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Abstract. In this work, we consider the following nonlinear wave equations

∂ttu−∆u + |u|pu = 0, (t, x) ∈ R× RN .

We prove that when p > 4
N−2 and

3 ≤ N ≤ 9; or N ≥ 10, p <
N2 − 4N + 1−

√
N4 − 8N3 − 14N2 + 56N − 31

4(N − 1)
.

The Cauchy problem is locally well-posed in Ḣsc(RN ) × Ḣsc−1(RN ) with sc = N
2 −

2
p .

Moreover, the small data theory holds under the same restriction.

1. Introduction

In this paper, we consider the Cauchy problem for the following nonlinear wave equation
(NLW) {

∂ttu−∆u+ |u|pu = 0, (t, x) ∈ R× RN ,(
u(x, 0), ut(x, 0)

)
=
(
u0(x), u1(x)

)
.

(1.1)

Here p > 0, u : RN → R is an unknown function. This equation is invariant under the
scaling

u(t, x)→ uλ(t, x) =
1

λ
2
p+1
−1
u(
x

λ
,
t

λ
).

When sc = N
2
− 2

p
, we have ‖(u(0), ∂tu(0))‖Ḣsc×Ḣsc−1 = ‖(uλ(0), ∂tuλ(0))‖Ḣsc×Ḣsc−1 , and thus

the Cauchy problem (1.1) is called Ḣsc critical. When p is higher/lower than 4
N−2

, we call
the nonlinearity is energy super/sub-critical.

To start with, we recall some recent related for Cauchy problem (1.1). When p > 0,
this equation is called defocusing, and researchers have obtained some developments on the
related well-posedness theories. Firstly, in the energy sub-critical case, that is, p < pc = 4

N−2
,

Ginibre and Velo [5] proved that (NLW) has the unique solution in energy space. The authors
used a compact method established by Lions [12]. Secondly, in the energy critical case, that
is, p = pc = 4

N−2
, Struwe [15] proved the global existence under the radial assumption,

and then Grillakis [6] proved the global existence under the general condition, and Shatah
and Struwe [13] later proved the same result in other dimensional spaces. Thirdly, to the
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energy super-critical case, that is, p > pc = 4
N−2

, Kenig and Merle [8] proved the global well-

posedness and scattering under the condition u ∈ Ct(I; Ḣsc × Ḣsc−1), and I is the maximal
lifespan. Besides, we can see some ill-posedness results, for example, [3].

In this paper, we concentrate on studying the local well-posedness and scattering theory
with small initial data for nonlinear wave equations in energy super-critical situation, that
is p > 4

N−2
. The similar research exists in the case of nonlinear Schrödinger equations,{

iut + ∆u− |u|pu = 0, (t, x) ∈ R× RN ,

u(x, 0) = u0(x).
(1.2)

In the work of Killip and Visan [10], the authors proved that when

4

N − 2
< p <

N − 2−
√

(N − 2)2 − 32

4
,

the energy super-critical nonlinear Schrödinger equations is locally well-posed. The restric-
tion on p is caused by the lack of smoothness on the nonlinearity. It is equivalent to sc < p+1.
However, the Strichartz estimate on linear wave flow is much more complicated than the
Schrödinger flow. So far, to our knowledge, only some particular cases were proved, for
instance, N = 3, 1 < sc <

3
2

in [8]. This paper is aimed at the more general result.

Now we state our main result.

Theorem 1.1. Let p > 4
N−2

, sc = N
2
− 2

p
, and (u0, u1) ∈ Ḣsc(RN) × Ḣsc−1(RN). Further,

assume that

p <
N2 − 4N + 1−

√
N4 − 8N3 − 14N2 + 56N − 31

4(N − 1)
when N ≥ 10, (1.3)

then the Cauchy problem (1.1) exists unique solution with the maximal lifespan u : I×RN →
R, and the initial data is (u0, u1).

Moreover, there exists δ0 > 0, and if ‖u0‖Ḣsc (RN ) + ‖u1‖Ḣsc−1(RN ) ≤ δ0, there exist func-

tions pair (u±, v±) ∈ Ḣsc(RN)× Ḣsc−1(RN), such that when t→ ±∞,∥∥∥∥∥
[
u(t)
ut(t)

]
−
[

cos
(
(t− t0)|∇|

)
|∇|−1 sin

(
(t− t0)|∇|

)
−|∇| sin

(
(t− t0)|∇|

)
cos
(
(t− t0)|∇|

) ] [
u±
v±

] ∥∥∥∥∥
Ḣsc×Ḣsc−1

→ 0.

