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Abstract

In this paper, the existence and uniqueness of strong solutions to distribution de-
pendent neutral SFDEs are proved. We give the conditions such that the order preser-
vation of these equations holds. Moreover, we show these conditions are also necessary
when the coefficients are continuous. Under sufficient conditions, the result extends
the one in the distribution independent case, and the necessity of these conditions is
new even in distribution independent case.
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1 Introduction

It is well-known that the order preservation is always an important topic in every field of
mathematics. In the theory of stochastic processes, the order preservation is called “compar-
ison theorem”. There are order preservations in the distribution sense and in the pathwise
sense, and the pathwise one implies the distribution one. There is a lot of literature to
investigate the comparison theorem. For example: Ikeda and Watanabe [8], O'Brien [11],
Skorohod [14] and Yamada [18] for one dimensional stochastic differential equations (SDEs)
in the pathwise sense, respectively; Chen and Wang [4] for multidimensional diffusion pro-
cesses in the distribution sense; Gal’cuk and Davis [5], and Mao [10] for one dimensional
SDEs driven by semimartingales in the pathwise sense, to name a few, see also [15, 16].
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Moreover, the comparison theorem has been extended to stochastic functional (delay) dif-
ferential equations (SFDEs), SDEs driven by jump processes and backward SDEs. We refer
readers to see [2, 7, 12, 13, 19, 20], and the references therein.

Recently, in their paper [1], Bai and Jiang made a contribution on the comparison the-
orem for neutral SFDEs, where they give sufficient conditions such that the comparison
theorem holds for this class of stochastic equations. In present paper, we shall study the
comparison theorem for distribution dependent neutral SFDEs. Our results cover the ones
in [1]. Furthermore, we find the conditions are also necessary.

2 Preliminaries

Throughout the paper, we let (R™,(,-),| - |) be an n-dimensional Euclidean space. Denote
R™™ by the set of all n x m matrices endowed with Hilbert-Schmidt norm |[|A||gs :=
V/trace(A*A) for every A € R™™ in which A* denotes the transpose of A. For fixed r¢ > 0,
let € = C([—7ro,0];R™) denote the family of all continuous functions h : [—rg,0] — R”,
equipped with the uniform norm [|A[|o := sup_, <g<o |2(0)|. Let Z(%’) denote all probability
measures on % equipped with the weak topology. For any continuous map f : [—rg,00) — R"
and ¢ > 0, let f; € € be such that f;(0) = f(6 + ) for 0 € [—ry,0]. We call (f;)i>o the
segment of (f(t))i>—r,. For p > 2, let &,(€¢) denote all probability measures on ¢ with
finite p—moment, i.e. (|- [%) = [, [€/Zpn(d€) < co. It is well-known that Z2,(€) is a
polish space under the LP—Wasserstein distance

m€C(p1,p2)

1/p
W) = int ( / %Ilf—nllé’oﬂ(d&dn)) |

where C(p, p2) denotes the class of couplings of p; and ps. Let (Q,.%,{%# }i>0,P) be a
complete filtered probability space, and {W(¢)}:>o be an m-dimensional standard Brownian
motion defined on this probability space. For any real numbers a,b, we denote a V b =
max{a,b},a A b = min{a,b},a™ = aV 0 and a= = —(a A 0), where a™(a™) is called the
positive (negative) part of a. For a random variable Y on some probability space (E, &, Q),
we denote £y |Q the distribution of Y under Q. In this paper, we consider the following
distribution dependent neutral stochastic functional differential equations (NSFDEs) on R™:

(2.1) d[X (t) — D(X;)] = b(t, X;, ZLx,)dt + o (t, Xy, Lx,)AW (t)
and
(2.2) d[X(t) — D(Xy)] = b(t, Xy, Lx,)dt + & (t, Xy, Lx,)dW (1),

where D : 4 — R, which is called neutral term, b,b : [0,00) x € x ZP(€) — R, 0,5 :
[0,00) X € x P(€) — R™™ are measurable, and Zy, denotes the distribution of X;.

Definition 2.1. (1) For any s > 0, a continuous adapted process (Xs¢)i>s on € is called a
(strong) solution of (2.1) from time s, if

t
E[D(X,)|? + E[[Xusll% + / E{Ib(r, X,.,, Zx..)

S

+ ||O-(Ta Xs,ryc%Xsﬂ.) |2}d7" < oo, t>s,
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and (X, () := X;+(0))>5 satisfies P-a.s.
t
Xo (1) = D(Xug) = Xor(5) — D(Xo) + / b(r, Xo. Ly, )dr
t
+/ o(r, Xor, Lx,, )AW(r), t>s.

