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Abstract. We introduce the operators F; on permutation m = 7y - 7117y - Ty
of {1,2,---,n}, where 1 <i <k —1, ie., define Fy(r) = mjmy--- 7, as m; = 7; — 1 for
1 <j <i,and m_ 7, -, has the same relative order as m; 749 - - - T,. The operators
F; have many properties concerning the 132-pattern and inversions. Furthermore, we
find that the operators F; can be characterized by a series of swaps of two entries. Two
applications of the operators are given. As a first application, we obtain some new objects
in 132-avoiding permutations and in Dyck paths that are enumerated by the entries in
Catalan’s triangle. As another application, we give an algorithm to generate the set of
permutations of length n + 1 with k inversions from the set of permutations of length n
with k& inversions when n > k + 1.
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1 Introduction

The nth Catalan number C,, is defined by the recursion
Cos1 = CiChy,
i=0

with Cy = 1. The Catalan numbers arise frequently in combinatorics, Stanley [19] gives
over 100 objects that are counted by the Catalan numbers.

The classical Catalan’s triangle C(n, k) is defined by the recurrence relation

C(n,k)=C(n—1,k)+C(n,k—1), (1.1)
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Table 1 Catalan’s triangle C'(n,k),0 <k <n <9

with the boundary conditions C'(0,0) = 1 and C(0,k) = 0 for kK > 0 or £ < 0. An
alternative recursion for the Catalan’s triangle is

C(n,k)=C(n—1,00+C(n—1,1)+---+C(n—1,k). (1.2)

The beginning of Catalan’s triangle is shown in Table 1. The entries in Catalan’s triangle
are often called ballot numbers. See [18, A009766] for an overview of Catalan’s triangle, as
well as Barcucci and Verri [2] for earlier investigations. The Catalan numbers can always
be read from Catalan’s triangle by looking at the rightmost number in each row, so we
have

C,=C(n,n)=Cnn—-1)=Cn-10+Cn-1,1)+---+C(n—1,n—1). (1.3)

The exact formulas for C,, and C(n, k) are well-known:

1 2n n—k+1/n+k
Cn—nﬂ(n)’ C<”7’“>—n—+1( 5 )

For now, we will give some objects that are counted by the Catalan numbers and the
entries in Catalan’s triangle.

Let S, be the set of all permutations of {1,2,--- ,n}. The reduced form of a per-
mutation 7 on a set {ji1, o2, - ,Jr}, where j; < jo < --+ < j,, is the permutation in
S, obtained by renaming the letters of the permutation 7 so that j; is renamed i for
all i € {1,2,--- ,r}. In other words, to find the reduced form of a permutation = on r
elements, we replace the ith smallest letter of 7w by ¢, fori = 1,2,--- | r. We denote red(r)
the reduced form of 7. For example, red(4257) = 2134.

Let m € §, and 0 € S, be two permutations. We say that m contains o if there exists
a subsequence 1 < i; < is < --- < i, < n such that red(m;, 7, --m,) = o0; in such a



context o is usually called a pattern. We say that m avoids o, or is o-avoiding, if such
a subsequence does not exist. The set of all g-avoiding permutations in §,, is denoted
by S.(0), its cardinality is denoted by S, (¢). There are numerous results on the study
of S, (o), see, e.g., [4, 10, 20]. Another problem is counting the number of permutations
of length n which contain exactly r o-patterns, for » > 1. There is a larger literature
devoted to it, see, e.g., [3, 14, 15].

It is well-known, see [17], that S, (o) = C,, for each pattern o € S;. Using the reverse
and complement operations, and their composition, we see that S,(132) = 5,(231) =
Sn(213) = S,(312). Also, we have 5,(321) = S,(123) by simply applying the reverse
operation. From an enumerative viewpoint, there essentially are only two distinct patterns
to consider, that is, ¢ = 132 and o = 321.

A right-to-left mazimum of a permutation m = mmy---m, is an entry m, such that
m, > m for every b > a. Right-to-left minimum is defined accordingly. By using generating
function techniques, Bréandén, Claesson and Steingrimsson [6] proved that the number of
permutations in S,,(132) with k right-to-left maxima is equal to C'(n—1,n—k). Desantis et
al. [7] proved bijectively that the number of permutations in S,,(132) with the first entry
being k is C'(n — 1,k — 1), Borie [5] gave this result another proof by means of an explicit
bijection between 132-avoiding permutations and non-decreasing parking functions that
are known to be enumerated by the entries in Catalan’s triangle. Kitaev and Liese [11]
studied the so-called mesh patterns, they showed that for three mesh patterns, their
distributions on 132-avoiding permutations are given by the Catalan’s triangle. Form
(1.3) we can see that those results cited above are all the refinements of the well-known
result S, (132) = C,,.

Desantis et al. [7] proved bijectively that the number of permutations in S,,(321) with
the first entry being n —k +1is C'(n — 1,k — 1). Reifegerste[16] proved that the number
of permutations 7 € S§,,(321) with k£ — 1 elements m; =i + 1 is equal to C'(n — 1,n — k).
Those two results are the refinements of the well-known result 5,(321) = C,,.

