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ABSTRACT. For a given stratified bundle £ on X, we construct an
irreducible closed subvariety N (E)g of the so called representation

space R(Ox,,&s, P) — S such that N (E)s(F,) contains a dense
set of (V, B) where V is induced by a representation of 7¢*(X) and 3
is a frame of V' at a given point (Theorem 3.7). As an application,
we give a simple proof of the main theorem of [1] and its relative
version (Theorem 4.2).

1. INTRODUCTION

Let X be a smooth, connected projective variety over an algebraically
closed field k of characteristic p > 0, Dx be the sheaf of differential
operators (in the sense of Grothendieck) and m; = 7¢*(X, €) be the étale
fundamental group of X. For any representation p : m; — GL(V), one
can associate to p a Dx-module V,. Thus D. Gieseker proved the
following results (see Theorem 1.10 of [4]): (i) if every Dx-module on
X is trivial, then m is trivial; (ii) if all irreducible Dx-modules are
rank 1, then [m, 7] is a pro-p-group; (iii) if every Dyx-module is a
direct sum of rank 1 Dx-modules, then m; is abelian with no p-power
order quotient. Following D. Gieseker, a Dx-module F will be called
a stratified bundle.

Gieseker also made the conjecture that the converses of above state-
ments might be true. The converse of statement (i) was proved in
[1], and converses of the statements (i) and (iii) were proved in [3].
The key in these proofs is to produce a non-trivial representation of
7 = ¢ X, €) from a non-trivial given stratified bundle E. An equiv-
alent characterization of stratified bundle is that £ = (E;);eny with
E; = F¥E;;1 (Vi € N) where Fx : X — X is the Frobenius map.
Then it is not difficult to prove that there is an integer ny such that
E; (i > ng) are p-semistable bundles with numerically trivial Chern
classes.

Date: July 6, 2017.



2 XTAOTAO SUN

If the set ¥ = {E;}i>p, of isomorphism classes of the bundles E; is
finite, then there is an F-periodic bundle F;, (i.e. there is an integer
N such that (F%)VE,;, = E;,) which induces a representation of m; by
a theorem of Lange-Stuhler (Lemma 3.4).

When the set ¥ = {E;};>p, of isomorphism classes of the bundles
FE; is an infinite set, a theorem of Hrushovski is used to get an F-
periodic bundle on a good reduction X;/F, of X. If we have a moduli
space M parametrizing isomorphism classes of semistable bundles,
we would have a subvariety N'(E) C M (by taking Zariski closure of
Y = {E;}i>n,) such that Frobenius pullback F% induces a dominant
rational map Fy% : N(E) --+ N(E). Then, if k = F,, we find a dense
set of F-periodic bundles (thus a dense set of representations of )
by Hrushovski’s theorem. Unfortunately, we have only a moduli space
M parametrizing S-equivalence classes of semistable bundles. Thus
the approach of proving Gieseker conjecture in [1] and [3] consists of
two steps: (1) prove the theorem for irreducible stratified bundles (in
this case, ¥ = {F;}i>n, consists of stable bundles), (2) studying the
extensions of irreducible stratified bundles.

Let X be a projective variety over a perfect field k£ with a point

€ : Spec(k) — X.

We observe in this article that for any stratified bundle £ = (E;);en
of rank r there is a natural way to choose frames 3; : &*E; = OY
such that (E;, 3;) = Fx(Eit1,Bit1) (see Lemma 3.3). Moreover, the
set R(E)n, = {a; = (Es, Bi) }imn, is a set of k-points of a moduli space
R(Ox, &, P), which parametrizes isomorphism classes of (V, ) (i.e.
semistable bundles V' with frames § at £ € X) and was called the
Representation Space by Simpson.

