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BOTT-CHERN BLOW-UP FORMULA AND BIMEROMORPHIC
INVARIANCE OF THE 00-LEMMA FOR THREEFOLDS

SONG YANG AND XIANGDONG YANG

ABSTRACT. The purpose of this paper is to study the bimeromorphic invariants of compact
complex manifolds in terms of Bott-Chern cohomology. We prove a blow-up formula for
Bott-Chern cohomology. As an application, we show that for compact complex threefolds
the non-Kéhlerness degrees, introduced by Angella-Tomassini [Invent. Math. 192, (2013),
71-81], are bimeromorphic invariants. Consequently, the 09-Lemma on threefolds admits

the bimeromorphic invariance.

1. INTRODUCTION

Let X be a complex manifold then it admits a huge space of smooth Hermitian metrics.
In general, to study the geometry and topology of X it is of usefulness to pick a special
Hermitian metric on X, such as the K&hler metric and the balanced metric. Among these
metrics, the most distinguished ones on complex manifolds are Kéhler metrics. In the past
decades, there have been extensive study of Kéhler geometry from differential and algebraic
geometry points of view. The existence of a Kahler metric on a compact complex manifold
implies many special topological consequences, and one of them is the 99-Lemma. According
to the real homotopy theory, a direct result of the 90-Lemma is that the real homotopy type
of a compact Kéhler manifold is a formal consequence of the de Rham cohomology ring (cf.
[17]). Following the notion of Popovici [37], we say that a compact complex manifold X is a
00-manifold if the 00-Lemma holds on X. It is noteworthy that the class of 0-manifolds
consists of Moishezon manifolds and compact complex manifolds in the class C of Fujiki,
which are not Kéhler in general (cf. [33, 24]). On one hand, a great number of examples of
00-manifolds that are known so far carry the balanced metrics. On the other hand, there exist
many examples of balanced manifolds on which the 99-Lemma does not hold, for instance,
a classical example is the Iwasawa manifold (cf. [7]).

In complex geometry, there exist two important geometric operations: modification and
deformation. These operations provide us with useful methods to produce new complex
manifolds from the original ones. In 1960, Hironaka [27] constructed a compact non-Kéhler
threefold X, with a modification f : X — CP3, on which the 0-Lemma holds. This means
that the Kéhler metric on a compact complex manifold is not preserved by modifications. On
balanced metric, Alessandrini-Bassanelli [5, 6] proved that the balanced structure is stable
under modifications. Moreover, Popovici [36] showed that the strongly Gauduchon (sG)

structure on a compact complex manifold admits the stability under modifications. On the

Date: September 25, 2018.
2010 Mathematics Subject Classification. 32Q55; 32C35.

Key words and phrases. Bott-Chern cohomology, blow-up, bimeromorphic invariant, 89-Lemma.
1


http://arxiv.org/abs/1712.08901v3

2 S. YANG AND X. YANG

small deformations of Kéhler manifolds, a classical result of Kodaira-Spencer [29] shows
that small deformations of a compact Kéahler manifold remain Kéhler; see also Rao-Wan-
Zhao [38, 39] for a new proof. The example of Iwasawa manifold shows that the balanced
structure is not preserved under small deformations (cf. [4]); whereas, it is stable under small
deformations when the manifold satisfies some versions of the dd-Lemma (cf. [23, 38, 50]
etc). Particularly, the d0-Lemma itself admits the stability under small deformations (cf.
[48, 50, 12]).

Assume that X and X are two compact complex manifolds with the same dimensions and
let f: X — X be a modification. According to a result of Deligne-Griffiths-Morgan-Sullivan
[17, Theorem 5.22], we know that if the d9-Lemma holds for X then so does for X (see also
[18, Theorem 12.9]). Conversely, it is natural to consider the following question (see also [3]):
if the d9-Lemma holds for X, then whether it also holds for X? In general, modifications

are special cases of bimeromorphic maps, we have the following

Problem 1.1. Is the 0-Lemma a bimeromorphic invariant of compact complex manifolds?
Here the bimeromorphic invariance means that if f : X --» X is a bimeromorphic map of

compact complex manifolds then the d9-Lemma holds on X if and only if so does on X.

In 2002, Abramovich-Karu-Matsuki-Wlodarczyk [1, Theorem 0.3.1] proved the Weak Fac-
torization Theorem which asserts that any bimeromorphic map of compact complex mani-
folds f : X --» X can be decomposed into a finite sequence of blow-ups and blow-downs with
smooth centers. Therefore, to prove the bimeromorphic invariance of the 99-Lemma, it is
sufficient to show that the d0-Lemma is stable under blow-ups. From cohomogical point of
view, Angella-Tomassini [12] showed that the validity of the d9-Lemma on a compact com-
plex manifold can be characterized by Bott-Chern cohomology. This implies that to prove
that the blow-up of a d0-manifold satisfies the d0-Lemma we need a blow-up formula for

Bott-Chern cohomology. Using a sheaf-theoretic approach, we prove the following result.

Theorem 1.2. Let X be a compact complex manifold with dimec X = n. Assume that Z C X
1s a closed complex submanifold such that codimc Z = r > 2. Then we have the following

isomorphisms:

(i) HR&(X) = HRL(X) EB(H%%(E)/(WIE)*H%%(Z)>, for 1<p,q<n;

(ii) Hpd(X) = HRL(X), forp =0 or g =0.
Here 7 : X — X is the blow-up of X along Z and E = 7 Y(2) is the exceptional divisor.

Note that on compact complex surfaces the 90-Lemma, the balanced condition, and the
Kahler condition are equivalent; however, if the complex dimension is larger than 2 those
conditions are not equivalent sharply. In particular, there exist examples of compact balanced
manifolds on which the 99-Lemma does not hold. Besides, all 90-manifolds known so far
are balanced manifolds, and hence this leads to a conjecture that every d9-manifold carries a
balanced metric (cf. [37, 40]). In 2012, Fu-Li-Yau [22, Theorem 1.2] proved that each Clemens
manifold has a balanced metric; moreover, recently Friedman [20, Theorem 3.10] showed that
for a general Clemens manifold the 9-Lemma holds. In their paper [12], Angella-Tomassini

introduced a series of numerical invariants called non-Kdhlerness degrees for compact complex
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manifolds. As an application of Theorem 1.2, we consider the bimeromorphic invariance of
non-Kahlerness degrees for compact complex threefolds and we give a definite answer to

Problem 1.1 in this case.

Theorem 1.3. Let f : X --» X be a bimeromorphic map of compact complex threefolds.
Then for any k € {0,1,2,3,4,5,6} the k-th non-Kdhlerness degree of X is equal to the k-th
non-Kdihlerness degree of X. Moreover, X is a d9-manifold if and only if X is a 8d-manifold.

