EXTRAPOLATION FOR MULTILINEAR MUCKENHOUPT
CLASSES AND APPLICATIONS
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ABSTRACT. In this paper we solve a long standing problem about the multivari-
able Rubio de Francia extrapolation theorem for the multilinear Muckenhoupt
classes Ap, which were extensively studied by Lerner et al. and which are the nat-
ural ones for the class of multilinear Calderén-Zygmund operators as well as for
some bilinear rough singular integral operators. Furthermore, we go beyond the
classes Ay and extrapolate within the classes Az 7 which appear naturally associ-
ated to the weighted norm inequalities for multilinear sparse forms which control
fundamental operators such as the bilinear Hilbert transform. We give several
applications which can be easily obtained using extrapolation. First, weighted
norm inequalities (scalar and vector-valued) for the bilinear rough singular inte-
gral operators are established. Second, for the bilinear Hilbert transform one can
extrapolate from the recent result of Culiuc et al. who considered the Banach
range, extend the estimates to the quasi-Banach range, and furthermore, prove
trivially vector-valued inequalities. We also extend recent results of Carando et
al. on Marcinkiewicz-Zygmund estimates for multilinear Calderén-Zygmund op-
erators. Finally, our last application gives new weighted estimates (scalar and
vector-valued) for the commutators of multilinear Calderén-Zygmund operators,
bilinear rough singular integral operators, and for the bilinear Hilbert transform
with BMO functions using ideas from Bényi et al.
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1. INTRODUCTION

The Rubio de Francia extrapolation theorem [34] is a powerful tool in harmonic
analysis which states that if a given operator T' is bounded on L (w) for some
fixed po, 1 < py < 00, and for all w € A, then T is indeed bounded on all LP(w)
for all 1 < p < oo and for all w € A,. This is quite practical as it suffices to choose
some particular exponent which could be natural for the operator in question and
establish the weighted estimates for it. This, for instance, allows one to immediately
obtain vector valued weighted estimates showing that 7" is bounded on L}, (w) for
all 1 < p,s < oo and all w € A,. On the other hand, the classical Rubio de
Francia extrapolation theorem is only suitable for operators for which we know or
expect to have estimates in the range (1,00). There are other versions considering
estimates within the smaller classes of weights of the form APL NRH,,, )/ which

are naturally adapted to range p € (p_,p4) (see [1]) or off-diagonal ext;)apolation
results for the classes A, , which are natural for estimates from L? to L7 where
p # q (see [25]). We refer the reader to [13] for the development of extrapolation
and a more complete list of references (see also [19]).

In the multivariable setting there are some Rubio de Francia extrapolation re-
sults. In [23] it was shown that if 7" is bounded from LP*(wy) X - -+ X LP™(w,,) to
p P

LP(w!* .. wh) for some fixed exponents 1 < py, ..., pm < 00, ]lo = pil + et i,
and for all w; € A,,, then the same holds for all possible values of p;. Much as
before, this extrapolation result for products of Muckenhoupt classes is adapted
to the ranges p; € (1,00) and the recent paper [12] extended extrapolation to
the classes of weights w; € A»; N RH (Pf)’ which are associated with the ranges
P; 2
p; € (pj,p)). These results are very natural extensions of the Rubio de Francia
extrapolation theorem, but they treat each variable separately with its own Muck-
enhoupt class of weights (this fact also appears in the proofs, see [19] or [12]) and do
not quite use the multivariable nature of the problem. In this direction [30] intro-

duced some multilinear Muckenhoupt classes. Namely, given p'= (py,...,pn) with
1 <pi1,...,pm < 00, one says that @ = (wy,...,w,) € Az provided 0 < w; < oo
a.e. for every 1 =1,...,m and

[W]a,; = sgp <][Q wdw)zlj ﬁ <][Q wil_p;dx> "< oo,

P P
where % = pil + o+ pi and w = w* ... wh" (here, when p; = 1, the term
corresponding to w; needs to be replaced by esssupg w; ). These classes of weights
contain some multivariable structure in their definition and, as a matter of fact,
characterize the boundedness from LP'(wy) X - -+ X LP™(w,,) into LP(w) (where one

has to replace LP(w) with LP*°(w) when at least one p; = 1) of the multi-sublinear
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Hardy-Littlewood maximal function

MUfr o —WHGM|@

Notice that M(f1,..., fm)(®) S M fi(z)... M f,,(x), where M is the regular Har-
dy-Littlewood maximal function, and hence A, x --- x A, C Az however the
inclusion is strict. This indicates that the multivariable operators are generally
speaking richer than the simple multiplication of operators in each component.

One of the main goals of this paper is to establish a Rubio de Francia extrap-
olation theorem valid in the context of the multilinear classes Az Before stating
the precise result we find illustrative to present some easy examples of weights
which shed light on the structure of the multilinear classes and explain why such
extrapolation result has been open for more than ten years. For the sake of sim-

1

plicity, let us consider the bilinear case with p" = (1,1) so that p = 5. Having

11 11
W = (wy,wz) € Ag1,1) can be translated into w, w3, wiw; € Ay (see [30] or Lem-
ma 5.3). Hence, 1w = (wi,wy) € A1), in contrast with @ € A; x Ay, imposes less

1
on each weight individually (since w; € A; easily implies w? € A;). But it incorpo-
rates a link between w; and ws, which are no longer independent, since the product
1 1

weight needs to satisfy wiwi € A;. For instance, we can take wy(z) = |z|™™ and
wa(x) = 1 so that @ = (wy,w2) € A1), while w; ¢ A, since w, is not even locally
integrable. On the other hand, once we pick wy(z) = |z|™", there is a restriction on
the possible weights w, for which @ = (w1, w2) € A(1,1) since we would need to have

1

that |z|"2w2 € A; and this does not allow to take, for example, wy(z) = |z|™™.
With these examples we can see already some of the difficulties that one encounters
when trying to work with the multilinear classes of weights: first, one needs to work
with component weights that are linked one another and, second, each individual
weight might be non locally integrable but collectively the product should behave
well. This might explain why any attempt to obtain a Rubio de Francia extrap-
olation theorem has been unsuccessful in the last years: the proofs for product
weights in [23], [19], [12] treat each component independently and the conditions
on the weights make them locally integrable, thus they do not naturally extend to
the multilinear classes.

In this paper we overcome these difficulties and obtain a multivariable Rubio
de Francia extrapolation theorem which is not only valid for the classes Ay but
also goes beyond and allows us to work with the classes Az The former classes
are the natural ones for M, for multilinear Calderéon-Zygmund operator, and for
some bilinear rough singular integral operators, but the latter classes are related
operators with restricted ranges of boundedness. Indeed, these classes appeared
in [16] where weighted norm inequalities were obtained for the bilinear Hilbert
transform in the case when the target space is Banach. One of the consequences of
our main result is that extrapolation automatically extends these estimates to the
case where the target spaces are quasi-Banach. Additionally, our method allows us
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to provide a trivial alternative proof of some of the vector-valued inequalities for
the bilinear Hilbert transform obtained in [3, 4, 5, 6] (see also [16]). To illustrate
the applicability of our method we also prove weighted estimates for more singular
operators such as the commutators of multilinear operators with BMO functions.
Very recently in [7] weighted norm inequalities were proved by using the so-called
Cauchy integral trick for operators satisfying weighted estimates associated within
the class Ay However, as this trick uses Minkowski’s inequality, the estimates
obtained in [7] were only valid in the Banach range. As a result of our extrapolation
result we can extend them to the quasi-Banach range. As we are also able to work
with the classes Az, we can apply these ideas to prove new weighted estimates
and vector-valued inequalities for the commutator of the bilinear Hilbert transform
with BMO functions.

In order to state our main result we need some notation. We shall work on R",
n > 1, and by a cube @) in R™ we shall understand a cube with sides parallel to

the coordinate axes. Given a cube @ and f € L{ (R") we use the notation

]éfdx:@il/cgfdx.

Hereafter, m > 2. Given g = (p1,...,pm) With 1 < py,...,pm < 00 and 7 =

(1, oy Pipg1) with 1 <ry ... rpp1 < 00, we say that 7 < p' whenever
. , 1 1
ri<py, 4=1,...,m; and r,,_ , >p, where —:=—+4.. -+ —.
p P Pm
Analogously, we say that " < p'if ¥ < p'and moreover r; < p; forevery: =1,...,m.
Notice that the fact that 7 < j forces that > L+ > 1 and also % < ST L

Hence, if 71", ri > 1 then we allow p to be smaller than one.
Under these assumptions we can now introduce the classes of multilinear Muck-
enhoupt weights that we consider in the present paper, in Section 2.3 below we

introduce some model operators whose weighted norm inequalities are governed by

these classes. We say that @ = (wy, ..., w,) € Azr provided 0 < w; < oo a.e. for
every 1 = 1,...,m and
”;n+1 1_ ,1 m r; 1_ 1
(W] 4, . = sup <][ w'm1? da:) ? Tmt H <][ w, dx) "M < oo,
Q VvV i=1 Y@

where w = [[", wi’T" . When 7,41 = 1 the term corresponding to w needs to be

replaced by (fQ wdx)g. Analogously, when p; = r;, the term corresponding to
1

w; needs to be replaced by esssupg w; " . We note that Ay, 1) agrees with Ay

introduced above.
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We shall use the abstract formalism of extrapolation families. Hereafter F will
denote a family of (m + 1)-tuples (f, fi,..., fm) of non-negative measurable func-
tions. This approach to extrapolation has the advantage that, for instance, vector-
valued inequalities are an immediate consequence of our extrapolation results. We
will discuss applying this formalism to prove norm inequalities for specific opera-
tors below. For complete discussion of this approach to extrapolation in the linear
setting, see [13].

Our main result is the following:

Theorem 1.1. Let F be a collection of (m + 1)-tuples of non-negative functions.

