SOME NEW WEIGHTED ESTIMATES ON PRODUCT SPACES
EMIL AIRTA, KANGWEI LI, HENRI MARTIKAINEN, AND EMIL VUORINEN

ABSTRACT. We complete our theory of weighted LP (w;) x L%(ws) — L (w}/Pw}/) esti-
mates for bilinear bi-parameter Calderén—Zygmund operators under the assumption that
w1 € Ap and we € A, are bi-parameter weights. This is done by lifting a previous re-
striction on the class of singular integrals by extending a classical result of Muckenhoupt
and Wheeden regarding weighted BMO spaces to the product BMO setting. We use this
extension of the Muckenhoupt-Wheeden result also to generalise some two-weight com-
mutator estimates from bi-parameter to multi-parameter. This gives a fully satisfactory
Bloom type upper estimate for [11, [T, ... [b, T}]]], where each T; can be a completely
general multi-parameter Calderén-Zygmund operator.

1. INTRODUCTION

Singular integral operators (SIOs) are operators of the form

Tf@) = | K@) fy)dy.

They include many important linear transformations that arise in the analysis connect-
ing geometric measure theory, partial differential equations, harmonic analysis and func-
tional analysis. Classical one-parameter kernels are singular when = = y. Product space
theory (multi-parameter theory), on the other hand, is concerned with kernels whose
singularities are more spread out. To get an idea, for z,y € C = R x R, compare the one-
parameter Beurling kernel 1/(z — y)? with the bi-parameter kernel 1/[(z1 — y1) (72 — y2)]
— the product of Hilbert kernels in both coordinate directions.

Multi-parameter SIOs arise naturally in applications involving a product type esti-
mate. A simple example is given by the multiplier operators. A multiplier m: RxR — C
satisfying [0°m(¢)| < |€]71%! for all multi-indices o = (a1, ag) and € = (&1,&) € R?\ {0}
gives rise to a convolution form one-parameter SIO T,,, with fm\f(f ) = m(&)f(€). How-
ever, if m only satisfies the less demanding estimate |0 9g>m(§)] < &1 |~ lel|gy) 1otz we
get a bi-parameter SIO T,,,. For the classical linear multi-parameter theory and some of
its original applications see e.g. Fefferman-Stein [16] and Journé [22].

On the other hand, a heuristic model of an n-linear SIO 7" in R? is obtained by setting

T(fr,....f) @) =Ufi® @ fu)(z,...,2), zeR? fi: RT— C,
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where U is a linear singular integral operator in R"?. See e.g. Grafakos-Torres [12] for
the basic theory. Multilinear SIOs arise naturally from applications to partial differential
equations, complex function theory and ergodic theory, among others. For instance, L”
estimates for the homogeneous fractional derivative D*f = F~1(|¢ \af(g )) of a product
of two or more functions, often referred to as fractional Leibniz rules, are widely employed
in the study of dispersive equations. This started from the work of Kato and Ponce [23],
and such estimates descend from the multilinear Hormander-Mihlin multiplier theorem
of Coifman-Meyer [4]. A variety of formulations may be found e.g. in Grafakos—Oh [11].

Finally, multilinear multi-parameter estimates arise naturally in applications when-
ever a multilinear phenomena, like the fractional Leibniz rules, are combined with prod-
uct type estimates, such as those that arise when we want to take different partial frac-
tional derivatives. We refer to our recent work [28] for a thorough background on the
subject, its significance and for new developments. In the product setting this multilin-
ear theory of SIOs is historically significantly more limited than in the one-parameter
setting. For example, in the one-parameter — linear or multilinear — setting, the following
Calderén-Zygmund type principle is standard: if an SIO is bounded with some expo-
nents, it is bounded with all eligible exponents. In the linear bi-parameter setting such
principles follow from [22] or [29], but they are already more involved. In [28] we fi-
nally were able to develop such general principles in the bilinear bi-parameter setting:
simpler estimates in the Banach range (r > 1), imply boundedness in the full bilinear
range LP x L9 — L", 1/p+1/q=1/r,1 <p,q < 00, 1/2 < r < oo, weighted estimates,
mixed-norm estimates, and so on.

However, our weighted estimates in [28] (see Section 2 for the definition of A, weights)
still had the restriction that we needed the cancellation 7'(1,1) = 0, and the same for the
adjoints and partial adjoints. It is easy to come up with singular integrals, where this
cancellation does not hold: already a tensor product of two bilinear one-parameter SIOs
does not in general satisfy it. In this paper we remove this final restriction, which leads
to a complete and satisfactory theory for general bilinear bi-parameter SIOs.

The assumptions on objects like 7°(1, 1) have to do with T'1 type arguments. Already
in the linear one-parameter setting the question of the boundedness of 7" with a generic
kernel is often best answered by so-called 7'1 theorems, where the action of the operator
T on the constant function 1 plays a critical role, and it is only the convolution kernels

K(z,y) = k(x — y), which are conveniently studied via formulae like f}” &) = k(¢ )f(f ).
While the assumption 71 = 0 is more general than 7" being of convolution form, it is
morally related.

The reason why we care about weighted estimates is that, beyond their significant in-
trinsic interest, they are of fundamental use in proving other (unweighted) estimates, like
obtaining the full bilinear range of exponents from a single tuple (po, go, 70) and proving
vector-valued and mixed-norm estimates. This is due to the very powerful bilinear ex-
trapolation results — see e.g. [8, 10, 24, 25, 31]. In the product setting this viewpoint
is particularly useful as many of the classical one-parameter tools are crudely missing.
However, extrapolation is already very convenient in the one-parameter multilinear the-
ory due to, for example, the complicated nature of multilinear interpolation.