Remark 1.2. The result on the restriction on dimension N and parameter p also appear
in the following energy super-critical nonlinear Schrödinger equation (1.2). In particular,
Killip and Visan[10] considered local well-posedness for Cauchy problem (1.2) in space Ḣsc

(sc = N
2
− 2

p
) under the restriction of

sc < p+ 1, (1.4)

that is,

2p2 − (N − 2)p+ 4 > 0. (1.5)

When 3 ≤ N ≤ 7, the condition (1.5) is always valid for any p > 0. That is, there is no
restriction when 3 ≤ N ≤ 7.

Compared with the wave equation, the condition (1.3) is equivalent to

ρ < p+ 1 (1.6)
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for some ρ ∈ [sc − 1, sc) (more precisely, ρ = sc − 1 when p > 1 and ρ = sc − 1
2
− 1

N−1
). It is

strictly weaker that the condition (1.4) to the nonlinear Schrödinger equation. In particular,
when 3 ≤ N ≤ 9, the condition (1.6) is always valid for any p > 0.

The key ingredients in our proofs are presented below.

(1) Three suitable working spaces are constructed. In order to establish the uniform
estimation on time T , to the different discussing cases, we establish three related working
spaces. We shall prove that the estimation of each norm in XT is closed. The selection of
norms plays a significant role in this paper.

(2) Applying Leibniz and chain rule for fractional derivatives particularly for Hölder
continuous function.

The classic Leibniz chain rule for fractional derivatives has the requirement on the con-
tinuous property on function, that is, G ∈ C1. However, when G(u) = |u|p, p < 1, we can
not estimate it using the classic method because G /∈ C1. So some special chain rule like∥∥∥∇|sG(u)

∥∥∥
Lq

.
∥∥∥|u|p− s

σ

∥∥∥
Lq1

∥∥∥|∇|σu∥∥∥ sσ
L
s
σ q2

should be employed. Such kind of chain rule can be used to handle the situation p < 1, and
allow us to choose suitable index to apply interpolation to control the inequality so that it
can reach the closed expected estimation.

The rest of the paper is organized as follows. In Section 2, we give some basic notations
and some preliminary estimates that will be used throughout in our paper. In Section
3, we prove local well-posedness and small data scattering for Cauchy problem (1.1) in
Ḣsc(RN)× Ḣsc−1(RN) by applying the fixed point argument.

2. Notation and Preliminary

2.1. Notation. We write X . Y or Y & X to indicate X ≤ CY for some constant C > 0.

The notation a+ denotes a+ε for any small ε, and also a−ε for a−. Denote 〈·〉 = (1+ | · |2)
1
2

and Dα = (−∂2
x)

α
2 . The Hilbert space Hs(R) is a Banach space of elements such that

〈ξ〉sû ∈ L2(R), where F denotes the Fourier transform Fu(ξ) = û(ξ) =
∫
R e
−2πix·ξu(x) dx,

and equipped with the norm ‖u‖Hs = ‖〈ξ〉sû(ξ)‖L2 . The critical case for Hs is Ḣs, and
equipped with the norm ‖u‖Hs =

∥∥|ξ|sû(ξ)
∥∥
L2 . An usual property of the Fourier transform

is the Plancherel equality, that is, ‖f‖L2 = ‖f̂‖L2 . We also have an embedding theorem that
‖u‖Hs1 . ‖u‖Hs2 for any s1 ≤ s2, s1, s2 ∈ R. Throughout the whole paper, the letter C will
denote various positive constants which are of no importance in our analysis. We use the
following norms to denote the mixed spaces LqtL

r
x([0, T ]× R), that is,

‖u‖LqtLrx([0,T ]×R) =
(∫ T

0

‖u‖qLrx(R) dt
) 1
q

2.2. Preliminary. In this section, we state some preliminary estimates. Firstly, we recall
the well-known Strichartz estimates, see [7] for example.

Definition 2.1. A pair (q, r) of positive real numbers is said to be wave admissible if

2 ≤ q ≤ ∞, 2 ≤ r <∞ and
1

q
≤ N − 1

2
(
1

2
− 1

r
). (2.1)
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Proposition 2.2. Take two admissible pairs (q, r) and (a, b). Then for any I ⊂ R,
‖(u, ∂tu)‖Ct(I;Ḣs×Ḣs−1) + ‖u‖LqtLrx(I×RN )

.‖(u(0), ∂tu(0))‖Ḣs×Ḣs−1 +
∥∥∥|∇|ρ(∂2

t u−∆u)
∥∥∥
La
′
t L

b′
x (I×RN )

, (2.2)

whenever

1

q
+
N

r
=
N

2
− s =

1

a′
+
N

b′
− 2− ρ. (2.3)

The next Lemmas are the different kinds of Leibniz and chain rule for fractional deriva-
tives. One can check [2, 9, 11] for more details.