We say that (2.1) has (strong) existence and uniqueness, if for any s > 0 and .#,-measurable
random variable X, , with E|| X ||%, < oo, the equation from time s has a unique solution
(Xs.t)t>s- When s = 0 we simply denote Xy = X; i.e. X (t) = X(¢t), Xor = X, t > 0.

(2) A couple (X, W(t));s, is called a weak solution to (2.1) from time s, if W (t)
is an m-dimensional standard Brownian motion on a complete filtered probability space
(Q, {ﬁt}tzs,@), and )N(s,t solves

A(X (1) = D(Xer)) = b(t, Xas, L3, |p)dt + 0 (t, KXo, L5 [5)AW (1), t> 5.

(3) (2.1) is said to satisfy weak uniqueness, if for any s > 0, the distribution of a weak
solution (Xy¢)i>s to (2.1) from s > 0 is uniquely determined by Zx, ..

For future use, we need the following assumptions.
(A1) D(0) =0 and D(€) < D(n) for € <.

(A2) There exists a constant L > 0 such that

b(t, &, 1) — b(t, n,v)|* + |b(t, &, p) — b(t, n,v)|?
< L(|J€ = nl|% + Wa(p,v)?), t>0,6,n€C;p,v € Po(F).

(A3) Let L be as in (A2) and assume

Ha(t,f,,u) - U(t7n7y)||%—ls + H5-<t7£7:u) - 5(t7n7 V)H?—IS’
S L(Hé - 77”30 +W2(/L, V)Q)a t Z 0»5#7 € Cgu 9284 € @2(%>

(A4) There exists an increasing function (¢) > 0 such that
|b(t7 Oa 50>|2 + |B(ta 07 6O)|2 + |U(ta 07 50)|2 + |6(t7 Oa 60)|2 S B(t)at Z 07

where dg is the Dirac measure at point 0 € % .

(A5) There exists a constant x € (0,1) such that

[D(§) = D(n)| < £ max [[€" — 7'

1<i<n



3 Existence and Uniqueness

In this section, we investigate the existence and uniqueness of the solution to (2.1). To this
end, we use conditions which are weaker than the assumptions above.

(A5’) There exists a constant x € (0,1) such that
[D(&) = D(n)| < &[1§ = nllco-

Theorem 3.1. Assume (A2)-(A4) and (A5’), then the equation (2.1) has a unique strong
solution. Moreover, the weak uniqueness holds.

We will prove this result by using the argument of [6] and [17], and we only need to consider
the first equation in (2.1). For fixed s > 0 and .%,-measurable ¢-valued random variable
X, s with E|| X, ||A < oo, we construct the first equation in (2.1) by iteration w.r.t. the
measure component as follows. Firstly, let

XS? = Xy, Mg?t) = ng?t), t>s.

For any n > 1, let (X( ))t>s solve the classical neutral SFDE

(31) X)) = DIXE) = b(t, XY, ul)dt+ ot X0, ul7) AW (1), £ > s,

S

with X" = X5, where uf:t_l) =2 -1 and XS(?;)(H) = x{" (t + ) for 6 € [—70,0].

Lemma 3.2. Assume (A2)-(A4) and (A5’). Then, for every n > 1, the neutral SFDE

(3.1) has a unique strong solution Xg;) with

(3.2) E sup |[X™@)? <00, T>sn>1.
te[s—ro,T] ’

Moreover, for any T > 0, there exists to > 0 such that for all s € [0,T] and X, € L*(Q —
€ Fs),

(3.3) E sup |X("+1)( t) — Xs(jl)(t)|2 <4e"E sup | XY@ n>1.

87
te[s,s+to] te[s,s+to]

Proof. We shall use the approximation method in [17, Lemma 2.1] and [6, Lemma 3.2],
however, we need to overcome the difficulties caused by the neutral term. Without loss of
generality, we may assume that s = 0 and simply denote Xy (t) = X (t), Xo: = X, t > 0.
(1) We first prove that the SDE (3.1) has a unique strong solution and (3.2) holds.
For n =1, let

b(t.§) = blt, &, "), o(t.&) =o(t.& "), t20,6€7.
Then (3.1) reduces to

(3.4) A(XD () — D(XM)) = bt, XMYdt + (¢, X)aw (1), X = Xo,t > 0.
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By (A2)-(A4) and (A5’), the coefficients b and & satisfy the standard monotonicity condi-
tion which implies strong existence, uniqueness and non-explosion for neutral SEFDE (3.4),
see e.g. [1, Theorem 2.1]. By (A2)-(A4) and (A5’), there exists an increasing function
H : R, — R, such that