Assume that we have a vector ¥ = (r1,..., ma1), with 1 < ry, ... rpme < 00, and
exponents p = (p1,...,pm), With 1 < p1,....py < 00 and ¥ = p, such that given
any W = (wy, ..., wy) € Azr the inequality

(1.2) 1 Lewy < C([W] 4, H [1fill 2o (i)

P
holds for every (f, f1,..., fm) € F, where % = pil +-- 4+ i and w = [[2, w/
Then for all exponents @ = (q1,...,qm), with ¥ < {, and for all weights ¥ =
(V1,..., V) € Az the inequality

(1.3) 1 llzs) < O[T, H il

holds for every (f, fi,..., fm) € F, where % = qile---—i—qLm and v := H:ilvz‘?
Moreover, for the same family of exponents and weights, and for all exponents

S=1(81,.-+,8m) with©™=<§

Lq(v) Lo (vy)
forall{(fj,fl,...,fj)}jC.Fandwhere— - + +_
As a direct corollary of our main theorem, taking #*= (1,..., 1), we provide the

promised multivariable Rubio de Francia extrapolation theorem:

Corollary 1.5. Let F be a collection of m + 1-tuples of non-negative functions.
Assume that we have exponents 7 = (p1,...,Pm), with 1 < p1,...,pm < 00, such
that given any W = (wy, ..., wy,) € Ap the inequality

1 ey < C([@1ap) [T I1illzos
i=1

p
holds for every (f, fi,..., fm) € F, where é = pil + o+ Ii and w = [[2, w/.

Then for all exponents ¢ = (q1,...,qm), with 1 < q1,...,¢n < 00, and for all
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weights U= (v1,...,v,) € Az the inequality
m
1oy < C[la,) [T Iill oo oo
i=1

holds for every (f, fi,..., fm) € F, where % = i+...+qu and v =[] v

Moreover, for the same family of exponents and weights, and for all exponents
§=1(81,.-+,8m) with 1 < s1,...,8, < 00,

(s

fOT all{(fj,ff,,fﬂn)}j CF: where % :i‘i‘—i‘i

m

< C([lap 11

La(v) i=1

()

J

L (vy)

Remark 1.6. As done in [23, Section 6] one can formulate the previous results in
terms of weak-type estimates. More precisely, in the context of Theorem 1.1, if in
(1.2) the left hand side term is replaced by || f||rr.(w) then in the conclusion we
will have || f||a.o(v). The same occurs with Corollary 1.5.

Remark 1.7. As discussed in [12, Section 1] one can easily get versions of the
previous results where we make the a priori assumption that the left-hand sides of
both our hypothesis and conclusion are finite. In certain applications this assump-
tion is reasonable: for instance, when proving Coifman-Fefferman type inequalities
(cf. [13]). The precise formulations and the proofs are left to the interested reader.

Remark 1.8. One can see that in Theorem 1.1 if we start with p;, = r;, for some
given iy then in the conclusion we can relax ¢;, > 7;, to ¢, > 14, likewise, for
Corollary 1.5, if p;, = 1 for some given ¢y then in the conclusion we can allow
¢i, > 1. To justify this, one just needs to apply the extrapolation procedure in all
the other components which will eventually prove the case ¢;, = p;, = ri,- Apply
finally the extrapolation on the component i( to obtain the case g;, > r;,. Further
details are left to the interested reader.

Remark 1.9. The formalism of extrapolation families is very useful to derive
vector-valued inequalities. Indeed, as we will in Section 4.3, from the main part
of Theorem 1.1 (that is, the fact that (1.2) implies (1.3)) one can easily obtain
that (1.4) holds. This is done by extrapolation choosing an appropriate extrapo-
lation family. This idea can be further exploited to obtain weighted vector-valued
inequalities of the form

(1.10) H (ZJ: (Z(fjk)s) 2)1

k

m

<11
)

=1

(2;(§juﬁfﬁz)é

k

LP(U L4 (’UI) '
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The argument to show this is in Section 4.4 and it is straightforward to see that
one can repeat this procedure to obtain iterated vector-valued inequalities with
arbitrary number of “sums”. The precise statements are left to the interested
reader.

To conclude with this introduction let us briefly present one of the novel ideas
that we introduce to obtain our extrapolation result. As mentioned before, the
conditions Az or Ay contain implicitly some link between the different components
of the vector weight. In Lemma 3.2 we present a structural result for the classes
Ay which makes this connection explicit. Although the result is quite technical,
in the bilinear case and for the class A 1) it has a very simple and illustrative

1 1 1
statement: W = (wi,ws) € Aq,y) if and only if wf € A; and wi € Aj(wf)
1
(the latter means that w2 satisfies an A; condition with respect to the underlying
1
measure w ). This equivalence allows us, among other things, to easily construct
vector weights in A(;1): we simply use that A; weights are essentially a Hardy-
Littlewood maximal function raised to a power strictly smaller than 1. On the other
hand, we highlight that this is one of the key ideas that have allowed us to obtain
our Rubio de Francia extrapolation for multilinear Muckenhoupt classes: roughly
speaking we reduce matters to some off-diagonal extrapolation in one component
with respect to some fixed doubling measure (in the previous example this would
1

be w;) and then iterate this procedure for the other components.

The plan of the paper is as follows. In the following section we present some
immediate applications of our extrapolation results. We easily reprove some vector-
valued inequalities for bilinear (for the sake of specificity) Calderén-Zygmund oper-
ators. Next we look into some sparse domination formulas and how these easily give
estimates in the Banach case (by a direct computation) and in the quasi-Banach
case by extrapolation. From these we automatically obtain vector-valued inequal-
ities. In Sections 2.4 and 2.5 we pay special attention to the important cases of
some bilinear rough singular integral operators and the bilinear Hilbert transform
respectively and explain how extrapolation easily produces a plethora of weighted
norm inequalities starting from the estimates proved in [2] and [16]. The study of
the commutators with BMO functions is in Section 2.6 where we obtain estimates
that are new for the multilinear Calderén-Zygmund operators, the bilinear rough
singular integral operators, and the bilinear Hilbert transform. In Section 3 we
give some auxiliary results including Lemma 3.2 which gives the characterization
of the class Az mentioned above. The proof of our main result and the estimates
for the commutators are given respectively in Sections 4 and 5.

2. APPLICATIONS

Here we present some applications. In some cases we give elementary proofs of
some known estimates but in other we prove new estimates.
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2.1. Multilinear Calderén-Zygmund operators. For the sake of conciseness
let us just handle the bilinear case. We recall the definition of the bi-sublinear
Hardy-Littlewood maximal function

M(f.9)() = sup fo )ldy fﬂg )dy).

Given a bilinear operator T a priori defined from S x § into &’ of the form

- / n Jon K(z,y,2)f(y)g(z) dyd=

we say that T is a bilinear Calderén-Zygmund operator if it can be extended as
a bounded operator from LP* x LP? to LP for some 1 < p1,ps < oo with 1/p; +
1/ps = 1/p, and its distributional kernel K coincides, away from the diagonal
{(z,y,2) € R* : x = y = 2}, with a function K(z,y,z) locally integrable which
satisfies estimates of the form

a —2n—|a
07K (2,9,2)| S (|l —yl + |z — 2|+ Jy — 2) "o < 1.

The estimates on K above are not the most general that one can impose in such
theory, see [24]. Bilinear Calderén-Zygmund operators and M are known to satisfy
weighted norm inequalities for the classes Ay = Aj1,1.1), see [30]. As a consequence
of Theorem 1.1 we easily obtain the followmg Vector—valued inequalities:

Corollary 2.1. Let T be a bilinear Calderdn-Zygmund operator. For every p =
(p1,p2), § = (s1,82) with 1 < py,pa,s1,82 < 00 and for every W = (wy,ws) € Ag

one has
l
(Saar) |, | (Swm)] ()
j Lpl wl LPQ(UJQ)
and
\(Ejummgmﬁs (S| ()
; LP(w) j LP1(w1) j LP2 (w2)

b P

where%:i—l—L +—,andw—w1 wyt .

prop2l s
Notice that as explained in Remark 1.9 one can easily obtain iterated weighted
vector-valued inequalities, the precise statement is left to the interested reader.

We can also use extrapolation to prove Marcinkiewicz-Zygmund inequalities for
multilinear Calderén-Zygmund operators (here as before we just present the bilinear
case). Very recently Carando et al. [9] extended some result from [23] and [8] by
proving the following weighted Marcinkiewicz-Zygmund inequalities. Let 17" be a
bilinear Calderén-Zygmund operator. Let 1 < r < 2 and let 1 < ¢,¢q < o0 if
r=2orl<q,q <rif 1 <r <2 Then for W = (w;,wy) € Az there holds

e [(gmnar) |, | (50) . (Eor)

;
L2 (wg)

La (w1)
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4 g

where £ = L + L and w = w{ wy?.
q q1 a2
By using extrapolation we can remove the restriction ¢;,q2 < r when 1 <r < 2
(for a version of the following result in the context of product of Muckenhoupt
classes the reader is referred to [12]).

Corollary 2.3. Let T be bilinear Calderon-Zygmund operator. Given 1 < r < 2
and 1 < q1,q2 < 00, then (2.2) holds for all W = (wy,wq) € Ag.

2.2. Multilinear sparse forms: bilinear Calderén-Zygmund operators. In
the previous section we derived some vector-valued estimates for bilinear Calderén-
Zygmund operators as a consequence of the theory developed in [30]. Here we would
like to show that these can be easily obtained from a particular choice of p with
the help of a certain sparse domination which will also motivate the definition
of more general multilinear sparse operators. We start with an estimate proved
independently and simultaneously in [11] and [29]: for any f, g € C°(R™), one has

where, for each i,one has that S; = {Q} C D; (here D; is a dyadic grid) is a sparse
family with sparsity constant % an

:Qze;i <]é|f|dx> (]é Joldr) xa.

Let us recall that S = {Q} is sparse family with constant ¢ € (0,1) if for every
Q) € S there exists Eg C @ such that |Eg| > (|Q| and the sets {Eg}ges are
pairwise disjoint.

