—1 1
= limsup || |Uy, / F' U+ > Ujm | dr —{Uj,n / F’(TUJ,n)dT}
n— oo .
’ =t ’ 2(J)
J—1 1 1 J—1
= limsup || | Usn Y Ujn / / F' | 1Upn +7 Y Ujn | didr
n—00 =1 0 Jo j=1 200)
J-1 J P2
< 1' ¥ v p y
= ITILn_>Sol<1)pCp ; ||UJ’nU]’n||LmLm(Jn><R3) ;HUWHY(LL)
J-1 J P2
< tmonpCy | D M0anUinll, a2, e | | 2 1030y
j=1 j=1
= 0.
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In the last step we use Lemma 3.10. This finishes the proof of the first limit. The second limit
is a corollary:

J b J
lim sup Z Ujn = limsup ||F Ujn
n— 00 i=1 n—00 J=1
Y (Jn) Z(Jn)
J
< limsup Z 1EUjn)ll 25
<

n—oo

J
lim sup Z | Ujn Hf/(Jn)
j=1

J
< U2, ...
< ;n il )

Remark 3.12. The same result still holds if we arbitrarily select a few profiles from U;’s. More

precisely, if the inequality ||Ujk||y(11/_ )y < 00 holds for each positive integers j1 < jo < -+ < jm,
k

then we have

i | ($o0nn) - Srwin] =0
k=1 k=1 Z(J,)

m m 1/p

lim sup ZUjk,n < (Z ||Ujk||1;/(1; )) ;
n—00 k=1 k=1 Tk

Y (Jn)

as long as Jo € Oy (tj,.n + Nju.ndj, ) holds for all sufficiently large n.

Lemma 3.13 (Commutator Estimate). Assume I} C I; so that ||Uij([]{) < oo. If we define

the error term
€jn = (atQ — A)Ujn — ¢F(Ujn),

then we have nlL)H;O ||6j,nHZ(/\j,nIJ’-+tj,n) =0.

Proof. First of all, applying a space-time dilation we have

)

DU, — AU; = ¢p(x)F(U;) = (82 — AU = ¢ (;) F(Uj).

Here ¢(z) is chosen as in Definition 3.7. Thus we have

T

ez oo =) (4 (5=) - o)) ()
=[|(¢@ = on2)) F(U,)

Z(Njin I +tjn)

‘Z(I;)

by the dominated convergence theorem and the (almost everywhere) point-wise limit ¢(\; nz) —

o(x). O

4 Compactness Procedure

In this section we prove the existence of a critical element and its compactness properties.
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Theorem 4.1. If Sc(A) breaks down at A = M, then there exists a radial critical element u,
also called a minimal blow-up* solution, such that it satisfies

(i) Its maximal lifespan is R;
(ii) It fails to scatter in both time directions with ||ully ([0,00)) = llully ((—oc,0)) = +00.

(i4i) The upper bound of its critical Sobolev norm is equal to M.

sup || (u(-, 1), D, )| e o frov—1 zsy = M.
teR

(iv) The set {(u(-,t), yu(-,t))|t € R} is pre-compact in the space H* x H%»~1(R3).

Remark 4.2. Theorem 4.1 also holds in non-radial case. In the mon-radial case we need to
consider spatial translations in the profile decomposition as well, i.e. we introduce additional
parameters xj, € R® and substitute © by x — x;,, in (2). The way to deal with these addition
parameters x; , can be found in [49], which discusses energy critical wave equation with a similar
nonlinearity. We also need to apply the non-radial version of Theorem 1.1 in this argument. Our
rigidity argument in this work, however, only works for radial solutions.

4.1 Setup

Now let us assume that the statement Sc(A) breaks down at A = M. We spend the rest of
this section to show the existence of a critical element. First of all, we can take a sequence of
non-scattering radial solutions v, (z,t) with maximal lifespans (—T,,, T,F) so that

n

lvally (o, 7;¢)) = +003 sup  [[(vn (1), Oon ()| g < M +27"
te[0,T57)

Using the first condition above, we can find a time £,, € [0, T.}) for each n, such that ||v,, Iy (0,2, =
2". Time translations then give a sequence of new solutions to (CP1) by the formula u,(z,t) =
vp(z,t + t,). These solutions {u,} satisfy:

(i) Each solution u, blows up in the positive time direction, i.e ”un”y'([o T+)) = T0°-

(i) [lunlly 7z o > 2™
(iii) The inequality ||(wn(-,t), Opun (-, t)||lgr < M + 2~™ holds for each ¢ € [0,7)}) and for each
t < 0 that satisfies [lun |y (o) < 27

Here the notation (=7}, ,7,") represents the maximal lifespan of u,,. We apply the profile de-
composition (Theorem 3.1) on the sequence of initial data {(ug n,v1,n)} = {(un(:,0), Oun(-,0))},
introduce the nonlinear profiles U; and then define the approximation solutions Uj,,, as described
in Section 3. The conclusion (iv) of the profile decomposition gives

oo oo
D IVillE =Y lws0 0507 < M. (6)
j=1 j=1

This implies that ||(U;(-,t;),0:U;(-,t;))||m — 0 as j — oo since the definition of the nonlinear
profiles implies (if ¢; = 400, the left hand below is in the sense of limit as ¢t — t;)

1(U;(5t5), 0uU; (- t) e = 1Vl a-

According to Theorem 2.9, it follows that U; scatters in both time directions when j > J; for
some sufficiently large Jy. In addition, we have

Uil @y Sp 1U;Cot3), 005 CotD i = Vil 365 > Jo = Y Ul gy < oo (7)
j=Jo+1

4Blow-up here simply means non-scattering. The solution does not necessarily blow up in finite time.
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4.2 A Single Profile May Survive

In this subsection we show all but one profile must be zero. Let us suppose that there were at
least two nonzero profiles, say U; and Us. This implies

go = min {|[Vi[|m, [|V2lln} = min {||(v1,0,v1,1)[ 1, [|(v2,0, v21) [} > 0. (8)

According to (6), we can always assume

o0 o0 2
€
SVl = D0 w0 vk < 507 9)
j=Jo+1 j=Jo+1
by possibly raising the value of Jj.
Lemma 4.3. Given any J > Jy, we have
J €
. 0
limsup | > (Ujn(-,0),0:U;n(-,0))|| < 3
H
Proof. By Remark 3.8 and Lemma 3.2, we have
2 2
J J
limsup|| Y (Ujn(-0),0U;n(-0)| =limsup| Y Sp(—t;n)Th, ., (vo,,v1,)
n— oo . n—oo .
j=Jo+1 j=Jo+1