For example, we obtained a range of mixed-norm LP' LP? estimates in [28] via weighted
estimates, and, thus, they required the same restriction on the class of SIOs. See e.g. Di
Plinio—Ou [7] for some previous mixed-norm estimates. With the understanding that a
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Calderéon—-Zygmund operator (CZO) is an SIO satisfying natural 7'1 type assumptions,
our improvement of [28] now reads:

1.1. Theorem. Let T' be a bilinear bi-parameter CZO as defined in [28]. Then we have the
weighted estimate

1T(f, Ol Ly < C[wi]a,, [wa] a) 1 | o) 191l a ()

forall1 < p,q <ocand1/2 <r < oowith1/r =1/p+ 1/q, and for all bi-parameter weights

wi € Ap(R" x R™), wy € Ay(R™ x R™) with w = w}/Pw}/?. In the unweighted case we also
have the mixed-norm estimates

IT(f, 9L ®rspr2 ®myy S N Fllzer @eszre @m)) 19]| Lar (me; Loz (mmy)

forall1 < p;,qi <ooand 1/2 < r; < oo with 1/p; +1/q; = 1/r;, except that if ro < 1 we have
to assume oo & {p1,q1}.

Bilinear weights pose a problem with duality: notice e.g. that if wi,ws € Ay then
w = wi/ Qw;/ 2 e Ay, while we need to work in L2(w). This is a relevant problem and
often makes bilinear bi-parameter weighted estimates different and harder than in the
linear case. For the linear estimates see Fefferman-Stein [16] and Fefferman [13, 14],
and the much more recent Holmes—Petermichl-Wick [21] that is rooted on the modern
dyadic-probabilistic methods [29]. In particular, already some linear paraproduct esti-
mates depend on suitable H!-BMO type duality arguments, and, for this reason, we
could not previously handle weighted estimates for certain model operators. This led to
the restriction on the class of CZOs. We now remove this restriction by developing some
new theory for the product BMO space of Chang and Fefferman [2, 3]. Theorem 3.2 be-
low is an extension of a classical result of Muckenhoupt and Wheeden [30] to the product
BMO setting — it says that certain weighted product BMO spaces are actually the same as
the unweighted product BMO space. This gives a useful way to construct objects in some
genuinely weighted product BMO spaces by starting with an object in the unweighted
product BMO. We prove this result of independent interest in its full generality, and
apply its special case to prove our bilinear bi-parameter weighted estimates.

Finally, we present another application of Theorem 3.2. This concerns the recently hot
topic of two-weight estimates for commutators of SIOs. The classical result of Coifman—
Rochberg-Weiss [5] showed that

1bllBmo S 1[0, Tl zr— e < [IbllBMO, Where [b, T f := bT'f —T(bf),

for a class of non-degenerate one-parameter SIOs 7. Commutator estimates then e.g.
yield factorizations for Hardy functions, imply div-curl lemmas relevant in compensated
compactness, and are connected to the Jacobian problem Ju = f in L? (see Hytonen
[19]). The two-weight problem concerns estimates from LP(u) to LP()) for two differ-
ent weights 1, A and has attracted significant interest after the recent work by Holmes—
Lacey—-Wick [21]. For the product space versions of these two-weight estimates see the
recent works [1, 21, 26, 27]. In this paper we remove the final restriction on the most
general estimate thus far, [1, Theorem 1.5], and prove a two-weight upper bound on
[T1, [T3,...[b,Tk]]], where each T; can be a completely general multi-parameter CZO as
in [32]. Previously, in certain situations it was explicitly required in [1] that 7; can be at
most bi-parameter, or else it needs to satisfy some extra cancellation.
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1.2. Theorem. Let R? = [, R% be a product space of m-parameters. Let k < m be given
and Z = {1, ..., Iy} be a partition of {1, ..., m}. Let k; = #Z;, and for each eachi =1, ...k
let T; be a multi-parameter CZO as in [32], which is defined in the product space [ ]z, R% and
has k; parameters. Let b: RY — C, p € (1,00), u, A € A,(R?) be m-parameter weights and
v = u'/PX=Y/P be the associated Bloom weight. Then we have

1T, [Ty 6, Tellll 2oy Lo 6) S Wbllpmot )

where in this formula every T; is extended to act on the whole product space R%, and bmo” (v) is
a suitable weighted little product BMO space as in [1].

We manage this extension in Section 5 by using the full power of Theorem 3.2. For the
various definitions see Section 2 and Section 5.

1.1. In-depth discussion. In [1, Theorem 1.5] two-weight commutator estimates were
shown for

[Th [T2> s [b7 Tkm»

where each 7T; is a multi-parameter CZO as in Ou [32] (a multi-parameter dyadic rep-
resentation theorem generalising [29]). However, it was required that either 7; satisfies
some cancellation (is paraproduct free) or is of at most two parameters. In Theorem 1.2
we remove the restrictions completing the upper bound theory of multi-parameter two-
weight commutator bounds. We stress that this is philosophically different to what we
do in Theorem 1.1 — there we aim for complete bi-parameter theory in the strictly differ-
ent bilinear context by removing some previous cancellation restrictions present in the
bilinear bi-parameter theory [28]. In [1] no restrictions appear on the bi-parameter case
to begin with — restrictions are needed only if some of the operators T; are m-parameter,
m > 3.

The passage from bi-parameter to multi-parameter is known to be very non-trivial
in some occasions. In [1] difficulties arose as certain so-called partial paraproduct terms
(model operators appearing in the dyadic representation given by [32]) seemed to require
a sparse domination type treatment already used in [26], and this could only be done if
the paraproduct component of the partial paraproduct had only one parameter. In tri-
parameter theory (and general multi-parameter theory) it was then necessary to assume
that such partial paraproducts vanish (that is, the SIOs have some extra cancellation), as
otherwise partial paraproducts with multi-parameter paraproduct components arise.