Lemma 2.3. Let G ∈ C1(R), s ∈ (0, 1), 1 < p ≤ ∞, and 1 < p1, p2, p3, p4 ≤ ∞,

1

p
=

1

p1

+
1

p2

,
1

p
=

1

p3

+
1

p4

.

Then ∥∥Ds(fg)
∥∥
Lp

.
∥∥Dsf

∥∥
Lp1
‖g‖Lp2 +

∥∥Dsg
∥∥
Lp3
‖f‖Lp4 . (2.4)

Lemma 2.4. Let G be a Hölder continuous function of order 0 < p < 1. Then, for every
0 < s < p, 1 < q <∞, and s

p
< σ < 1 we have∥∥∥|∇|sG(u)

∥∥∥
Lq

.
∥∥∥|u|p− s

σ

∥∥∥
Lq1

∥∥∥|∇|σu∥∥∥ sσ
L
s
σ q2
, (2.5)

provided 1
q

= 1
q1

+ 1
q2

and (1− s
pσ

)q1 > 1.

3. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1. We only prove the result of small data
scattering, and local well-posedness can be obtained in the same manner. To this end, we
split into the following two cases:

Case 1: p ≥ 1; Case 2: p < 1.

In the first case, we restrict that sc − 1 < p + 1; while in the second case, we restrict that
ρ < p + 1 with ρ = sc − 1

2
− 1

N−1
. First of all, we shall prove that these conditions are

equivalent to (1.3). For this purpose, we consider the two cases separately.

Case 1: p ≥ 1, sc−1 < p+1. Note that combining with the definition that sc = N
2
− 2

p
,

the condition sc − 1 < p+ 1 is equivalent to

2p2 + (4−N)p+ 4 > 0.

This inequality always holds when 3 ≤ N ≤ 9. WhenN > 9, it reduces to p < N−4−
√
N2−8N−16
4

<
1. The latter is against the condition p ≥ 1. Hence, in the case, the condition is equivalent
to

3 ≤ N ≤ 9, p ≥ 1.

Case 2: p < 1, ρ < p+ 1. Note that the condition ρ < p+ 1 is equivalent to

2(N − 1)p2 − (N2 − 4N + 1)p+ 4(N − 1) > 0.
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This inequality always holds when 3 ≤ N ≤ 8. When N ≥ 9, it reduces to

p <
N2 − 4N + 1−

√
N4 − 8N3 − 14N2 + 56N − 31

4(N − 1)
.

Combining with p < 1, it reduces to

p < 1,when N ≤ 9; p <
N2 − 4N + 1−

√
N4 − 8N3 − 14N2 + 56N − 31

4(N − 1)
,when N > 9.

Together with the cases above, we get (1.3). Now we prove Theorem 1.1 in the following
two cases.

3.1. Case 1: p ≥ 1, sc − 1 < p + 1. To consider this case, we also need to split it into the
following two subcases:

Subcase 1: N > 3; Subcase 2: N = 3.

Subcase 1: N > 3. We define our working space as

‖u‖XT = ‖u‖L∞t Ḣsc
x

+
∥∥∥|∇|sc−1u

∥∥∥
L2
tL

2N
N−3
x

+ ‖u‖
L2p
t L

2Np
3

x

. (3.1)

For the term ‖u‖L∞t Ḣsc
x

, by the Strichartz estimate (2.2), we have

‖u‖L∞t Ḣsc
x

. ‖u0‖Ḣsc + ‖u1‖Ḣsc−1 +
∥∥∥|∇|sc−1(|u|pu)

∥∥∥
L1
tL

2
x

.

Next, we estimate on
∥∥∥|∇|sc−1(|u|pu)

∥∥∥
L1
tL

2
x

. We split it into two cases.

1: sc − 1 < 1. By (2.4), we get∥∥∥|∇|sc−1(|u|pu)
∥∥∥
L1
tL

2
x

.

∥∥∥∥∥‖u‖pL 2Np
3

x

·
∥∥∥|∇|sc−1u

∥∥∥
L

2N
N−3
x

∥∥∥∥∥
L1
t

.‖u‖p
L2p
t L

2Np
3

x

∥∥∥|∇|sc−1u
∥∥∥
L2
tL

2N
N−3
x

. ‖u‖p+1
XT

.