H H

J
= lim sup Z HSL(_tj,n)T)\j,n(U07j7Ulvj)”?{

n—o00 j=Jo+1
J 52
=limsup > [[Vjlf5; < 2.
n— oo 9

j=Jo+1
O

Remark 4.4. A similar argument as above shows that if j1 < ja < -+ < jm are positive integers,
then we have

2 m

li = %

lim ; Vi 1%

Z (Ujkm('v 0)’ atUjkm('a O))
k=1

H

Asymptotic behaviour If j > Jy, then we have already shown that the nonlinear profile
U; scatters. We always choose I J’ = R in this case. Otherwise, if j < Jy, let us consider the
behaviour of Uj(x,t) as t goes to +o0o. There are two cases:

(I) U; scatters in the positive time direction. Let us choose a time interval
[t;,+00),  if —tjn/Ajn —t; € R, here we fix t; € (—oo,t;) N 1j;

R
I =[t;,+o0) = ¢ (—00,+00), if —t;jn/Ajn — —00;
[t;,+00),  if —tjn/Ajn — +00, here we fix t; € I;.

(II) Uj does not scatter with a maximal lifespan (=77, Tf), thus t; < 400. By our assumption
on M (if A\; = 1) or Proposition 2.14 (if \; € {0, +o00}), we always have

sup (U (). 005 (. 0) | ar > M.

te(t;, T;")

17



As a result, we can find a time Tj € (t;, Tf) so that

1
1(U; (- T5), 0U5(, i)l e > \/M2 = 5n(e0/2)2, (10)
where the function 7 is the one given in Corollary 2.10, and choose

I — [t»_ T] _ [t;,Tj], if — tjm/)\jm — tj S R, here we fix t]_ € (*Oo,tj) N Ij;

J U (=00, Tj], if —tjn/Njn — —00.

In summary, we always have HUJ‘HY(IJ’-) < oo. If n is sufficiently large, we have —t; ,/\; . is
contained in the interior of Ij’- for all 7. Without loss of generality, we can assume that this
happens for all j,n

Approximation Solutions Now let us define
£, = sup {t >0 ’t € NP (tjm + A } .

This is either a positive number or undefined. The second case may happen only if all profiles U;
scatter in the positive time direction. In this case we interpret t,, = co. The definition actually
implies

[0,20] €052y (Ejm + Ajnd) -

According to the profile decomposition and Remark 3.8, we can write

J
(u07n7u1 n Z -0 at 7, n( 70)) + (w({n7 wi],n)' (11)
Jj=1
with
hmsupH wOn,wln ||H < M, limsupHSLo(t)(wO]n,wln ||Y —0asJ — 0. (12)
n— n—roo

Please note that this new error term (w(‘)f n,wi{ ) is different from the one given in the linear
profile decomposition. It also covers the error created by the substitution of the linear profiles by
their nonlinear counterparts. In addition, we have that the sum S, = ijl U;,n is a solution
of the equation

Ofu— Au = ¢F(u) + Erry, (13)

in the time interval [0,¢,]. Here the error term Erry, is defined by

J J J
Erryn=—0¢F | Y Upn | + > ¢F(Ujn) + > _ [07Ujn — AUjp — ¢F(Ujn)] -
j=1 j=1 j=1

By Lemma 3.11, Lemma 3.13 and the inequality (7), we have
nh_{go HE”JJL”Z([O,E,L]) = 0; (14)
J J() o0
lim sup ||SJ77L||];/([07{”]) < Z ||Uj||§)f(1;) < Z ||Uj||€/(1;_) + Z HUj”I;f(R) < 00. (15)
e i=1 =1 j=Jo+1
The upper bound in the second line above is independent of J.

Proposition 4.5. Let U; be non-linear profiles introduced in Subsection 4.1. The exists at least
one profile U; so that it does not scatter at the positive direction.
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Proof. 1f it were false, then we would have £, = oo for all n € ZT. We can choose a sequence
{Jk, "k }rez+, such that

klim ‘SL,O(t)(w(‘{,’zzk’wi}fnk)
—00

o
Y (R)

Jim ([ Brr g, mlzo.00) = 0

Jo (%)
1S m ¥ 0,00y < Z HUJ'HI;/(I;.) + Z U113 (gy +1 < oo
j=1 G=Jo+1

Observing equation (11) and (13), we can apply the long-time perturbation theory on the ap-
proximation solutions Sy, ., the initial data (ug n,,%1,,,) as well as the time interval [0, co)
and finally obtain that w,, scatters in the positive time direction if k is sufficiently large. This
is a contradiction. O

Now we know ¢,, € (0,00). In addition, for each large n, there is a j < Jy such that U; does
not scatter in the positive time direction with ¢,, = X; ,T; + t;,,. By passing to a subsequence,
we can assume that the same j = jy works for all sufficiently large n.

Proposition 4.6. The pairs (Ujy n (-, tn), 0:Ujo n (-, tn)) and (Ujn(-,t0), 0:Ujn(- tn)) are almost
orthogonal in the space H = H®» x Hs»~! if j # jo. Namely, we have

lim <(Uj0,n('7fn)a atUjo,n('ain)) ) (Uj,n(HEn)vatUj,n(Hfn)))H = 0.

n—oo

Proof. We have

_ _ 1 T 1 T
(Ujo,n(tn)vatUjo,n(tn)) = ()\3./2_8’) Ujo ()\ 7Tjo> ) )\5/2—% atUjo <>\7Tjo>> ;

Jo,m Jo,n G Jo,m
_ _ 1 T t, —t 1 x  t, —t;
Uin(tn),0U; n(t) = | ——U,; | —, 2—2L2) U, | ——, e —n ) )
( Js ( )a tY7, ( )) (/\?)/ng_sp J ()\j,n )\j,n > )\?7/’3_81) tYj ()\j,n >\j,n ))

Since the dot product is dilation-invariant, we can rewrite the dot product in question into

5_

Nom \ 277 ([ Njgnt Nom \E7 [ Ny
<(Ujo(xano)aatUjo(xa7}o))a << )5?7 > Uj < j\o‘ at;1> ) ( )\jo > atUj < ;\Oi 7t/n>>> :
7,1 7,1 7,1 7,1

Tap— TioXjom + tjom — t; by
Here ¢, = ——% = -/ jon  ion ~ tim - I5. By the inequality [t,,| > —=22[T},| +
Ajn Ajn Ajon
tiom — b
M\ij’n and the almost orthogonal condition, we have
YO
Aj A
lim —22% + 2% 4 ¢ | = +o0.
n=00 Ajn - Ajon