In Section 2 of this article, we generalize Simpson’s construction of
representation spaces R(Ox, &, P) to the case of characteristic p > 0
(see Theorem 2.3) and prove that Frobenius pullback F% induces a
rational map f : R(Ox,§, P) --» R(Ox, &, P) (see Proposition 2.5). In
Section 3, for a stratified bundle £ = (E;);en such that ¥ = {E;}i>n,
is an infinite set, we construct a closed subvariety N (E) C R(Ox,¢&, P)
such that f : R(Ox,¢&, P) --» R(Ox, &, P) induces a dominant rational
map f*: N(E) --» N(E) and N (E)(k) N R(E),, is an infinite set (see
Theorem 3.7). In Section 4, we use the construction of Section 3 to give
a uniform proof (see Theorem 4.1) of the main theorem in [1], which
says that there is no nontrivial stratified bundle on X if m; = 7$*( X €)
is trivial. For example, when k = F,, N(E) contains a dense set of
points (V) 3) such that V is induced by a representation of ;. On
the other hand, if £ = (E;);en is nontrivial, we can assume that all
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bundles E; in ¥ = {E;};>n, are nontrivial, then the set
U={(V,5) e N(E)|V is nontrivial }

is a nonempty open set, which must contain a point (V,5) such that
V' is induced by a representation of m; and we get a contradiction if m;
is trivial. These arguments are easily applied to prove relative version
of this theorem (see Theorem 4.2).

Acknowledegements: Theorem 4.2 (see [2] for an another proof) was
a question that Hélene Esnault posed to me when I visited Berlin on
2013, where I proved immediately the irreducible case of Theorem 4.2 in
a unpublished note (in fact, I proved the theorem for stratified bundles
which are extensions of two irreducible stratified bundles). I thank
her very much for the question and discussions. I would also like to
thank the anonymous referees for their carefully reading and helpful
comments, which improve the article very much.

2. REPRESENTATION SPACES AND FROBENIUS MAP

Let X be an irreducible projective variety with a fixed ample line
bundle Ox(1). For a torsion free sheaf £ of rank 7(£) on X, P(€,m) =
x(€(m)) is a polynomial in m (the so called Hilbert polynomial of &)
with degree n = dim X.

A torsion free sheaf € on X is called p-semistable (resp. p-stable) if
for any proper subsheaf F C £, when m is large enough, we have

__ P(F,m) _ P(&m)
AEMIE S E = e

Lemma 2.1. Let 0 = & — & — & — 0 be an exact sequence of tor-
sion free sheaves, if & and & are p-semistable with p(E;,m) = p(Ey, m)
for all m, then & is p-semistable with p(€,m) = p(E1,m) = p(Ey,m)
for all m.

=p(E,m) (resp. <).

Proof. 1t is easy to check and we omit the details.
O

Let S be an affine variety over a finite field F,, and Xg — S be a
projective, flat morphism with geometrically irreducible and reduced
fibers. Fix a polynomial P of degree equal to the relative dimension
d = dim(Xg/S) and a relative ample line bundle Ox,(1) on Xg. Let

Q = Quot p(Oxy(—N)®PM) = 5
be the relative quotient scheme together with the universal quotient

Oxgxso(—N)PPWN)  Funiv_,
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where F“ is Q-flat with the fixed Hilbert polynomial P. Let
o Xg=XgXxsQ—Q

be the projection and Ox,(m) be the pullback of Ox,(m) (under pro-
jection Xg — Xg). It is well-known that the determinant line bundle

P(m)

L=\ (70)(F"" @ Ox,(m))

of cohomology is very ample for large m, which gives a linearization
of SL(P(N)) on Q (see page 64 of [11] for detail). Let Q@ C Q be
the closure of open set of points corresponding to semistable quotients.
Then the open set Q™ C Q (resp. Q° C Q) of GIT semistable (resp.
GIT stable) points under the action of SL(P(N)) (respect to L,,) is
precisely the open set @ of quotients Ox, (—N)®PW) — F, — 0 where
Fs are p-semistable (resp. p-stable) torsion free sheaves on X (See
Theorem 4.1 of [6] over a general base). Let

(2.1) p: Q= M(Ox,, P) = Q//SL(P(N))
be the GIT quotient over S defined in Theorem 4 of [10]. Then
M(OXS, P) — S

is a projective scheme of finite type over S, which uniformly corepre-
sents the functor M(Oxy, P) : Sch/S — Sets defined by

s-equivalence classes of families of p-semistable
M(Ox,, P)(S') = { sheaves on the geometric fibres of Xg¢ — 57,
which are flat over S” with Hilbert polynomial P

Definition 2.2. (1) A coherent sheaf F on Xg is called p-semistable
with Hilbert polynomial P if it is flat over S and F; are p-semistable
with Hilbert polynomial P on each geometric fiber X of Xg — S. (2)
Suppose &g @ S — Xg is a section of Xg — S, we say that F satisfies
condition LF (&) if gr(Fs) is locally free at £5(s) (V s € 5).