It is well-known that (p,0)- and (0, ¢)-Hodge numbers are bimeromorphic invariants of
compact complex manifolds (see [41, Corollary 1.4] for a uniform proof). Due to the sym-
metric property of Bott-Chern cohomology the (0, ¢)-Bott-Chern number equals to the (g, 0)-
Bott-Chern number. Analogously, on the (p,0)-Bott-Chern number for a compact complex
manifold X, a natural problem is:

Problem 1.4. Does the (p,0)-Bott-Chern number admit the bimeromorphic invariance?

As an application of the second part of Theorem 1.2, we show that the (p,0)-Bott-Chern
numbers of a compact complex manifold are bimeromorphic invariants (Corollary 3.6).

An outline of this paper is organized as follows. We devote Section 2 to the preliminaries of
Bott-Chern cohomology and the cohomological characterization of the 99-Lemma on a com-
pact complex manifold. In Section 3, we prove a blow-up formula for Bott-Chern cohomology.
In Section 4, we show that the non-Ké&hlerness degrees of threefolds are bimeromorphic in-
variants. Finally, in Section 5 we give a brief remark on the bimeromorphic invariance of
00-Lemma on compact complex manifolds in general.

Recently, we were informed that, using different techniques, D. Angella, T. Suwa, N. Tar-
dini and A. Tomassini also proved the stability of the 99-Lemma under blow-ups with centers
satisfying the 90-Lemma and having holomorphically contractible neighbourhoods [10, Theo-
rem 2.1]. The approach in [10] is a Cech cohomology theory for Dolbeault cohomology which

gives rise to a more topological method from a complimentary point of view.
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2. PRELIMINARIES

2.1. Cohomologies of complex manifolds. Assume that (X,.J) is a compact complex
manifold of complex dimension n. Let A¥(X;C) denote the space of C-valued differential

forms of degree k on X. The complex structure J determines a decomposition of the exterior
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differential d = 0 4 0; moreover, it induces a natural decomposition of the complexified

cotangent bundle
TEX =T"X & T X.
The decomposition above gives a decomposition on the space of differential forms
A(X;0) = @) A(x;0),
p+q=k
where AP7(X; C) is the space of smooth (p, ¢)-forms on X. Furthermore, we get a natural bi-
differential Zy-graded algebra, namely, the double complex of X denoted by (A**(X;C); 9, 0).
In particular, there are several important cohomologies X associated to (A**(X;C);0,0) as
follows (cf. [19, 14, 2]).
e The de Rham cohomology
ker d

imd’

HJR(X§C) =

e The J-cohomology and Dolbeault cohomology

ker 0 ker O
HY*(X):=——, HY*X):= =;
o ( ) 1m3 ’ o ( ) 1m6’
e The Bott-Chern cohomology and Aeppli cohomology
ker O N ker 0 ker 00
H?? (X)) = ———n—, HYX)i=—.
5o(X) imoo ' A %) im0+ 1imad

From definition, the Bott-Chern and Aeppi cohomology admit the symmetric property by
complex conjugation.

It is noteworthy that all the above cohomologies can be thought of as bi-graded algebras
over C with respect to the wedge product. In particular, the identity map induces the

following natural maps of bi-graded C-vector spaces

HEe(X) (2.1)

N

Hy*(X)  H3p(X;C)  H(X)

~ 7

HY"(X)
In general, the maps in (2.1) are neither surjective nor injective. If the natural map
HpL(X) = Hyjp(X;C)

induced by the identity is injective, then we say that X satisfies the 90-Lemma. In addition,
we have the following proposition (cf. [17, Proposition 5.17]).

Proposition 2.1. Let X be a compact complex manifold. Then the following conditions are
equivalent.
(i) The map Hyl(X) — Hys(X;C) is injective.

(ii) All the maps in (2.1) are isomorphisms.



(iii) The following equation holds on the space of C-valued differential forms

ker & Nker O Nimd = im 90.

If X is a Kéhler manifold or more general a d0-manifold then the Bott-Chern/Aeppli
cohomology coincide with the Dolbeault cohomology via the maps in (2.1). In non-Kéahler
complex geometry, the Bott-Chern/Aeppli cohomology play important roles. According to
the Hodge theory on compact Hermitian manifold we know that the de Rham and Dolbeault
cohomology of a compact complex manifold are finite dimensional. Analogously, Schweitzer
[43] established the Hodge theory for Bott-Chern and Aeppli cohomology. Given a Hermitian
metric h on X then we can construct two 4-th order elliptic self-adjoint differential operators

Apc = (00)(00)* + (80)*(D) + (9*9)(*d)* + (0*0)*(9*9) + 0*D + %0
and
Ay = 00" + 00" + (00)*(90) + (80)(90)* + (00*)*(DD*) + (90*)(dD*)*.
Moreover, we have
Hpt(X) 2 ker Ape and HY® 2 ker Ay,

It follows that the Bott-Chern and Aeppli cohomology of a compact complex manifold are
finite dimensional. In addition, the Hodge star operator with respect to the Hermitian metric

h induces a duality
x: HB9(X) — HP"9(X) (2.2)

for every p,q € N.

Consider the relationship between the de Rham and Dolbeault cohomology of X. There
exists a spectral sequence {E,, d,} of the double complex (A**(X;C);d,d), called the Hodge-
FErélicher spectral sequence starting from the Dolbeault cohomology

E{Lq — Hg’q(X)
and converging to the graded module associated to a filtration of the de Rham cohomology
EP1 = Gr HY}(X;C) = HYF(X;C).
Moreover, this gives rise to the famous Frélicher-inequality [21]:

> dime HY(X) > dime Hfz(X;C),
p+q=k
for any 0 < p,q < n. As an analogy, Angella-Tomassini [12] proved a Frolicher-type inequality
which links Bott-Chern and Aeppli cohomology to de Rham cohomology and provides a new
characteristic theorem of the 90-Lemma.

Theorem 2.2 ([12, Theorem A and Theorem B]). Let X be a compact complex manifold.
Then, for every k € N, the following inequality holds

> (dime HEE(X) + dime H}4(X)) > 2dime Hp(X; C). (2.3)
ptq=Fk

Moreover, the equality in (2.3) holds for every k € N if and only if X satisfies the 00-Lemma.
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For any (p,q) e Nx N, k€ Nand t € {0,0, BC, A} we define

hy®(X) = dime H*(X) and  hf(X):= Y dime H}'(X).
p+q=k

Especially, we denote the k-th Betti number of X by

br(X) := dime H5R(X;C).

