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Abstract. In this paper, we obtain a sufficient and necessary condition for the existence
of symplectic critical surfaces with parallel normalized mean curvature vector in two-
dimensional complex space forms. Explicitly, we find that there does not exist any sym-
plectic critical surface with parallel normalized mean curvature vector in two-dimensional
complex space forms of non-zero constant holomorphic sectional curvature. And there
exists and only exists a two-parameters family of symplectic critical surfaces with parallel
normalized mean curvature vector in two-dimensional complex plane, which are rotation-
ally symmetric.
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1 Introduction

Surfaces with non-zero parallel mean curvature vector in two-dimensional complex space
forms are already classified when the Kéhler angle is constant by Chen [1], and finally by
Hirakawa [11]. If the K&hler angles of these surfaces are not constant, such surfaces are
studied first by Ogata [16], later by Kenmotsu and Zhou [15], Kenmotsu ([12],[13]), Hi-
rakawa [11], Ferreira and Tribuzy [4], and Fetcu [5]. We know that parallel mean curvature
vector implies constant mean curvature and parallel normalized mean curvature vector.
It is interesting and nature from the viewpoint of differential geometry to study surfaces
with parallel normalized mean curvature vector. In the following, we first introduce a kind
of symplectic surface, then study such surfaces with parallel normalized mean curvature
vector.

Let M be a complex two-dimensional Kéahler manifold. Let ¥ be a compact oriented
real two-dimensional Riemannian manifold and we consider an isometric immersion x :
Y - M from ¥ into M. Let {e1,e2} be an oriented orthonormal local frame field on 3.
The Kéhler angle 6 is a function on X that measures the angle of Jdx(e1) and dx(eg) for
the Kéahler metric of M, where J denotes the complex structure of M. This is independent
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of the choice of oriented orthonormal frames on .. It is said that X is a holomorphic curve
if cos§ = 1, ¥ is a Lagrangian surface if cos § = 0 and X is a symplectic surface if cos 6 > 0.
Let H be the mean curvature vector field of x, which is defined by

H=> hiea, (1.1)

where h{;’s are the components of the second fundamental form of x, and e; and e, are
adapted frames along x.

A symplectic minimal surface is a critical point of the area of surfaces, which is sym-
plectic. It may be more natural to consider directly the critical point of the functional

1
L= d 1.2
/2(2050 Hs (1.2)

in the class of symplectic surfaces. The Euler-Lagrange equation of this functional is

cos® 0H = (J(JV cos) ")t (1.3)

Such a surface is called a symplectic critical surface(ct.[6]).

The second author and his coauthors (cf.[6]-[10]) have obtained many interesting re-
sults about symplectic critical surface from the viewpoint of geometry analysis. In this
paper we will focus on the explicit characterization of symplectic critical surface from
the viewpoint of differential geometry. It follows from (1.3) that a minimal surface with
constant Kéhler angle is a symplectic critical surface. In this paper we mainly study sym-
plectic critical surfaces with non-constant mean curvature and non-constant Kéhler angle
in two-dimensional complex space forms.

In section 2, we study the fundamental equations of symplectic critical surfaces with
parallel normalized mean curvature vector in two-dimensional complex space forms. We
reduced the local existence problem of such surfaces to the problem of studying a certain
overdetermined system of ordinary differential equations (cf. Theorem 2.3). In section
3, we study the system under the condition p = 0 and get all solutions of the system
explicitly in this case. In section 4, we study the system under the condition p # 0
and find there does not exist any non-trivial solution in this case (cf. Theorem 4.3). In
section 5, we give some geometric results. Concretely, we find that there does not exist
any symplectic critical surface with parallel normalized mean curvature vector in two-
dimensional complex space forms of non-zero constant holomorphic sectional curvature
(cf. Theorem 5.1). And we obtain the explicit representations of all symplectic critical
surfaces with parallel normalized mean curvature vector in C? (cf. Theorem 5.2).