To proceed we follow an argument in [17], see also [32], which in turn is a

bilinear extension of the linear case proof in [14]. We pick the “natural” exponents
1 1

pr=py = 3 and p = 2, and take W = (wl,wQ) € Agpg), let w = wiwj, and

/
write o = wl o =w, 2, 09 = w2 P2 = w, ®. Without loss of generality we may

assume that f, g > 0 and use duality to see that there exists 0 < h € L3(w™?) with
|P|| 3 (w-2) = 1 such that

25) [T, = [ TG0l Sswp [ KTs(F9)dn = sup As(f, 1),

where we have used (2.4),

s(f.0.) Z|@|][hdx (f sar) (. o).

and the sup runs over all sparse collections § with sparsity constant % To continue
with our estimate we just need to estimate an arbitrary Ag:

(2.6) As(f.g.h) Z]Q|<][ pw~tdw ) ][falldal ][gagldaz)
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x (]é wdx) (]é Jldac> <]{2 Ugdx>
< 2[@]2(33)%@@% ot dw) (]{2 fortdoy) (]é g3 \dov)

3
<20, [ Mu(hw™ )M (for') Mg, (go3")

Rn
3
< 2], 1My (™) ||z | Mo, (for )z 1Moy (905 )1 2802
27 43 B B B
< Z[w]i“)“hw 1||L3 ||f011||L3(01)||9021”L3(02)
27, .3
= Z[w]i(gﬁ) HfHL?)(wl)HgHLB(wQ),

where we have used that S is a sparse family with constant %, hence the sets
{Eq}qes are pairwise disjoint; Hélder’s inequality; and finally that ME’, the dyadic
maximal operator associated with the dyadic grid D and with underlying measure p,
is bounded on L*(p) with bound 3’ = 2 (see for instance [14, Lemma 2.3]). Collect-

ing the obtained estimates we therefore conclude that T : L3 (wy) x L3(ws) — L2 (w)
1 1

for every W = (wy,ws) € A(s3) and where w = wiwj. Using Corollary 1.5 with
P = (3,3) and the family F consisting in the collection of 3-tuples (|T°(f, 9)l, | f], |9])
with f,g € CX(R™) we easily conclude that T : LP'(w;) x LP?(wg) — Lp(w) for

every 1 < pq,ps < 0o where % = pil + p%’ W= (w1, ws) € A, py) and w = wliw2 :
Also, we automatically get the corresponding vector-valued inequalities.

2.3. Multilinear sparse forms: the general case. In this section we present
some multilinear sparse forms whose weighted norm inequalities are governed by
the class Aj 7 Here we would like to emphasize that the natural argument based on
duality gives estimates in the Banach range, and extrapolation allows us to extend
them to the case on which the target space is quasi-Banach. Let us introduce the
sparse forms. Given a dyadic grid D, a sparse family S C D, and 7= (rq,...,7"m+1)
with r; > 1, for every 1 <7 < m+ 1, and %—l—

Aselfus- s fur) Z|Q| ][|h|’“m+1d ) ][|f1|”dx

Our goal is to present a general framework to establish weighted estimates for
operators which are controlled by sparse forms Ags 7 In that case we only need to
establish the corresponding estimates for As and this is a quite easy task.

Fix 7= (rq,...,"my1), with 7, > 1 for 1 < i < m + 1 and a sparsity constant
¢ € (0,1). Consider an operator T' (we do not need any linearity or sublinearity)
and we seek to show that T : LP*(wq) X - - - X LP™ (w,,,) — LP(w) for p'in some range

P
and where as usual w = [[", w/". By duality, and provided that p > 1, we can
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find 0 < h € L (w' ") with [|h (1) = 1 s0 that

1T (frs - f)llorw) =

/ hT(f1,..., fm)dz|.

Our main assumption is that

(2.7) / WT(fu,. .., fu)de

5 SgpAS,F(f17 ceey fma h)7

where the sup runs over all sparse families with sparsity constant (.

We next present some operators satisfying the previous assumption. First, if
T is a bilinear Calderén-Zygmund operator as before, then (2.5) shows that (2.7)
holds with 7= (1,1,1) and the sparsity constant is ( = % —the same occurs with
multilinear Calderén-Zygmund operators with 7= (1,...,1) (see [11] or [29]).

The second example is a class of rough bilinear singular integrals given by

ol ) = [ [ it =)t - gy M )

where © € L>(S?"!) has vanishing integral. These were introduced by Coifman
and Meyer and further studied by Grafakos, He and Honzik [21]. Barron in [2,
Therorem 1] shows that T, satisfies (2.7) with 7= (s, s, s) for any 1 < s < o0.

y1dys.

The last example is that of the bilinear Hilbert transform defined as

BHU&N@—vaf@—ﬂﬂx+ﬂ%.

It is a bilinear operator whose multiplier, unlike the ones for bilinear Calderén-
Zygmund operators which are singular only at the origin, is singular along a line
when viewed in the frequency plane. Lacey and Thiele [27, 28] (see also [22]) showed
that BH maps LP* x LP? — LP for 1 < p1,ps < oo and ]l] = pil+pi2 < % In [16,
Theorem 2], this operator and some other bilinear multipliers have been shown to
satisfy (2.7) with 7= (71,79, 73) satisfying 1 < ry, 79,73 < 0o and

1 1 1

28 < 2.
( ) min{rb 2} + min{T’27 2} + min{?"g, 2}

Continuing with our argument, for all the previous examples we are going to
see that (2.7) allows us to reduce the weighted norm inequalities of T' to those
of the sparse forms Agy However, this eventually produces estimates in LP(w)
where p > 1 and this is where extrapolation is relevant, since it permits us to
easily remove such restriction. As done before for the bilinear Calderén-Zygmund
operators we are going to obtain estimates for some particular choice of p. Take

P = (p1,-..,pm) Where
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and let

T'm+41

Note that 7 < p. Fix @ € Az7 and let w = [[}~, w;". We set

/

"m+1 T _r
(2.9) Ot = w'mt1 7 = P V15, oi=w""=w, ", 1<i<m,
hence
(2.10)
1 1 m 1 m+1 1
[w] " =sup <][ w " m pd:v) i <][ e da:) " =sup <][ mdm) '
! Q Vg g Q E Q
and
m+41
(2.11) H o] o Hw i
Assume next that fi,..., fin,h > 0 and set f,,.1 = h. Given a sparse family

S C D with sparsity constants (, we proceed as in (2.6) to obtain

m+1

(2.12) Asilfryee funh) =3 1QIT] ][f“d:c
QES i=1
m+1 Lm""l 1
_Z|Q|H ][fr’O' 1dUz H(J[O_de>m
QES i=1 i=1 Q
m—+1
;Z|EQ| H ][f”O ldaz
QeS
m—1
S Aﬁﬂ/ H MD TZO' d
1 m+1 B
- ;F/ H lgiridx
m+1
57 H [ Mg, (fi o7 Z}(Ui)
m+1 1
<Y1 =) g i i Tl

m—+1

= (L =) M }A~»||h||LP (wi =7 H 1fill 2o (i)
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where we have used that S is a sparse family with constant (, hence the sets
{Eg}ges are pairwise disjoint; (2.11); Holder’s inequality along with > ", =1
that ME) (the dyadic maximal operator associated with the dyadic grid D and with

underlying measure ) is bounded on L+ (x) with bound (1 — 7)~! since r < 1

(see for instance [14, Lemma 2.3]); and finally (2.9). If we now plug the obtained
inequality in (2.7) and use that ||[[ ;. (1) = 1 we conclude as desired that

m+1

213) TG Sl < €1 =) 0[] WIIHLMMW

P
Nt — frnd m Pi
for all W € Az where w = [, w,

Remark 2.14. Notice that we have shown that @ € Ap is sufficient for (2.12).
Furthermore, it can be seen that it is also necessary. Indeed if we just take &
1

consisting on a single arbitrary cube ) and we let f; = Ufi Xq then
m+1 1

‘Q’ g (][ Uld$> - AST(fla - -afmaferl)

m+41 m+1

< Coll fmsill o wr-wry [T 1Mfill ooy = GJDWW
=1

71' —C
L7 (o7) 0|Q|

which eventually leads to
m+1 1

H <][Q aidx)ri <Gy

Taking the sup over all cubes and using (2.10) we immediately see that & € Az 7
with [w]a,. < C5"

If we now use (2.13) as a starting estimate, Theorem 1.1 immediately gives the
following result:

Corollary 2.15. Fix ¥ = (r,...,"my1), with r; > 1 for 1 < i < m+1, and
ZZ”T Tl > 1, and a sparsity constant ¢ € (0,1). Let T be an operator so that for
every fi,..., fm,h € C(R")

/nhT(fl,...,fm)dx

where the sup runs over all sparse families with sparsity constant (. Then for all
exponents ¢ = (qu, - .-, qm), with 7 < @, for all weights V= (vq,...,vn) € Azr, and
for all fi,..., fm € C(R")

(2.16)

S/ SgpAS,F(fl? R fma h)7

1T P lpawy S Tl
=1
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q
m a;

where é = qil + 4 qu and v := [[;_,v;". Moreover, for the same family of
exponents and weights, and for all exponents §= (s1,...,8,) with 7" < §

m

<11
")

i=1

1

(S sr) (1)

forall fi,..., fi, € C*(R") and where = e

1
s

)
L% ('Uz)

L

We would like to observe that iterated weighted vector-valued inequalities can
be obtained from Remark 1.9, details are left to the interested reader.

2.4. Bilinear rough singular integral operators. In this section, we establish
weighted norm inequalities for the bilinear rough singular integral operators T
introduced above. The unweighted estimates were obtained in [21]. The first re-
sult with weights in the Banach range is due to Cruz-Uribe and Naibo in [15]. As
mentioned above, Barron [2] established the sparse domination and one can get, as
a consequence, weighted estimates for the class Ay in the range 1 < py,p2,p < 00
(such estimates were not stated in [2], but one can easily prove them by combin-
ing [2, Corollary 1.3] with the openness property of the multilinear Muckenhoupt
classes Az). On the other hand, using a different approach, Chen, He and Song in

11
[10] obtained that Tq : L*(wy) x L*(ws) — L'(wiwi) for every (wi,ws) € A2,
along with some quantitative control of the associated operator norm. Either from

the latter result or from the sparse domination [2, Theorem 1], our extrapolation
results gives the following:

Corollary 2.17. Let T be a bilinear rough singular integral operators with 0 €
L(S*1) and [g,, Qdo = 0. For every p = (p1,p2), § = (s1,82) with 1 <
D1, D2, $1, S2 < 00 and for every W = (wy,ws) € Az one has

To : LP*(wq) X LP?(we) — LP(w),

and

(St or)’

9
LP2 (UJQ)

1
<|(zu)
L (w) j

P P

1_ 1,41 — oy PL o P1
s = ot 5 andw=w"wy'.