b(t, &, 1) 2 + o (t, & 1) s
ng4¢t>ba0u>F+M@0m%F

+2H0'(t & ") = o (t,0, 1) s + 2o (1,0, 1) s
O+ €12 + (- 1)}, t>0,6€,

here 1" (-|2) QMMMW%)%mwNeDmﬁwww:mWEOWMWMZNL
we arrive at

IXO(t A my) — DXL
2

tATN
<3X00) - DO 43| [ ol XD u0) AW ()
0

tIATN
/’ (s, XV, 1 ®)ds
0

2
+3

Applying inequality (z + y)? < f"%p for p € (0,1) and z,y > 0, we have

z?
p

2  IXOEATY) = D(Xipr) + DOP | [D(Kinny) = DO)P

tATN tATN

XD @A
| X (A TN)| T -

tATN
/ o5, X, 1) div (s)
0

2
< K[ Xy % + el DO)P + ¢ XV 1% + ¢

tATN
/ﬁ b(s, X0, 1) s
0

for some constant ¢ > 0. Noting x € (0,1), combining this with (A4) and applying the
BDG inequality we have

2

+c , t< TN

E sup  [XU(s)] < B XV % + | D(O)]

SE[—T0,tATN]

tATN
SHOE [ (14 X0+ 1O ) ds, ¢ 0.
0

This implies

E  sup [XO(s)? < EBIXV|% + [ D)

SE[—ro tATN]

/{1+E swp XD+ 1@(] - [2)}ds, ¢ > 0.
re[—

70,SATN]
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By first applying Gronwall’s Lemma then letting N — oo, we arrive at

E sup |[XP(s)? <00, t>0.

s€[—70,t]

Therefore, (3.2) holds for n = 1.

Now, assuming that the assertion holds for n = k for some k£ > 1, one can show it for
n = k+1. Since the proof is similar to the argument above with (X .(Hl), u.(k), X .(k)) replacing
(X.(l), 1, X.(O)), we omit it here.

(2) To prove (3.3), let

M (t) = X" () — XM (1),
A= o0, X[ i) — ot X, i),
B™ = b(t, X" piy — b, XM i),

By (A2) and Itd’s formula, there exists an increasing function K; : Ry — R, such that

2

E€9(8) — (DX™) = DX < 2 KWMW$

# K1) [ I + W, i s
Again using inequality (z +y)? < % +

€@ < mlgMN% + 5

K
Kt) /{M\F+WM%4&” 21 ds.

By the BDG inequality and noting x € (0, 1), we obtain

B sup €79 < Falt) | {BIEPIE + Wi, Jas

s€[0,¢]

t
fzha@>/"{E sup [€70r)? + Wa(ul™, p=) bds, 120
0

re(0,s]

for some increasing function K, : Ry — R,.
By Gronwall’s Lemma and Wy(u{”, 5" )2 < E[|¢" V|12, we obtain

E sup [£(s)]> < tK,(t)e™ " sup Wy (pl, pn=1)?
s€(0,t] s€[0,t]

< tKo(1)e T2 O sup €V (s)]2, t>0.
s€[0,t]



Taking to > 0 such that toKy(T)etX2(T) < e~1 we arrive at

E sup [€™(s))* <e'E sup [€"V(s)]% n> 1.
s€[0,to] s€[0,to]

In view of

E sup [€0(s) < 2B{|X(0) + sup |XD(s)]?} <4E sup [XD(s)P?

s€[0,to] s€[0,to] s€[0,t0]
we obtain (3.3). O

Proof of Theorem 3.1. (Existence) For simplicity, we only consider s = 0 and denote X, =
X;ie Xo(t) = X(t), Xor = Xi,t > 0.

Let (X¢)tco) be the unique limit of (Xt(n))te[gyto} in Lemma 3.2, then (X;)icoy) is an
adapted continuous process and satisfies

(3.5) lim sup Wa(u™, 1)? < lim E sup [X™(t) — X(1)? =0,

=00 t(0,t0] N0 te(0,to)]

where p; is the distribution of X;. Rewriting (3.1), we have
¢ ¢
XO(t) = D) = X(0) = Do) + [ bl X s+ [ (s, X0 40w (o).
0 0
Then (3.5), (A2), (A3), (A5’) and the dominated convergence theorem imply P-a.s.