All of this is somehow connected to the very innocent result of [28, Lemma 6.7]. This
particular one-parameter lemma is proved using sparse domination and can be extrapo-
lated to get useful vector-valued estimates, which we need in various places in [28, 26].
We now know how to prove some strong enough analogs of [28, Lemma 6.7] with-
out sparse domination and using Theorem 3.2 instead, and this is extendable to multi-
parameter. See Lemma 5.5 below. This allows us to remove the restrictions present in
[1]. The reader might still reasonably wonder would it now be easy enough to state a
multi-parameter version of Theorem 1.1 as well. The short answer is that this might still
require more work. This is because the linear two-weight theory only requires some spe-
cial versions of [28, Lemma 6.7], where averages are outside as in Lemma 5.5, but the
weighted estimates for bilinear bi-parameter partial paraproducts [28, Proposition 6.11]
use all of the symmetries of [28, Lemma 6.7].
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2. NOTATIONS AND PRELIMINARIES

Basic notation. Throughout this paper A < B means that A < C'B with some constant
C' that we deem unimportant to track at that point. In particular, we often do not track
the dependence on the weight constants. We write A ~ Bif A < B < A.

Before Section 5 we work in the bi-parameter setting in the product space R"*"™ =
R"™ x R™. We write x = (21, 72) with 717 € R" and 22 € R™ and for f : R"*™ — C and
h: R" — C, we define

(fy)1(z2) == o f(x1,x2)h(21) day.

In Section 5, which is the only place in the paper where we do multi-parameter theory
(as opposed to bi-parameter), some additional notation will be introduced.

Haar functions. We denote a dyadic grid in R" by D" and a dyadic grid in R™ by D™.
We often write D = D" x D™ for the related dyadic rectangles.

For an interval I C R we denote by I; and I, the left and right halves of I, respectively.
We define 19 = |I|7Y/21; and h} = |I|7Y/2(1;, —1;,). Letnow Q = I x - -- x I,, € D", and
define the Haar function h%, n=(m,...,nn) € {0,1}", by setting

By =hPw @ R,

If ) # 0 the Haar function is cancellative: [ h/, = 0. We exploit notation by suppressing
the presence of 1, and write hg for some ht,n#0.fR=1xJ € D=D"x D", we
define hg = h; ® hy.

Weights. A weight w(zq,x2) (i.e. alocally integrable a.e. positive function) belongs to
the bi-parameter 4,(R" x R™), 1 < p < oo, if

1 1 o
. 1-p
w nyRm) ‘= SUp w w < 00,
(el e xckemy R ’R|/R (’R|/R )

where the supremum is taken over R = I x J, where I C R" and J C R™ are cubes with
sides parallel to the axes (we simply call such R rectangles). We have

(W] 4, (R xRm) < 00 iff max (ess sup [w(z1, )] 4, ®m), €sssup [w(-,xg)]Ap(Rn)) < 00,
x1 GR" T2 eR'rn

and that max ( esssup,, egn [w(21, A, @®m), €88 sup,, crm [W(-, xg)]Ap(Rn)) < [w]a, (&r xR,
while the constant [w]4, is dominated by the maximum to some power. We say w €
A (R™ x R™) if

[w] = sup 71 / w exp 71 / lo ('lU 1) < o0
n m) . X .
AOO(R xR ) ‘R| |R’ g

It is well-known (see e.g. [9, Section 7]) that
Ao®"xR™) = [ ] A,R"xR™).
1<p<oo

We do not have any explicit use for the A, constant. The w € A, assumption can always
be replaced with the explicit assumption w € A, for some s € (1, 00), and then estimating
everything with a dependence on [w]4,.
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Of course, A,(R") is defined similarly as A,(R"™ x R™) —just take the supremum over
cubes ). A modern reference for the basic theory of bi-parameter weights is e.g. [21].

Square functions and maximal functions. Given f: R"™ — C and g: R" — C we
denote the dyadic maximal functions by

Mpng := sup 17(|gl); and Mpf := ;2%1R<|f‘>37

where (f) , = |A|7' [, f. We can e.g. write <f>} if I C R™ and we average only over
the first parameter. We also set M3, f(z1,22) = Mpn (f(-,22))(x1). The operator M2, is
defined similarly. The weighted maximal function is defined by

MZBf = 1 v
Bf sup r{US)

where (|f[) = w(R)™! [ |f|w. We require the following very nice result of Fefferman
[15]. For a modern reference see [26, Proposition B.1]. Notice that in the bi-parameter
setting this result is very non-trivial as w is not of tensor form.

2.1. Lemma. Let w € Axo(R™ x R™). Then forall 1 < p < oo we have

1MB fll ey S 1 loew)-

Now define the square functions

12 1/2
Spf = (Z !<fahR>!2‘1}§°|>  Spnf = ( 2 Illll® ’<f’h1>1}2>

ReD 1eDn

and define S, f analogously. Define also

1/2 1/2
Shaf = ( > ’1;|® [Mpm<f,h1>1]2> , Skt = ( > [Mpn<f,hJ>2]2®ﬁj> .

IeDn JeDm

We record the following basic weighted estimates, which are used repeatedly below.

2.2. Lemma. Forp € (1,00) and w € A, = A,(R™ xR™) we have the weighted square function
estimates

£ o wy ~ 119D F I Le(w) ~ 1Sbn 1l Lew) ~ 1S5m fll Lo w)-

Moreover, for p, s € (1, 00) we have the Fefferman—Stein inequality

| oy " (Sisr) "

Here M can e.g. be M2, or Mp. Finally, we have
15D s fll Loy + 15D a0 Fll oy S 1N o)

<

Lr(w) Lr(w)

See [26, Lemma 2.1] for an indication on how to prove this standard result. Of key
importance to us is the following lower square function estimate valid for A, weights.
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2.3. Lemma. There holds

£l 2o o) S NSbnfllo(w)
and

1 fllrw) S 15Dl Lo (w)
forall p € (0, 00) and bi-parameter weights w € Ax.

See [28, Section 6] for an explanation of this well-known inequality. This is important

r/pwg/q

to us as the weight w = w; in Theorem 1.1 is at least A, — it is in fact As,.

Singular integrals. A kernel K: R x R4\ {(z,9) € R? x R?: z = y} — C is a standard
Calder6n-Zygmund kernel on R? if we have

C
K(z,y)| < ———
K@yl < =

and, for some « € (0, 1],
|z — 2’|

K Ges) = K (o) K (,2) = K ()] < O —

whenever |z — 2| < |z —y|/2.