Definition 2.3 (Non-Kéhlerness degrees). For a compact complex manifold X of complex
dimension n, and for any k € {0,1,--- ,2n} the k-th non-Kdhlerness degree is defined to be

the non-negative integer
AMX) = Bl (X) + e ™ (X) — 2b,(X).

In particular, we have A¥(X) = A?"~#(X) and A® = A?" = 0; therefore, the only non-trivial
non-Kihlerness degrees are AF(X) for k € {1,2,---2n — 1}.

Equivalently, a quantitative characterization of the 99-Lemma on compact complex man-

ifolds is stated as follows.

Theorem 2.4 ([11, Theorem 3.1]). A compact complex manifold X satisfies the 00-Lemma
if and only if, for any k € N, there holds
Y (WRE(X) = HI(X) = 0.
ptq=k
The revised non-Kdahlerness degrees of X is defined to be the following integers:
N¥(X) = P (X) = (X)) = Wi (X) = W (X)) € Z,

where k € {0,1,--- ,2n}. From definition, we get N¥(X) = —N?"~*(X); moreover, we have
the following equivalent conditions (cf. [12, 11]):

(i) X satisfies the 09-Lemma;
(i) N¥(X) =0 for any k € {0,1,--- ,2n};

(iii) A¥(X) =0 for any k € {0,1,--- ,2n}.

From the bimeromorphic geometry point of view, it would be interesting to confirm whether
the non-Kéhlerness degrees of a compact complex manifold are bimeromorphic invariants. It
is noteworthy that for any compact complex surface the non-Kéhlerness degree Al is always
zero and A% = 0 if and only if the surface is Kihler (cf. [8]). In addition, if the surface is
non-Kihler then A% =2 (cf. [13, 46]).

2.2. Bott-Chern hypercohomology. Assume that (X, J) is a compact complex manifold
with dim¢ X = n. Let éa;é’t be the sheaf of germs of differential (s, ¢)-forms on X.
For a fixed bidegree (p, q) such that ¢ > p > 1, let k = p + q. We can define the following
sheaves
L= P & for 1<k-2

s+t=lI,
s<p,t<q

and
Lt = P sy for 1>k

s+t=lI,
s>p,t>q
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Observe that .,?;?72 = éa)z;*l’qfl and X)l?*l = &%7. We define the operators acting on £y by
setting
oi=d: Ly — LI,
for | # k — 2 (in the case of [ < k — 3, we neglect the components which fall outside .,Sf)l(ﬂ),
and
k=2 ._ 95 . cok—2 k—1
0TTi=00: Ly T = Ly .

Since §t! 0 §' = 0 for any i > 0, we get a sheaf complex Ly as follows

d 89 d d

d k—3 k—2 k—1 k
- — 5 Ly Ly L5

From definition, we have HR&(X) = H*1(£%(X)). The (p, q)-Bott-Chern hypercohomol-
ogy of X is defined to be the (k — 1)-th hypercohomology of £y, i.e.,

HFY(X, 2%) == RFID(X, 2%),

where RF~IT'(X, —) is the right derived functor of the global section functor T'(X, —). Because
L% is a complex of fine sheaves the following lemma holds (cf. [18, Chapter VI, §12]).

Lemma 2.5. Let X be a compact complexr manifold. Then for the fixed bi-degree (p,q) we
have

HPA(X) 2 HPTH(X, .2%).

Let QlX (resp. le) be the sheaf of holomorphic (resp. anti-holomorphic) p-forms and
Cx the constant sheaf on X. There exist two sheaf complexes of holomorphic and anti-

holomorphic forms

0—~0x 20y %... Lot —0, 00y 20 % 20

moreover, we can define a new sheaf complex .#%:

~ 0+0 ~ _ _ _ _
0—>(9X+(9X—>Q§(@Q}(_>..._>Q§(1@Q§(1_>Q§(_>”‘Qg(1_)0‘
Similarly, we have a sheaf complex %%:

O»CX(:)OXEB@X —>Q§@Q§( — .. —>Q§(_1@Q§(_l —>Q§( —>---Qg(_1 — 0.
(2.4)
It is of importance that the inclusion .y C Z5 and the morphism %% — Z5[—1] are
all quasi-isomorphic, where .#g[—1] := /% ! (cf. [18, Lemma 12.1] or [43, Proposition 4.2,
4.3]). Consequently, by Lemma 2.5 we get the following isomorphisms.

Proposition 2.6. HYY(X) = HPTo- (X, Zy) = HPH-L(X,.78) = HPHI(X, B%).

3. BLOW-UP FORMULA OF BOTT-CHERN COHOMOLOGY

The purpose of this section is to give the proof of Theorem 1.2. Throughout of this section
we assume that X is a compact complex manifold with dimcX = n and ¢ : Z — X be a
closed complex submanifold with codim¢Z =r > 2. Set U = X — Z.
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3.1. Case of 1 < p,q < n. Due to the symmetric property of Bott-Chern cohomology we
only need to consider the case of ¢ > p > 1. Recall that the space of sections of the constant
sheaf Cx over an open subset V' is

I'(V,Cx) ={f:V — Clocally constant function}.
We define a surjective morphism of sheaves y : Cx — ¢.Cz by setting
x(V):T(V,Cx) — TI'(V,u.Cz)=T(VNZCy)
f = flvnz,

for any open subset V' C X such that V' N Z # (), and zero map otherwise. Then there is a
short exact sequence of sheaves

0 Ko Cx X 1xCyz ——0 (3.1)

where Ky is the kernel sheaf of x.
For any integer 0 < s < n and any open subset V' C X we can define a morphism

e(V):T(V,Q%) — T(V,uQ3) =T(VNZQy)
a = (wvnz)'a,
where tynz : VN Z — V is the holomorphic inclusion and therefore we get a sheaf morphism
¢ Q% = 1.

Set K% = ker (¢). Then we have the following sequence of sheaves; for s = 0 it is the structure

sheaf sequence.