Let Q"F(€s) ) be the subset of () parametrizing quotients
Oxy(—N)¥P™ 5 F 0

where F satisfies condition LF({s). It was shown in [11] that there is
an open set M(&s)(Oy, , P) C M(Ox,, P) such that

Q) — o (M) (O, P))

and ¢ : Q&) — MLFES)(Ox | P) is a uniform categorical quotient.
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Let F*"" be the universal quotient on Xg x gQ"F¢s) which is locally
free along the universal section &g : QUF(ES) — Xg x5 QUFEs) | and let

m: T — QLF@S)

be the frame bundle of &5(F*“*), which represents the functor that
associates to any S’ — S the set of all triples (€, a, ), where & is
a p-semistable torsion free sheaf of Hilbert polynomial P on Xg /S’
satisfying condition LF(£s/), and «, § are isomorphisms

a: 05N~ HO(Xg /S E(N)), B:&6(E)= 0.

The group GL(P(N)) x GL(r) acts on T, compatibly with the action of
GL(P(N)) on Q"F¢s). We may choose a linearization of the action of
GL(P(N)) on £t such that the center G,, C GL(P(N)) acts trivially.
Then the line bundle £, on QF(¢s) has a linearization with respect to
the group GL(P(N)) x GL(r), where the second factor acts trivially.
Let L denote the pullback of the GL(P(N)) x GL(r)-linearized bundle
Lt to T. Then we have a characteristic p analogue of a special case
(A = Ox,) of Simpson’s result (see Theorem 4.10 of [11]).

Theorem 2.3. Every point of T is stable for the action of GL(P(N))
with respect to the linearized line bundle L, and the action of GL(P(N))
on T is free. The geometric quotient

¢: T — R(Oxg,€s,P) :==T//GL(P(N))

represents a functor which associates to any S — S the set of pairs
(&, B) where & is a p-semistable torsion free sheaf of Hilbert polynomial
P on Xg /S satisfying condition LF(Es/), and

B:Eu(€) =0y

is a frame. Thus R(Ox,&s, P) is a fine moduli space. Moreover, we
have the following properties:

(1) Every point of R(Oxy,&s, P) is GIT semistable under the action
of GL(r) (respect to a L obtained from L) and the quotient
R(Oxy, s, P)//GL(r) is naturally equal to MYF&s) (O, P);

(2) For a geometric point o = (V, ) € R(Oxg,Es, P), the orbit
O(a) of a = (V,B) under GL(r) is closed if and only if V is a
direct sum of p-stable sheaves, and o = (V, ) is a stable point
if and only of V' is a p-stable sheaf.

Proof. The proof is the same with Simpson’s proof in characteristic
zero. For conveniences of readers, we repeat his proof here and indicate
references so that it works in characteristic p > 0.
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The projection 7 : T — Q") is an affine map and all points of
QUF¢s) are semistable for the action of GL(P(N)) respect to linearized
line bundle £,. Thus if ¢ € T is any point, then there is an GL(P(N))-
invariant section o € HO(QM(s) £ guch that (QF(¢9)),, is affine
and o(m(q)) # 0. Then 7*(0) € HY(T, L) is GL(P(N))-invariant such
that 7*(0)(q) # 0 and Tre(o)z0 = 7 H((Q¥FE9)), ) is affine. Thus any
point ¢ € T is semistable. To prove that every point of T is stable,
the key is a lemma of Simpson (Lemma 4.9 of [11]), which implies that
the stabilizer of any point of T is finite and in particular orbits of all
points of T" have same dimension. Thus the orbit of any point of T is
closed since no orbit can be contained in the closure of another orbit.

It is a general fact that there exist a geometric quotient

¢: T — R(Oxy,&s, P) :==T//GL(P(N))
and an ample line bundle £ on R(Oxy,&s, P) such that
¢*L=L"=n"LP

when a is large enough. Moreover, ¢ is submersive (i.e. U C R(Ox,,&s, P)
is open if and only if $~}(U) C T is open).
To show the action of GL(P(N)) on T is free, we must show that

(2.2) GL(P(N)) x T = T xXpoxge.p) T (9,0) = (9(a). q)

is a closed immersion. By a result of Mumford (Corollary 2.5 of Propo-
sition 2.4 at page 55 of [9] where Proposition 2.4 is an application of
Iwahori’s theorem), the above morphism (2.2) is proper. Here we re-
mark that Iwahori’s theorem and Proposition 2.4 were proved in char-
acteristic p > (see Appendix to Chapter 2 of [9] at page 202). By using
again Lemma 4.9 of [11], Simpson was able to show that (2.2) is an
inclusion of functors. A proper map which is an inclusion of functors is
a closed immersion. Thus the action of GL(P(N)) on T is free, which
implies that ¢ : 7" — R(Oxg,&s, P) is a principal GL(P(N))-bundle
over R(Oxg,&s, P) by Proposition 0.9 of [9].