A singular integral operator (SIO) is a linear operator 7 (initially defined, for example,
on bounded and compactly supported functions) so that there is a standard kernel K for
which

(Tf,g9) = //RdedK(wyy)f(y)g(w) dy dz

whenever the functions f and g are nice and have disjoint supports. A Calderén-Zygmund
operator (CZO) is an SIO T, which satisfies the 7'1 condition

/Wh+/ﬁﬂﬂsm
I I

for all cubes I C R?. Here T* is the linear adjoint of 7. A T'1 theorem says that an SIO is a
CZO if and only if it is bounded from L” — LP for all (equivalently for some) p € (1, c0).
We know a lot about the structure of a CZO T'. Indeed, we can represent 7" with certain
dyadic model operators (DMOs) — see [17, 18]. The DMOs take the concrete form of so-
called dyadic shifts and paraproducts. Moreover, the T'1 theorem is a consequence of the
representation theorem. We will indicate how a representation theorem looks soon.

A model of a bi-parameter singular integral operator in R" x R™ is T1 ® T5, where T}
and T3 are usual singular integrals in R" and R™, respectively. The general definition of
a bi-parameter singular integral T requires that (T'f1, f2), fi = f! ® f?, can be written
using different kernel representations depending on whether

(1) spt f Nspt f3 = 0 and spt f2 Nspt f3 =10,

(2) spt f{ Nspt f4 =0 or

(3) spt ff Nispt f3 =0
In the first case we have a so-called full kernel representation, while in cases 2 and 3
a partial kernel representations holds in R™ or R™, respectively. The T'1 conditions are
more complicated than in one-parameter — for the complete definitions see [29, Section
2]. As in the one-parameter case, we can represent a bi-parameter CZO — a bi-parameter
SIO satisfying the bi-parameter 7'1 conditions — using bi-parameter DMOs. We will only
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need these model operators in this paper, and they are defined when they are needed.
Everything in Theorem 1.1 and Theorem 1.2 is reduced, via representation theorems, to
estimates of model operators.

The analogous multi-parameter theory is presented in [32]. An inherent complica-
tion of these bi-parameter and multi-parameter representations is the presence not only
of “pure” paraproducts and cancellative shifts, but also of their hybrid combinations —
partial paraproducts — that are completely new compared to the one-parameter case.

For Theorem 1.1 we still need to discuss the bilinear theory. A heuristic model of a
bilinear one-parameter SIO T in R? is T'(f1, f2)(z) := U(f1 ® f2)(x, ), where z € R,
fi:RY = C, (i ® fo)(w1,22) = fi(x1)f2(x2) and U is a linear SIO in R??, In detail,
a bilinear SIO T has a kernel K satisfying estimates that are obtained from the above
heuristic via the linear estimates, and if spt f; N spt f; = () for some ¢, j then

@t ) =[] Ko 500 i) dydsda.
Finally, a model of a bilinear bi-parameter singular integral in R™ x R"™ is

(T @ Trn) (1 © f2, 91 © g2) (@) := Tn(f1, 91) (21) T f2, 92) (2),

where f1,g1: R?” = C, fo,92: R™ — C, z = (71, 22) € R"™ and T, T, are bilinear SIOs
defined in R™ and R™, respectively. See [28, Section 3] for the rather long definition in
the full generality. We reiterate that we will only meet the DMOs in this paper. This is
because by [28, Theorem 1.3] we have that if T is a bilinear bi-parameter CZO, then

<T(f17f2)7f3> :CTE Z ak,v<U£’v(f17f2)7f3>7
k:(kl,k27k3)ezd
v=(v1,v2, vg)GZ

where w = (w1,ws) is associated to random dyadic grids D, = D}, x D[},

CT 5 1/
the numbers «j, > 0 decay exponentially in complexity (k,v), and Uf " denotes some
bilinear bi-parameter dyadic model operator of complexity (k,v) defined in the lattice
D,,. Crucially, we have shown the desired weighted estimates in [28] for all but one type
of model operators — the remaining model operators are defined carefully in Section 4

and the weighted estimate is proved for them. This shows Theorem 1.1.

3. WEIGHTED BMO SPACES

Let D = D™ x D™ be a lattice of dyadic rectangles, A = (ar)rep be a sequence of
scalars and © C R™"". We define

= (S )t saate= (3 )

ReD RED

Letp € (0, 00). Define

1
p WHSA,QHLTH
where Q is open and 0 < |2 < co. There are many possibilities how to define a weighted
version. The following is not the ‘correct” definition for many things. Nonetheless, it will

HAHBMOPmd (p) =
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be of key use to us. Thus, let w € A, and set
1
||AHBMopmd7w(p) = Slép W”SA,QHLP(w)-

We set [|A|BMOpa = [[AlIBMOa2) and [[AllBMOpa = [AIBMO, 04, (2)- The weight
turns out not to play a role here — that is, we have || A gm0, = [|4llBMO,,0,, for all
bi-parameter weights w € A. To prove this we need the bi-parameter John-Nirenberg.
The unweighted version || A|[BMO,,q ~ ||A||BMOpm (p) is well-known. However, we need
to know it in the following form, which is a priori stronger. The proof is similar, though,
but requires the very non-trivial Lemma 2.1.

3.1. Proposition. For all bi-parameter weights w € Ao, we have
[ ANBMOprodw ~ [ AIBMOp 104, (p) 0<p<oo.

Proof. By Holder’s inequality we only need to prove HAHBMOpw o)) S ”AHBMOpm (D)
for p < g and ¢ > 2. We may assume ap # 0 for only finitely many R € D. We fix 2 and,
for a large enough N > 0, denote E := {S4 0 > N||Alsmo )}- We now have

w(E) < (N[ A[BMO,yoq.0(r)
Split D = R U Ry, where
Ri:={R: w(ENR)>w(R)/2}, Ry:={R: w(ENR) <w(R)/2}.
Notice that clearly for all R € R we have
RC{M¥(1g)>1/2} = F
Since w € A, by Lemma 2.1 we have
W(B) S IMELR) 2y S w(E).