2: sc − 1 ≥ 1. Let integer part of sc − 1 equals to k, that is, [sc − 1] = k. Then we

immediately have k ≥ 1. Set Λk =
{
∂αx : α ∈ RN , |α| = k

}
. Note that we have the formula

∂xi(|u|pu) = (p+ 1)|u|p∂xiu, ∂xi(|u|p) = p|u|p−2u∂xiu,

then by k < p+ 1 and Riesz transformation, there exists Cα > 0, such that∥∥∥|∇|sc−1(|u|pu)
∥∥∥
L1
tL

2
x

.
∑
∂αx∈Λk

Cα

∥∥∥|∇|sc−1−k∂αx (|u|pu)
∥∥∥
L1
tL

2
x

.
∑

∂
αj
x ∈Λk,1≤j≤k

∥∥∥|∇|sc−1−k(∂α1
x u · · · ∂αkx u ·O(|u|p−k+1))

∥∥∥
L1
tL

2
x

,
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and O(|u|p−k+1)) equals to |u|p−k+1 or |u|p−ku. From (2.4), we have∥∥∥|∇|sc−1(|u|pu)
∥∥∥
L1
tL

2
x

.
∑

∂
αj
x ∈Λk,1≤j≤k

∥∥∥|∇|sc−1−k∂α1
x u
∥∥∥
Lp+1
t L

p1
x

∥∥∥∂α2
x u
∥∥∥
Lp+1
t L

p2
x

· · ·
∥∥∥∂αkx u

∥∥∥
Lp+1
t L

pk
x

∥∥u∥∥p−k+1

Lp+1
t L

pk+1
x

+
∑

∂
αj
x ∈Λk,1≤j≤k

∥∥∥∂α̃1
x u
∥∥∥
Lp+1
t L

r1
x

· · ·
∥∥∥∂α̃kx u

∥∥∥
Lp+1
t L

rk
x

∥∥∥|∇|sc−1−kO(|u|p−k+1)
∥∥∥
L

p+1
p−k+1
t L

rk+1
x

, (3.2)

and the index satisfy

1

p+ 1
+
N

p1

− (sc − 1− k + |α1|) =
2

p
;

1

p+ 1
+
N

pj
− |αj| =

2

p
, j = 2, · · · , k;

1

p+ 1
+

N

pk+1

=
2

p
;

and

1

p+ 1
+
N

rj
− |α̃j| =

2

p
, j = 1, · · · , k;

p− k + 1

p+ 1
+

N

rk+1

=
2

p
(p− k + 1).

By interpolation, there exists θ1 ∈ (0, 1), such that∥∥∥|∇|sc−1−k∂α1
x u
∥∥∥
Lp+1
t L

p1
x

.
∥∥∥|∇|sc−1u

∥∥∥θ1
L2
tL

2N
N−3
x

‖u‖1−θ1

L2p
t L

2Np
3

x

. ‖u‖XT .

Similar interpolation as above, there exists θj ∈ (0, 1), j = 2, · · · , k, θk+1 ∈ (0, 1), such that∥∥∥∂αjx u∥∥∥
Lp+1
t L

pj
x

.
∥∥∥|∇|sc−1u

∥∥∥θj
L2
tL

2N
N−3
x

‖u‖1−θj

L2p
t L

2Np
3

x

. ‖u‖XT , j = 2, · · · , k;

∥∥u∥∥
Lp+1
t L

pk+1
x

.
∥∥∥|∇|sc−1u

∥∥∥θk+1

L2
tL

2N
N−3
x

‖u‖1−θk+1

L∞t Ḣ
sc
x

. ‖u‖XT ;∥∥∥∂α̃jx u∥∥∥
Lp+1
t L

rj
x

.
∥∥∥|∇|sc−1u

∥∥∥τj
L2
tL

2N
N−3
x

‖u‖1−τj

L2p
t L

2Np
3

x

. ‖u‖XT , j = 1, · · · , k.

Next we analyse
∥∥∥|∇|sc−1−k(|u|p−k+1)

∥∥∥
L

p+1
p−k+1
t L

rk+1
x

in (3.2). By (2.5), we get

∥∥∥|∇|sc−1−k(|u|p−k+1)
∥∥∥
L

p+1
p−k+1
t L

rk+1
x

.
∥∥∥u∥∥∥p−sc+2−

Lp+1
t L

rk+1,1
x

·
∥∥∥|∇|1−u∥∥∥sc−1−k+

Lp+1
t L

rk+1,2
x

,

and rk+1,1, rk+1,2 satisfy

1

p+ 1
+

N

rk+1,1

=
2

p
;

1

p+ 1
+

N

rk+1,2

− 1+ =
2

p
.