X(0) = D) = X(0) = DOG) + [ s Xoopas + [ (s, X p)aW (), 1€ [0.16)

Therefore, (X)icjo,zo] s0lves (2.1) up to time to. Moreover, Esup ) [ X (5)]* < oo follows
by (3.5). The same holds for (Xy¢)ie(s,(s+t0)ar and s € [0,T]. So, by solving the equation
piecewise in time, and using the arbitrariness of T' > 0, we conclude that (2.1) has a strong

solution (X;):>o with

(3.6) E sup |X(s)]*> < oo, t>0.

s€[0,t]
Uniqueness Let X and Y be two solutions to (2.1), i.e.
d[X(t) — D(X,)] = b(t, Xs, Lx,)dt + o(t, Xy, L, )dW (1),
and
d[Y(t) — D(Y,)] = b(t,Y;, L,)dt + o(t, Yy, L) dW (¢).
By (A2), we have

2

X () =Y (t) = (D(Xy) — D(Y))|* <2 /0 {o(s, Xs, Zx,) —0(s,Ys, Zy,) }dW (s)

t
+@®/kﬁ&—m&+wwz@zw%@
0
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y2

pEp) we

for an increasing function 3 : [0,00) — [0, 00). Applying inequality (z + y)? < % +
get

2

D) t
X0 = YOF <Al Vi + 2| [ ol X 2 = ot ¥ B a9
- 0
t t
2O [ = ViR + Wl ).
- 0

Noting that Wyo(Zx,, %4;)* < E||X; — Y||A, (A3) and the BDG inequality imply that
Ve 1= SUPge| o4 | X () = Y (s)[* satisfies

t
Ev; < ﬁg(t)/ E~,ds, t>0
0

for an increasing function fs : [0,00) — [0,00). So, applying Gronwall’s inequality implies
E’Yt == 0, t 2 0.

(Weak uniqueness) Since the proof is similar to that of [17, Theorem 2.1}, we omit it
here. ]

4 Comparison Theorem

In order to obtain the comparison theorem for distribution dependent NSFDESs, we introduce
the partial order on %.

o For x = (x1, - ,xn),y = (y1, -+ ,yn) € R", we call z < y if and only if x; < y;,i =
1I,...,nyez<yifandonlyifxr <yandx #y; x < yifand only if x; < y;,i =1,...,n.

hd FOI‘&Z (flv"' 7$n)7n = (771"" 777n) € Cﬁ? we Caugg n if and Only 1f§(9) S 77(0)70 €
[—70,0]; £ < nif and only if £ < n and £ # n; £ < n if and only if £(0) < n(0),0 €
[—70,0]; for any £, € €, { Anis defined by (EAN); =& An,i=1,...,n

e We also define the following partial order associated with the neutral term D(-), that
is: £ <p nif and only if £ < n and £(0) — D(§) < n(0) — D(n); & <p n if and only if
§ <pmnand¢#n.

e A function h on ¥ is called increasing if h(§) < h(n) for & < n. Letting w1, ps € P(%),

we call p1y < g if and only if pg (k) < pa(h) holds for all increasing functions h € Cy (%),
where the latter denotes all bounded continuous functions on %.

Denote by (X(s,&;t), X(s,£;t))i>s the solutions to (2.1)-(2.2) with (X,(s, &), X4(s,€)) =
(&,€). Let (Xy(s, ) X,(5,€))>s be the segment process.



Definition 4.1. The distribution dependent NSEDE (2.1)-(2.2) is called D-order-preserving,

if for any s > 0 and &, & € L*(Q — €, %, P) with P(¢ <p €) = 1, one has
P(Xi(s,) <p Xi(s,§), t=s)=1.

Definition 4.2. A function f : 4 — R! is called D-increasing, if for any & <p 7, it holds
f(&) < f(n). If two probability measures p, v on € satisfy p(f) < v(f) for any D-increasing
function f € Cy(%¢), we denote u <p v.

Remark 4.1. In fact, if u <p v, by [9, Theorem 1 (i) = (ii)], there exists m € C(u,v) with

T({(£1,&2),61 <p &}) =1

4.1 Sufficient Conditions for the Comparison Theorem

In this subsection, we provide sufficient conditions such that the comparison theorem holds.
Comparing with the result in [1], we shall cope with the difficulties caused by the distribution
dependence.

Theorem 4.2. Let (A1)-(A5) hold and b,b and 0,6 are continuous on [0,00) X G x P5(F).
Assume & <p & and the following conditions hold.

(i) The drift terms b = (by,...,b,) and b = (b, ...,b,) satisfy bi(t,n, p
any 1 < i < n provided p, [t € P5(€) with p <p i, n,7 € € w
n'(0) = D'(n) = 7°(0) — D'(n).

(ii) The diffusion terms o = (0i;) and 6 = (0y;) satisfy o = . Moreover, oi;(t,n, 1) only
depends on t and n'(0) — D*(n).

Then it holds P(X,(s,&) <p X(s,&),t > s) = 1.