Lemma 3.1. The following short sequence of sheaves on X is exact

®

0 K5 03, 182, 0. (3.2)

Proof. We only need to show that the sheaf morphism ¢ is surjective. By definition, the stalk
of the direct image 1., at a point = is (2%), if € Z and zero otherwise. It follows that
the map of stalks ¢, : (2% )z — (¢xQ%)z is zero map if z € U. The remaining thing to do in
the proof is to verify that for any « € Z the morphism of stalks

Pzt (V)2 = (L027)0
is surjective. Let (W21, 22, -, 2,) be a local coordinate chart of x such that
WnZ={zp—py1=+-+=2,=0}
Then there exists a holomorphic projection given by
W = WnZ,
(217 c.. 7Zn) — (217 c.. 7Zn—r)-

For any germ «, € (1.0%), we can choose a representative (V,«), here « is a holomorphic
p-form on V N Z. Particularly, we can choose V small enough such that V' C W and then
the restriction of 7 on V gives rise to a holomorphic map 7y : V — V N Z satisfying
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Ty o tynz = idynz. Let 8 = (1v)*(«), then (V, ) represents a germ, denoted by £, in the
stalk (€2%)g. From definition, we get

(tvnz)* B = (wnz)*((1v) () = (1v o tvnz)*(a) = a.
It follows that ¢, (8;) = a,, namely, @, is surjective. O

Taking the complex conjugation of (3.2), we get the the anti-holomorphic sheaf sequence

0 Kt Qf —2= 1,08, 0, (3.3)

for any integer 0 < t < n. Since the direct image functor ¢, commutes with the direct sum

we derive a short exact sequence by taking direct sum of (3.2) and (3.3)
_ _ DG _
0 — K3 & K —= Q5 @ O 5% 1, (03 00f) — 0. (3.4)

Observing that both operators @ and @ commute with the pullback of holomorphic maps and

L« is an exact functor, we get the following commutative diagram from (3.4)
0— K5 oKy —= Q5 a0 —— (038 0Q)) —=0 (3.5)
a@al 8@al a@al
0— KoK — 05 e O — w3 e 0 —o.
By the definition of the sheaf complex (2.4), the sequences (3.1) and (3.5) implies

Proposition 3.2. For g > p > 1, there is a short exact sequence of sheaf complexes

0 AR B, 7 ——) (3.6)

where J'g is the sheaf complex

+,— _ _ _ — — o
ICU(—>)IC§(@IC§(—>IC}(@IC}(—>---—>IC§(1@IC§(1—>IC§(—>---IC§(1—>O. (3.7)

To prove the theorem we need the following basic result from homological algebra.

Proposition 3.3. Consider a commutative diagram of two exact sequences of complex vector

spaces
e A A

ek el

g1 g2 gs
-—>Bl—>B2—>B3—>B4—>---

Assume that i1, i4 are isomorphic, and iz, i3 are injective. Then there is a natural isomor-
phism

By = Ay <B3/’L3(A3)) .
Proof. By the hypothesis, io and i3 are injective and therefore we have

By = Ay @ coker iy, B3 = A3 @ cokerig.

The commutativity of the second square implies g2(im(i2)) C im(i3) and therefore there exists

a well-defined morphism of cokernels

go : coker 75 — coker i3.
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The injectivity and the surjectivity of go can be obtained by the standard argument of

diagram-chasing. O
We are now in a position to prove the first part of Theorem 1.2.

Proof of Theorem 1.2 (i). Recall that X is a compact complex manifold with dim¢ X = n,
t: Z < X a closed complex submanifold such that codimcZ = r > 2 and U = X — Z the
complimentary open set. Assume that 7 : X — X is the blow-up of X with the center Z.
Let E :=7~'(Z) be the exceptional divisor and U := X — E. Then the restriction map

TG :U—=U
is biholomorphic. Moreover, we have a commutative diagram

Bl X (3.8)

where 7 : E < X is the inclusion.
Due to the symmetric property of Bott-Chern cohomology we only consider the case of
g > p > 1. For any bi-degree (p, q) satisfying ¢ > p > 1 we can construct the following short

exact sequence of sheaves on X similar to (3.6)

0 A3 2, 7 —} (3.9)

where Z¢ and Ay are defined as (2.4), and ¢ is the counterpart of (3.7) on X.

Note that 7 : X — X is a proper holomorphic map the pullback 7* of holomorphic forms
induces a morphism (over 7) from 2% to Q}, and also a morphism from Q3% to Q}; moreover,
the blow-up diagram (3.8) gives rise to a commutative diagram for the long exact sequences

of hypercohomologies associated to (3.6) and (3.9), respectively.

= HPR(X, ) — HPH(X, %) — HPH(X, 0, ) — B (X, ) —

e e

c— HP(X, 2) — HPT(X, ) — HPT(X, 1. By) — HPTITH (X, 2) — -
(3.10)
Because the direct image functor ¢, is exact and RI'(X,t.(—)) = RI'(Z, —), by Proposition
2.6 we obtain
HPT (X, 1 By) = W2, BY) = HE(Z),
also by Proposition 2.6 we have HPT9(X, #%) = HpL(X). As a result, (3.10) becomes
- HPH(X, ) — HEA(X) — HE(Z) — P (X, R) — - (3.11)
W*l ﬂ*l (WE)*L ﬂ*l
B, ) HYL(R) —~ HRL(E) —~ EP(R, o) -

We claim the following result and give its proof at the end of this subsection.
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Lemma 3.4. For any k € N, the morphism
™ HNX, ) — HY (X, 2)
s isomorphic.
From (3.11) and Lemma 3.4, we derive the commutative diagram

= EPH(X, ) — HRL(X) — HRL(Z) — P (G 0) — o (3.12)

w*lE ﬂ*l/ (7T|E‘)*L n*l%

= HPH(R, ) — HE(X) — HRL(E) — BPFH(R, ) — o

Since 7 : X — X is a proper and holomorphic map the induced morphism

™ HRL(X) — Hpd(X) (3.13)

is injective (cf. [18, Theorem 12.9] or [9, Theorem 2.4.]) and so is the morphism

(vlg)" : Hgt(Z) — Hpd(E) (3.14)
by the Weak Five Lemma [30, Chapter 1, §3]. Applying Proposition 3.3 to (3.12), we obtain

coker (3.13) = coker (3.14),
which means

HEE(X) = HRL(X) @ (HEL(E)/ (rlp) HE(2) ).

The proof of Theorem 1.2 (i) is now complete. O

Remark 3.5. Note that the hypercohomology groups of a sheaf complex are canonically iso-
morphic to its Cech hypercohomology groups on manifolds (cf. [16, Theorem 1.3.13 (3)]). The
diagram (3.10) is actually equal to a diagram of Cech hypercohomology groups whose com-
mutativity can be also verified directly, because all morphisms are induced by the pullback

of differential forms.

Finally, we turn to the proof of Lemma 3.4.
For the pair (X, Z), there exist two surjective sheaf morphisms y : Cx — .Cz and
v: &% — 1, & defined by setting
L(V,Cx) = T(V,uCz), f+~ flvnz,
and
DV, &%) = T(V, 0. &), a— (tynz) e,
for any open subset V C X such that V N Z # (), and zero map otherwise. Let Ky and ICZU
are the kernel sheaves of x and v, respectively. It can be directly verified that K, is a fine
resolution of Ky, and hence the sheaf cohomology of Ky is isomorphic to the cohomology
of the complex (I'(X,K(;),d) called the relative de Rham cohomology. Moreover, by [31,
Proposition 13.11], we have
Hl(X’ ’CU) = H(liR(X’ Z) = HélR,c(U)’

where H'n(X,Z) is the I-th relative de Rham cohomology in the sense of Godbillon [25,
Chapitre XII] and H, é r.c(U) is the I-th compactly supported de Rham cohomology of U.
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Proof of Lemma 5.4. Recall that the sheaf complex £y is defined to be

(

Ko

Ky @Ky - Ky oKy - = K5 ok - K — K —o.