Let us now consider another object. A Dyck path of length 2n is a path on the square
lattice with steps u = (1,1) or d = (1,—1) from (0,0) to (2n,0) that never falls below
the z-axis. We call the steps of type u up-steps and those of type d we call down-steps.
A return of a Dyck path is a down-step ending on the x-axis. A peak in a Dyck path is
an occurrence of an up-step immediately followed by a down-step, i.e., the occurrence of
ud. The height of the peak is the height of the intersection point of its two steps. It is
well-known that the number of Dyck paths of length 2n is the nth Catalan number C,.

Krattenthaler [12] exhibited a bijection ® between 132-avoiding permutations of length
n and Dyck paths of length 2n. We sketch his bijection below. Let 7 = mymy-- -7, be a
132-avoiding permutation. We read the permutation 7 from left to right and successively
generate a Dyck path ®(m). When 7; is read, then in the path we adjoin as many up-steps
as necessary, followed by a down-step from height h; + 1 to height h; (measured from the
x-axis), where h; is the number of elements in 7, - - - m, which are larger than ;.

Using the ballot theorem (see, e.g., [9, p. 73]), Deutsch [8] proved that the number of
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Dyck paths of length 2n with the first (last) peak at height k is equal to C(n — 1,n — k).
He also proved that the number of Dyck paths of length 2n with k£ returns is equal to
C(n—1,n— k) by exhibiting a bijection from the Dyck paths of length 2n with k returns
to the Dyck paths of length 2n with the last peak at height k, Brindén, Claesson and
Steingrimsson [6] provided another proof of this result by using Krattenthaler’s bijection.

The approaches in the literature to deal with the problems related to 132-avoiding
permutations and the Catalan’s triangle are the generating function approach and the
bijection approach. In this paper, we will present a new approach, that is the operator
approach, to deal with such problems.

2 QOutline of this paper

In this paper we introduce the operators F; on permutation m = 7y - - - mp_11mpsq - - -7, €
Sp, where 1 < i < k — 1, ie., define Fi(r) = mimy---m, as 7, = m; — 1 for 1 < j <4,
and 7 7 -7, has the same relative order as m; 1742 --7m,. The operators F; have
many properties concerning the 132-pattern and inversions. Furthermore, we find that
the operators F; can be characterized by a series of swaps of two entries.

As a first application of the operators, we obtain some new objects in 132-avoiding
permutations and in Dyck paths that are enumerated by the entries in Catalan’s triangle.

Consider the following objects in 132-avoiding permutations (throughout this paper,
we use 7 for the tth entry of ),

Cn(p) = {mreS,(132) | m, =1},
C,(k.p) = {meS,(132) | m =k, m, = 1,7, #n},
Dnik) = {meS,(132) | k=m >my > >m},
D, = {meS,(132) |m >my > >m},

we prove, see Theorem 4, Theorem 5, Theorem 6, Theorem 7 respectively, that

Cu(p)] = Cn—1,p—1),
C(k,p)| = Cn—2,p+k—n—2),
D,i(k)] = Cn—1,k—1),

Dl = C(n,n—1i).

We remark that |C,, (k,p)| = C(n—2,p+k—n—2) is a refinement of the result of Desantis
et al. [7], stating that the number of permutations in S,,(132) with the first entry being
k is equal to C'(n — 1,k —1).

An drreducible Dyck path is a Dyck path with exactly one return. A reducible Dyck
path is a Dyck path with at least two returns. For example, uuddud is reducible whereas
uududd is irreducible. Given a peak of a Dyck path, if the down-step of this peak is
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immediately followed by an up-step, we call such a peak an up-peak. In other words,
the occurrence of ud in udu is an up-peak, whereas, the occurrence of ud in udd isn’t an
up-peak. We obtain three new objects in Dyck paths that are enumerated by the entries
in Catalan’s triangle (see Theorem 8):

(i) The number of reducible Dyck paths of length 2n with the first peak at height k
and the last peak at height p is equal to C(n — 2,n — k — p).

(ii) The number of Dyck paths of length 2n for which the first peak is at height &£ and
the first ¢ peaks are all up-peaks is equal to C'(n — 1,n — k — 7).

(iii) The number of Dyck paths of length 2n for which the first i peaks are all up-peaks
is equal to C'(n,n —i —1).

We remark that (i) is a refinement of the result of Deutsch [8], stating that the number of
Dyck paths of length 2n with the first (last) peak at height k is equal to C(n — 1,n — k).

Let 7 = mymg - - - m, € S,, we say that (m;, ;) is an inversion of 7 if i < j but m; > =;.
Denote by INV(7) the number of inversions in 7. Note that INV(7) is nothing but the
number of occurrences of the pattern 21 in 7. Let S be the set of permutations in S,
with k inversions, its cardinality is denoted by S*. As another application of the operators
F}, we give an algorithm to generate the set S, | from the set S¥ for n > k+1. For other
algorithms on permutations, see [4, Chapter 8], as well as Banderier, Baril and Moreira
Dos Santos [1] for recent investigations.

Here is a guide to the sections of this paper. In Section 3, we introduce the operators
F; on permutations, then we provide some properties and a characterization of them.
Some applications of the operators are given in Section 4 and Section 5.

3 Operators F; on permutations

3.1 The definition and some properties

Definition 1. Given 7 = mymy - -7, € Sy, let pi(m) be the position of entry 1 in 7, and
let P(m) := p1(m) — 1. The operator F;, 0 < i < n, on permutation m € S, is defined as
follows.