Let F“* he pullback of the universal quotient on Xg xg QUF(&s)
(under Xg x5 T — Xg x5 Q")) Then the action of GL(P(N)) on
Xg xg T lifts to an action on F*** and

idXS qu: XgxgT — Xg XSR(OXS7£5,P)

is a principal GL(P(N))-bundle. By Proposition 2.2 (B) of [8], the
descend lemma holds in characteristic p > 0 if the scheme-theoretic
stabilizers are linearly reductive. Thus F“** descends to a universal
p-semistable sheaf F% with Hilbert polynomial P on

XR = XS Xg R(OXsaSSwP) — R:= R(OXS7§57P)
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with a universal frame 8% : {5 Ff = OF". Then, by the same argu-
ments of Simpson, R := R(Ox,,¢&s, P) together with (F7, 8%) repre-
sents the required functor.

To prove (1), recall £ is the ample line bundle on R(Oxy,&s, P)
such that ¢*(£) = L* = 7* L%, we will prove that for any point ¢ € T
the point ¢(q) € R(Oxy,&s, P) is GIT semistable under the action of
GL(r) (respect to a £). As above, there is an o € HO(Q"F(¢s)| £3%) such
that (QFs)), 4 is affine and o(7(g)) # 0. Then 7*(0) € H°(T,L?) is
GL(P(N))-invariant such that 7 (c)(q) # 0 and Tr-(o)20 is affine. Let
7 € H'(R(Oxy, s, P), L) be the section such that ¢*(7) = 7*c. Then
7(¢(q)) # 0 and R(Oxy,&s, P)rro = Tre(0)20//GL(P(N)) is affine. On
the other hand, 7*(c) is GL(r)-invariant since m : T — Q") is a
principal GL(r)-bundle, which implies that 7 is GL(r)-invariant and
¢(q) is semistable under the action of GL(r) respect to L. Let

1p : R(OXS;£S7P) — M = R(OXS,fs,P)//GL(T)
Then both T % R(Ox,, &, P) 5 M and
T 5 QUEs) & MLF(ﬁs)((QXS7 P)

are categorical quotients of 7' by GL(P(N)) x GL(r). Thus M is natu-
rally equal to M FEs)(O xs, P) and we have the commutative diagram

T "= R(Ox.&.P)
| g
QUFEs) ¥, MY E) (Ox,, P).
To prove (2) of the theorem, let
q=(Ox,(-N)*'™M LV 508 eT
such that ¢(q) = a = (V. ) € R(Oxy,&s, P) and
= 7(g) = (Ox,(~N)*F™) 5V 5 0) € QUFE)

Let Oqri(a) C R(Oxy, s, P) (resp. Ogripvy(¢) C Q")) be the
orbit of a (resp. ¢') under GL(r) (resp. GL(P(N))). Then

¢ (Ogrm (@) = Ocrip(vyxcrm (@) = 7 H(Ocrpv ()

since T % R(Oxg, s, P) (resp. T = QMF¢s)) is a principal GL(P(N))-
bundle (resp. a principal GL(r)-bundle), where

Ocrp(vyxcrm(q) C T
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is the orbit of ¢ € T under GL(P(N)) x GL(r). Thus
OGL(T) (Oé) C R(OXsaé.S) P)

is closed if and only if Oqrp(ny)(¢) C QF(s) is closed. But

Ocrpivy(¢) € QM)

is closed if and only if V' is a direct sum of p-stable sheaves. On the
other hand, the group of automorphisms of determinant one of such
a direct sum is finite if and only if the sum has exactly one p-stable
component. Thus a = (V, ) € R(Oxy,&s, P) has closed orbit and
finite stabilizer in SL(r) (i.e. a stable point) if and only if V' is a p-
stable sheaf. Here we use a fact that Aut(V') is naturally isomorphic
to the stabilizer of o = (V, ). O