The sheaf Ky can be viewed as a complex concentrated in degree 0. Denote % be the sheaf

complex
_ — —-1 —p—1 — —q—1
0 =K,k =KLaoky - =K oKy =Ky — KLY —0.

Note that the following diagram is commutative

We obtain a short exact sequence of sheaf complexes

0 — D%[-1] He Ku 0,
and hence a long exact sequence of hypercohomologies:
— H'"Y(X,Ky) — H(X, 2%[-1]) — H(X, #y¢) — H¥X,Ky) — HTHX, 2% [-1]) —
which equals to
- — HYX, Ky) = H-YX, 2%) — HY (X, #¢) — H(X,Ky) = H(X,2%) — -

Similarly, for the sheaf complex 7. 5; with respect to the pair (X' , E), there is a long exact

sequence
- H'7N(X, Ky) = H-Y(X, 2%) — (X, #¢) — H'(X,Kp) = H(X,2%) — -
Akin to (3.10), the blow-up diagram (3.8) induces a commutative diagram:
> H7Y(X,Ky) = HY(X, 2%) - H/(X, #¢) - H(X,Ky) -~ H(X, 2%) — - -
S
= HITY(X KCp) = HEY(X, 2%) = HY(X, £2) = HY(X,Ky) = H/(X, 2%) - -
(3.15)

On one hand, we have

H'(X,Ky) = Hyp (U) and H'(X,Ky) = Hig (U), for any [ €N.
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On the other hand, 7 : U — U is biholomorphic. This follows that 7% in (3.15) is isomorphic.
Now we claim that 77, is also isomorphic. Note that H(X, 7%) and H(X, Z%) are iso-
morphic to the total cohomologies of the bounded double complexes (K}';Dl,Dg) and
(K}';Dl,Dg), respectively (see Appendix A.1). According to [15, Theorem 14.14], there
exists a spectral sequence {E,,d,} converging to the total cohomology H (K% ) such that

it )t (] ;O\ ~v

EY" = Hp (KY) = H'(KY) = H'(X, 7%).
Likewise, the double complex (K};‘; Dy, Dg) admits a spectral sequence, denoted by {E’r, cir},
with the first term

St )t L] ;O\ ~v "

By = HY (KY) = HU(KY) = H(X, 25),
which is converging to the total cohomology H (K%).

Consider the Godement resolution .@;l( — G%°*. Then the r-th higher direct image is

RTW*‘@;{ = A" (7.G>*). By Lemma A.2, we have RTW*.@;( =0 forr>1,ie., A" (m.G>*) =

0. Equivalently, this means that 7,G%® is an exact sheaf complex and hence a flasque reso-
lution of .@)“i(. As a result, by definition, we derive the canonical isomorphisms

H(X,7,2%) = H(T(X,7,.G**)) = H(I'(X,6**)) = H(X, 7%). (3.16)

From Lemma A.2; we have the isomorphism 7* : 2§ — 77*.@;2, which induces an isomor-

phism of sheaf cohomologies
™ H (X, 2%) — H (X, m.2%). (3.17)

Observe that the morphism of double complexes 7* : K{* — K}é’ induces a morphism of
the total cohomology groups 7* : H(K%) — H (K}() and a morphism of spectral sequences
7 E, — E, for any r > 1. From (3.16) and (3.17), we get an isomorphism

m* HY(X, %) — H'(X, 2%)

for any 0 <t <mand 0 < s < ¢ — 1. This implies that 7} : £} — Fy is isomorphic. Due
to [26, Theorem 6.4.2], we get m is isomorphic for any r > 1; furthermore, the induced
morphism of the total cohomologies for the simple complexes is isomorphic, i.e., 77, is an
isomorphism.

As the morphisms ﬂzi] and 77, in (3.15) are isomorphic, from the standard Five Lemma, so
is the middle one 7*. We have thus proved the lemma. O

3.2. Case of p =0 or ¢ = 0. Due to the symmetric property we have H%’g(—) = H%’g(—)
and therefore in the following we shall prove H g’g(f( )= H gg(X ). The result can be proved
by the same way as used in [47, Proposition 1.2] or [35, Proposition 4.1 of Chapter 1].

Proof of Theorem 1.2 (ii). From definition, we have
70 % ~ % A
HY (X)) ={ae I‘(X,Q?() |0a =0}

and

HE(X) = {a € T(X, Q%) |0a = 0},
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Put U =X—Zand U = 7' (U). Let j : U — X and j : U — X be the associated
inclusions. Note that 7 is a proper holomorphic map. It follows that the morphism

7 HY2(X) — HBA(X) (3.18)
is injective and hence h’goc()? ) > h’gOC(X ). The next thing to do in the proof is to show that
(3.18) is surjective, namely, hfg%()z) < h’gOC(X).

Since 7| : U — U is biholomorphic we get an isomorphism
0 (77 ~ 77D,0
Hpe(U) = Hie(U). (3.19)

The inclusion j induces a restriction morphism

= 0/ 0 /77

g HRA(X) = HEA(U). (3.20)

We claim that (3.20) is injective. If the assertion was not true, then there exists a nonzero 0-
closed holomorphic p-form on X would vanish on the nonempty open subset U = X — E, and
this leads to a contradiction. Using the same argument above, we can verify the injectivity
of
J* HGR(X) = H(U),

Let a € Hg’g(U ), which is a d-closed holomorphic p-form on U. Note that codimcZ > 2, by
the Hartogs Extension Theorem « extends over Z and we get a holomorphic p-form 5§ on X
such that g|y = a. Let ¢ = 9, then ¢ € T'(X, Ql;rl). Observe that the restriction map

5% HEE (X)) — HEEO(U)
is injective and (|y = da = 0 we get ¢ = 0. This means 3 € H%’g(X) and therefore
j* Hgg(X) — Hgg(U) is surjective; moreover, we get
0 ~ 0
HEL(X) = HBL(U). (3.21)
Combining (3.19), (3.20) and (3.21) we obtain h%%(X) < h%%(X). O

Due to the Weak Factorization Theorem (see Section 4, Theorem 4.3), if an invariant of
compact complex manifolds is stable under the blow-ups then it is a bimeromorphic invariant.

As a direct result of Theorem 1.2 (ii), we get the following result.