In the following, for simplicity, let s = 0, X (t) = X(s,&;1), X(t) = X(s,&;1), Xp(t) =
X(t) = D(X,), Xp(t) = X(t) — D(X,).
Define the following stopping times:

=inf{t>0: X'(t) > X'(t)}, i=1,2,...,n
T, =inf{t >0: X,,(t) > Xh(#)}, i=1,2,...,n

Let p = min{p1,...,p,} and T = min{Yy,..., T, }. We firstly give a modified proof of |1,
Proposition 3.1] which extends the result there to the case that D is nonlinear.

Proposition 4.3. Assume (A1) and (A5) hold, then we have

(4.1) T <pond



Proof. Set
) _ . 1
(4.2) pli=1inf{t > 0: X'(t) > X'(t) + 7}, i=1,2,...,n;1>1,

and
p=min{p}, ..., oL}
Then it is easy to see for i =1,--- ,n andogtgpﬁ,
il Fif 1 1 i i 1
(4.3) X'(pi) = X' (i) + 5, X'(t) < X'() + 7,

and p = inf{p’ : [ > 1}. Moreover, by the definition of p; and T;, one has

and
(4.5) X0(T5) = X5(T), Xh(t) < Xh(t), i=1,--- , m0<t< T,

We only need to prove T < p! for any [ > 1 and w € . To this end, we assume that there
exists a | > 1 and wy € € such that p'(wy) < Y(wp). Then there exists a 1 < ng = ng(wp) < n
such that pl, (wo) = p'(wp). Then by (4.5), we have [ X} (ph,)](wo) < [X7(ph,)](wo). This
together with (4.3) implies } + D”O(nglo (wo)) — D”O(nglo (wo)) < 0. This combined with
(4.3) and the monotonicity of D yields

T DR, (w0)) — DXy (w0) + 1) < 0.

pno pno

By (A5), we obtain % — 7 <0. In view of k € (0,1), this is a contradiction. Thus, we finish
the proof. n

Remark 4.4. Under (A1) and (A5), the following two conditions (C1) and (C2) are
equivalent.

(C1) (A3) together with Theorem 4.2 (ii).

(C2) o =& and there exists a constant L > 0 such that for anyi=1,...,n,

NE

(loij(t, & p) — o5 (t,m, v) P + 1635(t, €, 1) — 735 (E, 1, ) ?)
(4.6)

1

.
Il

VA
e

€°(0) = D'(&) =0 (0) + D'(n)|*, t=0,&n € Csp,v € Po(%).

It should be point out that condition (C2) in the distribution independent case has been used
in [1, Theorem 3.1].

In fact, it is clear that (4.6) implies (A3) by using (A5). By taking £(0) — D'(§) =
n'(0) — D'(n), (4.6) and o = & lead to Theorem 4.2 (ii). So (C2) implies (C1). It suffices

10



to show that (C1) implies (C2). To this end, let e € € be defined by e(s) = 1,5 €
[—70,0],1 < k < mn. Leti, {,m € € and p,v € Po(€) be fized. Consider the function
gi(r) =r — D'(re),r € R. (A1) and (A5) imply

g:(0)=0; gi(r)>r—rr, 7>0; g(r)<r—rxr, r<0.
This together with the continuity of D leads to that there exist r;,7; € R such that
gi(ri) = ri — D'(rie) = £'(0) = D'(€), gs(7;) = 75 — D' (7€) = 1'(0) — D'(n).
Thus, it follows from (A5) that
[€°(0) = D'(&) = n'(0) + D'(n)| = |ri — 7| — | D*(rie) — D'(Fie)| = |ri — 7| — &lr; — 7.

Noting that {r;e}"(0) = r; and {r;e}*(0) = 7, by Theorem 4.2 (ii), we have o(t, &, u) =
oij(t,rie, ) and o;i(t,n,v) = 0:;(t, 7€, ). This combined with o = & by Theorem 4.2 (ii)
and (A3) yields

NE

(loij (1, &, 1) — 035 (t,m, ) [P+ [35(t, €, 1) — 335, 1, v)[?)
1

<.
Il

Z (lowj(t, rie, p) — aig (L, 7ie, )| + |54 (t, i€, 1) — 335 (L, 7ie, 1))
7=1

< Llri = 7" < L(1 = 5)7*[€(0) — D'(€) — n*(0) + D*(n)|*.
As a result, (4.6) holds for L = L(1 — x)~2

Remark 4.5. With Proposition 4.5 and Remark 4.4 in hand, repeating the proof of /1,
Theorem 3.1/, we obtain the following result: Ifb,b and 0,6 do not depend on the distribution,
Theorem 4.2 holds if the condition b;(t,n) < b;(t,n) in (i) is replaced by b;(t,n) < b;(t,7).

Now we intend to prove the distribution dependent case.