Remarks 2.4. (1) According to Simpson, the moduli spaces
R(OXSaSSVP) — S5

are called Representation spaces.
(2) Let X be a smooth, connected projective variety over a perfect
field k of characteristic p > 0 with a given point

€ : Spec(k) — X.
There exist an Fy-algebra A C k of finite type and a scheme
Xg — S = Spec(A)

of finite type over S such that its base change under Spec(k) — S
(induced by A C k) is isomorphic to X — Spec(k), which is called a
model of X — Spec(k). We can choose S such that Xg — S is a smooth
projective flat morphism and £ : Spec(k) — X extends to a section
€s : S — Xg. Then the representation space R(Ox,,&s, P) — S, we
will use in this article, is the case when P(m) = x(Ox(m)%").

Proposition 2.5. There exists a rational map

f : R(OX57§S7P) - R(OX57§57P)
over S satisfying the following conditions:

(1) Va = (E,5) € R(Ox,§,P) = R(Ox,,&s, P) xs Spec(k), f
1s well-defined at o if and only if FXE s p-semistable, where
Fx : X — X is the (absolute) Frobenius map. In this case,

fla) = (FXE, Fy ).
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(2) V geometric closed point oz = (Es,5) € R(Oxg.€s,P), [ is
well-defined at as if and only if Fx Es is p-semistable, where
X5 is a geometric closed fiber of Xg — S. In this case,

flas) = (FX,&s, F;(E)BE)'

Proof. Let (FE, 31) be the universal object on Xg := XgxsR(Oxy, s, P)
where g% : &R FR =~ Og(ox £s.P) is the universal frame of &5 F%. Let
S7 I’

F:Xp— Xp
denote the relative Frobenius over R := R(Ox,,&s, P). Consider

Fxp

N

(2.3) Xp ——= X}, — Xp

A lle lpR
R R,

Then the pullback (Fy, F7, Fy3%) of (F%, %), where

Faf": €4(F3, 7 = Fal&pF™) 2252 R0 = 0F,
defines the rational map
(2.4) [ R(Ox.&s, P) -=» R(Ox, &5, P).
It is well-defined on an open subscheme Ry C R(Ox,,&s, P) such that
Fx, F"

is a family of p-semistable sheaves on Xg xg Rjy.

To see that the rational map (2.4) satisfies the requirements (1) and
(2) in the proposition, it is enough to make the following remak. For
any point t — R, let s — S be its image under R — S, and X, be the
fiber of Xg — S at s — S. Then the diagram (2.3) specializes to

FXS Xt

T

szt*Fl(szt)’Hszt

| tl

{ ———— 1.
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3. STRATIFIED BUNDLES AND REPRESENTATION SPACES

Let k be a perfect field of characteristic p > 0, and X a smooth
connected projective variety over k. A stratified bundle (or D-module)
on X is by definition a coherent Ox-module £ with a homomorphism

V : Dy — Endy(€)

of Ox-algebras, where Dy is the sheaf of differential operators acting
on the structure sheaf of X. By a theorem of Katz (cf. [4, Theorem
1.3]), it is equivalent to the following definition.

Definition 3.1. A stratified bundle on X is a sequence of bundles
E = {E(), El, EQ, cc,00,01,.. } = {E“ Ui}iEN

where o0; : FYE; 11 — E; is a Ox-linear isomorphism, and Fx : X — X
is the absolute Frobenius.

A morphism a = {a;} : {E;,0;} — {F;, 7} between two stratified
bundles is a sequence of morphisms «; : E; — F; of Ox-modules such
that

* F;(a“rl *
FXEi—H - FXFH-l

is commutative. The category str(X) of stratified bundles is abelian,
rigid, monoidal. We will drop the isomorphisms o; and will use the
notation £ = (FE;);eny and in particular F(ng) = (E;)i>n, is also a
stratified bundle.

Lemma 3.2. Let E = (E;);en be a stratified bundle. Then there is an
no such that E; are p-semistable of p(E;,m) = p(Ox,m) for all i > ny.