(; |9j|52)s12

LP1 (wl)

where Il) ==+

1,1
p1 p2’
2.5. The bilinear Hilbert transform. In this section we establish weighted nor-
m inequalities and vector-valued inequalities for the bilinear Hilbert transform. As
discussed in the previous sections this operator fits into Corollary 2.15 with m = 2
and with 7= (ry,79,73) satisfying (2.8). As a matter of fact it was shown in [16,

Theorem 3] (see also [5]) that

/ HBH(f,g)ldo < sup As(f.9. 1),
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where the sup runs over all sparse families with sparsity constant As a con-
sequence of this, it is obtained in [16, Corollary 4] that if ¥ < p’ with p > 1 and
w = (wl, w2) € A};",:‘ then

D=

BH : LP*(wy) x LP*(wq) — LP(w)
P P
with w = w* wy?. As an immediate consequence of Theorem 1.1 (or of Corollary
2.15) we can get estimates for p < 1 (reproving some of the estimates in [5]).
This extends the recent results in [12] where the case of product of A, classes was
obtained by extrapolation.

On the other hand, as a corollary of our theory we can trivially reprove some of
the vector-valued weighted norm inequalities from [3, 4, 5, 6, 16] (see also [26], [35]
for earlier results). Also, we go beyond [12, Section 5] where weighted estimates
were derived for product of A, classes. Here it is important to emphasize that
[12] did not recover the full range of vector-valued estimates from [3, 4] in the
unweighted situation. The problem there is that extrapolation is done for product
of A, classes and this adds some unavoidable restriction in the exponents. Our
extrapolation result is able to fine-tune and remove that restriction, this occurs
since we work with more general classes of weights. Let us also note that our
extrapolation method allows us to obtain weighted estimates (and also vector-
valued inequalities) in the quasi-Banach range (i.e., p < 1) as a result of the
estimates in the Banach case (i.e., p > 1).

Corollary 2.18. Let 7= (r1,re,r3) be such that 1 < ry,re,r3 < oo and

1 1 1
2.19 <2
( ) min{’]"I’ 2} + mi]’l{’]"272} + miH{T3,2}

L L . 1.1 41
fetpl_ (2117]?2)7_,8 - (81,83) with 1 < p1,p2, $1,82 < 00, and set & = —- + —-,
Si= b If T =P and & = (wi,ws) € Ag then

BH : LP*(wy) x LP?*(wq) — LP(w),
r P
where w = w{*ws?. Moreover, if additionally ¥ < § then BH : L} (w;) %
L7, (we) — LY. (w), that is,

(St I Sur)|, J(Swe) ;

LP1(wy) LP2 (w2)

We note that in the previous result we must have p > % (and also s > %) Indeed,
the fact that 7" < p'and (2.19) give
1 1 1 1 1 1 1 1 3
<

T <2 <2
P + Py T + ro — min{ry, 2} + min{ry, 2} min{rs, 2} ~ 2

Corollary 2.18 can be reformulated in the following equivalent form (details are
left to the interested reader): given p'= (p1,p2) with 1 < p1,ps < oo and setting
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i = pil + piz, if there exist 0 < 1,792,753 < 1 with 71 4+ 2 + 73 = 1 such that

1 1+ 1 1 1 1-

LN 717 L +72’ L 737

h 2 D2 2 P 2
then BH : LP*(wy) X LP?(wy) — Lp(w) for every W = (wy,wy) € Az with ¥ =
(3 +2~/1’ T +272’ T f%) and where w = wl w; . In the vector-valued case, if we further

take 5= (s1,50) and let L := Si + L, the assumption

maxq —, — ¢ < , max< —,— < , mInqg—,—» > )
s1° 1 2 S2 P2 2 5D 2

yields as well BH : L} (wy) x L2, (wy) — LY, (w). These should be compared
with [12, Section 5] where some extra restrictions on the exponent are present due
to the fact that the extrapolation there is done with product weights. Moreover,
we extend and reprove some results obtain by Benea and Muscalu in [5, Section
6.3] (see also [6, Section 1.4]). For instance, the previous estimates for p < 1
reprove [5, Proposition 19], and also extend [5, Corollary 21], which gives vector-
valued weighted norm inequalities with product weights rather than with the more
general class Az Note that in contrast with the helicoidal method in [3, 4, 5, 6],
we do not consider the cases where some p;’s or s;’s are infinity. These will be
treated in the forthcoming paper [31].

One can put easy examples of weights for which the previous estimates hold. For
instance, given p'= (py, pa) with 1 < p;, py < 0o such that % = pil + p% < %,

(2.20) BH : LP*(|z|™®) x LP?*(|z|*) — LP(|z|7%),

if a =0 or if
1—min{max{1,%},max{ }} <a
1 1 1
<1—p| max O——— + max< 0, — — = :
2 P2 2

As a result, (2.20) holds for all 0 < a < 5. This extends [12, Corollary 1.23]. To

prove this, one easily sees that « = (|z|~* ]:U\_“) € Azr with 7 < ¢ if and only if
l—min{q1 q2}< <1—2/
T T2 s

Using this and choosing (roughly) +; = max{0, p% — 1}, 72 = max{0, p% — 1},
v3 = 1 — 77 — 72 one can obtain the desired estimate for BH. Analogously, given
P'= (p1,p2), §= (s1,52) with 1 < p1,ps, s1, s2 < 00 such that % = pil + 1}2 < 3 and
1 ::i—ké <%Wehavethat

S

1

H (Z B )

Lp(Jz|=)
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SCH(Z’JCHSI)SI <Z|gk|82>82
k k

LPi(Ja]=9) LP2 (|| =)

holds if
1 — min { max 1,&,12 , max 1,]2,]2 <a
2 S1 2 S9

<1 0 1 1 1 1 . 0 1 11 1
—p|max40,— — =, — — = max{ 0, —— =, — — = :
P ;o 27s 2 "pe 278y 2

Notice that this interval could be empty since even in the unweighted situation
there are some natural restrictions for the vector valued inequalities to hold.

Remark 2.21. In [3, 4, 5, 6] the authors also prove iterated vector-valued inequal-

ities such as BH : L?il X L’ZEQ — Li’;st, again with restrictions on the possible
ot ot2 ya
values of the p; depending on the s; and ¢;. Our method gives as a corollary these

inequalities and their corresponding weighted versions (when all the exponents are
finite) by extrapolation (see Remark 1.9). The precise statements are left to the
interested reader.

2.6. Commutators with BMO functions. Our extrapolation result also gives
estimates for commutators with BMO functions. Recently, [7, Theorem 4.13]
showed that if a multilinear operator T maps continuously LP!(wy) X - - - X LP™ (w,y,)

into LP(w) forsomel<p1,...pm<ooand1<p<oowith%::p%—i—---—i—i
p

and for all w = (wy,...,w,) € Ay where w := [[", w/*, then the multilinear
commutators with BMO functions satisfy the very same inequalities. Our extrap-
olation result applied to the hypotheses immediately yields that we can remove
the restriction p > 1 as all the weighted estimates are equivalent to a single one.
Moreover, if we extrapolate from the conclusion we can also extend the weighted
estimates to the quasi-Banach range. Here it is important to emphasize that the
method extensively developed in [7] elaborates on the commonly used Cauchy in-
tegral trick which in turn uses Minkowski’s inequality, hence it requires to work
in the Banach range. Nonetheless, our extrapolation result gives a posteriori that
such restriction can be removed.

Let us thus begin by defining the main objects that we will be dealing with in
this setting. We recall here the definition of the John-Nirenberg space of functions
of bounded mean oscillation. We say that a locally integrable function b € BMO if

Ibllsao = sup][ 1b— bl da < +oc,
Q JQ

where the supremum is taken over the collection of all cubes () C R™ and where
bg = fQ bdzx.

Let T' denote an m-linear operator from X; X --- x X,,, into Y, where X;,1 <
J < m, and Y are some normed spaces. In our statements the X; and Y will be
appropriate weighted Lebesgue spaces. For (f1, fo,..., fm) € X1 X Xo x -+ x X,
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and for a measurable vector b = (b1,bs,...,by), and 1 < j < m, we define,
whenever it makes sense, the (first order) commutators

[Tab]ej(flaf%"'afm) :bjT(fla"'afja"'fm) _T(fh?bjfj:fm)v

we denoted by e; the basis element taking the value 1 at component j and 0 in
every other component, therefore expressing the fact that the commutator acts as
a linear one in the j-th variable and leaving the rest of the entries of (f1, fo, ..., fm)
untouched. Then, if k € N, we define

[T7 b]keg' [ HT b]eg ) b] € ) b]eg‘?
where the commutator is performed k times. Finally, if & = (aq,0,...,ap) €
(NU{0})™ is a multi-index, we define
[T7 b]a = [ o [[T> b]011617 b]6¥2€2 e 7b]amem'

Informally, if the multilinear operator T" has a kernel representation of the form

T(fh f2a s 7fm)<x) = K(x7y17 s 7ym)f1(y1) o fm(ym)dyl s dyﬂ”m
Rnnl
then [T, blo(f1, f2,-- -, fm)(x) can be expressed in a similar way, with kernel
[1®i@) = b)Y K (1, ).
j=1

Next we present our promised application for commutators in the context of the
classes Az Here it is important to emphasize that our only assumption on 7',
besides the initial weighted norm inequalities, is that 7" is multilinear.

Theorem 2.22. Let T be an m-linear operator and let ¥ = (r1,...,"ms1), with
1 < ryeeiyrmg1 < 00, Assume that there exists p = (p1,...,Ppm), with 1 <
D1y, Pm < 00 and 7 =< P, such that for all W = (w1, ..., wy,) € Agr, we have

T (frs for- o o) o) S H L fill Lo sy

P

L1 .., 1 — T W
where &= -+ + o= and w = [[[Z, w]".