By the fact that U;(¢) always scatters in the corresponding time direction whenever I ]’ contains
a neighbourhood of co or —oo, the limit above implies that the second factor in the dot product
above converges weakly to zero in H, this finishes the proof. O

Approximation Solutions without Uj, , Now let us define (J > Jp)

Sin=>, Un

1<5<J,5#50
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The function S, is the solution to
Ofu— Au= ¢F(u) + Err'y,, (16)
The error term is given by

Errly, =—0F (Sh,)+ > ¢FUin)+ >,  [0/Ujn—AUjn— ¢F(Ujn)] .
1<5<T,5#d0 1<i<T.3#d0

By Remark 3.12, and Lemma 3.13, we have
nh_g?[;o ||ETTf])n|‘Z([O,t_n]) = 0; (17)

hmsupHSJnHy([o L S Z I\U; ||Y(1,) < Z U115 Y+ Z |U; ||Y(]R oo. (18)
1<5<J,5#jo j=Jo+1

Choice of n(J) For each J > .Jy, we can choose a large positive integer n(J) so that (See (12),
(14), (15), (17), (18), Lemma 4.3 and Lemma 4.6)
)

n(J) > J; (19)
~ 1/p
HSJTL(J)HY( [(ERZS)) Z 1U; ”Y(I;) + Z ||UJ'H§)/(R) +1 ; (20)
j=Jo+1
Jo - 1/p
1S () Iy (0,501 < Z ||Uijf(1]<) + Z U515 &) + 1 ; (21)
i=1 j=do+1
J
€0
Z (Uj,n(J)('ao)a8tUj,n(J)('aO)) < ? (22)
j=Jo+1 H
IErT s |l 2060001 <2775 (23)
”E’rr{]n(J)HZ ([0, (n)]) < 27‘]; (24)
Uijon(7) (tn(r) ) ( Ujin() () >> ‘ 2=/ . o
, < —if1 <5< ; 25
’<<3t Ujon)(tn(n) ) " \OUjnn () ) [/ | = T J J# o (25)
. 7 J _
Jim ‘SLO(t)(wO,n(J)vwl,n(J)) N 0; (26)
H(“’él,n(J)awi],n(J))HH <M+1. (27)

Combining the equation (11), (13) and the inequalities (20), (23), (26), (27), we can apply long-
time perturbation theory on the approximation solution S (), the initial data (ug (s, U1,n(.5))
as well as the time interval [0, ,,( )], conclude fn( 7) is in the maximal lifespan of u,( sy and obtain

Jli—{r;o Hu"(‘]

r r J
Un(J)('at@(J)) ) _ ( SJ,n(J)('atQ(J)) > — S, (L wO,n(J)
(afunu)(vtnu)) 1S sm() (5 En( ) L) Wi )|

if J is sufficiently large. Therefore we have

) = Sty oz =

lim
J—o0

:0,

fim sup [ o Enny)s Ortiny () [
—00
SJn(J( n( ) ) 7 wbjn(f)
- + Sp(t
<atSJn(J)( tn(r)) £lta) wy n(J)
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By (26), (27), Lemma 3.4 and the identity

( Uson(1) (5 En()) ) _T, ( Uiy (+Tj) )
0cUjo,n () (+ tn(.) 10D\ s, (+,T5) )7

. Ujo () En) P (v
Jﬁoo<<atU]0 n() (5 t n(J)) £(tn() wi],n(J) "

Combining this with (25) and (28), we obtain

We have

lim sup || (un () (- Bu(): Detin () (B ) [

—00
2 S G tn()

=limsu JO”=’>< "U)) > Jn(N)\" () +S.(, On(J)

P H( atSff,n(J)('vtn(J)) (t L(J)) w1 n(J)

2

2 2

+

Jo0 NUjo ()5 tun) ) || 5

' TJ ) ) Sf]n(J)("EVL(J)) wgn(J)
0 , i + S, ,
H (875 5 Tjo) <8t5f1,n(J)('>tn(J)) 1) wi],n(J)

Now let us find a lower bound on the second term above. First of all, by (22) we have

J
kS Jn(J) 1 n( J) t Jo n(J) 1,n(J) H

(26), (27) and the identity ( - ((J")> € I’)

S (-0 o
()= X m ?(<_ A—%?Fii.n))’

A ) B
Jom(J)(’ 1<5<Jo,j#50 atU] ? Ajn(a)

H

2

+ lim sup
H J—o00

H

€0

we can apply Lemma 3.4 and obtain

J
im ( (et ) (M) o
J—00 atSJO’n(J) ('v 0) wl,n(J) H

Using this limit, Remark 4.4 and the lower bound (8), we have
SL/I(;JL(J)(.’O) + gn(J) S/J[;,n(J)(7O)
atSJo,n(J)('v 0) wy n(J) atSJo,n(J)('v 0)
= > IVilk =<
1<j<Jo,3#50
Combining this estimate with (30), we have an estimate on the norm of

J
ug J> . S/Jn(J)("O) Wo n(J)
)= ) + , 31
(“/1,J <8tSL/I,n(J)("O) wi],n(J) 31

2
lim inf || (u),, vy )| > 2. (32)
J—00 ’ ’ 3

Let u/; be the solution to (CP1) with the initial data (ug_;,u) ;). By equation (16), identity (31),
estimates (21), (24), (26), we can apply the long-time perturbation theory on the approximation

2 2

> lim inf
J—o0
H

lim inf
J—o00

H

given by
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solution % ;. the initial data (ug ;,uj ;) as well as the time interval [0, tn(n], thus conclude
that t,,;) is contained in the maximal lifespan of v/, for large J with
, iy (- i) S iy Tn(n) _ wy
lim J\ bn(J) ) o Jn(J) & — S, 0,n(J)
J—ro0 (315“{1("%0)) ‘9t5f7,n(J)(‘atn(J)) £lin() leI,n(J)

=0, (33
H

This implies

2

S’ ( t, J) _ w? o' ( i ) 2
J—>00p <8t8:7,n(J)('7tn(J)) L( (J)) wi],n(J) H J_)OCP 8tu’J(-,tn(J)) o
> [n(eo/2))*.

In the last step above, we use the lower bound on the initial data (32) and Corollary 2.10.
Combining this with (10) and (29), we obtain

. — _ 2 1
hmsup H(un(J)(7tn(]))a6tun(J)(7tn(J)))HH > M2 - 5[77(50/2)]2 + [77(50/2)]2 > Mz‘

J—00

This contradicts with our assumption (iii) on .