Corollary 3.6. If X andY are two bimeromorphically equivalent compact complex manifolds

with the complex dimension n, then for any 0 < p < n we have

Bse(X) = Wi (V).
3.3. Pointed blow-up. If Z = {pt} is a single-pointed space, then we have
Corollary 3.7.

HE9(%) = HYL(X)®C, 1<p=q<n-—1;
Be HYL(X), otherwise.

Proof. As Z = {pt} the exceptional divisor E is biholomorphic to CP"~!. Note that
HEL(E) = HEY(CP" 1), we have H2(pt) = C and HZZ(pt) = 0 for other cases. Ob-
serve that the de Rham cohomology ring of CP"~! is

Hjp(CP"1C) = Clz]/(a").
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Because of the Hodge decomposition, we get that the cokernel of the morphism
(m|lp)*: Hg’q(pt) — Hg’q(E)

is zero when (p, q) = (0,0) and isomorphic to H5“(CP™~!) when (p,q) # (0,0). This com-
pletes the proof. O

As an application of Corollary 3.7, we can prove the following result.

Proposition 3.8. Assume that X is a 0-manifold of dimcX = n. Let 7 : X — X be the
blow-up of X at a point. Then X is a dd-manifold.

Proof. According to Corollary 3.7, we get

W () = Wpo(X)+1, ifl<p=qg<n-1 (3.22)
Be PR (X),  otherwise.

For any 0 < k < 2n, using (3.22), the k-th revised non-Kéhlerness degree of X is
NMX) = RHhe(X) - hEEM(X)
= > (WREE) — W)

p+q=k

= Y (ML) - REP"TUX))
p+q=k

= hho(X) - hEgH(X)

= NF¥X).

Because X is a 0-manifold we have N*(X) = 0, and hence N¥(X) = 0. Thus we arrive at
the conclusion. 0

Remark 3.9. Compare also [10, Example 2.3] for another different proof of the stability of
the 9-Lemma under the pointed blow-ups. In particular, in [10] the authors consider the
orbifold case [10, Theorem 3.1] and construct some new dd-manifolds [10, Example 3.2].

Remark 3.10. By the duality (2.2) the blow-up formula in Theorem 1.2 is equivalent to
H) PA(X) = Hy (X @ ("B (rle) Hy " (2))

and this gives rise to a blow-up formula of Aeppli cohomolgy groups. In particular, Alessandrini-

Bassanelli [6] proved the following formula
Ll % * 771,1 *
Hy ' (X) = m Hy'(X) @ H(Z)((E)),
where H is the sheaf of germs of pluriharmonic functions.
4. NON-KAHLERNESS DEGREES OF THREEFOLDS

In this section we study the bimeromorphic invariance of non-Kéhlerness degrees of com-

pact complex threefolds.

Definition 4.1. Let X be a compact complex space with dimcX = n. A modification of X
is a proper holomorphic map f : X — X satisfying:

(i) X is a compact complex space with complex dimension n;
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(ii) there exists an analytic subset S C X of codimension > 2 such that
f:X-FE=X-S5
is a biholomorphism, where E := f~1(9) is called the exceptional set of the modifi-

cation;

and then clearly f(X) = X.

It is important to notice that the blow-up of a compact complex manifold with a smooth
center is a special example of modifications; meanwhile, the modifications are bimeromorphic

maps in the following sense.

Definition 4.2. A meromorphic map f : X --+ Y of compact complex spaces is a map f of
X to the set of subsets of Y satisfying the following conditions:

(i) The graph Gy :={(z,y) € X xY |y € f(x)} is an analytic subset of X x Y;

(ii) The projection p; : Gy — X is a modification.
Moreover, if the projection ps : Gy — Y is also a modification, then f : X --» Y is called
a bimeromorphic map. We say X and Y are bimeromorphically equivalent if there exists a

bimeromorphic map f : X --+ Y between them.

Suppose now that f : X --+ Y is a bimeromorphic map of compact complex manifolds.

By Hironaka’s singularity resolution theorem [28], there exists a compact complex manifold

A
A
X Y,

where p : Z — Gy is a resolution of the graph Gy, and m; := p; o p is a modification.

Z with a triangle

There exist many examples of bimeromorphic maps which are not modifications and blow-
ups; however, Abramovich-Karu-Matsuki-Wlodarczyk [1] showed that any bimeromorphic
map between compact complex manifolds is a composition of finite sequences of blow-ups
and blow-downs of compact complex manifolds with smooth centers (see also [49]).

Theorem 4.3 (Weak Factorization Theorem, [1, Theorem 0.3.1)). Let f : X --» X be a
bimeromorphic map of compact complex manifolds. Then there exists a diagram

. b1

X =Y —¢—1—) Y, —¢—2-> s 2o Y1 —@-) Y, =X,
where Y; is a compact complexr manifold, f = ¢; o0 ¢j_10---0¢1, and either ¢; : Y;_1 --» Y]
or (bi_l 1 Y; --» Y;_1 is a morphism obtained by blowing up a smooth center.

Due to the Theorem 2.2 and Theroem 4.3, to verify the bimeromorphic invariance of
the 00-Lemma for threefolds, it suffices to prove an explicit blow-up formula of Bott-Chern
cohomology as Corollary 3.7.

Lemma 4.4. Let X be a compact complex threefold and C C X a smooth curve. Then for
any 0 < p,q < 3 we have

HY8(X) = HRL(X) P HE 7 H(0),
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where w: X — X is the blow-up of X along C.

Proof. According to Theorem 1.2, the assertion holds if and only if the co-kernel of the
morphism
(m|p)" : Hpé(C) = Hpd (E)

equals to Hgfl’qfl(C), for any 0 < p,q < 3. By definition, we get that the exceptional
divisor E = 7~!(C) is biholomorphic to the projectivization of the normal bundle of C, i.e.,
E = P(N¢g/x). Since every compact complex curve is Kihler the 00-Lemma holds on C.
It follows that the Bott-Chern cohomology of C'is isomorphic to its Dolbeault cohomology.
In addition, note that the exceptional divisor £ = P(N¢/x) is a Kédhler surface in X. This
implies H}ZL(E) = Hg’q(E). Let S be the universal subbundle over E and let ¢ = ¢1(S*) be
the first Chern class of the dual bundle S*, which is a real de Rham cohomology class of (1, 1)-
type. According to the Leray-Hirsch theorem [15, Theorem 5.11], the de Rham cohomology
H;p(E;C) is a free module over Hj,(C;C) with the basis {1,t}, i.e.,

Hjr(E;C) = Hyp(C;C) @ {1, t}.
More precisely, we have
HY(B;C) = 7 Hp(C;C) @ t Am* HER2(C5C),
where k = p + q. It follows that the co-kernel of the morphism
(7lp)* : Hip(C;C) — Hijp(E;C)

is isomorphic to H 5152(0; C). Due to the Hodge decomposition and via a careful degree

checking we get

HEY(B)/(x])" H3*(C) = HY 74 (0).