Using interpolation again, we have∥∥∥|∇|sc−1−k(|u|p−k+1)
∥∥∥
L

p+1
p−k+1
t L

rk+1
x

. ‖u‖p−k+1
XT

.
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Finally, we obtain ∥∥∥|∇|sc−1(|u|pu)
∥∥∥
L1
tL

2
x

. ‖u‖p+1
XT

.

To the term
∥∥∥|∇|sc−1u

∥∥∥
L2
tL

2N
N−3
x

in (3.1), choosing the parameters (a′, b′) = (1, 2), (s, ρ) =

(1, 0) in Strichartz’s estimate (2.2), we have∥∥∥|∇|sc−1u
∥∥∥
L2
tL

2N
N−3
x

. ‖u0‖Ḣsc + ‖u1‖Ḣsc−1 +
∥∥∥|∇|sc−1(|u|pu)

∥∥∥
L1
tL

2
x

.

To the term ‖u‖
L2p
t L

2Np
3

x

in (3.1), choosing the parameters (a′, b′) = (1, 2), (s, ρ) = (sc, sc−

1) in Strichartz’s estimate (2.2), we have

‖u‖
L2p
t L

2Np
3

x

. ‖u0‖Ḣsc + ‖u1‖Ḣsc−1 +
∥∥∥|∇|sc−1(|u|pu)

∥∥∥
L1
tL

2
x

.

We can obtain the same analyze as before. Thus we finish the proof of the first case.

Subcase 2: N = 3. In this subcase, we define our working space as below (use the
same notation but different meaning)

‖u‖XT = ‖u‖L∞t Ḣsc
x

+
∥∥∥|∇|sc−1u

∥∥∥
L2+
t L∞−x

+ ‖u‖L2p−
t L2p+

x
. (3.3)

To the term ‖u‖L∞t Ḣsc
x

, by Strichartz’s estimate (2.2), we have

‖u‖L∞t Ḣsc
x

. ‖u0‖Ḣsc + ‖u1‖Ḣsc−1 +
∥∥∥|∇|sc−1(|u|pu)

∥∥∥
L1
tL

2
x

.

Next we estimate on
∥∥∥|∇|sc−1(|u|pu)

∥∥∥
L1
tL

2
x

. We split it into two cases again.

1: sc − 1 < 1. Using (2.4), we get∥∥∥|∇|sc−1(|u|pu)
∥∥∥
L1
tL

2
x

.

∥∥∥∥∥‖u‖pL2p+
x
·
∥∥∥|∇|sc−1u

∥∥∥
L∞−x

∥∥∥∥∥
L1
t

.‖u‖p
L2p−
t L2p+

x

∥∥∥|∇|sc−1u
∥∥∥
L2+
t L∞−x

.‖u‖p+1
XT

.

2: sc−1 ≥ 1. Suppose [sc−1] = k̃, then k̃ ≥ 1. From k̃ < p+1 and Riesz transformation,
there exists a constant Cβ > 0, such that∥∥∥|∇|sc−1(|u|pu)

∥∥∥
L1
tL

2
x

.
∑
∂βx∈Λk̃

Cβ

∥∥∥|∇|sc−1−k̃∂βx (|u|pu)
∥∥∥
L1
tL

2
x

.
∑

∂
βj
x ∈Λk̃,1≤j≤k̃

∥∥∥|∇|sc−1−k̃(∂β1x u · · · ∂
βk̃
x u ·O(|u|p−k̃+1))

∥∥∥
L1
tL

2
x

.
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By (2.4), we get∥∥∥|∇|sc−1(|u|pu)
∥∥∥
L1
tL

2
x

.
∑

∂
βj
x ∈Λk̃,1≤j≤k̃

∥∥∥|∇|sc−1−k̃∂β1x u
∥∥∥
Lp+1
t L

p̃1
x

∥∥∥∂β2x u∥∥∥
Lp+1
t L

p̃2
x

· · ·
∥∥∥∂βk̃x u∥∥∥

Lp+1
t L

p̃
k̃
x

∥∥u∥∥p−k̃+1

Lp+1
t L

p̃
k̃+1
x

+
∑

∂
βj
x ∈Λk̃,1≤j≤k̃

∥∥∥∂β̃1x u∥∥∥
Lp+1
t L

r̃1
x

· · ·
∥∥∥∂β̃k̃x u∥∥∥

Lp+1
t L

r̃
k̃
x

∥∥∥|∇|sc−1−k̃O(|u|p−k̃+1)
∥∥∥
L

p+1

p−k̃+1
t L

r̃
k̃+1
x

,

and the index satisfy

1

p+ 1
+

3

p̃1

− (sc − 1− k̃ + |β1|) =
2

p
;