4.3 Extraction of a Critical Element

Now there is only one nonzero profile U; with a maximal lifespan I;. The profile decomposition
can be rewritten into

(UO,na ul,n) = (Ul,n ('7 O) ) 875U1,n ('7 0)) + (wO,na wl,n) (34)

1 - —tin 1 - —tin
— U : 8 U N ’ ns n
<)\?/§SI" 1 ()\177;,7 )\Ln ) ) A?/375P tU1 ()\17n7 ALn >> + (wo, w1, )

Here Uy, is defined for all t € 1, + A1 /1 and satisfies the equation

af’u — Au = QSF(U) + ETT’L?“ (35)

so that if I; C I is any time interval such that ||Uy||y(r;) < oo, then we have the identity

100 nlly (41t aa 1) = 1Ully (1) < 00, (36)
and limits
lim sup [|(wo.n, wi,n)[r < M; (37)
Jim |[Sro(8)(wo,n, win)lly @) = 0; (38)
7}1_{20 NEr71 0l 2600200 17) = 05 (39)
Jim [|(UL(), 0010 1))l = Vil < M. (40)

We have already shown that U; does not scatter in the positive time direction by Proposition
4.5, thus here —t1,,/A1,n — 11 < +00.

U, fails to scatter in the negative direction Let us do the negative direction by a contra-
diction. If U; scatters in the negative time direction, we can choose an interval I} = (—oo,t]],
where t] > t; is a fixed time in Iy, so that |U1lly (1) < oo. By the profile decomposition (34),
the fact that Us ,, satisfies equation (35), inequality (36), limits (38), (39) and the fact that
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(—00,0] C t15 + A1n1; holds for large n, we are able to apply the long-time perturbation the-
ory on the approximation solution Ui ,,, the initial data (ug n,u1,,) as well as the time interval
(=00, 0], thus to conclude that (—oo,0] is contained in the maximal lifespan of u,, if n is large
with

Jim Jjup = Utnlly ((~o0.00) = 0-

This means that limsup || ||y ((—cc,0) < [|U1lly(17) < oo. This contradicts with our assumption
n—oo

(ii) on {u,}. One direct corollary is that ¢; is finite.

Upper bound on the norm of U; Since t; is finite, we have ||(U1 (-, t1), UL (-, t1))|lg < M
by (40). Now we claim
sup [|(U1(+, 1), 0:Us (-, 1)) || < M. (41)

tely

If this were false, we would have Ty € I; \ {t1} such that ||(Ui(-,T1),0:Us (-, Th)) ||z > M. A
Contradiction can be found immediately by the following lemma.

Lemma 4.7. Assume T € I \ {t1}. If we define t,, = t1,, + M\ ,T and

J = [fn O} Zf T <ty
0,8 if T >t
then for sufficiently large n we have

(i) t, is contained in the mazimal lifespan of uy;
(i) hmsup ||Un||Y (Jp) < O0;

2
n n i 5 wo,n
(i11) hffolipH( (- fn ) H(atUl ) H+h£n_>b;ipH<w1’n)

Proof. Without loss of generality we can assume T < t;. Let us pick up a real number tf €
(t1,00) N I; and choose I = [T,t{] C I;. Thus we have ||Uy[ly(z;) < co. One can also check
that ¢, < 0 and [t,,,0] C t1,, + A1, 11 hold if n is sufficiently large. As a result, we have

2

H

10U lly i£,,0n < U1y 17y < oo (42)

Now we are able to apply the long-time perturbation theory on approximation solution Uy,
initial data (ugn,u1,,) and the interval [t,,0] if n is large by using the profile decomposition
(34), the approximation equation (35), limits (37), (38), (39) and the uniform upper bound (42).
We conclude that [t,,0] is contained in the lifespan of w,, if n is large and

nlgn |, — Uy n||Y([t—m0]) = 0; (43)

t [ - (o) e i), = w0

Thus the conclusion (ii) can be proved by using inequality (42) and limit (43):

lim sup ||un||Y([En,O]) = lim sup ||U1,n||Y([{n,0]) < HUlHY(I{) < 0.
n—o0 n—00
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Furthermore, limit (44) gives us
_ 2 _
. u ( t/,) . U1 ( t”) — wWo.n
1 n\ i :1 LN n S tn )
o | (ot o), = mse () 0 ()
1 y Ul(aT) g wO,n
= hgl_?olip HTAM ((%Ul(-,T) +Sr(tn) Wip

2
. U:(-,T) .
> nlgrgo HTM,n (8tU1(-,T) 4+ lim sup

H n—oo

(o) 2 (9

Here we use (37), (38) and apply Lemma 3.4. This finishes the proof of conclusion (iii). O

2

2

H

H

2

V

H
2

+ lim sup

H n—oo

The nonlinear profile is a critical element Now we can conclude that U; is a solution
to O2u — Au = ¢F(u). This is equivalent to saying A;, — A = 1. If this were false, we
would have that Uj is a solution to 9?u — Au = cF(u), where c is a constant. Using (41) and
applying Proposition 2.14, we conclude that U; scatters in both two time directions. This is a
contradiction.

The least upper bound of H norm Finally we can conclude

sup [(UL(-, ), 0:UL (-, 1)) ||z = M. (45)

According to (41), we only to show the upper bounds above can not be smaller than M. This
is trivial since we have assumed that Sc(M) holds and we have shown that U; fails to scatter in
both two time directions.

Summary Now we have extracted a critical element U;. It blows up in both time directions
and satisfies (45). In order to finish the proof of Theorem 4.1, we still need to show that the
maximal lifespan I; = R and the pre-compactness of the set {(U;(-,t),0:U;(-,t))|t € R}. This
will be done in Subsection 4.4.

4.4 Almost Periodicity

We start by proving some further properties concerning the single-profile representation (34).

Proposition 4.8. The sequence of error terms (won, w1,n) in (34) converges to zero strongly
in the space H. Namely, we have

Jim o1 = 0.

Proof. By (45), we can pick up a sequence Ty € I; \ {¢1}, such that ||[(U1 (-, Tk), O:U1 (-, Th)) | zr >
M —27%. Applying Lemma 4.7 with T' = T}, we obtain
lim sup || (wo,n, w1 )5 < M2 — (M —27F)2
n—roo

by its conclusion (ii), (iii) and our assumption (iii) on {u,}. We can finish the proof by making
k — oo. O
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Compactness of initial data Now we can give a compactness result.

Proposition 4.9. Let {(uo,n, u1,n) nez+ be a sequence of radial initial data and {uy,} be their
corresponding solutions to (CP1), so that {u,} satisfies the conditions (i), (i) and (iii) listed
at the beginning of Subsection 4.1. Then there exists a subsequence of the initial data, so that it
converges strongly in the space H5» x Hsp’l(R?’).