and hence
— ~ pp—1lg-1
HEE(B)/(nle) Hgl(C) = Hy - 17(C).
which completes the proof. O

Remark 4.5. In general, if the submanifold Z is in the class C of Fujiki, then the excep-
tional divisor F is also in the class C of Fujiki. Consequently, the 90-Lemma holds on E
and hence the Bott-Chern cohomology HEE(E) is isomorphic to the Dolbeaut cohomology
H>*(E). According to the Hodge decomposition and the projective bundle formula for de

1o}
Rham cohomology, following the steps in Lemma 4.4, we can prove the following formula

r—1
HEL(X) = HEL(X) & (@D HE 7 (2)).
=1

We are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let f: X --» X be a bimeromorphic map of compact complex three-
folds. From Theorem 4.3, there exists a diagram

- b

X =Y —¢—1—) Y; —¢—2-> s 2o -1 —@-) Y, = X, (4.1)
where either ¢; : Y;_1 --» Y or ¢ 1. ¥, -5 Y;_; is a morphism obtained by blowing

up of a compact complex threefold along a point or a smooth curve. According to the
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diagram (4.1), to verify A¥(X) = A¥(X) for any k € {0,1,2,3,4,5,6}, it suffices to prove
AK(Y;) = AF(Vig).

Note that X is a compact complex threefold. Without loss of the generality, we may
assume that g : Y —= X is a blow-up of X at a point or along a smooth curve then we divide
the proof in two cases.

Case 1. Assume that g: Y — X is a blow-up of X at a point. From Corollary 3.7 we have

) - {

If k €{0,1,3,5,6}, then from (4.2) and the de Rham blow-up formula [48, Theorem 7.31] we

obtain

WEL(X)+1, if1<pg<2andp=g;

4.2
REL(X),  otherwise. (42)

ARY) = Hpe(Y) = hipd (V) = 26k(Y)
= ho(X) = hipd (X) — 205(X)
= AFX).
Moreover, in the case of k € {2,4}, via a direct check we have
AMY) = Bho(Y) +hGF(Y) — 26 (Y)
= (Wpe(X) +1) + (hige (X) +1) = 2(0(X) + 1)
= AFX).

Case 2. Now we assume that ¢ is the blow-up of X along a smooth curve C. On one hand,

since C is a smooth curve, by Lemma 4.4 and for the dimension reason we get
) ) _17 -1
WL (Y) = WL (X) + hE 117 (C) (4.3)
and
3—p,3— 3—p,3— 2-p2—
W ” UY) = ki (X)) + hj (o) (4.4)
where 2 < p+ ¢ < 4; otherwise, M34(Y) = R34 (X). On the other hand, according to the de

Rham blow-up formula we get

b (Y)— bk(X)+bk_2(C), if2<k<4; (4 5)
b br(X), otherwise. '

If £ € {0,1,3,5,6} then via a straightforward computation we can verify that the equality
A¥(Y) = A¥(X) holds. If k = 2 or k = 4, then from the Poincaré duality on C' we have
by—1(C) — bg—2(C) = 0; furthermore, by (4.3)-(4.5) we get
AMY) = Rge(Y) + g (V) = 26k(Y)

= (B (X) +br—2(C)) + (B3 (X) + ba-i(C)) = 2(bi(X) + be—o(C))

= ARX) + (bs—i(C) — bp—o(C))

= AF(X).
The results in Case 1 and Case 2 mean A*(Y) = A¥(X) for any k € {0,1,2,3,4,5,6}.
Likewise, we can show that A¥(Y;) = AF(Y;,;). This implies AF(X) = A¥(X), i.e., the non-

Kahlerness degrees for compact complex threefolds are bimeromorphic invariants. According
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to Theorem 2.2, we get that X is a dd-manifold if and only if X is a @9-manifold and this
completes the proof. O

For compact complex threefolds, Theorem 1.3 can be thought of as a generalization of [17,
Theorem 5.22]. In particular, following the steps in the proof of Theorem 1.3 we can show
that the revised non-Kéhlerness degrees are also bimeromorphic invariants for threefolds.

Ezample 4.6 (Iwasawa manifold). Recall that the 3-dimensional complex Heisenberg group
H(3; C) is defined to be the Lie subgroup of GL(3;C) whose elements have the form

b
c
1

S = 2

1
g=10
0

where a,b, ¢ are complex numbers. It is noteworthy that H(3;C) is a connected and simply
connected complex nilpotent Lie group. Let I' C H(3;C) be a discrete subgroup such that
all entries are Gaussian integers. The Iwasawa manifold is defined to be quotient space
I3 := H(3;C)/T", which is a compact 6-dimensional smooth manifold. Besides, there exists a
H(3; C)-invariant complex structure Jy on I3 determined by the standard complex structure
on C3. This enables (I3, Jy) to be a non-Kdhler, no-formal, and holomorphically parallelizable
manifold. In 1975, Nakamura [34] proved that the holomorphically parallelizable property of
I3 is not stable under small deformations and the deformed objects of I3 can be divided into
three classes. Via computing the Bott-Chern cohomology of Iwasawa manifold I3 and of its
small deformations, Angella [7] refined Nakamura’s classification. In particular, we have the
following table (cf. [12, 11]).

I3 | (i) | (ii.a) | (ii.b) | (iii.a) | (iii.b)
Al=A512 |2 |2 2 2 2
A2=A*16 |6 |3 2 1 0
A3 8 |8 |8 8 8 8

TABLE 1. Non-Kéhlerness degrees of I3 and its small deformations

5. CONCLUDING REMARK

Based on the Weak Factorization Theorem (Theorem 4.3), to verify the bimeromorphic
invariance of the 99-Lemma, in higher dimension case, we need to deal with two problems: to
confirm whether the 99-Lemma survive the closed complex submanifolds and prove a general
projective bundle formula for Bott-Chern cohomology. More precisely, let X be a compact

complex manifold with dim¢ X = n > 3. It is unknown whether the following explicit formula
still holds

r—1
HEL(X) = Hy4(X) & (@D HES(2)); (5.1)

i=1
however, it seems to be reasonable. If the formula (5.1) is true and any closed complex
submanifold of a @9-manifold is also a d9-manifold, then by Theorem 2.4 we can verify that

the 00-Lemma is a bimeromorphic invariant of compact complex manifolds.
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For a compact non-Kéahler complex surface the non-Kéhlerness degrees are trivial bimero-
morphic invariants since A’ = 0 and A? = 2. Let X be a compact complex threefold. By
Theorem 1.3 we know that for each k € {0,1,2,3,4,5,6}, the non-Kihlerness degree A*(X)
is a bimeromorphic invariant. Example 4.6 means that for compact non-Kéhler threefolds
the non-Kéahlerness degrees, as bimeromorphic invariants, are non-trivial. As a direct conse-
quence, we get that the Iwasawa manifold I3 and its small deformations of class (ii) (resp.
class (iii)) are not bimeromorphically equivalent. From the bimeromorphic geometry point

of view, a natural problem is:

Problem 5.1. Whether there exists a uniform upper bound for (revised) non-Ké&hlerness de-
grees of compact non-Kéahler threefolds; moreover, how to classify compact non-Kéhler three-
folds (up to the bimeromorphic equivalence) with respect to the (revised) non-Kéhlerness

degrees?