Proof. 1t is known that p(E;, m) = p(Ox,m) for all i > 0 (see Corollary
2.2 of [1]). By Proposition 2.3 of [1], there is an ny > 0 such that the
stratified bundle E(ng) = (E;)i>n, is a successive extension of stratified
bundles U = (U;);en with the property that all U; for i € N are p-stable
bundles with p(U;,m) = p(Ox,m). Then, by Lemma 2.1, all E; for
i > ng are p-semistable of p(E;, m) = p(Ox,m). O

Lemma 3.3. Let X be a smooth projective variety over a perfect field
k of characteristic p > 0 with a fized rational point € : Spec(k) — X.
Let Fx : X — X be the Frobenius map, and V', V' be vector bundles

satisfying V- = F5(V'). Then, for any frame  : £V = (angec(k), there
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is a unique frame B : &V = Oge;ec(k) such that B = Fy(B') where
Fy : Spec(k) — Spec(k) is the Frobenius morphism and

F (@) eV = Frevry 228

Proof. 1t is clearly a local question and we can assume X = Spec(A),
EV=Vesk=V/mV, &V' =V @4k =V'/mV’' (where k = A/m,
m C Ais a maximal ideal) and £V = Fy&* V' = V' ®pp k. The frame
[ is uniquely determined by a base £y, ---, 8. € &V of V. Since k
is perfect, there are uniquely g7, -- -, . € &V’ such that §; = 3! Q@p» 1
(1 <i<r). Then g, ---, B. € &V’ are clearly linear independent
(thus it is a base of £*V’), which defines a frame 3’ : &V’ = 0%

Spec(k

satisfying Fy(B') = . D

S RO ) = OF

Spec(k Spec(k

For a given stratified bundle F = (F};);ey on X, we can fix a frame
Br: B = O

Spec(k

By Lemma 3.2 and Lemma 3.3, we get a set of k-points
(3.1) R(E)n, = {a; = (B, Bi) Yizn, C R(Ox, &, P)(k)

with F5(ciy1) = ;. To produce a representation of m = 7¢4(X, a)
from the stratified bundle F, the following two results are important.

Lemma 3.4 (Lange-Stuhler, [7]). Let X be a smooth projective variety
over k of char(k) =p >0, Fx : X — X be the Frobenius map. If there
1s a vector bundle £ on X and an integer m > 0 such that

(Fg)E=E
then there exists a geometrically connected étale finite cover
o: /4 —X
such that c*E = O?rk(s). This gives a representation
X ®p k,a) = GL(V)
whose associated bundle is € @y k on X @y k.

To find Frobenius periodic bundles from a given stratified bundle, the
key tool is a theorem of Hrushovski. In fact, we only need a special case
of his theorem [5, Corollary 1.2] (see also [13] for a proof in algebraic
geometry).

Theorem 3.5 (Corollary of twisted Lang-Weil estimate, [5, Corol-
lary 1.2]). Let Y be an affine variety over Fy, and let

I'c (Y XF, Y) ®Fq ]Fq
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be an irreducible subvariety over Fq. Assume the two projectionsI' — Y
are dominant. Then, for any closed subvariety W ¢ Y, there exists
x € Y(F,) such that (v,27") € T and x ¢ W for large enough natural
number m.

However, we will use Hrushovski’s theorem in following formulation.

Lemma 3.6 (Corollary of Hrushovski’s theorem). Let Y be a variety
over B, and f 1Y --+Y a dominant rational map. Then the subset
{z €Y (F,) | 3b, fo(x)=x} CY(F,) is dense in Y.

Proof. We prove that any nontrivial affine open set of Y contains a
periodic point of f. Replace Y by the affine open set, we can assume
that Y C A(FLq is an affine variety over F, and f : ¥ --» Y is also
defined over F,. Let I' = graph(f) C Y xY and W C Y where
f is not well-defined. Let f = (fi,..., fn) be defined by the rational
functions f; € F (Y) on Y. Then, by Theorem 3.5, there is a point
x = (z1,...,7,) € Y(F,) such that x ¢ W and (z,29") € I where

qr o (9T 9 qmr
= (2 jaxd .zl

1

which implies that f(z) = (27 ,...,2¢") = 2¢". On the other hand,
since f is defined by rational functions f; € F,(Y), we have

f@®) = (@), fula®)) = (fi(2)T, . ful@)®) = f2)”
for any integer a > 0. Thus

Pla) = fri@™) = P2l = =2 =g

when b is large enough since x = (21, ..., z,) € Y/(FF,). O

Theorem 3.7. Let X be a smooth projective variety over a perfect
field k of characteristic p > 0 with a fixed point £ : Spec(k) — X. Let
E = (E;)ien be a stratified bundle on X such that