Proof. We have already found a subsequence, still denoted {(ugn,u1,,)}, so that the single-
profile representation (34) holds. Combining the facts A, = A\ =1, —t1,/ A1, = t1 € I,
(U1(+,t),0:U1 (1)) € C(I1; H®» x H*~1!) and Proposition 4.8, we have the strong limit

(U0, w1 ) = (UL (5 t1), 001 (-, t1))  in H x H*“1(R®).

Almost periodicity of the critical element Now we are able to conclude the set
{(’U,(, t)v 815“('7 t)‘t € Il}

is pre-compact in the space H® x H®*~1(R3). In fact, if {t,},ez+ is a sequence of time in
I, then the time-translated solutions Uy (t 4 t,,) solve (CP1) and satisfy the conditions (i), (ii),
(iii) listed at the beginning of Subsection 4.1, with initial data (Uy(-,t,), 0:U1(+,tn)). Now we
can apply Proposition 4.9, conclude that the sequence {(U1(+,t,), 0:U1 (-, t,))} has a convergent
subsequence and thus finish the proof.

4.5 Global Existence and Completion of the Proof

According to Remark 2.13, the compactness result above implies that there exists a positive
constant ¢, such that
toe 1, = [to —5,t0—|—5} C 1.

This means that I; = R. Collecting all information about Uj, finally we are able to finish the
proof of Theorem 4.1.

5 Further Properties of the Critical Element

In this section we show that the critical element has to satisfy further regularity conditions. The
argument is similar to the one we used for the special case ¢(x) = £1. The radial assumption
plays an important role in this argument. If u(x,t) is a radial function, then we use the notation
u(r, t) for the value u(x,t) when |z| = r. The main idea is that if u is a radial solution to

02u — Au = Fy(|z|, 1),

then the function w(r,t) = ru(r,t) is a solution to the one-dimensional wave equation
02w — 02w = rFy(r,t).

A direct calculation shows

Lemma 5.1. Let (u(x,to), dyu(z,to)) be radial and in the energy space H' x L? locally (possibly
away from the origin), then for any 0 < a < b < oo, we have the identity

1 b

— Vu2+8u2dx:/
i ] Ve o) (

holds. Here we take the value of the functions at time tg.

(@) + <atw>2]dr> + (a (@) — b ()
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Higher regularity First of all, we claim that u is always more regular away from the origin.
Proposition 5.2. Assume 3 < p < 5. Let u be a radial solution to the wave equation
0?u — Au = Fy(|z|, 1),
defined for allt € R so that
o The set {(u(-,t),du(-,t))|t € R} is pre-compact in the space H* x H*~1(R3).

o The function Fy(|z|,t) is in the space Z(I) for any bounded time interval I and satisfies
2p -
the inequality |Fy(|z|,t)| < Colz|~7-1 for all (z,t) € (R3\ {0}) x R.

Then (u(-,t),du(-t)) € C(R; H' x L*(R*\ B(0, R))) with
/ (IVu(z,t)|” + [Opu(z, t)?) do < CLR™2(0=%), (46)
R<|z|<4R

Here the constant C1 is independent of t and R.

Proof. A similar result has been proved in the author’s previous work [48], where we considered
a special case I (|z|,t) = |u[P~1u. This general case can be proved in exactly the same way. In
general, we define w(r,t) = ru(r,t), then prove d,w(-,t), dw(-,t) € C(Ry; L?([R,0))) for R > 0
with

4R
/ [(0rw(r, )? + (Bpw(r,t))?] dr

R

< ;/m K/Ooo(r+t’)F1(r+t’,t —t')dt’)2 + (/Ooo(r+t')F1(r+t’,t+t’)dt’>2] dr  (47)

R
< 02372(1*8;9).

More details can be found in Section 4 of the work mentioned above. The main ingredients
of the proof include the transformation u — w as given above, the characteristic line method
of one-dimensional wave equation, Duhamel’s formula, strong Huygens’ principle and smooth
approximation techniques. O
Behaviour near infinity Next we consider the behaviour of u(x,t) as |z| — 400
Proposition 5.3. Assume 3 < p < 5. Let u be a radial solution to the wave equation
O2u — Au = F(fo], u,t),

defined on all t € R so that

o The set {(u(-,t),du(-,t))|t € R} is pre-compact in the space H* x H*~1(R3).

e The function F(r,u,t) satisfies |F(r,u,t)| < |ulP.
Then we have constants A € R, C3,Cy, Cs > 0 independent of t, r and x, such that

e The solution satisfies

Cs
|’

o We have an estimate on the local energy

A
||

Cy

lu(z,t)] < < W;

u(x,t)

/ (IVu(z,t)]* + |dyu(z, t)|?) do < Csr~'.
r<lz|<4r
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Proof. Let us briefly outline the proof. More details of this argument can be found in Section 7
of [48]. Since w = ru solves one-dimensional wave equation d?w — Aw = rF(r,u,t), we recall
d’Alembert formula and write

1 r r 3r r 1 [3r/2 T
U)('I"7t0) :i w(i,to—i)—kw ?,t0—§ +§ / atw (5,t0—§> dS
r/2

12 r r
—l—f/ / sF(s,u(&to—f—i—t),to—f—i—t) ds dt. (48)
2 Jo Tt 2 2

Let us fix 8y = 2 — s,,. For each 3 € [, 1) we define a function

fa(r)=sup |x\5|u(x,t)|,
teR,|z|>r

which helps us compare the decay rate of u with that of |x|~# as |z| — oco. Let us assume
fa(r) — 0 as r — oo, which is true at least for 8 = fy, thanks to Lemma 2.17. Now we use
the assumption |F(r,u,t)| < |u|P, the upper bound |u(r,t)| < r=Pf(r) < r=Ff(r/2) and the
inequality (47) with Fy(r,t) = F(r,u,t) on the right hand of (48), divide both sides by r!~# and
finally obtain

rPlulrto)] < [908) + Gty (5) 77 £ (5) (49)

9(B) = % l(g)l_ﬁ + (;)1_[3] <1,

We observe that the right hand side of (49) is a non-increasing function of r, take the least upper
bound on both sides for all » > rg and obtain

fatro) < 9(8) + oy~ () e~ £ ()

Here

Since 2 — (p—1)8 < 0 and li_I)n fa(ro/2) =0, we have
T0 oo

for) < 20 o)

when r is sufficiently large. This implies that fg decays at a rate at least comparable to that of
a small negative power of r. As a result, we can increase the value of 3, iterate the argument
above and conclude that given any 8 € [y, 1), we have |u(r,t)| <p r~7 for sufficiently large 7.
Next we fix 8 = B(p) so that p — 3 > 0, then plug |Fy(r,t)| = |F(r,u,t)| < |u(r,t)|? <7 7P8 in
inequality (47) and obtain the following estimates for large R:

4R oo
/ [(Orw(r,1))? + (Opw(r,t))?] dr < RP™2PP = / |0, w(r,t)|dr < R37PP.
R R

This implies that the limit of w(r,t) as r — oo always exists for any given ¢ since 3 — pg8 < 0.
Furthermore, the limit does not depend on ¢ by the L?([R,4R]) estimate of d;w(r,t) above. This
limit is the constant A. Next we may combine the L!([R, 00)) estimate of |d,w| above with the
compactness assumption of (u,dyu) to conclude |w(r,t)| is uniformly bounded for all r,¢. This
proves the inequality |u(x,t)| < Cs/|z|. Finally we plug |Fi(r,t)] = |F(r,u,t)| < |u(r,t)P <
C%r~P in inequality (47) and conclude

4R (%)
/ [(Brw(r, ) + Grw(r, )] dr S B = / Ow(r, 8)|dr < RYP.
R R
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This immediately gives |w(r,t) — A| < Cyr37P = |u(z,t) — A/|z|| < Cy|z|*~P. Finally we apply
Lemma 5.1 and obtain

/ (|Vu(z,t)* + [Ou(z, t)[?) de SR™'. R>1.
R<|z|<4R

We combine this estimate (for R > 1) with Proposition 5.2 (for R < 1) to finish the proof. O

6 Stationary Solutions

In this section we construct a stationary solution to (CP1), i.e. a solution to the elliptic equation
—AW = ¢(x)|W[P~'W with a similar asymptotic behaviour to a critical element u when |z| is
large. More precisely, we prove

Proposition 6.1. Given any constant A, there exists a unique radial C? solution W (z) =
Wa,s(z) to the elliptic equation —AW = ¢(z)|W |[P~'W so that

‘W(x) Al

||~ Jafp=2

1 1
VW (z)| < EE

if |x| > 1.

|
In addition, the solution W and its mazimal domain ® Q satisfy either of the following

(I) Q={x € R®: |z| > Rw} and limsup |W(z)| = +o0o0. Here Ry > 0 is a constant.

|z =Ry
(I1) @ =R3\ {0} and W ¢ H*»(R3). In this case Ry = 0.
(ITT) Q@ =R3 and W € H*(R3). In this case we also define Ry, = 0.
Remark 6.2. If A =0, then we always have W (zx) = 0.

6.1 Existence and Uniqueness

Proposition 6.3. Given any constant A, there exists a unique radial C* solution W (x) to the
elliptic equation —AW = ¢(z)|W[P~IW so that

A 1

]| 7 fap2

‘W(x)

1 .

VW ()| < e if x> 1.
In addition, if W has a mazimal domain {x € R3 : |z| > Rw} with a radius Ry > 0, then
lim sup |W(z)| = +o0.
x| — Ry,
_ A+ p(la)

|z
large positive real numbers r. The asymptotic behaviour of W near infinity implies p(r), p’(r) —
0 as r — oo. The elliptic equation —AW = ¢(x)|W|P~1W can be rewritten in term of p:

Proof. Let us rewrite W (x) into the form W (x) . Here p is a C? function defined for

o(r)F(p(r) + A _
o) = - O T iy — (50)
The first step is to show this equation has a unique solution defined on the interval [R;, c0) via
a fixed-point argument, where R; is a large radius to be determined later. We define a complete
metric space
x = {pspeciimoon-L. i ptr) o}

r—4o00

5The maximal domain Q means that W € C2(f2) solves the elliptic equation but we can not extend f to a C?
solution in a larger radially symmetric and connected region in R3. Here (2 is assumed to contain a neighbourhood
of infinity.
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with the distance d(p1,p2) = sup \pl( ) — p2(r)| and a map
r€[Ry,00

/ / ( tp(}“”) dtds.

Since the absolute value of the integrand never exceeds (1 + |A[)?/tP~1, this integral defines a
continuous function on [Ry,00). In addition, we have

Al) 14 |A|)P
[(Lp) ( |</ / ;;|1| dtdsgcp(p#; (51)
1+ [A])P~1d(p1, C, (1 + | AP
(L) )= (L) )] < [ [ PR A ) gy g < SOy, ).

As a result, if we choose a sufficiently large Ry = R;(A,p), then the map L is a contraction map
on the space X. This enables us to apply a fixed-point argument and find a solution p to the
equation (50) defined on [Ry,00). Furthermore, we have an estimate on p'(r) when r > Ry:

e OFE(p(t) + A C,(1+|A|)P

tp—1 rP—2

Combing this upper bound on p’(r) with the upper bound (51) on p(r), we obtain the behaviour
of W(x) as |z| is large:

Al lp(=])l 1
W(z) - —|= Sp.A ;
’ || x|~ fafpm?
pz) A+ p(lzl) 1
W (z)| = - —
|v ($)| ‘x| |l“2 ~p,A |$‘2

The second step is to extend the solution p(r) to its maximal interval of existence (Ry,00).
Basic theory of ordinary differential equations guarantees that the solution p (thus W in its
maximal domain) is unique in its maximal interval of existence. We still need to prove

limsup |[W(z)| = +o0

\z|~>R+

if Ry > 0. This is equivalent to saying the upper limit of |p(r)| as r — R}, is infinity. If this
were false, then we could assume |p(r)| < M for all » > Ry,. But this implies that both p”(r)
and p/(r) are also bounded when 7 is close to the blow-up point Ry, according to equation (50).
This contradicts with basic theory of ordinary differential equations. O

6.2 Classification of Solutions

In the subsection we consider the classification of solutions W obtained via Proposition 6.3 thus
finish the proof of Proposition 6.1. There are three kinds of solutions:

(I) The solution W is only defined for points away from the origin, i.e. Ry > 0. Proposition
6.3 guarantees that W (z) is unbounded when |z| — Rjj,. Therefore W is not in the space

H#» (RB), thanks to Lemma 2.15. More precisely, it is impossible to find a radial function
u € H® (R3), such that u(z) = W(z) for all z with |z| > Ry .