1

p+ 1
+

3

p̃j
− |βj| =

2

p
, j = 2, · · · , k̃;

1

p+ 1
+

3

p̃k̃+1

=
2

p
;

and

1

p+ 1
+

3

r̃j
− |β̃j| =

2

p
, j = 1, · · · , k̃;

p− k̃ + 1

p+ 1
+

3

r̃k̃+1

=
2

p
(p− k̃ + 1).

Using interpolation, there exists θ̃j, τ̃j ∈ (0, 1), j = 1, · · · , k̃, θ̃k̃+1 ∈ (0, 1), such that∥∥∥|∇|sc−1−k̃∂β1x u
∥∥∥
Lp+1
t L

p̃1
x

.
∥∥∥|∇|sc−1u

∥∥∥θ̃1
L2+
t L∞−x

∥∥u∥∥1−θ̃1
L2p−
t L2p+

x
. ‖u‖XT ;∥∥∥∂βjx u∥∥∥

Lp+1
t L

p̃j
x

.
∥∥∥|∇|sc−1u

∥∥∥θ̃j
L2+
t L∞−x

∥∥u∥∥1−θ̃j
L2p−
t L2p+

x
. ‖u‖XT , j = 2, · · · , k̃;∥∥u∥∥

Lp+1
t L

p̃k+1
x

.
∥∥∥|∇|sc−1u

∥∥∥θk̃+1

L2+
t L∞−x

∥∥u∥∥1−θk̃+1

L∞t Ḣ
sc
x

. ‖u‖XT ;∥∥∥∂β̃jx u∥∥∥
Lp+1
t L

r̃j
x

.
∥∥∥|∇|sc−1u

∥∥∥τ̃j
L2+
t L∞−x

∥∥u∥∥1−τ̃j
L2p−
t L2p+

x
. ‖u‖XT , j = 1, · · · , k̃.

Next we analyse
∥∥∥|∇|sc−1−k̃(|u|p−k̃+1)

∥∥∥
L

p+1

p−k̃+1
t L

r̃
k̃+1
x

. Using (2.5), we get

∥∥∥|∇|sc−1−k̃(|u|p−k̃+1)
∥∥∥
L

p+1

p−k̃+1
t L

r̃
k̃+1
x

.
∥∥u∥∥p−sc+2−

Lp+1
t L

r̃
k̃+1,1
x

·
∥∥∥|∇|1−u∥∥∥sc−1−k̃+

Lp+1
t L

r̃
k̃+1,2
x

,

and r̃k̃+1,1, r̃k̃+1,2 satisfy

1

p+ 1
+

3

r̃k̃+1,1

=
2

p
;

1

p+ 1
+

3

r̃k̃+1,2

− 1+ =
2

p
.

Using interpolation again, we have∥∥∥|∇|sc−1−k̃(|u|p−k̃+1)
∥∥∥
L

p+1

p−k̃+1
t L

r̃
k̃+1
x

.
∥∥u∥∥p−k̃+1

XT
.
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Finally, we obtain ∥∥∥|∇|sc−1(|u|pu)
∥∥∥
L1
tL

2
x

. ‖u‖p+1
XT

.

To the term
∥∥∥|∇|sc−1u

∥∥∥
L2+
t L∞−x

in (3.3), set (a′, b′) = (1, 2), (s, ρ) = (1, 0) in (2.3), by

strichartz’s estimate (2.2), we have∥∥∥|∇|sc−1u
∥∥∥
L2+
t L∞−x

. ‖u0‖Ḣsc + ‖u1‖Ḣsc−1 +
∥∥∥|∇|sc−1(|u|pu)

∥∥∥
L1
tL

2
x

.

To the term ‖u‖L2p−
t L2p+

x
, set (a′, b′) = (1, 2), (s, ρ) = (sc, sc − 1) in (2.3), by strichartz’s

estimate (2.2), we have

‖u‖L2p−
t L2p+

x
. ‖u0‖Ḣsc + ‖u1‖Ḣsc−1 +

∥∥∥|∇|sc−1(|u|pu)
∥∥∥
L1
tL

2
x

,

Using the same argument as above, we get our desirable result.