(1) For i =0, define Fy(m) = .
(2) For ¢ > P(r), define F;(7) = oo.

3) For 1 < i < P(m), we define Fy(n) = winh---n/ € S, satisfying n;, = 7; — 1 for
= = 172 n J J
1 <j<iandred(m 7 o 7,) = red(Tip1Tipe - Tn).



Example 1. Let 7 = 5321476, we have P(w) = 3, Fo(m) = 5321476, Fy(m) = 4321576,
Fy(m) = 4231576, F3(m) = 4213576, Fy(r) = F5(m) = Fg(n) = Fr(7) = 0.

For m = mmy---m,, we denote Mg = TiTig1 - T, and denote M|
1)(miy1 — 1) -+ (m; — 1). We have the following theorem.

1:=(m —

i

Theorem 1. Let m = mmy---m, € S, and 1 < i < P(mw). Let mpy1 = n+ 1. Assume

Fi(m) = mmh -7, we have

(1) For j <i, ni =m; — 1.

(2) Forj >i+1, m; =min{m — 1| m > m;,i+ 1<t <n+1}. Therefore, 7} >
forj>i41.

Proof. By definition, (1) is trivially true. Now we prove (2). Let {m;1 — 1, m30 — 1, -,
Tl — 1} = {@is1, 0540,y apy1}, where 0 = a;41 < @40 < -+ < a, < apq1 = n. Denote
Fy(m) = . By definition, we see that red(m,, 1) = red(mjiy1,0) = red(mjr1n — 1).
It is not hard to see that the underlying set of 7 1, — 1 s {@iy1, Gigo, Giys, -+, an},
and the underlying set of mj; ., 1 is {ait2, ait3,*+ , @n, ani1}. So, if m; — 1 = a,, we have
T = ayq1. Then, 7} = a,11 = min{a, | @z > a,,i+1 < v <n+1} =min{m—1[m—1>
mj—Li+1<t<n+1} =min{m —1|m > m;,i+1 <t <n+1}, completing the
proof. |

The operators F; have several interesting properties. Let us start with a property
concerning the inversions.

Proposition 1. If 7 € S*, then Fi(7) € S¥ for 0 <i < P(rw).

Proof. Let m = mmy -, Fi(m) =n" =mnh- 7wl 7" =n—1=(m—1)--- (m,—1). It is
obvious that INV(7) = INV(n”). By definition we see that 7, ; = 7, ; and red(7);,, ) =
red (7, ), this yields INV(w(, 5) = INV(@[, ;) and INV(m,, ) = INV(7j,, ). Let
{miz1—1,mgo—1,- -+ m—1} = {aj1, G0, -+ ,an}, where 0 = a;41 < @40 < -+ < ay,. It
is easy to see that the underlying set of 7/, is {0, @i12,ai13, -+ ,a,} and the underlying
set of sz’+1,n] is {a;y2, 543, ,an,n}. In 7" (m —1,0),(my — 1,0),---,(m; — 1,0) are
inversions. Whereas, in 7', (7 — 1,n), (me — 1,n),--- , (m; — 1,n) are not inversions. This
implies INV(7") = INV(7") — ¢ = INV(7) — 4, completing the proof. |

Now we are going to give some properties of the operators F; concerning the 132-
pattern.

Proposition 2. For any permutation w, if m contains a 132-pattern, then F;(m) also
contains a 132-pattern, where 0 < i < P(m).



Proof. Assume 7, 7;,m;, is a 132-pattern of m = mymy---m,, ie., j1 < jo2 < js and 7;, <
mj, < m;,. For given i, 0 < ¢ < P(m), assume Fj(w) = mj7h--- 7, we distinguish three
cases.

(i) If ¢ < g1 or i > j3. Since red(F;(m)p,) = red(n,), red(F5(7)fit1,n)) = red(Tita,n)),

then 7T;-17T;-27T§~3 is a 132-pattern of Fj(m).

(ii) If j1 <7 < jp. By definition we see that 7 = 7;, —1 and 7}, < 7},. From Theorem
1(2) we know 7j, < 7. Thus 73 = 75 — 1 < m, < m, < mj, then 7 < 7 < 7},
namely 7} 7 77 is a 132-pattern of Fj(r).

(iii) If jo <4 < j3. By definition we have 7 = m;, — 1, 7, = 7, — 1. It is easy to see
that in permutation Fj(m) the entry m;, — 1 must be on the right of 7}, then it is certainly

on the right of 77 . Therefore 7} , 7’ ,m;, — 1 is a 132-pattern of Fj().

In summary, F;(7) contains a 132-pattern, and the proof is completed. |

Proposition 3. For any permutation 7, if Fp () contains a 132-pattern, then m must
contain a 132-pattern.

Proof. Suppose ™ = mmy -, and Fp(yy(n) = 7’ = mmy---m,. The case of P(7) = 0,
i.e., m =1, is trivially true as Fy(mw) = . We only consider the case of P(m) > 0 below.
Assume 7 7w is a 132-pattern of 7', ie., j1 < j2 < j3 and 7, < m < m,. We
distinguish three cases.

(i) If P(7) > j3. By definition we have m;, = ) + 1, mj, = 7, + 1, mj, = ), + 1,
therefore m; m;,7;, is a 132-pattern of .