Then, for all exponents ¢ = (qu,---,qm), with ¥ < {, for all weights v =
(V1,...,Um) € Agr, for all b = (by,...,by) € BMO™, and for each multi-index
a, we have

|| Lo vy

(2.23) 1T, Bla(f1s f2r - fa) [ Lo ) H!
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q

where é = qil Tt qu and v = [[}%, v/". Moreover if § = (s1,...,8p), with
¥ < §, then
(2.24)
1 m . 1
H(Z’[T;b]a(ff,f%,, r]n>|s> S’H”b HBMO (Z’fzj s¢> i 7
J Li(v) =1 j L% (v;)

1.1 4 .41
where s =+ + 5o

The proof is postponed until Section 5. From this, [30], and Corollary 2.17 we
can trivially obtained the following result which extends [7]:

Corollary 2.25. Let T' be an m-linear Calderon-Zygmund operator or a bilinear
rough singular integral with symbol Q € L*°(S*~1) satisfying fSQ,H Qdo = 0. Then,
(2.23) and (2.24) hold for all exponents @ = (q1,---,qm), § = (S1,.-,8m), with
1 <q,s <o00,1<i<m, forall weights v € Ag, for allb= (by,...,b,) € BMO™,
and for each multi-index .

From Corollary 2.15 and Theorem 2.22 one can easily obtain the following:

Corollary 2.26. Given 7 = (r1,...,"ms1), withr; > 1 for 1 <i < m+1 and
S Tl > 1, and an m-linear opemtor T satisfying (2.16), it follows that (2.23)
and (2. 24) hold for all exponents = (q1,---,qm), S = (S1,- -+, 8m), with 7 < § and
7 < 8, for all weights ¥ = (v1,...,v,) € Az, for all b= (by,...,b,) € BMO™,

and for each multi-index .

Our last application of Theorem 2.22, with the help of Corollary 2.18, solves a
problem about the boundedness of the commutators of the bilinear Hilbert trans-
form with functions in BMO which as far as we know can not be obtained using
other methods.

Corollary 2.27. Assume that 7= (ry,72,73), 1 < 11,179,713 < 00, vem’ﬁes (2.19).

For all exponents P=(p1,p2), §= (s1,82) with 7™ <p and ¥ < § where pll + 5 L

and % =14 —, for all weights W = (wy,ws) € Az, for all b= (by, b2) € BMO2
and for cach multi-indez o = (01, ) it follows that

I[BH, bla(f, )| o) S [1b1]IBAo 102ll53w0 [LF 1| o1 on) 19 272 (o)

and

(S 6. 00))

LP(w)

S [101[eno 102150

9

(Z1s)”

(2 97)

LP1(wy) LP2 (ws)

p L
where w := w{ wy?.
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Note that all the previous estimates admit iterated weighted vector-valued ex-
tensions along the lines pointed out in Remark 1.9. We leave the details to the
interested reader.

3. AUXILIARY RESULTS

We first introduce some notation. Given a cube @), its side-length will be denoted
by £(Q) and for any A > 0 we let AQ be the cube concentric with ¢ whose side-
length is M(Q). Let u be a doubling measure on R™, that is, x is a non-negative
Borel regular measure such that p(2Q) < C,u(Q) < oo for every cube @) C R™.
Given a Borel set £ C R" with 0 < u(E) < oo we use the notation

][Efduz ﬁ[ﬂfc&u.

Next we give the basic properties of weights that we will need below. For proofs
and further information, see [18, 20]. By a weight we mean a measurable function
v such that 0 < v < oo pra.e. For 1 < p < oo, we say that v € A,(p) if

p—1
[v] 4y () = Sup][ vdp (][ Ul du) < o0,
Q JQ Q

where the supremum is taken over all cubes ) C R". The quantity [v]4,(,) is called
the A,(u) constant of v. Notice that it follows at once from this definition that if
v € Ay(p), then v'™7" € Ay (). When p = 1 we say that v € A;(p) if

(] 4, () = Sup][ vdpesssup vt < oo,
Q JQ Q

where the essential supremum is taken with respect to the underlying doubling
measure p. The A,(u) classes are properly nested: for 1 < p < ¢, Ay(n) € A,(p) €
A,(p). We denote the union of all the A,(u) classes, 1 < p < 00, by As().

Given 1 <p < oo and 0 < r < oo we say that v € A,,(u) if
(V)40 (0) = Sup][ v dp (][ 4 d:c> " <0,
Q JQ Q

V], () = sup][ v dpesssupv” < 00
Q JQ Q

when p = 1. Notice that clearly v € A,,(p) if and only if v" € A1+§(M) with

[Wlar0 = 041, 2 -

when p > 1 and

When p is the Lebesgue measure we will simply write Ay, A,,, .... It is well-
known that if w € A, then dw = w(z)dzr is a doubling measure. Besides, since
0 < w < oo a.e. then the Lebesgue measure and w have the same null measure
sets hence the essential suprema and infima with respect to the Lebesgue measure
and w agree.



EXTRAPOLATION FOR MULTILINEAR MUCKENHOUPT CLASSES 21

To prove our main result we need some off-diagonal extrapolation theorem proved
by Duoandikoetxea in [19] for the Lebesgue measure but whose proof readily ex-
tends to any underlying doubling measure.

Theorem 3.1 ([19, Theorem 5.1]). Let p be a doubling measure on R™, n > 1, and
let F be a family of pairs (F,G) of non-negative Borel functions. Let 1 < py < oo
and 0 < qo, 79 < 0o and assume that for all w € A, ., (1) and for all (F,G) € F

we have the inequality
1

Foumdy) ™ < N(fulay, ) ([ Grumdu)™,
([ rowmas) w)( [, @ umin)

where N is an increasing function. Then there exists another increasing function
N such that for all 1 < p < oo and 0 < q,r < 0o verifying
11 1 1 1 1

g G T To - P po
for allw € Ay, (1), and for all (F,G) € F we have

(/n quqdu>3 < J\Nf([w]AW)</Rn Gpwpdljl)zl?‘

In preparation for proving our main result we need some notation. Given
P = (p1,--,pm) With 1 < p1,...,pm < o0 and 7 = (r1,...,rme1) with 1 <

T1y. .., Tma1 < 00 SO that 7" < p we set
1 1 1 1 1 1
—::Z—, =1—--, and —=——=—, i=1,...,m+1.
r = i Pm+1 p oi Ti  Di

Notice that as observed above we have that 0 < r < 1 and formally ; 1+1 = &

which could be negative or zero if p < 1. Note that in this way

m+1 m+1
1 1 1 1=
—=1 d —=-—-1= .

Also, 7 < p'means that r; < p;, hence 5;1 >0, for every 1 < i <m and 7,11 <
Pma1, that is, 6;#1 > 0. On the other hand, ¥ < § means that 7; < p; or 6; * > 0
for every 1 <7 < m+ 1. Notice that with this notation w € Ay can be written as

— Omt1 6m1+1 - _% %
[W]a,, = sup ( wp dx) H ( w; " dx) < 00,
QR VvV Q

=1

and, when p; = r; (i.e., 5;1 = 0), we need to replace the corresponding term with
1

esssupgw; .

The following lemma gives a new characterization of the weighted class Az,
which is of independent interest. Moreover, as we will see later, it will allow us
to prove our multivariable extrapolation result from a one-variable extrapolation
result with some underlying measure depending on the weights.
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Lemma 3.2. Let p'= (p1,...,pm) with 1 < p1,...,ppm <00 and ¥= (r1,...,Tmi1)

with 1 < ry,...,Tme1 < 00 be such that 7 = p. Using the previous notation we set
m—1
1 1 1 1 1 1
3.3 —=— = + —=—+4+ >0,
@3) 0 Tm Tl ; Pi Om  Omei

Then the following hold:

. . S B . m
(i) Given @ = (wy, ..., wy) € Agr, write w := [[[2, w/" and set
m—1 1
R —= o m/\i Tm m.
(3.4) W= ( H wi’”> and Wi=wr @ mit = whr dom
Then,

9i 9

(1.1) w € Ai—r, with [wl’ﬂ < [@U]i{'ﬁﬂ, for every 1 <i<m—1.
r Air, "

(i.?) w e Air

@

(1.3) W € A, spus (@) with [W]4

™m’ Tm

with [W]a, , < W]iﬁ

T @

< m—+41
o bmsn (@) S [
Tm’ ™m

9

(ii) Given wi" € Airy, 1 <i <m —1, such that

m—1

(3.5) @:<11u$>Q€Ag%

=1

and W € A, s, (W), let us set

(3.6) m = W

Then @ = (wy, ..

m

S W) € Aﬁﬂr and, moreover,

1 TR R
(W], < W] (@) [w]il—rg H [wipzhll
i=1 =

pm dm+41 =

9.

™™’ T™m

(1i1) For any measurable function f > 0 and in the context of (i) or (it) there hold
1 Ton || ——
3.7 vy = || (£ )|
(3.7 Il = || (72 e
and
Tm L
38 Pm (. - H( A_m) m pPm .
(3.9 s = | (7)™ |
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Proof. We start observing that equalities (3.4) in (7), or (3.5) and (3.6) in case (i),
easily yield

(3.9) ]éw 0% = (]2 @dw)_1<]{2w6mv+ldx>

and whenever 6! # 0 (i.e., rp, < pm)

m \/ —Im (Bm )/ ™m m o\ —~ -1 —677”
][W o) d ][wm”m(’“m) @ om o) i = <][ wdx) <][ wmpmdx>.
Q Q

These equalities yield if 51 # 0

mt1

(3.10) ][Wrm dw ][W "”’”’
—1—“*”7Jrl St b N dmt1
= <][ @dm) om (][ wr d:c> (][ W™ d:c) om
Q Q Q

Thus, if 6! # 0 and 77" 5 > 0 then

5m+1

S iy
(3.11) ( W rild@)( W dw)( )
Q Q
RRY 1el=r 1 . 1 Sm 1
- K][ @1*(179) dx)g( e )(][ w(S o d:r;) bmt1 (][ wmpmdx> om
Q Q Q
_1 Y ,l(l;rT -1) Im+1
< (f @) e(][ o () )
Q Q
On the other hand, if 37" 11 >0and d,! =
S -1 Somt1
(3.12) (][ W d@) - (][ @d:c) <][ w s dx)
Q Q Q
’ 1l=r 1 1
_ W g (50) dx>e< g >(][ W )
Q Q
-1 1)\ s Te )]
« (f aar) " (f @O an) 7]
Q Q

We proceed to establish (z). Assume that @ € Az To see (i.1) we fix 1 < i <

—I;i. ; -1 ’ 1 0
m—llandsetI {7:1<j<m,9; %O}andI {1,...,m}\Z. Set =5
and 0= ]’ for j € Z with j # i so that + Zlﬁeln = 1. Thus Holders
inequality easily gives

since 0 = 0,11.
_l’_
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]éw;idx—][( 5 H w; pJ)dx

1<j<m
J#i
0. 1 _ 9
< <][ w?z”ida:yi( H <][w > )( H esssupw j)
Q i#jer V@ Ai€T
Sm1 ey - % %Z -\ 0
:<][w » dm) m“( H <][ij> )( H ess sup w; j) :
Q@ i#jer V9 itjer @
b
When p; = r; then 6; = 1= and this inequality readily gives w;" € Ay with
9
[wipi} < [w]igﬁ_. When p; > r; we just need to observe that %(1—(%92-)’) = _%
A1 sT 3 3
94 9
and again we eventually see that w,* € Ai1--, with [wf ] < [w]f’;ﬁa
r 1 Aﬁe 5T

To obtain (i.2) we need to consider three cases.