2 The fundamental equations of symplectic critical surfaces

Suppose that M is a complex two-dimensional kdhler manifold of constant holomorphic
sectional curvature 4p. Let {w;} be a local field of unitary coframes on M, so that the
kéhler metric is represented by > w;w;. Here and in what follows, we will agree on the
following range of indices: 1 <14,7j,k < 2. We denote by w;; the unitary connection forms



with respect to {w;}. So we have

dw; = Zwij ANwj, wij +Wj; = 0,
dwij = Zwik N wij + Qij, (2.1)
Qi]‘ =—p (wi Nwj +(5¢j Zwk /\wk> .

We assume H # 0. We can construct a unique system of global orthonormal vector
fields {é1, €2, €3,€4} along ¥ such that é; and é; are tangent to X by the following: First
we put €3 = —H—EH, then the normal vector field é; of T+ is uniquely determined by
choosing it to be compatible with the fixed orientations of ¥ and M. The system of
vectors {€s,é4,J€3,Jé4} is linearly independent, because x is neither holomorphic nor
anti-holomorphic. Here the angle of Jés and €3 is equal to the K&hler angle # which is
defined in Section 1. In fact, set

Jéy — (Jéy, €3)¢3 5 Jéz — (Jés, €4)é4
[Jés — (Jeg,eapes” 0 [[Jes — (I, ea)ea]

& = —

Then €; and é, are tangent to . A straightforward calculation shows
<Jé4, ég) = <Jé1, ég> = cos 6.

It is easy to see that {€1, €, €3, €4} is an adapted frame on ¥ in M, that is, €; and és are
sections on T'Y and é; and é4 are sections on T+%. The complex structure J is represented
under the frame {é1, €2, €3, €4} as follows:

Jé;y =cosf-éo+sinf - ey,
Jéy = —cosf-é1 —sinf - és,
Jésg =sinf - ey — cosl - ey,

Jéy = —sinf - ey +cosh - ées.

Moreover, we define vector fields e; and e3 as follows:

6= Jé cos 1 + si €

el = —— = — . € in— - és,

LT e = Jé|| 2 ! 2 7
€1+ Jes 0 0 .

e3 = ————— =sin— - €] — cos — - €3.

57 6 + & 2 ! 2 7

and put
_ .0

62:.]61:0085'624—81115'64,
.0 _
64:J63:—Sln§-€2+COS§'€4.

Then {e1, e2, €3,e4} is a J-canonical frame along . We extend {€4} and {e4} to a neigh-
bourhood of ¥ in M, where A, B and C run from 1 to 4.
Let {64} and {04} be the dual coframes of {é4} and {e4} respectively. Let 645 and
0 4p be the Riemannian connection forms with respect to the canonical 1-forms {9~ A} and
{04} respectively and put
wj = 92j,1 + iegj,



Wik = 02]’71,2’671 + 2.92]'72]{,1, where 1 = v —1.

Then we have the following relations

~ ~ 0
01 + 103 = cos —wq + sin —w9,

. 7 (2.2)
03 + 1604 = sin §w1 — oS 5&)2.
and
élg =i ( cos? gwll — sin? gwgg ,
534 =i ( sin? gwll — cos? §w22 ,
(2.3)

- ~ 1 .
013 + 1623 = — {w12 + B [df — sin f(wr1 + “’22)]} )

_ - 1
014 + 1034 =i {wlg — 5 [0 = sin O(wn + w22)]} :

We denote the restriction of {9~ A} to ¥ by the same letters. Then we have 3 =0=0,
on Y. Put B 3
¢ =01 +iba,

the induced metric of ¥ is written as
ds® = ¢o.