(ii) If P(m) < jo. Since Tp(m41 = 1, then mpry41 is a right-to-left minimum of 7.
As ted(T{p(ry41.) = Ted(T(P(r)+1,n]), We see that Ty, 18 a right-to-left minimum of 7.
Therefore 7T33(7T) 1T, T i a 132-pattern of 7', this implies 7p(x)4 17, 7); is a 132-pattern
of m as red(m(p(r)11,,) = red(T[p(r)+1,n))-

(iii) If jo < P(m) < js. By definition we have 7, = 7 + 1, m;, = 7, + 1. It is easy
to see that in permutation 7 the entry 77, + 1 must be on the right of 7p(r), then it is
certainly on the right of 7j,, therefore m; , 7),, 793 + 1 is a 132-pattern of .

In summary, 7 contains a 132-pattern, this completes the proof. 1

Taking a second look at Proposition 3, it is natural to ask whether the statement holds
for F;, 1 < P(m). The answer is in the negative. For example, 7 = 43512 is 132-avoiding
but Fy(7) = 32514 contains a 132-pattern. Surprisingly, adding a restriction on 7 will do
the job, that is the content of the next proposition.

Proposition 4. Let 71 = mmy - m, with 7 > my > -+ > mq, if Fi(m) contains a
132-pattern, then ™ must contain a 132-pattern.



Proof. Let Fi(m) = n' = mm) - - - m,. By definition we know that 7} = 7; — 1 for 1 < j <4,
and red(w{iﬂm]) = red(7jiy1,,). Assume 7} 7 7 is a 132-pattern of 7', i.e., j1 < j2 < J3
and 7} < 7 < 7. Since m > my > -+ > m, we have mp > 7, > -+ > 7, this yields

Jj2 > 1+ 1. We distinguish two cases.
(i) If j1 > i+ 1, then 7, m;,m;, is a 132-pattern of 7 as red(m;,, ;) = red(7(it1,n)-

.. . . , , B

(ii) If j1 <4, we have 7} > 7. Let {mi1—1, mqo—1,+ -, m—1} = {@i11, Giga, - 5 Qn},
where 0 = a;11 < @42 < -+ < ap, and let a,1 = n. Assume 7,41 — 1 = a,, 7, — 1 = a,
and 7j, —1 = a;. From Theorem 1(2) we know that 7}, = a,41, T, = Qgy1 and T = apq1.
It is not hard to see

/ / /
at+1:7rj3>7rj1Zﬂi:m—1>m+1—1:ar,

this yields ¢t +1 > r. Since 7}, > 7 = a;11 > a,41 = 74, We have jo # i + 1, then
i+ 1< js < j3. We claim that m 17,7, = (a, + 1)(as + 1)(a; + 1) is a 132-pattern of
m. Since t +1 > r, we have a; > a,, then 7, > 74y, thus 7, > my as 7+ 1 < js.
Because of red(ﬁfiﬂ’n]) = red(Tjit1,n),  +1 < jo < j3 and 7, > 77, we have 7, > m;,
thus m;41 < 7j, < mj,, and our claim is true. This completes our proof. 1

Define
Dpi:={me€ 8, (132) | my > mp > -+ > m;},
that is, D, ; is the set of 132-avoiding permutations of length n starting with a decreasing
sequence of length 4. In particular, D, ; = S, (132). Define

D, (k) ={reS,(132) | k=m >m > - > 7},
it is clear that D,,; = (J,_, Dn.i(k). We have the following result.
Proposition 5. Leti < k <n — 1, then F; is a bijection from D, ;11(k + 1) to D, ;(k).

Proof. Let m = mymy -7y, € Dy ipa(k+ 1), that is, m =k + 1, 1y > m > -+ - > m;4q, and
7 is 132-avoiding. We are going to prove F;(7) = miwh - - - 7w, € D, (k). By definition we
have 7} = k and 7} > 7 > --- > m.. By Proposition 4 we have F;(m) is 132-avoiding.
Therefore, we have Fj(m) € D, (k).

On the other hand, let " = w7} --- 7/, € D, ;(k), that is, 7} =k, 7] > 7 > -+ > 7},
and 7’ is 132-avoiding. Since k& < n — 1, we can define 7 := mymy--- 7w, € S, such that
mj = m;+1for 1 < j <iandred(m+1,0) = red(m,, ). It is obvious that F(r) = 7'. Our
goal is to prove m € D, ;11(k + 1). By definition we have my = k+ 1, mp > m > -+ > 7.
From Proposition 2 we know 7 is 132-avoiding. To achieve our goal, it is sufficient to
show m; > m;y1. Assume the contrary, that is, m; < m;.1. It is not hard to see that in
permutation 7’ the entry 7,41 — 1 is on the right of 7. From Theorem 1(2) we see that

/ /
== 1 <myp — 1 <mp <y,

thus 7/}, (m41 — 1) is a 132-pattern of 7/, a contradiction, and the proof follows. |



3.2 The operator F' on permutations

In this subsection, we introduce the operator F' on permutations, which is a specific kind
of the operators Fj.

For any permutation 7, we define F(7) := Fp((m). Combining Proposition 2 and
Proposition 3 we obtain an elementary result of the operator F.