Note that our proof of the bimeromorphic invariance of non-Kéhlerness degrees for three-
folds depends on the explicit Bott-Chern blow-up formula at a point or along a smooth
curve. Unfortunately, our proof does not enable us to show the bimeromorphic invariance of
non-Kéhlerness degrees for compact complex manifolds with complex dimensions larger than
3.

Update (August 2018). The Bott-Chern projective bundle formula has been claimed by
Dr. J. Stelzig in [44] using a structure theory of double complexes [45]. Combining Theorem
1.2 with the result of Stelzig, one can show that the formula (5.1) holds. Consequently,
Problem 1.1 descends to the following fundamental problem which is still open; see also
[3, 10, 20, 41].

Problem 5.2. Let X be a 00-manifold, is it true that the 00-Lemma holds on any closed
complex submanifold Z of X7

Notice that if the above problem is confirmed positively then from the blow-up formula
(5.1), Theorem 2.2 (or 2.4) and Weak Factorization Theorem we can verify that the 90-
Lemma is a bimeromorphic invariant of compact complex manifolds.

APPENDIX A. PROPERTIES OF .@)'2

A.1. Double complex reinterpretation of @;. With the situation in Section 3, we con-

sider the sheaf complex
P%:0 =K, oKy =KL e Ky — - —>K§(_1®/€§(_1 —- K% — ---l@g{l — 0.

Set IC:}t = ker ((f}t LA é"szt) Due to the Dolbeault-Grothendieck lemma [18, Lemma
3.29], we have a fine resolution

,Cgé. @ ,62(1. — ,C,l)é. @ ,a,l)é. R ,CpX_l’. @ ,EPX_L. — Ial))é. —_— e e —> ,Eg(_l’. (Al)

J ] I

KO DK — KL ® KL — o e K O R e KR s RO
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For the simplicity, we set K5! = T'(X, K;t), and K = I'(X, fC;t). Moreover, for any
0 <t <n, we define
K:}t =K' @K, for any 0<s<p-—1,

K;t =K*!, for any p<s<gq-—1.
By taking the global sections of the resolutions (A.1), we obtain a double complex K%* with
the horizontal and vertical differentials
D1=0®d:KY =K, Dy=0@0:KY - KY,

satisfying D3 = 0 = D? and Dy D1 + D1 Dy = 0. Denote the simple complex by
Ky = @ Ky
s+t=l
Then we have an isomorphism
H(X, 7%) = H(KY).

Analogously, we can construct a double complex K}' associated to the pair (X' , E). Moreover,

there exists an isomorphism

H(X,7%) = H(K%).

A.2. Higher direct images. With the situation in Section 3, we have the blow-up diagram
p:=T7|g l l/ ™
77—~ X.

Recall that the pullback of differential forms defines a natural surjective morphism of sheaves
@ Q} — 1,82%. Thus, there exists a short exact sequence
@

0 K 3, 0,08, 0, (A.2)

s,.
X

and we call K% the relative Dolbeault sheaf with respect to (X,E). The sequence (A.2)
induces a long exact sequence of higher direct images along 7:

e — erlﬁ*Q} — erlﬁ*Z*QSE — R"m, /C} —>RT7T*Q§~( — RTW*Z*QSE — ...

In general, the higher direct image RTTF*Q} is not vanishing, unless s = 0 or n = dim¢ X.
However, the higher direct images of the relative Dolbeault sheaves always vanish.

The following proposition was pointed out to us by Dr. L. Meng [32, Lemma 2.4] and we
figured out a detailed proof for the bundle-valued case in [42, Lemma 4.4].

Proposition A.1. R"w, K?Z =0 for anyr > 1.
In particular, for the sheaf 75 = IC} EBIE} the following result holds.

Lemma A.2. For any s > 0, 7" : Z% = 77*.@)“1( and RTW*.@)‘?{ =0 forr>1.
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Proof. Note that the direct image functor commutes with the direct sum
W*(IC‘}( @K}) = T, IC} EBW*IC}.

To prove the assertion holds, it suffices to show that m, K% = K% and then we get K% 2Ky
by complex conjugation. More precisely, we only need to show that the induced morphism
of stalks

T (DX )z — (M D5 )e, forany v € X
is isomorphic.

By definition, for any open subset V' C X we have
L(V,m K%) ={a e T(V,Q(V)) | (fpnp) a =0}, if VNZ#§;

and
I(V,m.K%)=T(V,K%) =2 T0(V,K%), if VNnZ =0
where V' = 7=1(V). If 8 is a holomorphic s-form on V such that (tynz)*8 = 0, the the
pullback § := (m|;)*B is a holomorphic s-form on V that is satisfying (ZVOE)*B = 0. This
implies that the pullback 7* induces a sheaf morphism 7* : K% — m, K% by assigning the
map
™ (V) : T(V,K%) = T(V, 7. K%), a= (7]y) «

to each open subset V' C X. Moreover, from [42, Lemma 4.4] it can be shown that the sheaf
morphism 7% : K% — 7. IC} is actually isomorphic.

It remains to prove R”W*@;{ = 0 for any r > 1. According to Proposition A.1, we have
R'm, IC?( = 0 for any » > 1. We claim R"7, 7‘}( = 0 for any » > 1. From definition, for a
given sheaf F on X, its higher direct image R"m,F is the sheafification of the presheaf

Vi H"(V,F)

for any open set V. .C X and V := 7~1(V). On account of R, } = 0, for every point

x € X there is an open neighborhood V' of x such that H”(V,IC“?/) = 0. It means that the
complex (P(V,IC%"),@) is exact, and hence its complex conjugation (I’(V,I@;'),@). This
implies H"(V,K},) = 0 which concludes the claim R"1,Ky = 0. By the fact that the higher

direct images commutes with direct sums, we have
RTW*.@}% = RTW*(’C} @K%) =R'm, IC} AR T.K “}( =0®0.
This finishes the proof of Lemma A.2. O
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