(IT) The solution W is well-defined everywhere except for at the origin . But we have

limsup |z|? % |W (z)| > 0.

|z]|—0t

Thus it is impossible to define W at the origin so that W € C?(R?). According to Lemma
2.17, we know W ¢ H#®r(R?). Examples of this type of solution are given by the case
¢(x) = 1. Please see Section 9 of [48] for more details.
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(III) The solution W is well-defined for all x € R?\ {0}, and satisfies
lim |z]? =% |W ()| = 0.

|0+
It turns out that this solution satisfies W € C?(R3), as shown in the Proposition 6.5 below.
A Combination of this C2 smoothness with the decay rate of the gradient VW near infinity
guarantees that W € W4 for all ¢ > 3/2. By Sobolev embedding we have W € H*(R?)
for all s € (1/2, 1], in particular for s = s,. One example in this case can be given explicitly

by the function
3

W= A

which solves the elliptic equation —AW = (1/9)W?. As a result, it also solves the elliptic
equation —AW = ¢, (x)|W[P~!W if we choose

Gp(x) = (1/9)|W ()77 = 3377(3a]* + 1)P=5)/2,

Next we prove a solution W in category (IIT) above must satisfy W € C%(R3). We start by a
technical lemma.

Lemma 6.4. Let W € C?(B(0,79) \ {0}) be a radial solution to the elliptic equation —AW =
q(|z))W, where q(r) is a continuous function defined on (0,719) satisfying lim+ r?q(r) = 0. In
r—0

addition, there is a constant € € (0,1/2), such that ‘ }im+ || W (z) = 0. Then there exist
z|—0

two constants 1 € (0,79) and C1 > 0, such that the inequality |W(z)| < Cy|x|~¢ holds for all
0< |CL'| <7rt.

Proof. This is trivial if W = 0, thus we assume that W is not identically zero in any neighbour-
hood of the origin. First of all, we define a new function v : (0,79) — R by v(|z|) = |z|'=*W ().
According to the assumption on W we have v(r) — 0 as » — 0. A basic calculation shows that
v satisfies the equation

2
V() + 0 (r) = (o) (52)
r
e(l—¢) . . o
Here n(r) = ——5—— — q(r). By the assumption on ¢(r), there exists a small positive number
r

r1 € (0,79), such that n(r) > 0 for all r € (0,ry].

Step 1 We claim that v(r) has neither a positive local maximum nor a negative local minimum
on (0,71). If v(r) had a positive local maximum at r = ro € (0,71), then we would have
v’ (rg) <0, v'(re) = 0 and n(ry)v(ry) > 0. This violates the equation (52). The same argument
rules out the existence of any negative local minimum.

Step 2 The function v is never zero in the interval (0,71]. If this were false, then we would

find a number 75 € (0,71], so that v(r) = 0. Since v(r) is a nontrivial C? function defined on

(0,72] with lirn+ v(r) =0 and v(re) = 0, it must have either a local positive maximum or a local
r—0

negative minimum in the interval (0,72). This is a contradiction. A direct corollary follows that
v(r) is either always positive or always negative in the interval (0,71]. Without loss of generality,
we assume v(r) > 0 for all r € (0,7].

Step 3 The derivative v'(r) > 0 for all » € (0,71]. In fact, a negative derivative v'(r2) < 0 at
a point ro € (0,71] would imply the existence of a positive local maximum in the interval (0,72),
since we have v(r) > 0 for r € (0,71] and v(r) — 0 as r — 0. Therefore we have v'(r) > 0 for all
r € (0,7r1]. Furthermore, if v'(r2) = 0 at a point r2 € (0,71], then v”(rz) < 0 because we always
have v/(r) > 0 for r € (0,r2). Again this contradicts with equation (52), since we have already
shown v(ry) > 0.
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Step 4 Now in the interval (0,r1) we can rewrite (52) into an inequality

—2¢

%v'(r) >0 = % {In[v'(r)]} > o

1
V() + =
Integrating this from r to r1, we obtain
Infv'(r1)] — In[v'(r)] > —2elnr; +2elnr =  '(r) <Cr 2, f0<r<r.

Here C = 720/(r;) > 0. Combining this inequality with lim+v(r) = 0, we obtain that if
r—0
0 <r=|z| <ry, then

0<ov(r)<Cir'™ = |W(x)| < Cylz|=.
Here C; = C/(1 — 2¢). O

Proposition 6.5. Let W € C%(R3\ {0}) be a radial solution to the elliptic equation —AW =
é(x)|WIP~IW so that
lim |z|2 % |W(z)| = 0.

|z]—0t

Then we can extend the domain of W to the whole space R3 by continuity so that W € C?(R?)
gives a classic solution to the elliptic equation above.

Proof. Let us define y : Rt — R by y(Jz|]) = W(x) and choose a small constant 0 < & <
min{l/p,1 — %} Applying Lemma 6.4 with ¢(r) = ¢(r)|y(r)[P~!, we obtain an estimate
ly(r)| < Cir—¢ for small r € (0,71). In addition, a basic calculation shows that y satisfies the
equation

(ry)” + ro(r)lyP~'y = 0.
By the upper bound |y(r)| < Cir~¢ and our assumption pe < 1, we have that |(ry)”| =
rlg(r)||y|P < C¥ is bounded for all 0 < 7 < min{ry, 1}. Therefore the limit
lim (ry)’ = Cy

r—0+

exists with |(ry)’ — Ca| < CYr. Basic integration immediately shows (recall ry — 0 as r — 0)

CP P
lry(r) — Car| < 717"2 = |y(r)—Cs| < 71T.
Therefore the function W extends to a continuous function on R3. Since the right hand of
—AW = ¢(z)|W[P~IW is continuous, we can gain two derivatives and conclude W € C?(R3) by
basic knowledge in Laplace’s equation. O

7 Non-existence of Critical Element
The following theorem shows that critical element may not exist unless there exists a soliton
W € C%(R3) N H*»(R?).

Theorem 7.1. If u(z,t) is a radial solution to (CP1) defined for allt € R so that its trajectory
{(u(-,t), Byu(-,t)) : t € R} is pre-compact in H*» x H*»~1, then there exists a radial C? solution
W to the elliptic equation —AW = ¢(z)|W [P=IW, along with a radius Ry, > 0, both of which
are given in Proposition 6.1, so that u(x,t) = W(x) holds for all (x,t) with |x| > Ry .
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Proof of main theorem We first temporarily assume Theorem 7.1 and prove the main the-
orem, then go back to the proof of this theorem. Let us assume that the elliptic equation
—AW = ¢(z)|W[P~'W does not have a nonzero radial solution W € C?(R?®) N H% (R3). If the
main theorem failed, then Sc(A4) would break down at A = M for a positive number M. We
then obtain a critical element w by Theorem 4.1. Next we apply theorem 7.1 to conclude that u
coincides with a solution W to the elliptic equation for all (x,t) with |z| > Ry . The solution
W and radius Ry here are given by Proposition 6.1 and satisfy either of the three conditions
(I), (IT) or (IIT) there. The case (I) and (IT) can not happen because these solutions can not be
extended to an H®» (R3) function u. Thus W satisfies condition (III), i.e. W € C?(R3)NH*®» (R?)
and Ry = 0. We have assumed that such a solution must be zero, thus the critical element w is
also zero. This is a contradiction.