Proof of Theorem 4.2. We first prove the result in Theorem 4.2 holds when the condition
bi(t,m, 1) < b(t,n, /L) m()lsreplacedbyb(t n, 1) < bi(t, 7, 1). For any n > 0, let (X( ))t>s

solve (3.1) with XS,S = ¢ and Xs,t = ¢, t > s. Similarly, let
X0 =¢ t=s

and (Xﬁ))ps solve (3.1) with b and & in place of b and o and X% = & Denote ﬂgﬁ_l) =

Z XD We should remark that {X ¢ }t>5 and {X ¢ }tZS are continuous ¢-valued processes.

Wlthout loss of generality, we assume s = 0 and omit the subscript s. Put

b (t,n) = b(t,n, 1", o™ (tn) = o(t,n, u" ),
and

wwm—wm”mlm "(t,n) = a(t,n,a" ).

(0)

For n =1, thanks to y; ' <p [Lt , by (i) and (ii) in Theorem 4.2, we have

11



(1) bi(t,n) < bj(t,7) for any 1 <4 < n provided 7,7 € € with  <p 77 and 7(0) — D*(n) =

7'(0) — D*(n).
(2) o' =5! and U}j(t, n) only depends on ¢ and 1'(0) — D'(n).
Then by Remark 4.5, it holds P-a.s.
xM<p XV, t>o0.

Next, assume P-a.s.

XY <, XD > 0.
This together with [9, Theorem 1 (iv) = (i)] yields &£ -1 <p Z%w-1n. Repeating the
proof for b”, o™, b*, ", X1 in place of b!, o', b, 7', X we can prove P-a.s.

XM <p XM, >0

By (3.5), we conclude P-a.s. )
Xy <p Xy, t=0.

Then the required assertion follows. -
In general, if the Assumption (i) in Theorem 4.2 holds, then let (b., X¢) be as in Lemma
4.6 below. By the above conclusion, we have P-a.s.

X, <p X;, t>0.

Letting ¢ goes to 0, it follows from Lemma 4.6 below and the continuity of D that P-a.s.
X, <p X;, t>0.

This completes the proof. O

Lemma 4.6. Let b. = b+ &, here £ = (g,¢,++ ,¢) € R" and ¢ > 0. Let X°(t) solve (2.2)
with X§ = Xo and b, in place of b. If the conditions in Theorem 4.2 hold, then for any
T >0, it holds

lim E sup |X°(t) — X(¢)| = 0.

e=0t 40,17

The proof is standard, and we omit it here.

4.2 Necessary Conditions for the Comparison Theorem

In this subsection, we show the conditions in Theorem 4.2 are also necessary. To this end,
we firstly introduce a lemma.

Lemma 4.7. Assume (A1) and (A5). Then the following assertions hold.
(1) For any 1 < i <mn, &,n € € with £(0) — D'(&) = n*(0) — D'(n), there exists ( € €
such that ¢ < & An and ¢'(0) — D'(¢) = £'(0) — D*(§) = 1'(0) — D'(n).
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(2) For p,v € P5(€), there exists i € Po(€) such that i <p p and i <p v.

Proof. (1) Fix 1 <1 < n, {,n € € with £&(0) — D*(¢) = n*(0) — D*(n). Without loss of
generality, assume £°(0) < n°(0). If DY(éAn) = D¥(€), let ¢ = £ An. Otherwise, (A1) implies
Di(EAn) < DY(E). Recall that e € € is defined by e*(s) = 1,5 € [—r(,0],1 < k < n. Define

(4.7) Ri(r)=r+ D'(EAn—re)— D), reR.
We have h'(0) < 0 and (A5) implies

i o k k ¢k o o k k
W) 27— e (1€ Am)* = et = &l 2 (1= 1) = max 6" = (€ A0 o 7> 0.

This yields h'(r) > 0 for large enough r > 0 due to k € (0,1). The continuity of D implies
that there exists a constant v > 0 such that

(4.8) h'(v) = v+ D' (& Anp—ve) — D'(€) = 0.
Let ¢ = £ Anp— ve, then it is clear that ( < & A n. Moreover, it follows from (4.8) that

¢'(0) = D'(¢) = (A m)'(0) —v — D'(E A — ve) = £'(0) — D'(€).

(2) Fix p,v € P5(€). Let two €-valued random variables (I'y, I'y) on (62, B(€?), u X v)
be defined as Ty (&1, &2) = &k, k = 1,2. Then it is clear that Z1, [ux v = pand Zr,|uxv = v.

Based on this, we can construct a ¢-valued random variable T' on (4?2, Z(¢?), u x v) such
that T < T and T'(0) — D(I') < T4(0) — D(T'}), k = 1,2. Let i = Z|u x v. Then we have
i <ppand i <p v.