By taking the exterior derivative of (2.2) restricted to X, we get

% 46+ sin 0w +w2)] = ag -+ b, (2.4)
w12 = bo + c9,

where a,b and ¢ are complex-valued smooth functions defined locally on ¥. Let {h{;} be

the components of the second fundamental form so that f;, = 3. y h?jéj. By using (2.3)

and (2.4), all h{;’s can be expressed in terms of a,b and c. Indeed, we have

1 _
h?lz—i[a+d+2(b+b)~l—c+5},
h?QZ%( CL—FZL—FC—C),
hy==la+a—2(0b+b)+c+el,
- %[ i ] (2.5)
h%lz%[a—&%—Q(b— )+c—¢,
h%2:5(—a—a+c+é),
h%zzé[—a—l—EH—Q(b—B)—c—l—E].
Since H = —||H||é3 = (h$; + h3,)é3 + (hi; + h3y)éa, it follows from (2.5) that

b=b,

B~



and
|| = 4b.

Let K be the Gauss curvature of 3, then
dfiy = —K6, Ny = —%ch) A &.
By taking the exterior derivative of the first formula of (2.3), using (2.1) and (2.4) we have
K = (1+3cos*0)p — 2(a® — 2b* + |c?). (2.6)
Let K be the normal curvature of x defined by
sy = ~Knby Ay = — Ko 15,

By taking the exterior derivative of the second formula of (2.3), using (2.1) and (2.4) we
have

Ky =2(|a)® — |¢[*) — (3cos? 6 — 1)p. (2.7)
Since
(IVcosh) = (Vs cosb-Jé + Ve, cosh - Jég)'
= Vg cosf-cosf-éy — Vg, cos0-cosb - ey,
then

(JIVecosh) )t = Ve cosb-cosf- (Jéa)T — Vs, cos-cosh - (J&p)*t

= —sinfcosfVs cosl - é3 —sinf cosOVg, cos - é4.
Hence, in particular, sin @ # 0. From the symplectic critical surface equation (1.3), we get
4bcos® 6 = sin 6 cos V¢, cos b, (2.8)
and
Ve, cosf = 0. (2.9)
It follows from the first formula of (2.4) that
do = (a+b)p+ (@+b)p = (a+a+ 2b)0; + i(a —a)bs. (2.10)
Combining (2.9) and (2.10), we have
a=a, (2.11)
which implies

do = 2(a + b)6;. (2.12)



Substituting (2.12) into (2.8), we obtain
a=—(1+2cot?0)b. (2.13)

We assume VL(LH) = 0. Then é3 is a parallel vector field along ¥, hence so is é4.

L [H
This implies 3
f34 = 0.

By taking the exterior derivative of (2.4) and using the above, we obtain

012 = —2i(cot 0 + cot® 0)b(¢p — @),

df = —2cot? 6 b(¢ + @),

db = —2 {(cote + 4cot3 0)b? + gpsin?’ 00089} (6 + ),
(2.14)

de A = —24 2(cot § + cot® B)be + (cot 6 + 4 cot® 0)b? + gpsin?’ 6 cos 0} b A,

c|? = (14 2cot?0)%b? — 23 cos?f — 1),
H = —4bes.

The third and fourth formulas of (2.14) are the Codazzi equations of x. The fifth formula
of (2.14) follows from that the normal bundle is flat.

Set ¢ = Adz, where A is a non-zero complex-valued function on a simply connected
domain U with complex coordinate z. Then the set of the first three formulas of (2.14) is
rewritten as the following system of differential equations:

8—): = 2X\\(cot @ + cot> )b,
gg = —2X\cot? 0 b, ; (2.15)
i —2) {(COt 0 + 4 cot> 9)b% + gpsin?’ 0 cos 9} .

z

In the following we give a lemma about the existence of isothermal coordinate.

Lemma 2.1 Suppose ¥ is a symplectic critical surface with parallel normalized mean
curvature vector in M. Then there exists a complex coordinate w on a neighborhood of a
point of 3 such that ¢ = pdw, where u is real-valued.