Proposition 6. For any permutation w, 7 is 132-avoiding if and only if F(mw) is 132-
avoiding.

The operator F' has another simple property.

Proposition 7. If m € §,,(132), then the last entry of F(m) is n.

Proof. Let F(r) = n' = mymy- -+ m,, we assume the contrary, that is 7} = n and j < n.

From Proposition 6 we see that 7’ is 132-avoiding. By the definition of F(r), it is easy to

see that in permutation 7’ the entry n is on the right of W}(ﬂ), i.e., 7 > P(m)+ 1. Because

of red(m(p () 41,) = red(T(p(m)+1,0) and Tp@m+1 = 1, we have mp ., is a right-to-left

minimum of 7’/. Thus 7’/ ,n,m is a 132-pattern of 7', a contradiction, this completes
P(m)+1 n

the proof. |

For any permutation 7 € S,,, define F™(7r) = F(F™ !(r)), and F°(7) = 7. We call
a F-sortable permutation if F*~'(w) = 123---n, where k is the first entry of .

Example 2. Let m = 5321476, it is not hard to see F(m) = 4213576, F?(7) = 3124576,
F3(m) = 2134576, F*(m) = 1234576. Thus 7 is not a F-sortable permutation.

Example 3. Let m = 5321467, it is not hard to see F(m) = 4213567, F?(7) = 3124567,
F3(m) = 2134567, F*(m) = 1234567. So 7 is a F-sortable permutation.

It is natural to ask the following question: how can we decide whether a permutation
is F-sortable? Now we give an answer to this question.

Theorem 2. A permutation is F-sortable if and only if it is 132-avoiding.

Proof. Let m = mymy---m, € S,, and suppose m; = k. First we assume 7 contains a
132-pattern. From Proposition 6 we have F*~1(7) contains a 132-pattern, thus 7 is not a
F-sortable permutation.

Now we assume 7 is 132-avoiding. We use induction on m; = k to prove 7 is F-sortable.
When k =1, we have 7 = 12---n and F°(7) = 7 = 12- - - n, the initial case being trivial.
Assume the statement is true for k—1, and prove it for k£, kK > 1. By Proposition 6 we have
F(m) = mjwh---xl is 132-avoiding with 7} = k — 1. Applying the induction hypothesis,

we have F*=1(1) = FF"2(F (7)) = 123---n, so 7 is F-sortable, completing the proof. &



3.3 A characterization of F; in terms of a series of swaps of two
entries

In this subsection, we will show that the operators F; can be characterized by a series of
swaps of two entries. In order to achieve this goal, let us first introduce the operators f;
on permutations.

Given 1 = mmy---m, € S,, if m; is not a right-to-left minimum of =, let 7, =
max{m; | t >i,m < m}, and define

fz(ﬂ-) =M T T Mg— 1T W1 *° * Tny,

in other words, f;(m) is obtained from 7 by interchanging m; and ms, where 7, is the
maximum entry which is on the right of m; and which is less than m; in permutation 7.
We call 7, the f;-selected entry of w. If 7; is a right-to-left minimum of 7, we define
fi(m) = oo. For instance, f;(41523) = 31524, f»(41523) = oo, f3(41523) = 41325,
f4(41523) = 00, f5(41523) = oo.

Note that for any 7 € S,,, we have f,(7) = oo since the last entry of 7 is a right-to-left
minimum. By convention, we set fo(7) = 7 for each permutation 7.

Two key properties of the operators f; are given by Proposition 8 and Proposition 9.

Proposition 8. Let m € S, and 1 < i < n, if fi(7) # oo, then INV(f;(m)) = INV(7) — 1.

Proof. Let ms be the f;-selected entry of m = mymy - - - 7, we claim that if i« < m < s, then
T > T; OF T, < m,. Assume the contrary, i.e., 7, < m,, < m;, then in permutation m, m,,
is an entry which is on the right of 7; and which is less than 7; but =, > 7, contradicting
the choice of 7, and our claim is true. Then proving INV(fi(7)) = INV(7) — 1 is easy. 1

Proposition 9. Let m € S, and 1 < @ < n, if fi(w) # oo, then red(fi(m); ;)

red(ﬂ-[i+1,n])'

Proof. Assume 7 is the fi-selected entry of m = mymy -+ 7m,. Let {mi1, mipo, -+ ,mn} =
{bit1,biv2, - by}, where b1 < biyg < --- < b,. By convention, we let b3 = n + 1.
Assume 7, = b;, according to the choice of my we see that b; < m; < bjyq, this implies
red(fi(ﬂ-)[i-i—l,n]) = red(ﬂ-[i-i-l,n])' i

Given m € S, for 0 < i < n, we define

f(z')(W) = fiofici---ofao fi Ofo(W%

where fog(x) denotes the composition f(g(x)). In other words, f;(m) = fi(fu-1)(7)) for
1 <i < n. We define f;(c0) = oo for any i. Note that f)(7) = 7 # 0o and fi,)(m) = oo,
so we can define

p(m) == max{i | fu(m) # oo, 0 <i < n}.

By definition we can see that f(;(m) # oo for i < p(), and f)(7) = oo for i > p(r).