We now fix N so that we always have w(E) < w(£2)/29, and then notice that

H(%J“R’Q\Rr)

prod,w (p

< N~Pw(Q).

p
LP(w)

<154 zllzequw)
L (w)

Q=

-1 1
< A0 (0@ (E) T < Gl AlIBO (00 ()

This is absorbable, so we now move on to consider the sum, where R € Rs. As g > 2 we
may calculate

1r
H< > larl? |) = sup > larl(gw)
ReRy Law)  19lLa2)7 =t RERy

<2  sup 11555 MBIl 11 )
||9HL(q/2)/(w)=1

<2 sup ||1ECSA,Q||%q(w)HM;'DUQHL(W)/(W)
||gHL(q/2)/( ):1

2/q
< HAHBMOPmdw( )w(Q) )
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where we used Lemma 2.1 in the last step. The proof is done as we have shown that

1
[AlIBMO prog (@) < 5 I ANBMOLrau(@) + ClIANBMO 104, (p) -

3.2. Theorem. For all bi-parameter weights w € A, we have
[ABMOpog ~ [[ABMOpr0q..0-

Proof. Fix w € As. Then there exists s > 2 so that w € A,. We first prove || A||smo
| Al|[BMO,,oq- Define the linear bi-parameter paraproduct

prod,w ~v

If =Taf =) ar(f)zhr.

ReD

It is well-known (see e.g. [21]) that

ITLf | 25wy S IAIBMOproa1 1| 25 (u0)

Then by Lemma 2.2 we have
21gr
H ( > larl[{f) gl |R|> =[S 25wy < [AlIBMO o 1 f | 25 ()
ReD Ls(w)

Testing with f = 1o we get

1
(gt |,

ReD

1
s

S HAHBMOprodw(Q) .
L3 (w)
) S l[AllBMO,,q- By Proposition 3.1 we conclude that

(w) =

This means that ||A”BMOprod,w(s

||A||BMOpde’w 5 HAHBMOprOd'
It remains to prove [[AlBmo,,q S [[AlBMOeg.- FOr 0 < f € L*(w) and 0 < g €

LG/ (w) , we have

S Janl*(w) , / S Janf(w),d

ReD ReD
(Y Rg) >t

< /Ooo > jar]*(w) , dt

ReD
RC{(Mp f)2 Mg g>t}

o
< A0, | w(MRS Mg > 1)
— 1Al 00 (M F2M Bl 13
< ||A||%Mopmd,w||MDfH%s(w)HM%JSJHL(s/z)’(w)

< AR MO g 112 9 o2
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where we have used Lemma 2.1 in the last step. Testing the above inequality with f =
S
w_ilg, g=w /2"1g we get
2/ _—1\2 2 2
Z lar] <w S>R<ws>R S ||A||BMopmd,w\Q|-
ReD
RCQ

We conclude the proof by noticing that 1 < <w‘§ >;<w§ )R- a

3.3. Remark. In the one-parameter case, the equivalence between BMO and BMO,,,, where
w € A, is due to Muckenhoupt and Wheeden [30].

Finally, we define the actual weighted product BMO by setting

% !
1 1 lagr|?
2 R R
= sup
() (vt 215
RCQ
The previous theorem is of 1ndependent interest, but also yields the following key lemma.

3.4. Lemma. If A € BMOpyoq define Ay = (ar{w)r)rep for w € As. Then we have

AN BMO proa (w) = SUp N7 1/2

L2(dx)

”A”LU”BMOprod(w) ~ ||A”BMoprod'
Proof. Notice that

HA HBMOprod HAHBMOprod w HAHBMOprod °

Here the first equality is obvious and the second estimate is Theorem 3.2. O

3.5. Corollary. For sequences of scalars A = (ar) and B = (bgr) we have
> larl(w)rlbr] S I AIBMO | SB| Lt )
ReD

whenever w € A

Proof. Follows from the known, see e.g. [21, Proposition 4.1], weighted H'-BMO duality
(3.6) > larlbal S IAllBMO, () 1B L1 (w)

ReD
and Lemma 3.4. O

4. PROOF OF THEOREM 1.1

A bilinear bi-parameter full paraproduct on a grid D = D" x D™ has the form

(4.1) Ma(f1, fo) =T(f1, fo) = ) aR<f17hI® |J|><f2>R|]\ ® hy,

R=IxJeD

where || A|Bmo,,,, < 1. What is important is that there are actually nine different types

prod —

of full paraproducts — the full paraproduct above corresponds to the tuples (h |111‘ ‘llfl)

and (‘ j" T J| h ]), but the ~; can be in any of the three slots and so can the h;.

It follows from [28] that to prove Theorem 1.1 it suffices to prove the following weighted
estimate for the full paraproducts.
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4.2. Proposition. Let 1 < p,q < ocoand 1/2 < r < cosatisfy 1/p+1/q=1/r, w1 € Ay and

wy € A, be bi-parameter weights, and set w = w}’”

ITLCf1, f2)llrwy S N fillzeon) [ f2ll e uws)-

Proof. Case 1. Suppose that there is a full average over R = I x J atleastin f; or f. In
such cases the bilinear paraproduct estimate decouples reducing to linear estimates. For
example, suppose II has the form (4.1). Then using the weighted lower square function
estimate, Lemma 2.3, and the basic Lemma 2.2 we have
;
1J
1]

(5
MDfQ(Z <Z\@R”<f1,h1®m> |II|> ﬁj,)
J I L™ (w)
1\ 1)
I J
(;( I |aRr)<f1,hf®|J‘> m) w)

S M Fall 2o (wn) 1Bl Lo

w4/, Then we have

17

Z |aR\<f17h1 ® |J|><f2>IXJ|I|

1

X3, f2)]

Lr(w)