Proof: Since 6 is not constant, we claim that b is a function of #. In fact, canceling out
(¢ + ¢) in the second and third formula of (2.14), we get a differential equation in b for 6.
Using the claim, we write b = b(f), and define a real-valued function

3p

F(0) = —2tanf + cot 0 + 2 tan 0 sin* .

Taking the partial derivative of the second formula of (2.15) with respect to z and using

(2.15), we have a second-order partial differential equation 38;92 —F (0)%% = 0. It follows

that a(ezeXp(_a“z_f FO)9)) _ 0. Hence, there exists a holomorphic function G(z) on U such
that 92 = G(2)exp ([ F(0)df). Setting

w:/G(z)dz, o= _W’

6



the lemma is proved by the conjugate of the second formula of (2.15). O

Hence, for a neighbourhood U of a point of 3, there exists an isothermal coordinate
z = u + tv such that
ds® = \2dzdz,

where A is a positive function defined on U, and we have
¢ = Mdz.

This implies that A\, 6 and b are functions of single variable, and (2.15) is seen to be
a system of ordinary differential equations. Consequently, if > is a symplectic critical
surface with parallel normalized mean curvature vector in M, then there exist real-valued
smooth functions of single variable A, 6 and b which are defined locally on ¥ and satisfy
the system of ordinary differential equations (cf.(2.16)). Moreover, by the fourth and
fifth formulas of (2.14), we find that A\, 6 and b are subjected to a second-order ordinary
differential equation (cf.(2.17)).

Next we shall consider a converse problem to the result obtained above, that is, a local
existence problem for symplectic critical surface with parallel normalized mean curvature
vector in M. We need the following fundamental theorem of surfaces theory in M.

Theorem 2.2 ([3]) Let (£,ds?) be a connected, simply connected two-dimensional Rie-
mannian manifold. Given complex-valued 1-forms wi,ws,w11,wse and wie defined on X
satisfying the structure equations (2.1) and

d$2 = wWiW1 + wawa.

Then there exist an isometric immersion x : X — M and a unitary frame {E1, E2} along x
such that {w1,ws} is the unitary coframe of {E1, E2} and wi1,was and wia are the unitary
connection forms with respect to {wy,wa}.

In the following we give the necessary and sufficient conditions for the existence of
symplectic critical surfaces with parallel normalized mean curvature vector in M:

Theorem 2.3 Let M be a two-dimensional complex space form of constant holomorphic
sectional curvature 4p. If ¥ is a symplectic critical surface with parallel normalized mean
curvature vector in M, then there exist a system of local coordinates (u,v) on ¥ and real-
valued smooth functions A\(u),0(u) and b(u) of single variable u which are defined on an
interval I of w, such that they satisfy a system of ordinary differential equations

d\
g— = 4)*(cot 0 + cot® B)b, A(u) > 0,
Y
% = —4)\cot? 0 b, 3 (2.16)
— = —4X{ (cot @ + 4 cot® )b + Zpsinhcosh
du 8
subject to
@Fdb  (dF\*>db dF (d% dln)\2db 2 (db\?
(=) e (s ) =2 (2.17)
du? du du /) du du \ du? du du A\ du



for
F=1In {)\4A} A= (14 2cot?0)%** — g(SCOSZQ —1).

Conversely, let \(u),0(u) and b(u) be real-valued smooth functions on I, which satisfy
(2.16) and (2.17). Let ¥ be an open domain in I x (—=1,1) of (u,v)-plane. We define
a Riemannian metric on ¥ by ds®> = M u)?(du® + dv?). Then there exists an isometric
immersion x : % — M of ¥ into M such that it is a symplectic critical surface which
satisfies the followings:

(1) x has parallel normalized mean curvature vector and the length of mean curvature
vector is 4b,

(2) the kdhler angle of x is 0,

(3) the second fundamental form of x is explicitly written in terms of \,0 and b.

Proof: Through the above discussions, it is enough to prove the sufficiency for the existence
of symplectic critical surfaces with parallel normalized mean curvature vector in M, which
is equivalent to giving the local construction of a symplectic critical surfaces with parallel
normalized mean curvature vector.