L ={E}tien
is an infinite set. Then there exist a choice of S and an irreducible
closed subset N'(E)s C R(Oxy.,E&s, P) such that
(1) {V e Z|(V,B8) e N(E)s(k)} C X is an infinite subset, where
N(E)s(k) denote the set of k-points of N(E)s.
(2) N(E)s contains a dense subset of points as = (Vg, Bs), where

Vs are vector bundles on geometric fibers X5 associated to rep-
resentations ps : mi(Xs, &) — GL(r, k(3)).

Proof. For the given stratified bundle F = (E;);en, without loss of
generality, we assume that all bundles F; (€ N) are p-semistable. Fix
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a frame [, : &FEp = Ogec(k), by Lemma 3.3, the stratified bundle

E = (E;)ien gives an infinite set of points

R(E) = {Qi = (Ei, i) € R(Ox,&, P) | Fx(Qit1) = Qi }
and subsets R(E), :={Q; € R(E) }i>n (n € N), which satisfy
(32) R(E)=R(E)2R(E)22--2R(E), 2 R(E)pt1 2+

and F%(R(E)n+1) = R(E),. Let 2, = R(E), C R(Ox,&, P) be the
Zariski closure of R(E),. Then, by (3.2), we have

Zng?QQZnQZn—i—IQ
which implies that there is ng > 0 such that 2, = Z,, (n > ng). Let

Z=()Z2 C R(Ox,& P).
i=1
Then the rational map F% : R(Ox,&, P) --» R(Ox,§, P) induce a

dominant rational map Fy% : Z --» Z. Thus there is an irreducible
component N (E) C Z C R(Ox,&, P) such that

o {VeX|(V,8) e N(E)(k)} C X is an infinite subset;
e there is an integer a > 0 such that (F§)* : Z --» Z induces a
dominant rational map (F%)* : N(E) --» N(E).

Choose a smooth, geometrically irreducible affine variety S over a
finite field F, with rational function field F,(S) C k such that N'(E),
(F'%)®* are defined over S and there exist a smooth model Xg — S of
X — Spec(k) and a section &g : S — Xg extending £ € X (k). Let

R(OXS, 55, P) — S
be the representation space constructed in Theorem 2.3. Then
R(OX>€7 P) = R(OX57555 P) Xs Spec(k)

and the subvariety N (E) C R(Oxg,&s, P) xs Spec(k) is defined over
S by the choice of S. Thus there exists a closed subvariety

(3.3) N(E)s C R(Oxy,&s, P)
such that N'(E) = N(E)s Xs Spec(k), which implies that
N(E)s(k) = N (E) ().

This proves (1) of the theorem.
To show statement (2) of the theorem, recall the rational map

f : R(©X5a€57p) - R(OX57£SaP)
constructed in Proposition 2.5 and F% = f ® k is induced by

f : R(OX57€S7P) - R(OXS7§5'7P)



14 XIAOTAO SUN
under the base change

R(Ox,, s, P) x5 Spec(k) 125 R(Ox,, &s, P) x s Spec(k).

Then f*®k : N(E)s x5 Spec(k) --» N(E)s x g Spec(k) is a dominant
rational map, which implies (by shrinking S if necessary) that

[ N(E)s --> N(E)s
is a dominant rational map over F,. By Lemma 3.6, the subset
I ={a; e N(E)s(F,) | Im, f™(as) = as}

of fe-periodic points is dense in N (F)s. By Lemma 3.4, if a point
as = (Vs Bs) € T', Vs is a vector bundle on geometric fiber X5 associated
to a representation ps : m$'( X5, &) — GL(r, k(3)).

O

4. AN APPLICATION OF REPRESENTATION SPACES

In this section, we present an application of our Theorem 3.7 by
giving a proof of relative version of Gieseker’s problem. To warm up,
we prove firstly the main theorem of [1] via representation spaces.

Theorem 4.1 (Esnault-Mehta, [1, Theorem 3.15]). Let X be a smooth
connected projective variety defined over a perfect field k of character-
istic p > 0 with a k-rational point € € X (k). If mi(X5, €) = {1}, there
s mo nontrivial stratified bundle on X.