Case 1: >, 5%- =0, that is, p; =r; for 1 < j < m.

In this case é = ﬁ = % and we can easily see that w € A; with the right
bound:
_om+1 6m+1 Sm+1
][wda:—][ m”m dx<][ v dxesssup wm, M
Q Q
m—1 1
< [w]’t ( H ess inf'w»'[”)(sm+1 < [w]%. . essinf @
— A@; paley Q 1 — Aﬁﬂ:‘ Q

Case 2: 3./ L =0 (ie, pj=r; for 1 <j <m—1), and ' #0.

In this case % =3 1+1 + % = % and also we need to check that w € A;. To

show this we use Holder’s inequality with mg“ =1+ ’"“ > 1 to obtain

~ o —-Z Sm+1
wdr = + wrw,"™ dr < ( w
Q Q Q

m—1 1.,
< [wli, . ( H essQinf wipi> < [w]}, . essQinf w,
i=1

which proves the desired membership and bound.

Case 3: Z::lla% > 0.

In this case
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Let Z={i:1<i<m—1,6"#0}#0andZ ={1,...,m —1}\ Z. Set

m—1 B m+1 B _ B
EHED B Y

J J

for every i € 7, and note that )., % = 1. Then Holder’s inequality leads to

1—r

—7r r % 1 _L. 1—r /_1 =
(3.13) <][ a5ty ][Hw e o (0 >dx>
Q

o—1

On the other hand, if §_.! # 0 we can use Holder’s inequality with 5”‘7“ = 1+5’§—T:1 >
1 to obtain

0o —-2 Sl g Sm. £
(3.14) ][@dx :][ WP W™ dr < <][ wr d:c) bmt1 <][ Wi "™ dx) o
Q
If 6,1 =0 then ¢ = §,,1;, and

1 = 1
(3.15) ][Wdl’ —][ W Wy . dr < <][ w ot dx )%“ (esssupwmp'”y.
Q

If we now combine (3.13) with either (3.14) or (3.15) we readily see that @ € Ai-r,
with [0]4, , < [w]iﬁr_. This completes the proof of (i.2).

To see (i.3) we proceed as before considering three cases.

Case 1: )", + =0, that is, p; =r; for 1 < j < m.

In this case we first observe that

m—1
(3.16) 1 :][ W tdr < <][ @daz) esssup@w ! < <][ wd;v) H ess supw_’”.
Q Q Q Q =1 @

This and (3.9) imply

]éwa’fnfl 4 = (]é @dx)_1<]{2wémp+ldx>

1= Q@ i= Q
— -1 _6m — 5m 1\ —
= [w]?ﬁ*}(esssup wy"™) T = [w}i’"“(ess sup W™ "7 ) '
mr Q Q
where we have used that since in this case o = d,,,1 and that W = Wi = w,,
since p,, = T,. This shows that W € A 5m+1 (w) with [W]4 s () < [ﬁ]i”;ﬁl.
1, T

Notice that we have implicitly used that since 0 < w < oo a.e. then the Lebesgue
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measure and @w have the same null measure sets, hence the essential suprema and
infima with respect to the Lebesgue measure and @ agree.

Case 2: Y ") i—O(le pi=r;for 1 <j<m—1),and g, #0.
In this case we use (3.10) and (3.16) to obtain the desired estimate:

+1

fW — dw fW (Pm (Pm)/
’V(‘;l+1 S Sm. ‘srgl+1
= <][ @dx) " <][ dx) <][ W™ da:) "

Q Q Q

Sl Om 65+ mt — LN\ Omt1
< <][ w” e dx) <][ w "’”dq;) " (Hesssupw ’”)
Q Q Q

- 5"1
< [y

Case 3: 'L >0

We saw in the proof of (i.2) above that 174;7"9 > 1 hence Holder’s inequality with
that exponent gives

ro . re e NG =
1= <][ ﬁl—r@_l—rda:) "o (][ @da:) (][ G-t dx) e
Q Q Q

This, (3.11) and (3.13) yield if we further assume that §,.' # 0 (that is 7, < p,,):

1

< (Jé @1_( :TQ) da:)E ’ <][Qw5mp+1 da:) S <][Q wmf’z d:);)r

1

< (fan) 0 (f i ) (T (f w0 ([ )

iel’

Taking the sup over all cubes we conclude as desired that W € A, s,., (W) with

[W]Ap by (@) < [Iﬁ]i”;:l. On the other hand, if 6! = 0, i.e., 7, = p,, we can

invoke (3 12) and (3.13)
(e
Q
< [(f w5 )™ (T (f o) ) (s )]

/ 1/1—r
(fwstam) < [(f 007 )™
Q Q
€L i€z’



EXTRAPOLATION FOR MULTILINEAR MUCKENHOUPT CLASSES 27

8

—10m41 : eril 5m+1 el
< (W] essinf wyi™ =[] ess inf W rm
Arr TTQ Air g

™m

since in this case ¢ = d,,41 and W = w/™ = w,,. This completes the proof of (i.3)
and hence that of (7).

95
We now turn our attention (i7). Fix w/" € Air,, 1 < i < m — 1, so that
W€ Air, (see (3.5)); and W € A, 5,0 (W). Let w,, be as in (3.6). Our goal is

Tm 7 rm

to see that W € Az and, much as before, we split the proof in three cases:

Case 1: > ", 5%- =0, that is, p; =r; for 1 < j < m.
Note that in this case §; = — for every 1 < i < m — 1. This and Holder’s
inequality yield

9, 1 (m-1)(1—r)

m—1 1 m—1 6 1
3.17 essinf( wipi) < (][ w,” m_ldx) ’
(3.17) 2 11 g H

m—1 ) 1 m—1 0.

LA = 9 L 1
< (][ (e dx) % < [wipi] “ essinf w],
Q A Q

i=1 i=1

where in the last estimate we have used that in the present scenario 1%7"91- = 1.
This and (3.9) give

(fu )= = (f waa) = ( aar) ™
Q Q Q

1 1
p——y Tt 1 . L e
< W (@) (@4 essanfWTm esstfw‘W1

Al 5m+1
2
1 1 1 m—1 1
Sm+1 A~ : p Pi
=W gl essinfwg essinf ( w, l)
m—+1 Q
™m =1
1 1 m=1_ ¢ 1 m
~ 11 —=17%
< W (@] 4 w/ | | | essinfw. ),
Sm41 (w) 1 g Ay ¢
™m =1 1=

where we have used that p,, = r,, w,, = W = W and that 0 = Oms1- This
readily leads to the desired estimate.

Case 2: Y ") %:0 (e, pj=r;for 1 <j<m-—1),and J,,! #0.
Using (3.10) and (3.17) we see that

Sy 1 S 1
<][ W dx) Pmt1 <][ w Pmdm) o
Q Q
m+1 %’m 7 :
:(][Wrmd ’"“][W AW )<][@d9[;)g
Q Q
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1
i L (TT
< [W]Ap: s (@ [@]4, essanf < H w’ )
Tm’Tm =1
1 5# m—1 0; GL m—1 1
6m+1 ~71%m+1 E i . E
< [W]Apm 5ppss (@) [@] 4, ( 11 [wi Ll) < 11 essanfwi ),
Tm’ Tm 1= 1=

which readily gives that @ € Az with the desired bound.
Case 3: 7 'L >
= L(m—1)0; for 1 <i <m—1and 5, = (m—1)(=Lp)" and

e

Let us set n;
note that

T

r — 1 1 1 r
:1_(m—l)(r—l)izl5_i+m—1_m—l(l—r)g

T 1—7r 1 1 1 r
:1_(m—1)(r—1)< r _5) m—1 1(1—r)
=1.

Thus Holder’s inequality with the exponents n;, 1 < i < m, yields

o r R r 1:’" (m—1)
1= ( w (m—l)(l—T)Qw(m—l)(l—T)qu;)
Q

_ (][ (1- (L= TQ))nm prl‘mdl) —(m—1)
Q

=1

- (5 e-1) ml b; 7
< <][ @1’(%9)&95)9 " H <][ w;” dx)e .
Q i=1 Y@
On the other hand, if we let Z = {j : 1 < j <m—1,6;" #0} # 0 and ' =
{1,...,m — 1} \ Z we observe that %((ﬂei)’ — 1) = % and hence the previous
estimate yields

T pq

TN e R s % -4
<H<][ w; pidx) i)(Hesssupwi pi) < H [wi“} ' <][ wi’”dx> '
iez V@ e @ i=1 Atry, V@
m—1 ) —r
<(TI [ f*yl )(f )
=1 91' Q

This and (3.11) gives when L #0

<]£274)6m;rl dx)tmil(]éw 2:chav)é:"(l_[ <][ wif’zd:p>é><Hess§upwi;¢>

ez Y@ icT!
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+1

i o 9L ][ +1 » Eoe
( [ Wdew>][W G )}
i=1
1(5e-1)
(][ wdx) (][ x) .
1 1 m—1 9; QL
dm > i
<, @@, I er])
™m’ Tm =1 T 9i

On the other hand, if % = 0 we invoke (3.12):

S 1 _1 _ % L _1
<][ w p+1dx> Pt (esssup wm”’”) (H (][ w; " dx) éz)(Hess sup w, p’)
Q Q@ icz Y@ '
—1: Qi Sm+t1 Sm+1 ﬁ
[wi”l] ‘ )[<][ W "rm dw)(esssupW_ rm )]
Al_,TG' Q Q
1 11-r
X (][ ’@dl’)g(][ @1(1f9)'dx)e( el
Q Q

1 1 m—1 9,4 L
5 7 Pl o
< W7 ol w]”
— A A i )
) 5,?7:1 (@) 1r, i Ave,
- T

'm

since in this case p,, = T, 0 = Opme1, and W = wph™ = w,,. This completes the

proof of (i7).