Idea to prove Theorem 7.1 The rest of this section is devoted to the proof of Theorem 7.1.
We first give a brief idea. According to Proposition 5.3, there exists a constant A so that we have
u(z,t) ~ A/|z| when |z| is large. Proposition 6.1 then gives a solution W(z) € C?({z € R? :
|z > Rw}) to the elliptic equation —AW = ¢(z)|W|[P~1W, so that its behaviour near infinity
is close to that of the critical element u. More precisely we have

We need to show that u(z,t) = W(x) as long as |z| > Ry . The argument consists of two steps.
In the first step we show the identity holds for very large x. Then in the second step we prove
that the identity has to hold for all (z,t) with |z| > Ry, otherwise we can obtain a contradiction.
Each step is summarized into a proposition, which works for a more general nonlinear term as
well. Both propositions are proved via the “channel of energy” method in exactly the same way
as in the special case ¢(x) = 1. Thus in Subsection 7.1 we only give the statements of these
two propositions and omit the details of proof. More details can be found in [13, 48]. Finally
we combine all the ingredients mentioned above and give a proof of Theorem 7.1 in the final
subsection.

7.1 Abstract Theory

Assumptions Assume 3 < p < 5. Let W € C?({z € R? : [z| > Rw}) be a radial solution to
the elliptic equation
AW = F(jal, W),

where F' : [0,00) x R — R is a continuous function satisfying
[E(r, w)] < Jul”;
|E(r,u1) = F(r,uz)| < Co lur — ua| (Juar[P~H + [uaP71) 5

™ |l o e
is a solution to the equation 87u — Au = F(|z|,u) in the time interval I, if (u(-,t), dyu(-,t))
C(I; Hs» x H*»~1(R?)), with finite norm |[ul|y () < oo for any closed bounded interval J C
so that the integral equation

1 1
so that the inequalities |W(z)| < El [VIW(x)| S +— hold when |z| is large. We say u(z,t)
)) €
I,

() = Spo(t)(ul-, o), drul- to)) + /t sinl(t = V=Bl o

w VA
holds for all ¢,tg € I.

Proposition 7.2. Let W(x) and F(r,u) be as above . Suppose that u(x,t) is a radial solution
of the equation
02u — Au = F(|z|,u)
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defined for all t € R so that (the implicit constant in the inequalities does not depend on t)

(I) We have u(z,t) and W (z) are very close to each other as |z| is large

(1) — W(z)| < —

~ Jap?

teR,|z| > R.

(II) The following inequality holds for each t € R and r > 0.
/ (1Vulz, ) + |Bpula, 8)2) do < v
r<|z|<4r

Then there exists a constant Ry > Rw independent of t such that
u(z,t) — W(x) =0, Owu(z,t) =0

hold for allt € R and |x| > Ry.

Essential Radius of Support If the pair (u(z,t),u;(x,t)) coincide with (W (x),0) for large
x, we can define the essential radius of support for their difference by

R(t) = min{R > Rw : (u(x,t) — W(z), dsu(x,t)) = (0,0) holds for |z| > R}.

Theorem 7.3 (Behavior of “compactly supported” solutions). Let W(z), F(r,u) be as above
and I be a time interval containing a neighbourhood of ty. Suppose u(x,t) is a radial solution of

the equation
0?u — Au = F(|z],u)

on the time interval I satisfying
(I) (u(x,t), dpu(z,t)) € C(I; H x L*(R®\ B(0,R))) for each R > 0.

(II) The pair (u(z,to) — W(x),Owu(z,to)) is compactly supported with an essential radius of
support R(to) > R1 > Rw .

Then there exists a constant T = 7(p, R1,Cs, W) > 0, such that the essential radius of support
defined above satisfies the identity

R(t) = R(to) + [t — to]

for each t € [to,to + 7] NI or for each t € [tg — 7,10 N 1.

7.2 Proof of Proposition 7.1

Preparation Let u(x,t) be aradial solution to (CP1) defined for all ¢ € R so that the trajectory
{(u(-,t),0u(-,t)) : t € R} is pre-compact in H*» x H*»~1. First of all, we may apply Proposition
5.3 and obtain three constants A, Cy, C5 so that

Cy

= P

u(zx,t) — Tl

/ (1Vulz, D)? + Bpule, 8)%) dz < Csr. (53)
r<l|z|<4r

Proposition 6.1 then gives a radial solution W to the elliptic equation —AW = —|W [P~ along
with a radius Ry so that W € C?({x € R?® : |z| > Ry }) and

A

]

1 1 .
S e VW (@) S 3 if |z > 1.

e P
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Step 1 Now we can apply Proposition 7.2 on the solution u and W (z) given above to conclude
that there exists a radius Ry > Ry independent of ¢ so that

(u(z, ), Opu(x,t)) = (W(z),0), for |z| > Ry.

As aresult, we know the essential radius of support R(¢) for the difference (u(z, t)—W (x), dyu(zx, t))
is well-defined and satisfies the inequality R(¢) < Ry for all ¢.

Step 2 Now we can prove u(z,t) = W(x) for all time ¢ and |z| > Ry . If this were false,
we could find a time, say ¢ = 0, so that R(t) > Ry and deduce a contradiction. We start by
choosing Ry = [R(0) + Rw]/2 and applying Proposition 7.3 with I = R and t; = 0. Without
loss of generality, we assume the radius of support R(t) increases in the positive time direction.
More precisely we have

R(t) = R(0) +t, forte[0,7].
Since R(7) > R(0) > Ry, we are able to apply Proposition 7.3 at time tg = 7 again with the
same constant Ry. Our conclusion is that R(t) has to increase in a linear manner in at least one
time direction for the same time period 7. This must be the positive time direction since we
have assumed that R(t) decreases in the negative time direction at time ¢y = 7. Therefore we
obtain

R(t) = R(0) +¢, forte[0,27].
Repeating this argument, we have R(t) = R(0) + ¢ for all ¢ > 0. This contradicts with the
uniform upper bound R(t) < Ry.

Remark 7.4. Given any nonzero radial solution to (CP1) defined for all t € R with a pre-
compact trajectory, we claim that the well-defined limit (see (53) above)

A= lim |z|u(z,t)

|z|—00

is alway nonzero. Otherwise we would choose W (x) = 0 and Ry = 0 in the proof above and
finally conclude that u(xz,t) = W(x) = 0.
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