10



Example 4. Let m = 45213, fo)(m) = 45213, fu)(m) = f1(45213) = 35214, fu)(7) =
f2(35214) = 34215, fig)(m) = f3(34215) = 34125, fy)(m) = f4(34125) = o0, fr)(m) = o0,
and clearly p(m) = 3.

The operators f(;) on permutations have the following two properties, they can be
easily proved by Proposition 8 and Proposition 9 respectively.
Proposition 10. Let m € S¥, we have f;)(m) € S~ for 0 <i < p(n).
Proposition 11. Let m € S,,, we have red(f)(7);44,,) = red(my,, ) for 0 <@ < p(m).

Now we are in a position to give a characterization of the operator F; by a series of
swaps of two entries, that is the content of the following theorem.

Theorem 3. Let m € S,,, we have P(m) = p(7), and Fi(n) = fuy(n) for 0 <i < P(w).

Proof. If P(m) =0, i.e., 1 = 1, we have P(m) = p(7) = 0, and Fy(m) = fy(7) = 7, the
theorem is proved. We assume P(m) > 0 below.

First we proceed to prove the statement that for 0 < i < P(m), we have f(;(m) # oo
and Fi(m) = fu(m). We use induction on ¢ to prove the statement. When i = 0,
it is trivially true. Assume our statement is true for ¢, and prove it for 7 + 1, where
0<i:< P(r)—1. Given m = myma -+ - m,, by the induction hypothesis we have F;(7) =

o—— !/ e / o
fo(n) =a"=mmy---m,. Let {my1—1, mipo—1, -+, m—1} = {ait1, aiy2, - -, an}, where
0=ai11 < ajr2 < -+ < ay, and let a,,1 = n. Suppose w11 — 1 = a,,, from Theorem 1(2)
we see T, = Amy1. Since i < P(m) — 1, we have a,, # 0. Since {m} ,, 7 4, - 7, } =

/ / /
{ai+27 cr O, an-i-l}a we have {7Ti+27 T3y " ’71'”} = {ai-i-?’ T Oy A2, 0 0 aan-l—l}a then

in permutation 7', a,, is the maximum entry which is on the right of mj , and which
is less than m_ |, = a4, i.e., the fiyi-selected entry of 7’ is a,, = m;1 — 1, this yield-
s fat1)(M)iv1) = Fis1(m)piqny. From Proposition 11, we have red(fip1)(7)jton) =
I'ed(ﬂ'[H_Qm]) = red(FiH (7'(')[1‘4_27”}), COHlbiIliIlg this with f(i-‘,—l) (ﬂ-)[l,i—f—l] = E+1(7T>[1,i+1] leads
to fur1)(m) = Fipa(m), completing the induction proof.

Now we proceed to prove p(m) = P(m). From the above argument we find p(7) > P(r),
and Fp()(m) = f(p(xy)(m) := «’. Since 1 is in the position P(7) + 1 of 7, and 1 is a right-
to-left minimum of 7, we have the (P(m) + 1)-th entry of 7’ is a right-to-left minimum of

7w’ as red(ﬂfp(ﬂ)ﬂm}) = red(ﬂ[P(ﬂ)Hm]). Thus, fp(x)+1)(7) = fp@)+1(7) = oo, therefore,
p(m) = P(r), and the proof follows. |

4 Application I: Catalan’s triangle in 132-avoiding per-
mutations and Dyck paths

In this section we are going to use the operators introduced in the previous section to ob-
tain some new objects in 132-avoiding permutations and Dyck paths that are enumerated
by the entries in Catalan’s triangle.

11



Given m = mymg---m, € S§,(132), assume F(7) = @75 ---7/,_yn (by Proposition 7),
we define ¢(m) := mywh---w, _,, i.e., ¢(m) is obtained from F(7) by deleting the entry n.

It is straightforward to see the following result from Proposition 6.

Lemma 1. Let € §,(132), we have ¢(w) € S,_1(132).

Define
Cun(p) :=A{m € S,(132) | m, = 1}.

Lemma 2. We have ¢ is a bijection from C,(p) to U;<, Cn—1(i).

Proof. Let m = mmy---m, € C,(p), that is, m is 132-avoiding and m, = 1. We first
prove ¢(m) € U;<, Cn-1(é). Suppose ¢(m) = mjmy---m,_;, by Lemma 1 we have ¢(7) €
Sn-1(132). In order to prove ¢() € ;< Cn1(7), it suffices to show pi(¢(m)) < pi(7) = p.
Since m, = 1, it is obvious that m; > 1 for j > p+ 1. From Theorem 1(2) we see that

m: > m; > 1 for j > p+ 1, this implies pi(é(7)) < p.
On the other hand, let 7’ = w7 -- -7, € C,—1(7), i < p. Since 7’ avoids 132-pattern

n—1
and 7; = 1, we have mm;,, -7, ; is an increasing sequence, so m, is a right-to-left
minimum of 7’ as ¢ < p. Let n” = w7, - -7, _n, we can see that 7" is 132-avoiding
and 7r; is a right-to-left minimum of 7”. Define 7 := m---mp_ym,---m, € S, so that
Ty Ty = (7 + 1)+ (m,_y + 1) and red(mp,n) = red(m, ). It is easy to see that
F(r) = 7" and ¢(m) = «’. Our goal is to prove m € C,(p). Since F(m) = «” is 132-
avoiding, we have 7 is 132-avoiding by Proposition 6. Since 7, is a right-to-left minimum
of 7, then m, is a right-to-left minimum of m. Combining this with the fact m; > 2 for
j <p—1, we have 1, = 1, this proves 7 € C,(p). Therefore ¢ has an inverse and must be
a bijection. |

Theorem 4. |C,(p)|=C(n—1,p—1).