N

IN

[MD fol L (ws,)

LP(wr)

where
h = \GR|‘ fi,hr @ — @ hy.
22, e )
This is just a standard linear bi-parameter paraproduct, and thus satisfies the weighted
estimate ||| o (w,) S | f1llLe(wy) (see e.g. [21]). Thus, we are done by Lemma 2.2.
Case 2. Out of the remaining cases we choose the symmetry

H(fi,fa) = ) aR<f1,h1 ® ’J’><f2, 7] >’1}§‘

R=IxJ

Equipped with our current tools we can prove the desired estimate directly for any
P0,q0 € (1,00) and 79 € [1,00) satisfying 1/ro = 1/pp + 1/qo. By bilinear extrapolation
[8, 10] it is enough to prove the estimate with only one fixed tuple, so this is certainly
enough to get the claimed full range. For example, in the case ry = 1 we get

A i < 3 lanl(w) g (f1.hr & )| i )

R=IxJ

2171% 1/2
(2 ool gromlia) |

< 1Sb.arfill ro () 1B ar foll Lo (wa) S 11l 270 (o) 1 f2 ]l 290 ()

<

~

where we have used Corollary 3.5 in the second estimate and Lemma 2.2 in the last
step. U

4.3. Remark. The advantage of the case rp = 1 in Case 2 above is that then w € As, so
that proving the required estimate | A||BMO,,04.., S [[AlBMO,,,q do€s not require the John-
Nirenberg inequality and thus not even Lemma 2.1. However, we still note that the case
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rp > 1 could be done with a similar calculation, but it requires bounding [(II( f1, f2), faw)]
for f3 € L"0(w) with

1J 1[ w
Z !aR\<w>R’<f1, hr ® J>H<f2’ Il ® hJ>‘<\f3\>R,

R=IxJ ‘

using the fuller strength of Corollary 3.5 and also Lemma 2.1.

5. PROOF OF THEOREM 1.2

We now move on to Theorem 1.2 — this directly forces us to deal with m-parameters,
m > 3. Indeed, recall that [1, Theorem 1.5] has no restrictions as long as the appearing
singular integral operators are at most bi-parameter. Notice that it is obvious how m-
parameter weights in the product space R% x .. x R% are defined — simply work with
rectangles R = I; X - - - x I,,. Notice also that if weset D = [, D, where D' is a dyadic
grid on R%, and if we have a sequence A = (agr)rep, the various product BMO norms of
A have a completely analogous definition in m-parameters.

We begin by noticing that a multi-parameter version of Theorem 3.2 is true — the proof
is exactly the same.

5.1. Theorem. For all m-parameter weights w € A, on R x - - x R we have
HAHBMOprod ~ ”AHBMOprod,w'

To communicate the main idea regarding Theorem 1.2, including the definition of
the space bmo? (v) appearing in the theorem, we now restrict the discussion to the tri-
parameter space R? = R4 x R% x R%. Let D! be a dyadic grid in R% and set D =
D' x D? x D3. We denote cubes in D' by I;, Ji, K;, etc. It is obvious how to define,
just like in the bi-parameter setting, the square functions 57131, ngxpz, Sp, and so on.
We now consider b: R? — C and a tri-parameter Bloom weight v = p'/?A~1/?, where
p € (1,00) and p, A € A,(RY) are tri-parameter A, weights. In Section 3 we had a se-
quence A = (ap), but if we would have been talking about a function b there, we would
have simply considered the sequence ({b, hy)). For the commuting function b we prefer
to understand various BMO spaces directly via the dualised forms (3.6). This is because it
makes various relationships between the BMO spaces much more transparent. Here we
follow [1, Section 2], where the facts used in the following explanation are also proved.

Theorem 1.2 is not dyadic — thus, we need the following inequalities to hold uniformly
for all dyadic grids D". If for i € {1,2,3} we have

16, /)] < ClISpifllprw),
we denote the optimal constant C' by [|b[| g0 (,)- Moreover, e.g. the norm ||bHBMOl,20l ) =
pro:

[0l Bmo12 () has the obvious dual definition as the best constant in the inequality

b 21 < [bllspg012, ) 1S5 p 10
or could be defined as in Section 3. Similarly, it is obvious how to e.g. define ||b||BM01,3d ) =
Ppros

||bHBM01’3(V) and HbHBMO;;z‘f(V) = HbHBMol,2,3(V).
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We can always estimate up by adding more parameters to square functions so that e.g.

Hsé)lfuLl(u) S HSZDJixDJfHLl(V)-
This explains the convenience of using the dual formulations here directly, as from such

estimates we can immediately see that e.g. BMO!(v) C BMO;’; 4(¥). Another thing is

that, for instance, the BMOl(l/) condition implies that
(52) ’<b(7 L2, 1'3), g>‘ < ||bHBM01(V) ||SD19”L1(I/(-,$2,CE3))

uniformly on (almost every) 2, x3, which is sometimes useful.
Given a partition Z = {Z;,...,Z}, k < 3, of the parameter space {1, 2, 3}, we define

||b||bmoI(1/) = Sl}p HbHBMOﬂ(y)a

where @ = (ul-)f:1 is such that u; € Z;. We illustrate this with examples. If k£ = 3 we look
at [T, [Tz, [T, b]]], where each T; is a one-parameter CZO on R%, and the related condi-
tion is [|b],t010. 210811y = lI0llBMoL23(0) = ”bHBMO;;(Q)f(u)' If k = 2 we may e.g have

7 = {{1,2},{3}} and look at [T1, [T, b]], where T} is a bi-parameter CZO on R% x R%
and T is a one-parameter CZO on R%, and the related condition is 1611y, o tr1,23. (31 v =
sup{ [0l smot3 (), [1bllBmo23(,) }- Both the cases k = 3 and k = 2 are already covered by
[1, Theorem 1.5], since all the CZOs are at most bi-parameter. The remaining case k = 1
deals with the commutator [b, T], where T is a tri-parameter CZO on R4, and the related
condition is [|b]ly, 1.2 ) = sup; [|bllgmoi ) -