Let (r,s,t) be the standard coordinate of R® and D a domain in R? such that r > 0,
0<s<Zandt>0. We define a R*-valued function f(r,s,t) on D by

r?(cot s + cot?® s) t
f(r,s,t) = —rcot?s-t
—r {(cot s + 4 cot® s)t* + %p sin® s cos s }

It is obvious that f(r,s,t) has continuous partial derivatives on D, so that it satisfies
Lipschitz condition on D. Hence a solution of (2.16) exists and is unique under preassigned
initial conditions.

Let (A, 0,b) be a solution of (2.16) which satisfy (2.17) and we put

z=u+1iv and ¢ = Adz.

We define a complex-valued function ¢ on X by

c= \/(1 + 2 cot? 0)2b% — g(B cos2f — 1)e', (2.18)

where

\/(1 + 2cot?0)2b2 — £(3cos? 0 — 1) dF/du
2 db/du

Then it is proved that c satisfies the fourth formula of (2.14) and |c|? satisfies the fifth
one. We define w1, ws, w11, w2 and wio on X as follows:

COST =

0
w] = CoS = @,
wo = sin 3 ¢:9
wit = — cot - (1 + cot? O)b(¢ — ), (2.19)

woy = — tan 5(1 + cot? H)b(ﬁb - 6)7
Wi = —Wa] = b¢ + Ca'



Note that these satisfy (2.1) because of (2.16). Therefore, by Theorem 2.2, we have
an isometric immersion x : ¥ — M such that ¥ is a symplectic critical surface which
has a parallel normalized mean curvature vector and 6 the Kahler angle. The second
fundamental form of z is explicitly written in terms of A\, 6 and b by (2.5). a

Remark 2.4 Let x : ¥ — M be a symplectic critical surface. Then the condition of
parallel normalized mean curvature vector implies that the Kdhler angle is not constant
and the mean curvature is not constant too. Because if the Kdhler angle is constant, then it
follows from the second equation in (2.16) that b = 0, which contradicts to the supposition
that the mean curvature is non-zero. If the mean curvature is constant, then from the third
equation in (2.16), we have
sin g #£ 0,
and
(14 3cos?0)b* + %psin6 6 = 0.

When p # 0, the above formula is impossible. When p = 0, the above formula implies that
b =0, which is a contradiction.

Remark 2.5 (1) Let x : ¥ — M be a symplectic critical surface with parallel normalized
mean curvature vector. Then the curvature of the normal connection vanishes and hence
we have by (2.7) or the fifth equation of (2.14),

(1 +2cot?)* — g(3 cos’f — 1) > 0.
(2) The case of
(1+ 2 cot?6)2b2 — g(3 cos2f —1) =0 (2.20)
doesn’t exist. In fact it follows from (2.20) that

3cos?6 —1

proP. 28—
2 (1+2cot?6)?

When p = 0, the above formula implies that b = 0, which is a contradiction. When p # 0,
substituting the above formula into the third equation of (2.16), we find it is impossible.
For later use, we change these equations (2.16)-(2.17) as follows:

Lemma 2.6 Assume that functions A\(u),0(u) and b(u) satisfy (2.16). Then on the point
of (1+2cot?6)?b? — £(3cos?f — 1) # 0, (2.17) is equivalent to

db dD dD d|c|? db
b2D2 — 41¢|2D2) 2 + 2|2 ( Dy 22 — Dy—2t ) + DDy (b 22 ) =0 2.21
( 1 |C| Q)du + |C| 1 du 2 dU + 1 2 du |C‘ du ) ( )

where

> = b*(2cot? 6 + 1)% — £(3cos? 6 — 1),
Dy = 2b%(2cot? 0 + 1)(4cot? 6 + 1)

—p[2(2cot?0 — 1) + 3cos? 0 + 3(cos? 6 + 1)?]
Dy =b?(4cot? 0 + 1) + 3psint 6.