Proof. We use induction on n. When n = 1, there is only one choice for p, i.e., p = 1.
Clearly C,(p) = {1} and C(n —1,p — 1) = C(0,0) = 1, so our theorem is true for n = 1.
Now assume our theorem is true for n — 1, and prove it for n. By Lemma 2 and the
induction hypothesis, we have

Cp)l = 3 [Cunali)]

i<p

= ) Cn-2,i-1)
i<p

= Cln—-1p-1),  (by(12))

completing the induction proof. 1
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Define _
Cn(k) :={m € S5,(132) | m, = k}.

It is not hard to see that, 7 avoids 132-pattern if and only if 77!, the inverse permutation
of 7, avoids 132-pattern. The following result of Desantis et al. [7] that we have already
mentioned in the introduction can be obtained from Theorem 4 immediately.

Corollary 1 (Desantis et al. [7]). |Co(k)| = C(n— 1,k —1).

Theorem 4 and Corollary 1 tell us that both the distribution of the first entry and
the position of the minimum in 132-avoiding permutations of given length are Catalan’s
distribution.

Example 5. We list below all permutations in S5(132).

S5(132) = {12345,21345,23145, 23415, 23451, 31245, 32145, 32415, 32451,
34125, 34215, 34251, 34512, 34521, 41235, 42135, 42315, 43125,
43215,42351, 43521, 43251, 45231, 45321, 43512, 45213, 45312,
45123, 51234, 52134, 52314, 52341, 53124, 53214, 53241, 53412,
53421, 54123, 54213, 54231, 54312, 54321}

There are 1,4,9, 14,14 permutations with first entries being 1,2,3,4,5 respectively in
S5(132), there are 1,4, 9,14, 14 permutations for which the positions of 1 are 1,2,3,4,5
respectively in S5(132). The numbers 1,4,9, 14, 14 are the fifth row (n = 4) of Catalan’s
triangle (see Table 1).

Define
Cn(k,p) :={r € S,(132) | my = k, 7, = 1},

that is,

Cn(ki,p) = Cn(k) N Cn(p)‘

Since both C,, (k) and C,,(p) are enumerated by the entries in Catalan’s triangle, it is nature
to ask whether C,(k,p) is enumerated by the entries in Catalan’s triangle as well. The
answer to the question is in the negative. But adding a restriction on the set C, (k, p) will
do the job. Define

C,(k,p):={me€S,(132) | m, = k, 7, = 1, m, #n},
we have the following theorem.

Theorem 5. |C, (k,p)|=C(n—2,k+p—n—2) forn > 2.

In order to prove the theorem, we need two lemmas.

Lemma 3. Let 2 < k < n, we have ¢ is a bijection from C (k,n) to Cp_y(k — 1), and
therefore |C, (k,n)| =C(n — 2,k —2).
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Proof. Let m = mymy---m, € C, (k,n), i.e., m = k,m, =1 and 7 is 132-avoiding. Since
o(m) € Sp,—1(132) and the first entry of ¢(7) is k — 1, we have ¢(7) € C,,—1(k — 1). It is
not hard to see ¢ has an inverse and must be a bijection. 1

Lemma 4. Let 2 < k < n and p < n, we have ¢ is a bijection from C, (k,p) to
Usey Coa — 1,4), and therefore |Cy (b, p)| = Suey |Gy (k — 1,0)].

Proof. Let m = mymy---m, € C,, (k,p), assume ¢(m) = mjwh- -7, _,. We are going to show
¢(m) € U<, Choa(k — 1,4). To this end, it will suffice to show the following four facts:

i) ¢(m) is 132-avoiding;

(i) and (ii) are clear. The proof of (iii) is the same as that in the proof of Lemma 2.
Now we prove (iv). Assume 7; = n, where j # n. We claim that j < P(m). Otherwise,
if 5 > P(m), then 1,n,m, is a 132-pattern of 7, a contradiction, and our claim is true.
By our claim we have 7 = n — 1. Since j < P(r) =p—1<n—1, then m,_;, #n — 1,
completing the proof of (iv). By a same argument as that in the proof of Lemma 2, we
see that ¢ has an inverse and must be a bijection. 1

Proof of Theorem 5. We first prove our theorem for the case of k = 1. In this case, we
have p = 1, thus C(n — 2,k +p—n—2) = C(n —2,—n) = 0. Clearly, 12---n is the
only 132-avoiding permutation for which the first entry is 1, then we have C, (1,1) = () as
12---n ¢ C, (1,1). Therefore, our theorem is true for k = 1.