The top-level strategy is always to first use the dyadic representation theorems [17, 18,
29, 32] and reduce to commutators of dyadic model operators in some fixed dyadic grids
Dt. The difficulty levels of the different cases k € {1,2,3} are not strictly comparable.
If £ = 3 we have the triple commutator [T, [T5, [T3, b]]], where the commutator struc-
ture — and the related decomposition of the commutator — is most complicated, but the
operators themselves are one-parameter and the model operator decomposition [18] of
each of them is the simplest. The remaining difficulty in [1, Theorem 1.5] was not that it
was not known how to efficiently decompose arbitrary commutators [, 13, . .. [b, T}]]]
or to use the complicated BMO spaces bmo” (v). The problem was that if one 7} is of
k;-parameters, k; > 3, then the model operator decomposition [32] produces a very com-
plicated model operator — a multi-parameter partial paraproduct with a k-parameter,
k > 2, paraproduct component.

This is the problem we address in Theorem 1.2. In the proof we deal with the £ = 1 case
in the tri-parameter situation. Moreover, we do not go through all the cases [b, U], where
U is a tri-parameter model operator [32]. Rather, we only focus on the new problem that
U = P for a tri-parameter partial paraproduct with a bi-parameter paraproduct com-
ponent. It is then possible to take a completely general commutator [T, [T5, ... [b, Tk]]],
follow the decomposition strategy of [1] and handle the main new difficulty similarly as
we do here. See also Section 1.1 to understand the role of Lemma 5.5 and, thus, how
everything depends on Theorem 3.2. One more point: the main Lemma 5.5 is applied to
the unweighted product BMO coefficients appearing in the dyadic model operators, and
it is not related to the commuting function b. If we would e.g. deal with a 4-parameter
partial paraproduct with a tri-parameter paraproduct component, we would need the
full generality of Theorem 5.1 stated above.
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Due to the above discussion, we will now only control [b, P], where P is a tri-parameter
partial paraproduct with a bi-parameter paraproduct component. We will now fix a “little
BMO'’ function b € ﬂg’zl BMO?(v) with the normalisation

sup ||b||BMoi(u) <L
2

Further, we will fix a tri-parameter partial paraproduct

1k 1k
Pf= Z > A, I1J1<fvhh®th |K|>hJ1 ‘K2‘®h1<37

K3,K3
740 (m_K

where for all K1, I, Ji like above we have

H(KIJ)KKH 23 W
A(K;),I,J1) K2, K3 ||pMo23, = K|

prod

We will show the tri-parameter Bloom estimate

(5.3) 116, P1f o ny S Nl e

where the implicit constant depends on the norms [u] 4, and [)]4,, and we have polyno-
mial dependency on the complexity, but this is not emphasised.
To show this, we will need some particular paraproducts. For i € {1, 2,3} we define

AL(b, f) = AL DAY f, AY(b, f) = AL BE] f and A4(b, f) = E7 bAY
2 I; I;
I,eDt I,eDt I,eD?

In one-parameter Arg = (g, hr)hr and Erg = 17(g) are the usual martingale difference
and averaging operators, and then e.g. Aj f(x) = (A f(,x2,x3))(x1). For iy, iy €
{1,2,3} and j1, j2 € {1, 2,3} define formally

AR (b, f) = AL A2 (b, f)

J1,J2
so that e.g.
1,3
A6, )= > ANALLELf) = Y AL ALDALE} f.
I3eD3 IleD;
Is€D

What we need now is that according to [1, Lemma 3.1] we have

1A% (5, F) Loy S 1o
as long as (j1, j2) # (3, 3). Indeed, for j; # 3 and j2 # 3 we have

45356 Dl < Wi o Il < 11120

and if e.g. j1 = 3 and jo # 3 we have

14552 (0, H)lzry S 1bllsatorz o 1 Lo < 1F12rg)-
We now decompose the commutator [b, P] using the paraproducts. In [b, P|f = bPf —
P(bf) we decompose
3 3
bPf= > A% (b,Pf) and  bf= > A% (b f).

Ji1,.g2=1 Jr.g2=1



16 E. AIRTA, K. LI, H. MARTIKAINEN, AND E. VUORINEN

Because of the above paraproduct estimates and the weighted boundedness of P (see e.g.
[21, Proposition 7.6]), to control ||[b, P]f||zr(x) we only need to control the LP(\) norm of

A3(b, Pf) — P(A33(b, f))

1x 1,3 1k
- Z Z (K 11,J1<f7 hp & hic, ® 1K |>hJ1 <b>J1><K3 || = ® h,

K2,K3

I}il) J(Jl)_K

1k
B Z Z 11,J1< >}12sz<f hi, @ hic,), 2> hy & —= e ‘ ® h-

K27K3

IYl) J(J1)

‘ . 1,3 1,3
In the first term we write (b) " . = [(0) " 1. = (0) ) v rourcs) T () s ko i, @04

. . 1,2 1,2

in the second term we write (0)," . = [();" . = (0); wraxrca) T OV rixraxicss W
then combine the last two terms and further add and subtract (b) Ky x Ky Ky YV beginby
dealing with one of the resulting terms

1x 1k
Bl = Z Z K-),I1,J1<f’hll®hK2 |K|>hJ1 |K|®hK3’

K2,K3
740 Jm)

Where fY(Kj)vllel = a(Kj)leJl [<b>[1XK2XK3 B <b>K1><K2><K3]. We Write

i1
1, 1x
<b>]1 X Ko x K3 B <b>K1 X Kox K3 = ;//RdQ <R3 <b’ h]il)>1<h[£l)>ll ’K;‘ |K33| :

Allowing a polynomial dependency on the complexity, we can fix [ and study the du-
alised form

Z 1Kk

// Z Z ’a 11,J1HL1‘ 1/2’<b hLl "<f7 hy, ® hg, ® | 3|>‘

HEE K V=g, K2Ks K3
L=k, J(m

Ky

lr, 1
h h >—2 5
(9.1 \K\‘X’ Ka )| Ky 113

Using (5.2) we reduce to

1
LIS e
R rLl

L1 Y=k

(o1, @ i, @ |11?3| >‘

Z Z‘Q(Kj)»flvfl‘
O—p, K2Ks
) ) 2\ 1/2
Jhy ® R hx > K2 “Ks V.
(9h |K| 31K K]

A certain vector-valued inequality will now be derived using A, extrapolation, and the
base case estimate for the extrapolation will rely on Corollary 3.5.