To finish we observe that (3.7) and (3.8) follow at once from the definition of o

and either (3.4) for (i) or (3.6) for (7). This completes the proof.

4. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 (and Remark 1.8) is split in three main steps. First,
we prove a restricted version on which all the exponents remain fixed but one. For
simplicity in the presentation we will fix p;, 1 <7 < m — 1, and vary p,,. On the
other hand, since we can rearrange the f;’s this clearly extends to any other choice.
Second, we iterate the first step to eventually pass from p to a generic ¢. Last, we

see how the easily derive the vector-valued inequalities.

4.1. Step 1: Extrapolation on one component. We first prove a particular
version on which we only change one component in p’ (say the last one). Fix then
0= (g1 Gm-1,Gm), With 7 < G and 7 < g 50 that ¢; = pi, L < i <m— L

Letting v € Az, we set % =y o and vi= =[[~, v/". Define
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and, for i=1,..., m+1,

1 1 1 1 1 1
52 B T pi’ gz B T q;
Observe that §; = &; for 1 < i < m — 1. This means that in view of (3.3)
m—1 m—
1 1 1 1 1 1 1 1 1
_ = — — S + — = Z _— = — = — + —
o T'm Tm+1 i=1 Di Tm i=1 4q; m m+1 (Sm 6’m+1

For every 1 <7 < m — 1 we set w; := v;. We then apply Lemma 3.2(:) to 0 € Azr
and (i.1) yields for every 1 <i <m — 1,

T 1 1-r 1
w," = wil S Aﬂg., where — := — =,
r Ot 0

1

while (7.2) gives

and finally (7.3) implies that

(4.1) Vim0 @@ e €A 5 (D).

rm’ Tm

Notice that in particular w € A, hence it is a doubling measure which is fixed in
the rest of the argument.

Let W € A, s, (W) be an arbitrary weight and, in concert with (3.6), set

rm’ m
0;

Pm __ P

m = W@ om. Since w/* € A1 = for1<i<m-—1and w e Ai- 1ory, We can
apply Lemma 3.2(¢7) with p'and 7 to see that o = (wi,...,wy) € Asr (notlce that
o is fixed and depends on p; = ¢;, 1 <7 < m — 1, 7, Tue1). Thus, by hypothesis
it follows that (1.2) holds. Invoking Lemma 3.2(i7i) we then see that for every

(fafla"'afm)ef

1

w2 (o)

1 m
Ty =l < H [ fill s
i=1

(W7Tm di)
(H [l ) | ()™

™m
Pm bm

Lrm (Wrm di)

Let us introduce

(0 ) (Tt 1)) et €7

and (4.2) can be written as

10 o2 e gy S 1G] 2 V(F,G)ed,

LW Wrm d L™m WT‘m dA)
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which holds for every W € A, s,,., (0). This allows us to employ Theorem 3.1 to

obtain that for every s, with r,, < s,, < oo and 0 < s,7 < oo such that

1 1 1 1 11
(4.3) ST =Z- = - —

§ P T Omi1 Sm DPm

and for every U € Asm L(@) the following estimate holds

(44) ”FHer Urmdw) ~ ||G|| Sm Smdﬁ))’ V(Fa G) € g

)

Next let s =: q, s, =: ¢, and 7 = 6m+1. Notice that by assumption r,, < ¢, =
Sm- Since ¢; = p; for 1 < i < m — 1, it follows that

1 1 1 1_§:(1 1>_1 11 1

S p q p i=1 4i pi m Pm Sm Pm
and

11 1 1 1 11 1 1 1

T Omi a gmﬂ Om+1 a Pm+1r 4m+r ¢ P S D
thus (4.3) holds. On the other hand, note that (4.1) gives V€ A 5 (0) =

™m’ Tm

Asm « (w). All these imply that (4.4) holds with U = V and these choices of

™m’rm

parameters. Consequently, Lemma 3.2(#ii) (applied with ¢ and 7) yields for every

(fafla“'afm)ef
T || = a1 1

q — Tm ™m — F ™m < G Tmm
sy = (| (50 )7 e = W e S NG

H i) || (@ 7)™

which is desired estimate in the present case.

am
(Vrm di)

m

1 m
-
L?%(Wﬁﬂd@ N E Il

4.2. Step 2: Extrapolation on all components. To complete the proof of
Theorem 1.1 (and of Remark 1.8) we need to extrapolate from the given p' =
(p1y- .., pm) With 7 < p'to an arbitrary ¢ = (qi, ..., qn) satisfying ¥ < ¢. In view
of Remark 1.8 if p; = r; for some 1 < i < m we can allow r; < ¢;. This means that
7 = ¢ with r; < g; for those j’s for which r; < p;.

Schematically, in the previous section we have shown that

(4.5) t=(t1,... , tm_1,tm) with 7 < £ extrapolates to

§=(t1,...,tm_1,Sm) whenever ¥ =< §and r,, < Sy,.

By this we mean that if (1.2) holds for the exponent ¢ and for all @ € A 7, then
(1.2) holds for the exponent s and for all & € Az with 7, < s,,. Notice ‘that in
(4.5) the first m — 1 components in £ and & are frozen. Switching the roles of f;
and f,, for some fixed 1 < i < m — 1 and using the same schematic notation we

can freeze all the components but the i-th to obtain
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(4.6) T=(t1,...,tic1,tistiz, ..., tm) With 7 <  extrapolates to
§=(t1,...,ti_1,8i,tix1,- .., tym) whenever ¥ < §and r; < s;.

To prove our desired estimates we shall iterate (4.6) and at any stage we need to
check that new vector of exponents s satisfies 7 < § and r; < s;. We consider two
cases:
Case 1: p; < ¢g; forall 1 <7 <m.

In this case, our first goal is to see that
(4.7) 7= (p1,...,Pm) extrapolates to t = (t1,ta,...,tm) = (q1, D2 - - -, Pm)-

First, if ¢; = p; there is nothing to see. Otherwise, if p; < ¢; we have that
ri < p; < q =t and also r; < p; = t; for every 2 < i < m. Moreover,

1 1 1 1
AN AT SN AN N

/
Terl

since 7 = ¢. Thus ¥ < t with r; < ¢ in which case (4.6) applies with i = 1 and
(4.7) follows.

Next from the conclusion of (4.7) we can extrapolate to s = (s1,...,8,) =
(1,92, D3, - - -y Pm)- If g = po there is nothing to do, otherwise, 1 < p; < ¢1 = 1,
ro < Po < @ = So andrigpi<qi:si fort=3,...,m . Moreover,

1 &1 1 1
- = _— = — — + - > —=—-> / )
s 4 S g9 Tmyr

since ¥ < ¢. Thus ¥ < § with ry < sy in Wthh case (4.6) applies with i = 2
and we have the desired weighted estimates with the exponent §= (s1,...,8,) =
(¢1,G2,P3, - - -, Pm). We iterate this procedure with ¢ = 3,...,m and in the last
step we analogously pass from (q1, ..., ¢m_1,Pm) t0 (q1,-..,Gm). The proof of the
present case is then complete.

Case 2: There exists some 7 such that p; > ¢;. In this case, rearranging the terms
if needed we may assume that p; > ¢; for 1 <1i <igand p; < g; forig+1 <ig <m
where 1 < iy < m (if ip = m we just have p; > ¢; for all 1 < i <m).

We proceed as before and iterate (4.6) so that in the i-th step we pass from
t=(t1,...,tm) to § = (51,...,5m) where ti=s;=qjfor 1 <j<i—-1 ¢t =p;,
si =¢q,and t; =s; = p; for it +1 < j < m. We may assume that p; # ¢, for
otherwise there is nothing to prove. Note that since r; < p;, ¢; then clearly r; < s;
for every 1 < j < m. To justify that we can invoke (4.6) we consider two cases.

First, if 1 < < 4p we note that r; < ¢; < p;, hence p; # r; in which case as
explained above r; < g; (see Remark 1.8). Moreover, since 1 < i < i,

N N N

j=i+1 ji= m+1

Altogether, we have seen that 7 < §and r; < ¢;. Thus we can invoke (4.6).
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Consider next the case ig + 1 < i < m (if ig = m this case is vacuous). In this
scenario, r; < p; < ¢; (recall that we have disregarded the trivial case ¢; = p;). In
addition, since i + 1 <1 < m,

1
:gs_— qj

Thus, ¥ < § and r; < ¢; which justify the use of (4 6

In both scenarios we can then perform the i-th step of the iteration and this
completes the proof of (1.3) for a generic ¢.

|
< | =
V

1
e Tm+1 .
).