Proof. We prove it by contradiction. If there is a nontrivial stratified
bundle E = (E;);eny on X, without loss of generality, we assume that
all E; € ¥ = {E,};en are nontrivial bundles. In fact, the subset

C={jeN|E =0y}

must be a finite set (otherwise, for any ¢ € N, there is an j € C such
that i < j, which implies that E; = FU=)*E; is trivial and we obtain a
contradiction since E' = (F});en is a nontrivial stratified bundle). Drop
a finite number of £, we can assume that all F; are nontrivial.

If ¥ is a finite set, there is an F;, € ¥ such that (F%)*E;, = E,, for
some integer a > (. By Lemma 3.4, there is a nontrivial geometrically
connected étale finite cover o : Z — X such that o*E;, = OF", which
is a contradiction with 7$*(Xp, &) = {1}.

If ¥ = {E;}ien is an infinite set, let N(E)s C R(Ox,,&s, P) be the

closed subset constructed in Theorem 3.7 and

B={(V,8) e N(E)s |V is trivial } C R(Oxg,&s, P).
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By (2) of Theorem 2.3, B is a closed subset. By the assumption that
E = (E;)ien is a nontrivial stratified bundle, the open set

U=N(E)s\B
is non-empty. Then, by (2) of Theorem 3.7, there is a point
Oz = (‘/57 6§) eU

such that V5 is a vector bundle on geometric fiber X5 associated to a
representation pg : T'( X, &) — GL(r, k(5)), which must be nontrivial
by definition of U. This is a contradiction with 7{*(Xp, &) = {1} since
the specialization homomorphism 7*( X3, &) — 7$*( X, &) is surjective
([12, Exposé X, Théoreme 3.8]). O

Theorem 4.2. Let f : Y — X be a morphism of smooth projective
varieties over a perfect field k of characteristic p > 0, £ € Y (k) and
¢ € X(k) be k-points such that f(&') = &. If the homomorphism

ferm* (Y2, €) = 7' (X, €)
15 trivial, then for any stratified bundle E on X, f*E is trivial.

Proof. We prove the theorem by contradiction. If there is a stratified
bundle £ = (E;);ey on X such that f*FE is nontrivial, without loss
of generality, we assume that all f*E; € X(f*E) = {f*E;}ien are
nontrivial bundles.

If ¥ = {E;}ien is a finite set, there is an E;, € 3(F) such that for
any j > ip there is a 1 < jo < ip such that E; = E;; that implies

(Fx)™"E; = Ej, = Ej.

Thus E; is induced by a representation of m¢*(Xj, &) by Lemma 3.4.
Then f*Fj; is trivial, which implies that all f*E; are trivial, a contra-
diction with our assumption.

If 3 = {E; }ien is an infinite set, without loss of generality, we assume
that all f*E; € X(f*E) = {f*E;}ien are p-semistable bundles on Y of

Hilbert polynomial P’. Let N (E)s C R(Oxg,&s, P) be the closed
subset constructed in Theorem 3.7 and

f; : R<OX57557P) -2 R(OYsaé-A/S’aP/)

be the rational map that sends a point oz = (V5, f5) € R(Ox,,&s, P)
to a point f2(as) = (F2(Vi), f2(B5) € R(Ovqy, s, P') when f2(V;) is
p-semistable on Y;, where fg: Yy — Xg is amodel of f:Y — X and
fs = fs®k(3) :Ys = Ys ®EKGB) - Xg® k(5) = X;s is the induced
morphism on geometric fibers. Consider the open set

U={(V,B) € R(Oyg, &, P")|V is not trivial } € R(Oyy,&s, P'),
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which is open by (2) of Theorem 2.3, we have a rational map
(4.1) f&: N(E)s --» U.

Let W C N(E)s be the open set where the rational map (4.1) is well
defined. Then {V € X|(V,5) € W} C X is an infinite set since all
f*E; (VY E; € X) are nontrivial p-semistable bundles on Y. But, by (2)
of Theorem 3.7, W contains a point oz = (V3, 55) where V5 is a vector
bundle on geometric fiber X; associated to a representation

Ps : 77?<X§af§) — GL(r,k(3)).

Then f(V;) must be trivial by the condition of the theorem. Thus the
rational map (4.1) is not well-defined at az = (V5, f5) € W, which is a
contradiction. d
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