3.2. Case 2: p < 1, ρ < p+ 1. Note that in this case, it should be N > 6. We also use the
same notation below to define our working space

‖u‖XT = ‖u‖L∞t Ḣsc
x

+
∥∥|∇|ρu∥∥

L2
tL

2(N−1)
N−3

x

+ ‖u‖
L2
tL

2Np
4−p
x

. (3.4)

To the term ‖u‖L∞t Ḣsc
x

, let P = 2N(N−1)
N(N−3)+(4−p)(N−1)

, and by Strichartz’s estimate (2.2), we

have

‖u‖L∞t Ḣsc
x

. ‖u0‖Ḣsc + ‖u1‖Ḣsc−1 +
∥∥∥|∇|ρ(|u|pu)

∥∥∥
L

2
p+1
t LPx

.

Next we estimate on
∥∥∥|∇|ρ(|u|pu)

∥∥∥
L

2
p+1
t LPx

. We split it into two cases again.

1: ρ < 1. Using (2.4), we get∥∥∥|∇|ρ(|u|pu)
∥∥∥
L

2
p+1
t LPx

.

∥∥∥∥∥‖u‖pL 2Np
4−p
x

·
∥∥∥|∇|ρu∥∥∥

L

2(N−1)
N−3

x

∥∥∥∥∥
L

2
p+1
t

.‖u‖p
L2
tL

2Np
4−p
x

∥∥∥|∇|ρu∥∥∥
L2
tL

2(N−1)
N−3

x

. ‖u‖p+1
XT

.

2: ρ ≥ 1. Suppose [ρ] = l, then l ≥ 1. From l < p + 1 and Riesz transformation, there
exists a constant Cγ > 0, such that∥∥∥|∇|ρ(|u|pu)

∥∥∥
L

2
p+1
t LPx

.
∑
∂γx∈Λl

Cγ

∥∥∥|∇|ρ−l∂γx(|u|pu)
∥∥∥
L

2
p+1
t LPx

.
∑

∂
γj
x ∈Λl,1≤j≤l

∥∥∥|∇|ρ−l(∂γ1x u · · · ∂γlx u ·O(|u|p−l+1))
∥∥∥
L

2
p+1
t LPx

.
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By (2.4), we get∥∥∥|∇|ρ(|u|pu)
∥∥∥
L

2
p+1
t LPx

.
∑

∂
γj
x ∈Λl,1≤j≤l

∥∥∥|∇|ρ−l∂γ1x u∥∥∥
L2
tL

q1
x

∥∥∥∂γ2x u∥∥∥
L2
tL

q2
x

· · ·
∥∥∥∂γlx u∥∥∥

L2
tL

ql
x

∥∥u∥∥p−l+1

L2
tL

ql+1
x

+
∑

∂
γj
x ∈Λl,1≤j≤l

∥∥∥∂γ1x u∥∥∥
L2
tL

h1
x

· · ·
∥∥∥∂γlx u∥∥∥

L2
tL

hl
x

∥∥∥|∇|ρ−l(|u|p−l+1)
∥∥∥
L

2
p−l+1
t L

hl+1
x

, (3.5)

and the index satisfy

1

2
+
N

q1

− (ρ− l + |γ1|) =
2

p
;

1

2
+
N

qj
− |γj| =

2

p
, j = 2, · · · , l;

1

2
+

N

ql+1

=
2

p
;

and

1

2
+
N

hj
− |γj| =

2

p
, j = 1, · · · , k;

p− l + 1

2
+

N

hl+1

=
2

p
(p− l + 1).

Using interpolation, there exists ˜̃θj, ˜̃τj ∈ (0, 1), j = 1, · · · , l, ˜̃θl+1 ∈ (0, 1), such that∥∥∥|∇|ρ−l∂γ1x u∥∥∥
L2
tL

q1
x

.
∥∥∥|∇|ρu∥∥∥ ˜̃

θ1

L2
tL

2(N−1)
N−3

x

‖u‖1− ˜̃
θ1

L2
tL

2Np
4−p
x

. ‖u‖XT ;

∥∥∥∂γjx u∥∥∥
L2
tL

qj
x

.
∥∥∥|∇|ρu∥∥∥ ˜̃

θj

L2
tL

2(N−1)
N−3

x

‖u‖1− ˜̃
θj

L2
tL

2Np
4−p
x

. ‖u‖XT , j = 2, · · · , l;

∥∥u∥∥
L2
tL

ql+1
x

.
∥∥∥|∇|ρu∥∥∥ ˜̃

θl+1

L2
tL

2(N−1)
N−3

x

∥∥u∥∥1− ˜̃
θl+1

L∞t Ḣ
sc
x

. ‖u‖XT ;∥∥∥∂γjx u∥∥∥
L2
tL

hj
x

.
∥∥∥|∇|ρu∥∥∥˜̃τj

L2
tL

2(N−1)
N−3

x

‖u‖1−˜̃τj

L2
tL

2Np
4−p
x

. ‖u‖XT , j = 1, · · · , k.