4.3. Step 3: Vector-valued inequalities. We now turn our attention to the
vector-valued inequalities. Fix § = (sq,...,8y) with 7 < § where 1 := > 8—11
Define a new family F3 consisting on the m + 1-tuples of the form

<F,F1,...,Fm>=((Z(fff)i,(fo)Sl)*,.. (Zu‘ﬂ) ))

where {(f7, f],...,f5)}; € F. Without loss of generality we may assume that
all of the sums in the definition of F3 are finite; the conclusion for infinite sums
follows at once from the monotone convergence theorem. For any v € Agy, write

s

v:=[]", v’ and apply (1.3) with §'in place of § and Hélder’s inequality to obtain

1 m 1
vo= (S0 5 (ZHHfir .y
j ) i=1
i_ m
H (Z LI vz)) _—i
=1

for every (F, Fy,..., Fy,) € Fz. We can now apply the first part of Theorem 1.1 to
Fs where we use as our initial estimate (4.8) in place of (1.2). Thus, (1.3) holds
for Fz and this gives us immediately (1.4). This completes the proof of Theorem
1.1. U

(4.8) [|F]

L%i(v;)s

4.4. Proof of Remark 1.9. The iterated vector-valued inequality in Remark 1.9
follow easily by repeating the argument in the previous section. Fixed § and ¢ and
with F3 as defined in the previous section we consider a new family (Fz); consisting
on the (m + 1)-tuples

(881 8m) = ((Z(Fj)tﬁ (Z(F{)h)é,,_., <Z<ng)t”>t;)

where {(F7, F},... FJ)}; C Fs. Without loss of generality we may assume that
all of the sums in the definition of (Fz); are finite; the conclusion for infinite sums

follows at once from the monotone convergence theorem Next for any v € Az,
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write v := [, F and apply (1.4) with ¢ in place of ¢ and Holder’s inequality to
obtain

(4.9) I8llzew) = (Z ||Fj||§:t(v))t < (ZH ||Ej||tLti(yi)>s
J j =1
m L
<TT( X170, ) HH&HU o
J

for every (§,81,-.-,8m) € (Fs)7- We can now apply the first part of Theorem 1.1

o (Fz)p where we use as our initial estimate (4.9) in place of (1.2). Thus, (1.3)
holds for (Fz)p and this gives us immediately (1.10). Note that repeating this idea
one can easily obtain iterated vector-valued inequalities with arbitrary number of
“sums”. g

5. PROOF OF THEOREM 2.22

We need the following auxiliary result in the spirit of [7].

Proposition 5.1. Let T' be an m-linear operator and let 7 = (ry,...,my1), with
1 <7y yrmer < 00. Assume that there exists § = (S1,...,8m), with 1 <
815+ .58, <00, 1 <s<o0, and 7" < §, such that for all W = (wy, ..., wy,) € Az,
we have

||T(f17f27"'a LS w)NHHfl LS (wq)»

where % = i—l—“-—i—i and w = Hzlw;
Then, for all weights U € Azz, for all b= (by,...,by) € BMO™, and for each
multi-index o, we have

(52) H[Ta b](l(flanvafm

Low) S H 165 l[Bno 1 /il

Lsi(v;)

s
where v := [, v

Assuming this result momentarily and adopting the notation introduced just

before Lemma 3.2 we let 5= (s1,...,5,,) with set s; = 7, 1 <i < m. Since r < 1
it follows at once that r; < s; for every 1 < i <m and
m m

1 1 1 1 1 1 1
s Ly TZ T r(r ) ,

Tm+1 Tm+1 Tm+ 1

Hence, ¥ < § and we can invoke Theorem 1.1 to show that

ey S TN
i=1

HT(f17f27 .- 7fm)
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for all & = (wy, ..., wy,) € Agr, where w =[], w?

At this point we observe that by construction s > 1, therefore Proposition 5.1
applies and we conclude that (5.2) holds for all ¥ € Az To remove the restriction
s > 1 we apply again Theorem 1.1 and (2.23), and (2.24) follows. The proof is
complete modulo that of Proposition 5.1. U

We state some auxiliary result similar to Lemma 3.2 (see [30, Theorem 3.6] for
the case "= (1,...,1)). Then proof is given at the end of this section.

Lemma 5.3. Let p'= (p1,...,pm) with 1 < p1,...,pym <00 and 7= (r1,...,Tmi1)
with 1 < ry,...,rme1 < 00 be such that ¥ = p. Set, for every 1 < i <m,

1—7r 1

1 _
91' T r 52

1
— >0
5 ?

TIM+

1
0;
where we are using the notation introduced before Lemma 3.2. Then the following
hold:

P2 9
(i) Given W = (wy,...,wn) € Agr, write w := [[Z,w. Then w" € Ai_ry
9 o Sl
with |w! <[]y, foreveryl <i<m, andw » € Ai- 1oy, with
1 A, D, 7 n+1
0
57n+1 _ 6m+1
[w P } < [t
Aq_ P
)
r m+
9 v
(17) Given w" € Aicrg,, 1 < i < m, write w = [[%, w” and assume that
m+1 5
wr € A= lorg Then W = (wy, ..., wy,) € Agr and, moreover,
1 m 0; 1
~ dm+17 5, 17 1%
e s VA VN 0 S
P Ai_ Cla,
7 Omt1 i=1 705

Proof of Proposition 5.1. The proof is a modification of [7, Proof of Theorem 4.13]
and we only point out the main changes. As there we introduce

|h(@)—hg|
|h]l o = sup ||h — hg|lexp Lo = sup inf {)\ >0 :][ <e o 1)(13: < 1} :
Q Q Q

Note that by the John-Nirenberg inequality ||h|smo < ||hllsmo < CullkllBMmo-
Without loss of generality, we assume that b;, 1 < ¢ < m, are real valued and nor-
malized so that ||b;||smeo = 1. By following the argument in [7, Proof of Theorem

4.3] with the Cauchy integral trick, given ¢ € Az we write v := [[}*, v, and one
can see that everything reduces to showing that for some appropriate v, ..., %, > 0

(to be chosen later) and for |z1| = 1, ..., |2m| = Ym, we have that @ € Az where

—Re(z1)s1b1

W= (Wi, ..., W) := (V1€ - - -, Umes,, ) = (Vi€ - ,vme*Re(Zm)s’”bm).
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9

5m+1

By Lemma 5.3(7), applied to ¥ € Az, it follows that v=s € Ai-r smsy and v €

%

Airy, or, equivalently, v; * € Air; for 1 <4 < m. Using [33, Lemma 3.28] for
any of these weights, there exists n > 1 with

Sm1 5 —dm — 01400050
0 ~ max{ [v E ] : [vi 1} e [vms’”] } < [a]extontmi}
Al*'r Al T Al*'r T

7 Om+41 701 7 om

so that the following reverse Holder inequalities hold:

1
<][ Uémsﬂndx) ’ < 2][ Uém;l dx
Q Q
RIAY _
(][ v d:v) < 2][ v, " dw.
Q Q

Writing w =[], w; , using the previous estimates and Holder’s inequality with
o= =1 we get

i=1s,

and, fori =1,...,m,

1

6m+1 m - _% i
(f w™aw) ™ T (f w; o)
Q - Q
Sy e fmiL O\ T Su b L

AN
T~
<Q\‘\.>

<

B

R

3

S
~

3
+ —
-
—3
Ve
- @&‘\»
<
=7
2|

QL

K

N
2

1—7r m
42> T v
< 27 ity vi [77]145,;’

where the last estimate holds provided

< 1 . {1 S }
; < —min 4§ —, ,
k ' 0i Omt15i
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and where we have used that for every 1 < g < 0o, A € R and h € BMO we have
that

(], < 4P tlmo, Al < min {1,q — 1}
Aa - |Mﬂ&Mo

)

see [7, Lemma 3.5]. We have eventually shown that @/ € Azz From here the
argument in [7, Proof of Theorem 4.13] goes through and we can conclude the
desired estimate, further details are left to the interested reader. U

Proof of Lemma 5.3. We start with (7). Note that in Lemma 3.2(i.1) we have
0; 0
already shown that w;* € Ai—., with [wf ] < [Qﬁ]?&ﬁa, for every 1 < i <
r Ot Alf'rg_ 5T

m — 1. Notice however that the proof works in the very same way for the case

5771
¢t = m. Thus, it remains to show that wr € Aivg .. To proceed let us
introduce Z := {1 <i<m:0;' #0}and ' := {1,...,m} \ Z. If Z = (), then

Lr — L and trivially

T 5m+1
Om+1 Sm41 Sm41 _Omt1
[w v } — [w » } = Sup( wp dx) esssupw(z)”  »
Al%rdmﬂ A1 Q Q 2€Q
5m+1 n — 5m+1 10 1
< sup ( wo d:c) H esssupw;(x)  » <[]yt
Q Ve =1 €Q :

Consider next the case Z # (). For i € Z let us set

m _ m+1 3 B B
() i) )

J

and note that ) . ; ni = 1. Then Holder’s inequality easily leads to the desired
estimate:

Smt1 Sm+1 Sm+1 1—7r / $6m+1_1
[w a } = sup <][ wr dx) <][ wr (1_(75m+1))da:>
Atcrs,, @ Ve Q
Sm41 % 75m+1 1 Sm+1
< sup (][ w e da:) (][ Hw- piti da:) Hesssup w;(x) 7
Q Q ez

Q p €@
5m+1 m+1 6m+1
< sup (][ wop dm) (H (][ P das) ) H esssupw;(x)  7i
@ Ve ez V@ ierr *€Q
O
< i’y

and this completes the proof of (7).

Let us now obtain () Assume first that Z = (), thus for every 1 < i < m we
have 6; ' = 0 and 6; = = 0;ur1- Then Holder’s inequality gives
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. 1 Sm+1 mé,,ln - 9*1% mé,,i
essinfwr < <][ wmp da:) = <][ | wal d;z:) i
Q Q Qo
i=1

and thus

5 1om
(W] 4, . = sup <][ W dx) P H ess sup wl(x)fpi
Q

i—1 T€Q

IN

1
Sm417 5 1 _1
[w z } m+1(essmpr Hesssupwl( ) P
A « i=1 T€Q

< [ T ]

Next we consider the case when Z # (). Set

11— 1_7”24;51 L,
9m+1 ' r (5m+1 j=1 5]' 6m+1 ’

Since, S % = M Holder’s inequality easily gives
1= (f w

m(1l—r)
—r) wp m(l T) dx)

7‘

_1
pm

1 m m(l—r)
— (f v TTuf ™ as) ™
i=1
9 1
(v ) = LT (f i)
Q i=1 Y@

a1
Q

i=1

@\’\@\'\

IA

1
0;

This and our assumptions give the desired estimate

St _1 N
[IU}A@F = sup <][ w P dx) Sm+1 <H <][ Rz d:l:‘) ) H ess sup w; () P
@ Ve ez Y@ e TEQ
St ﬁ ﬁ ZJ +
Y R
Al TS A1,T9

7 Om41 1=1 9

1
X sup (][ wémpﬂ(l—(lfémﬂ)’)d:c) P
Q Q

(%6771«%1_1)

=1

VAN
| —
g
3%
I
—_
el
*
&
%)
—_
> 9=

i+

1

i o L

o 5 el IR . o

< | | <][ wfldx> < [wi‘”]A esstfwfl
. . 1

’
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This completes the proof. Il
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