(2.22)

9



Proof: Since
F =1In(\|c]?).

Differentiating the above formula and using (2.16), we obtain

aF_ 2 D,
du  |c| du 2|c|Dy’

(2.23)

Differentiating (2.23) with respect to u, we get

2F (2 d|c| db 2d26> bD;

el P dudu [dde) 3Ds

1 dD, _ dD dle2 . db
——— |2b|¢)* ( D1 —= — Dy—— DDy | b —2c|*—)|. (2.24
Jr2\c|4D§ { el < Ydu > du ) e 2( du el du (2.24)

Substituting (2.23) and (2.24) into (2.17), we have (2.21). Hence we finish our proof. O

Since both 0(u) and b(u) are not constants, regarding # as variable, we get from (2.16)
that

@:_A(H)-(tan0+cot9)y

gg 3p sin* @ tan @ (2.25)
— = (tanf 4+ 4coth) - b(0) + —  ——————

p7 (tan6 + 4 cot 0) - b(0) + 3 b(6)

The integration of the first equation of (2.25) gives us the solution of A(f) as follows:
A(0) = c; cot 0, (2.26)

for any positive constant c;.
Let 2 = sin? § denote new variable. Then the second equation of (2.25) implies that

db 4—3x 3p x?

@ @ a6 wa - (2:27)

and from (2.21) that

3
03 hy ()" Fb(w)® =0 (2.28)
k=0
with
ho(x) = 16(x — 1) (2 — 2)3,
1
hi(x) = ——x%(32° — 14823 + 4642 — 448z + 128),
L 5005 4 3 2 (2:29)
ho(x) = ok (92° — 362" — 62° — 962~ 4 264z — 128),
8 2
= — -2 —2).
hs(x) 61 (3x — 2)(3x )

We assume that (2.27) and (2.28) hold on some interval (0 <)z; < x < x2(< 1).

10



3 Analysis of the overdetermined system: p = 0 case

When p = 0, we get all solutions of the system (2.16)-(2.17) as follows.

Lemma 3.1 Assume that p = 0. Then all solutions of the system (2.16)-(2.17) are given
by

A(0) = ¢ cot 6,

b() = ¢y sin f tan 6, (3-1)

for any positive constants ¢1 and cs.

Proof: In this case, the second equation of (2.25) reduces to

% = (tan @ + 4 cot 6) - b(0).

The integration of the above equation gives us the solution of b(f). Combining (2.26), we
get (3.1). Furthermore, since p = 0, then (2.28) is automatically satisfied. Hence we finish
our proof. |

4 Analysis of the overdetermined system: p # 0 case

In this section we study the system (2.16)-(2.17) with p # 0. We will prove that the
system has no solution of #(u) being nonconstant.

If there are nonconstant functions A(u),0(u),b(u) such that they satisfy the system
(2.16)-(2.17), then they must satisfy (2.27) and (2.28) too. Since p # 0, then (2.28)
reduces to

3
> ha_k(@)p* () =0 (4.1)
k=0

with h;(x) (i = 0,1,2,3) being given by (2.29). We assume that I = (x1,x2) is the
maximal interval of the existence of solution of (2.27) and (4.1).

Lemma 4.1 For p >0, we have I = (0,/%) or (\/g, 1). For p <0, we have I = (0,1).

Proof: Claim. For p > 0, b(z) = 0 on the interval (0,1) if and only if z = \/g For p <0,
b(x) is non-zero everywhere on (0,1).
Proof of Claim. If b(x) = 0 for z € (0,1), then by (4.1) we have hg(xz) = 0 for z € (0, 1),

which implies x = % or x = \/g by (2.29). Conversely, substituting x = % and x = %

into (4.1) respectively, we get
2 2 2\* 2\? 1
b(=) - (144-b( = 10p-b(=] —=p?
() e () oo () -5
2 ? 2 ! 2 2
Ll I 2 . z 2| _
b(\/;> ag b(\/;> +aip b(\/Q) + agp 0,

11

(4.2)



where ag, a1, as are fixed positive numbers.