Next we analyse
∥∥∥|∇|ρ−l(|u|p−l+1)

∥∥∥
L

2
p−l+1
t L

hl+1
x

in (3.5). By (2.5), we have

∥∥∥|∇|ρ−l(|u|p−l+1)
∥∥∥
L

2
p−l+1
t L

hl+1
x

.
∥∥u∥∥p−ρ+1−

L2
tL

hl+1,1
x

·
∥∥∥|∇|1−u∥∥∥ρ−l+

L2
tL

hl+1,2
x

,

and hl+1,1, hl+1,2 satisfy

1

2
+

N

hl+1,1

=
2

p
;

1

2
+

N

hl+1,2

− 1+ =
2

p
.

Using interpolation again, we get∥∥∥|∇|ρ−l(|u|p−l+1)
∥∥∥
L

2
p−l+1
t L

hl+1
x

. ‖u‖p−l+1
XT

.
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Finally, we get ∥∥∥|∇|ρ(|u|pu)
∥∥∥
L

2
p+1
t LPx

. ‖u‖p+1
XT

.

To the term
∥∥∥|∇|ρu∥∥∥

L2
tL

2(N−1)
N−3

x

in (3.4), set (a′, b′) = ( 2
p+1

, P ), (s, ρ) = ( N+1
2(N−1)

,− N+1
2(N−1)

)

in (2.3). By Strichartz’s estimate (2.2), we have∥∥∥|∇|ρu∥∥∥
L2
tL

2(N−1)
N−3

x

. ‖u0‖Ḣsc + ‖u1‖Ḣsc−1 +
∥∥∥|∇|ρ(|u|pu)

∥∥∥
L

2
p+1
t LPx

.

To the term ‖u‖
L2
tL

2Np
4−p
x

, set (a′, b′) = ( 2
p+1

, P ), (s, ρ) = (sc, sc − N+1
2(N−1)

) in (2.3). By

Strichartz’s estimate (2.2), we have

‖u‖
L2
tL

2Np
4−p
x

. ‖u0‖Ḣsc + ‖u1‖Ḣsc−1 +
∥∥∥|∇|ρ(|u|pu)

∥∥∥
L

2
p+1
t LPx

.

Then we obtain the same analyze as above and finish the proof of this section.

Combining the three cases above, we get

‖u‖XT . ‖u0‖Ḣsc + ‖u1‖Ḣsc−1 + ‖u‖p+1
XT

,

uniformly on T . Therefore, we have ‖u‖X∞ . ‖u0‖Ḣsc + ‖u1‖Ḣsc−1 .

In particular, we prove the Strichartz estimates below.

When p ≥ 1, 3 < N ≤ 9, ∥∥∥|∇|sc−1u
∥∥∥
L2
tL

2N
N−3
x

+ ‖u‖
L2p
t L

2Np
3

x

<∞;

when p ≥ 1, N = 3, ∥∥∥|∇|sc−1u
∥∥∥
L2+
t L∞−x

+ ‖u‖L2p−
t L2p+

x
<∞;

when p < 1, ρ < p+ 1, ∥∥∥|∇|ρu∥∥∥
L2
tL

2(N−1)
N−3

x

+ ‖u‖
L2
tL

2Np
4−p
x

<∞.

So we choose scattering state as[
u±
v±

]
=

[
u0

u1

]
−
∫ +∞

0

[
|∇|−1 sin

(
− s|∇|

)
cos
(
−s|∇|

) ] (
|u(s)|pu(s)

)
ds.

From the Strichartz estimate above (the standard process can be found in [1]), we have that
when t→ ±∞,∥∥∥∥∥

[
u(t)
ut(t)

]
−
[

cos
(
(t− t0)|∇|

)
|∇|−1 sin

(
(t− t0)|∇|

)
−|∇| sin

(
(t− t0)|∇|

)
cos
(
(t− t0)|∇|

) ] [
u±
v±

] ∥∥∥∥∥
Ḣsc×Ḣsc−1

→ 0.

This finishes the proof of Theorem 1.1.
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