In fact, for any (&1, &) € €72, let

o= — 561[1_1121701(51 N&a) ()],

and A . A .

1(£'(0) = D'(§)) A (n'(0) — D'(n))]
1—kr

Take @ = a A min; o;; and f(§1,§2) = ae, (£1,&) € €?. Then we have de < ae < & A &.

Moreover, for any 1 < i <n, (A1) and (A5) yield

1< <n.

a,; = )

['(0) = D'(I) = & — D'(Ge) < & — ka < a; — ke < (€1(0) — D'(€)) A (1(0) — D*(n))-
Thus, the proof is finished. m

Theorem 4.8. Assume (A1)-(A5) and that (2.1)-(2.2) is D-order-preserving for any com-
plete filtered probability space (2,{F}i>0,P) and m-dimensional Brownian motion W (t)
thereon. Then for any 1 <i <n, p,v € Po(€) with u <p v, and {&,n € € with & <p n and
£(0) — D'(&) = n*(0) — D*(n), the following assertions hold:
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(i) bi(t, &, 1) < bi(t,m,v) if by and b; are continuous at points (t,&, p) and (t,m,v) respec-
tively.

(i) For any 1 < j < m, 0;(t,&, 1) = 0,5(t,n,v) if 0;; and ;5 are continuous at points
(t,&, 1) and (t,m,v) respectively.

Consequently, when b,b and o, are continuous on [0,00) X € x P5(€), conditions (i) and
(i) hold.

We first observe that when b, b are continuous on [0,00) x € x Z5(€), (i') implies (i).
Next, we prove when o, are continuous on [0,00) X € x Po(%), (i7') implies (i1).
Firstly, taking £ = n and p = v, by the continuity of ¢ and &, (i) implies 0 = 7.
Let ¢ and i be associated to &,n and p,v as in Lemma 4.7. Applying (ii’) twice we
obtain
0ii(t, & 1) = 045(t, ¢, 1) = 035(t, m, ).

This together with o = & implies (7).

Now, let to > 0, 1 < i < n, pu,v € Po(€) with u <p v, and &,n € € with £ < n and
€1(0) — D'(&) = n*(0) — D¥(n). To prove (') and (ii') for t = ty, we construct a family of
complete filtered probability spaces (€2, { %/ }i>0, P)oc[0,1), m-dimensional Brownian motion
W (t), and initial random variables X;, < X, as follows.

Firstly, since u <p v, by Remark 4.1, we may take my € C(u,v) such that

(4.9) mo({(€1,&) € €7 1 €1 <p &}) = 1.
For any € € [0,1), let
(4.10) me = (1 —&)mo + ediem),

where 6, is the Dirac measure at point (§,7). Let Py be the standard Wiener measure on
Qy = C([0,00) — R™), and let %y, be the completion of o(wy — wo(s) : s < t) with respect
to the Wiener measure. Then the coordinate process {Wy(t)}(wo) 1= wo(t), wo € Qo,t >0
is an m-dimensional Brownian motion on the filtered probability space (€2, {-Z0.t}+>0, Po)-

Next, for any € € [0,1), let Q = Qg x €%, P° = Py x 7. and % be the completion of
Fou X B(€*) under the probability measure P°. Then the process

{W(t)}Hw) = {Wo(t) Hwo) = wo(t), t>0,w=(wp;&,&) € Q=0 x €

is the m-dimensional Brownian motion on the filtered probability space (€2, {.Zf }i>0, P°).
Finally, let

Xip(W) =&, Xp(w) =&, w= (wo;é1,&) € Q=0 x 7.
They are .7 -measurable random variables with

(4.11) Lrolpe = e = 1(- X C), L, |pe = v = 1€ X ).
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By ¢ < n with £(0) — D'(§) = n*(0) — D(n) and (4.9), (4.10), we have
(4.12) P*(Xy, <p Xi,) = m({(&1,&) € €7 & <p&}) =1, e€]0,1).

So, letting (X, X¢)i>4, be the segment process of the solution to (2.1) and (2.2) with initial
value (Xy,, X3, ), the D-order preservation implies

(4.13) P (X, <p Xy, t>10) =1, e€[0,1).

Let E¢ be the expectation for P°. With the above preparations, we are able to prove (') and
(77") as follows.

Proof of (). Let b;, Z_)iibe continuous at points (¢, &, 1) and (to, n, ) respectively. We intend
to prove b;(to, &, p) < b;(to,n,v). Otherwise, there exists a constant ¢q > 0 such that

(4.14) bito, &, 1) > co + bi(to, 7, v).

Let p, v, be as in (4.11). It is clear that as € — 0, p. — p, v. — v weakly. Moreover, for
large enough n, we have

sup /|| ”001”2’”2 Snple(dz) + sup /H || L2, >nve(dz2)
€€[0,1) €€[0,1)

- / 1o Lo smia(d2) + / 12121 o).