(54) J{jl):lﬁ
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5.5. Lemma. Suppose 0 < p,q < oo and w € Aoo’(RCb x R%) is a bi-parameter A, weight.
Suppose for all k, j € N we are given a sequence (a’%’g Ky) Ko, K Satisfying

H( I;{g K3)K2’K3HBMOQI_§d < 1

Then for all locally integrable f; ., g;1: R% x R% — C we have

p\ 4/p
//@IZ D 103 | (S a2 \K|>H< #hs |K2|®hK3> \11?22| |1£|] > ‘

k Ki3,K3

(2] ( S (e ol e s e o ‘;«;O”r)q/pw_

Ka,K3

Proof. By repeated use of A, extrapolation [6, Theorem 2.1], it is enough to prove that

1k 1k 1k, 1k
)3 s © e Ko T o) [T
I 2 ol (1o g i = ol iy )
Ks,K3

< ( (RN !>i<3<\<g,m<3>3<>;|§g?|,}Ij)mw-

K2,K3

We note that the used extrapolation results are stated for the so-called Muckenhoupt
bases and directly cover multi-parameter situations. The remaining estimate now fol-
lows from Corollary 3.5 almost immediately. O

Applying the p = 2 and ¢ = 1 case of the previous lemma with a fixed z; and v(z1, ) €
A (R92 x R%) to (5.4) we reduce to

1r,

T

/w( ;1 L1 P K ?
L1 =k,

Z ’I1‘1/2’J1‘1/2
1

V=r,
PREES

- 1/292\ 1/2
2 2
( Z <|<f,h[1®hK2>1’2‘>K3<|<gahJ1®hK3>1,3‘>K2‘I?22‘ |II(<33|) ] ) .

Ksy,K3

We now estimate

1/2
1 1
( S (s @ b)) (g0 ®hz<3>1,3\>§<2|£| |§§|>

Ko,K3
1/2
AL TATE O ST T (I PR PR, A 8 I
< | 1 VK2 /91 / 1 x K Klv]lg’ K Tk | Ko | K
K2,K3

Here A}(l 9 = ZJl(jl): K, A}l g is a martingale block, and we essentially threw away

the cancellation in the h;,, which we can do as the nature of our argument produces one



18 E. AIRTA, K. LI, H. MARTIKAINEN, AND E. VUORINEN

extra cancellation. Using this we reduce to estimating

1/2
1
/I‘% M11)1<Z|K2 MD1><D3<f7hK2> ]2>
, 1/272\ 1/2
(Z [Mllvl (Z [M91XD2<A}<1J19’hK3>3}2 ® |§§|) ] ) :

K1 K3

Using Holder’s inequality and the standard estimates of Lemma 2.2, together with some
vector-valued improvements of Lemma 2.2, which can be obtained by extrapolating the
estimates of the same lemma, we derive the desired upper bound || f|» (.9l Lo (A7)
We have shown that

[Ex| S 1l ze -

The error term with (b) ;. o = (b) . i, i, 15 handled similarly.
To complete the proof, we now deal with the error term

E2 = Z Z ),11,J1 <f hh ® th CK»K;‘>

Ka,K3
I{il) (91) =K,

1
th [<b>J x K3 < >J1><K2><K3] ‘1?2‘ ® hK3>

which is in some sense simpler than the error term E; and does not require the new
techniques of this paper. This is essentially because in the following expansion of the
function b we do not get a sum over the cubes in the shift parameter as above, but rather
over J, € D?. So we expand

1,3 1; 1
(5 ke, = Ogcrnse s = 3 (b3 @ oy © s oy
JoCKo
and dualise, and use this to reduce to
Lo T X % ol B
R xR73 K2, K3 JoC K> i | 52|
[ J(m_K ’
1y 1k
’<f,hh®hK2 T |>“ g,hJ1®hJ2®hK3>|‘Jll| =

Using an estimate like (5.2) we get

Z Z |a ), 01,1

K, K2, K3
(5:6)  jen_ o0 _g

(7 @ha, © |1£’|>‘

<(SD2<g7hJ1 ® hK3>1 3)<V>J1xK3>K

We now define the auxiliary operator

Ug = Z hy, ® SD2<97hV1 ®hV3>1 3)<V>V Xv3®hV3a
Vi,Vs
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and notice that the term in (5.6) equals

S 3 ol o B (0 o 1 )

Ka,K3

[ {an:KI

That is, using the original partial paraproduct P, we can see this as the pairing (P f, Ug)
with absolute values in (which is of no significance). Thus, using the known weighted
boundedness of P, we can simply dominate things by ||| o () IU gl 1" (,11-#")-

It remains to show that ||Ug]|, (u1-7') < gl ' (i-»')- We will show this now. Using
again variants of the standard estimates of Lemma 2.2 we get

1/2
1 1
Wt~ | (3 20 (sl i) )0 12
V17V3 Ly (ut=r")

1/2
1V 25 1v:
,S ( Z 1 SD2<g,hV1 ®hv3>13) |V3|> v
1, V3 3 Lr (ui—r")

1/2
1y
= ( sz<g,hvl ®hV3>1 3) |V3|>
Vi, V3 3 L' (A1=7")

,S ”g”Lp’(,\lfp’)’

We have shown that |Ea| < ||f]|zr(u)- The error term with <b>I WKy <b>11xK2xK3 is
handled similarly. This ends our proof of the tri-parameter Bloom estimate (5.3).
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