If p>0, thenag-b (ﬁ)4 +aip-b (\/g>2 + azp? > 0, which implies b <\/g) =0 by
(4.2). But b(2)* = =3/4L ., 2 0,

If p < 0, then from (4.2) we get b (%)2 = 5?1/45-(—,0) # 0andb <\/g>2 = GEVa—dae Vgigm'
(—p) # 0. This proves the Claim.

Proof of Lemma 4.1. For p > 0, suppose 0 < x1 < \/g, then from (2.29) that

lim,_,,, h3(x) exists and the limit is a non-zero finite number. Then by the formula (4.1),
we can see that lim,_,,, b(x) exists and the limit is also a non-zero finite number. Since

0<z < \/g and b(x1) # 0, there exists a finite limit of ¥'(z) as x tends to x1 in (2.27).
Hence, b = b(x) can be extended to z < z1 by (2.27). This contradicts the definition of

x1. Therefore we must have z; = 0. Similarly we get zo = \/g or x| = \/5, 29 = 1. So

for p > 0, we have I = (0, %) or (\/g, 1). If p < 0, through the similar discussion as the
case of p > 0, we have I = (0,1). This proves Lemma 4.1. O

In the following we prove:

Lemma 4.2 For any p # 0, the system (2.16)-(2.17) does not possess any solution such
that 0(u) is nonconstant.

Proof: From the discussion before, we only need to show that there do not exist any
nonconstant solutions of (2.27) with (4.1) on I. Assume that there exists a nonconstant
solution b = b(x) of (2.27) with (4.1) on I. Set o = b%. Since b # 0 on I, then (2.27) and
(4.1) become to the following system:

hoo® + h1po?® + hop®o + h3p® = 0, '
where h; (i =0,1,2,3) are given by (2.29) and

4 — 3x 322

o= iy P T =)

Differentiating the second equation of (4.3) on z and using the first equation of (4.3), we
have

(h6 + 6h0f0)0’3 + (hll + 4h1f0 + 6]7,090),00'2 + (h/2 + 2h2f0 + 4hlgo)p20' + (hé + 2h2g0)p3 =0. (44)

Eliminating the term of o3 from (4.4) and the second equation of (4.3), by p # 0 we get
100” + p1po + pap® =0, (4.5)
where
po = hohy — hoh!; + 2hohy fo — 6h3go,

p1 = hyha — hohy + 4hoha fo — 4hohi go,
p2 = hihs — hohy + 6hohs fo — 2hohago.

12



Differentiating (4.5) on z and using the first equation of (4.3), we have

(1o + 4p0fo)o® + (uh + 2u1 fo + 4p090) po + (py + 2p190)p° = 0. (4.6)

Eliminating the term of o2 from (4.5) and (4.6), by p # 0 we get

oo +Cip =0, (4.7)

where )
Co = pop1 — popty + 2p0p fo — 4uggo,
G = poka — poks + Aptopta fo — 2p0119o-

Differentiating (4.7) on z and using the first equation of (4.3) again, we have

(o + 4o fo)o + (¢1 + 2¢ogo)p = 0. (4.8)

Eliminating the term of o from (4.7) and (4.8), by p # 0 we get

(061 — Co¢i + 2¢o€1 fo — 26590 = 0. (4.9)

A straightforward computation by Mathematica of Wolfram shows that the left hand side
of (4.9) is a polynomial of degree 39 with respect to x. So it is impossible for € I no
matter that p > 0 or p < 0. Hence we finish our proof. O

Combining Lemma 3.1 and Lemma 4.2, we have the following result:

Theorem 4.3 The system of (2.16)-(2.17) has a solution such that 6(u) is nonconstant
if and only if p = 0. Moreover, in the case of p =0, all solutions are given by (3.1).