Noting p, v € P5(€¢), the dominated convergence theorem implies that {ji, . }oc1) are
L2-uniformly integrable in &, (%). Consequently, it follows from [3, Theorem 5.5 that

Limn {Ws (e, ) + Walve, v)} = 0.

Combining this with (4.14) and the continuity of b and b, there exists ¢ € (0,1) such that

(1.15) bt € 1) 2 50+ Bilto,1,72) > ilto,m,v2),
Now, consider the event

(4.16) A={Xy =6 Xy, =0} €F

Then we get

(4.17) P(A) > ben({(€m)}) =€ >0.

By (2.1), (2.2) and (4.13), for any s > 0, it holds P*-a.s.
0> X't +5) = D'(Xigra) = (X'(to + 5) = D'(Xip14))
= X'(to) = D'(X) = (X"(to) — D"(Xy,))

to+s to+s _
(4.18) +/ bi(rvang)d?ﬂ_/ bi(r, X, Z,) dr
to to
m to+s to+s _
3 [ e X 2 )W) = [ oy Ko 2 AW (),
j=1 to to
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By (A2) and the non-explosion of the solution to (2.1) and (2.2), taking conditional expec-
tation in (4.18) with respect to .7, we obtain P*-a.s.

7 t‘f)) s > 0.
This implies

to+s tot+s 3
EE(/ bi(r, X, Lx,)dr 3‘}50) < EE(/ bi(r, X, L%, ) dr
1 [tots 1 [tots_ _
E® (—/ bi(r, X, Zx,)dr ﬁ’t‘z) < E° (;/ bi(r, X, Lx,)dr

0"5
to) s> 0.

Combining this with the fact that b; and b; are continuous at points (¢o, &, i) and (to,n, V)
respectively, and using (A2), the non-explosion and continuity of the solution to (2.1) and
(2.2), taking s | 0 we derive P=-a.s.

B (bi(to, Xig, Lx,, )| Fry) < B (bilto, Xioy Zx,,) | T5,) -
This together with (4.16) and (4.11) leads to P*-a.s.
bi(t()a ga :ua)lA < Bi(th n, Va)]-Aa

which is impossible according to (4.15) and (4.17). Therefore, b;(to, &, 1) < bi(to,n, v) has to
be true. O

to to
S to to

Proof of (it"). Let 0;; and &;; be continuous at points (o, &, p) and (to, n, v) respectively. If
0ij(to, €, ) # 7i5(to,n,v), by (A3), there exist constants ¢; > 0 and € € (0, 1) such that

(4.19) |03 (to, &, pe) — Gij(to, m, v2)|* > 2¢; > 0.
For any n,l > 1, let
T =inf {t > to : |03;(t, Xo, Lx,|pe) — G55(t, Xo, L, [pe)|* < 1},
—inf {t > to: Xi(t) — D'(X,) — (X(t) — Di(Xy)) < —%},
Tpg =T ATy Adnf {t > to: |bi(t, Xy, Lx,lpe) — l_)i(t,)_(t,.i”)gt )| > l}.

Let gn(s) = ™ — 1. Then g, € C7((—00,0]). By the D-order-preservation we have X} <p
X}, t > to. So, letting Z(s) = (X" — X?)(s) — D'(X,) + D'(X,) and applying Itd’s formula,
we obtain [P¢-a.s.

0> E(gu(Z'(t Ao )| Zr) — 9n(Z'(t0))

(Z [ 2 o X ) = 3 K L )W )| 7

Pe

t/\Tnl
( {g (s, X5, Zx.|pe) — bi(s, Xy, Lz |pe))
g, Z(s X, 2 - X, L 2%
2 Z }Uz] S, ER) X |]P’E) Uzg(s S X |]P’5> S Jto
j=1
- n2c
> gal(Z'(t0)) + (TG —nl)EX(E AT — 1ol 7). mal > 1.
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By (4.16) and £°(0) — D*(¢) = n*(0) — D'(n), this implies

nc .
LSt = 0l ES(E AT — 0] ) < ~1agn(Z'(t)) = ~1aga(0) = 0

for all n,l > 1 and t > t,. B
Taking | > 2|b;(to, &, pe) — bi(to,m, ve)| and n > 26—‘?, we obtain

(4.20) LAE*(t A 1y — 0| F) =0, t > 1.
But by (A3), (4.19) and the continuity of the solution, on the set A we have
Tng > to.
So, (4.20) implies P*(A) = 0, which contradicts (4.17). Hence, it holds
05 (to, &, ) = 35 (to, m, V).

O
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