5 Geometric results

In this section, we show geometric results obtained by the application of Theorem 4.3.
First, we state our result in the case of p # O:

Theorem 5.1 Assume that M is a two-dimensional complex space form of non-zero con-
stant holomorphic sectional curvature. Then there does not exist any symplectic critical
surface with parallel normalized mean curvature vector in M.

Next, we will find all symplectic critical surfaces in C? such that the normalized mean
curvature vectors are parallel.

Let  : ¥ — C? be an isometric immersion such that ¥ is a symplectic critical surface
with parallel normalized mean curvature vector. By Lemma 3.1, (2.26) and (2.18), the
complex-valued 1-forms w; and wj;, of the immersion x are fixed using two constants. So,
there exists and only exists a two-parameters family of symplectic critical surfaces with
parallel normalized mean curvature vector in C2. Now we get the explicit representations
of such surfaces.

There exists a unitary frame {Z;, Zo} along x such that {w,ws} is the unitary coframe
of {Z1,Z>} and wj;’s are the unitary connection forms with respect to {wy,ws}.
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We know that

2

dZ; =Y WjpZr, 1<j <2 (5.1)
k=1
and
0 .0 —
da;:cos§¢‘Zl+sm§¢‘Z2. (5.2)

Let A(f) and b(6) be the functions of (3.1). Put z = w(f) + iv and ¢ = A\(f)dz. By
(2.18), (2.22) and (2.23), we set

—(1 + 2cot?)b.
Then (2.19) implies that

w1l = fl(ﬁ)dv, Wog = fg(ﬁ)d?), W1y = f3(0)d0 + f4<9)d1)

where
2 0
f1(0) = 4icycy cos g
f2(0) = 4icyeg sin® —
1
f3(0) =5
fa(0) = —210102 sin 6.

From (5.1) and the equations above, we have 2 x 2-matrix differential equations

w(2)=(2h0 “%)(2)
00\ Zy )\ —f3(0) 0 Zy )’ (5.3)
(%)= (5 20)(2) |
v\ Zz )\ —fa(0) f2(0) Zy )
We solve these as follows:
By direct computation, we know that the eigenvalues of the matrix of coefficients of

the second equation in (5.3) are 0 and 4icjce, which are independent of the variable 6.
Take a matrix 7'(f) which diagonalizes the matrix of coefficients. Then the equations (5.3)

are written as
(9 —1 Zl _ 0 0
@ (% )=(50):

370 (2 )= (0 siews ) 707 (2 )

o= (0§ -t

COS bl S1n 5

where
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By integration of the above equations, we can see that there exist constant vectors vy, vo
such that

< Z1(97U) > o ( Sing -V] — COS% . e4’iclcgvv2 )

Z5(0,v) cosg SV1+ sing - glic1eavy,
Since {Z1(0,v), Z2(0,v)} is the unitary frame field, we can put
Vi1 = 61, Vo = 82,

where {e1, ey} is the standard basis of C2.
The differential equation (5.2) is equivalent to

0 .
gm = A(u) {sinf(v) - e; — cosO(u) - 64“31‘32%2} , (5.4)
u 5.4
a—i = —i)\(u)e‘uclmeg.
We integrate the second equation in (5.4) for v. After that, using the first equation in

(5.4),(2.26),(2.16) and a parallel translation of C?, we get an expression of the immersion
z:3 — C? by

z(u,v) = (Fi(u), Fy(u)er?) e C?, (5.5)

where Fj(u) = ﬁ Incot §(u) and Fa(u) = % cot 0(u).
These surfaces are rotationally symmetric and are just the ones given by the second

author and his coauthors (cf. [8],§6). From the above discussion, we have

Theorem 5.2 There exists and only exists a two-parameters family of symplectic criti-
cal surfaces with parallel normalized mean curvature vector in C?, which is rotationally
symmetric and congruent to (5.5).
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