Let us prove our theorem by induction on n. When n = 2, if £k = 1, we have already
proved it. If & = 2, there is only one choice for p, i.e., p = 2. In this case, we have
Cn—2,p+k—n—2)=C(0,0) =1, and it is easy to see Cy(2,2) = {21}, so our
theorem is true for £ = 2, and the initial case of n = 2 is true. Now assume our theorem
is true for n — 1, and prove it for n. Since we have already proved it for k = 1, we assume
k > 2 below. If p = n, by Lemma 3, we have |C, (k,n)| = C(n — 2,k —2), completing the
induction proof. If p < n, by Lemma 4 and the induction hypothesis, we have

Co(k.p)l = Y[y (k = 1,0)]

i<p

= Y Cn—3k+i-n-2)
i<p

= Cn—2k+p—n-—2), ( by (1.2))

completing the induction proof. |
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Remark 1. Theorem 5 tells us that, for given k the distribution of the position of 1 in

C,(k):={reS,(132) | m =k, 7, #n}

n

is Catalan’s distribution. Similarly, for given p the distribution of the first entry in
C,(p):={reS,(132) | m, = 1,7, #n}

is Catalan’s distribution as well.

So far we have given some applications of the operator F', now let us give an application
of the operators F;. Recall that, for : < k < n,

D,i(k) ={me€S5,(132) | k=m > 73> -+ >m},

by using the operators F; we can obtain the cardinality of D, ;(k), which is given by the
following theorem.

Theorem 6. |D, (k)| =C(n— 1,k —1).

Proof. By Proposition 5, we see that F;_; is a bijection from D,, ;(k) to D, ;—1(k—1), Fi_o
is a bijection from D, ;_1(k—1) to D, ;—2(k—2), - - -, F} is a bijection from D, o(k+2 —1)

to Dy, 1(k+1—1), note that D,, 1 (k+1—i) = C,,(k+1—1). Define H;_; := FyoFy0---0F;_y,
thus H,;_; is a bijection form D, ;(k) to C,(k + 1 — ). Combining this with Corollary 1,
we find |D, (k)| = [Co(k+1—13)| =C(n— 1,k —1). |

Recall that,
Dp;={m € S,(132) | my > my > -+ > m;},

the cardinality of D,, ; is given by the following theorem.
Theorem 7. |D, ;| = C(n,n —1).

Proof. From Theorem 6 and the fact D,,; = |J,_, Dn.i(k), we have

Dl = [Duik)] = Cln— 1,k — i) = Cln,n — ),
k=i k=i
as desired. .

Remark 2. From Theorem 7 we see |S,,(132)| = |D,,1| = C(n,n — 1) = C,,. Therefore,
Theorem 7 is a refinement of the fact that |S,(132)| = C,.

We conclude this section with four objects in Dyck paths that are enumerated by the
entries in Catalan’s triangle.
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Theorem 8. (1) The number of Dyck paths of length 2n with the last peak at height k is
equal to C'(n — 1,n — k).

(2) The number of reducible Dyck paths of length 2n with the first peak at height k and
the last peak at height p is equal to C'(n — 2,n — k — p).

(3) The number of Dyck paths of length 2n for which the first peak is at height k and
the first i peaks are all up-peaks is equal to C'(n — 1,n — k —1).

(4) The number of Dyck paths of length 2n for which the first i peaks are all up-peaks
is equal to C'(n,n —i—1).

Proof. 1t is not hard to see that under the Krattenthaler’s bijection (see Introduction),
(1), (2), (3), (4) of Theorem 8 coincide with Theorem 4, Theorem 5, Theorem 6, Theorem
7 respectively. |

Remark 3. We point out that, (1) of Theorem 8 is due to Deutsch [8] that we have
mentioned in Introduction. While (2), (3), (4) of Theorem 8 seem to be new.

5 Application II: an algorithm to generate Sf;f 41 from
St forn>k+1

Recall that S* is the set of all permutations on the set {1,2,---,n} with & inversions, in
this section we are going to give an algorithm to generate the set S%, | from the set S¥
form>k+1.

To state our result, we need the following notations. Let m = mymy -+ - m,, we denote
7+1:=(m +1)(ma+1)---(m, +1). Let P be a set of some permutations, define

P(+) = {w € P |the minimum of w precedes the maximum of w},

P(—) := {w € P |the maximum of w precedes the minimum of w}.

It is obvious that P = P(+) UP(—), and P(+) N P(—) = 0.

Given m = mmg---m, € Sy, for 1 < i < n, we define [;(7) to be the permuta-
tion obtained from 7 by inserting the entry O after the ith entry of =« ie., [;(m) =
710wy -y for @ = 0, we define Iy(w) = Omymy---m,. It is obvious that for
7 € Sy, Ii(7) is a permutation of {0,1,--- ,n}. Let Ii(r) := Ii(x) + 1. Thus, for any
T € S, we have Z(W) € S,4+1. Define

Fri={L(F(x)) |0 <i < P(m)}.
Now we are ready to state and prove the main result of this section.

Theorem 9. For 0 < k < (’;), we have Sﬁﬂ(—i-) = U,est Fr, where Fr 0 Fre = 0 for
T £
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Proof. Let m € 8% and let 0 < i < P(7), from Proposition 1 we know Fj(7) € S*~ thus
I;(Fy(m)) € Sk, . By the definition of F}, we see that in permutation Fj(r), the entry
n is on the right of the ith entry, this implies 0 precedes n in I;(F;(7)), equivalently, 1
precedes n + 1 in I;(Fy(r)), so L(Fy(r)) € Sk (4). This yields Uress Fr € Sk (+).

On the other hand, let ¥ € S* | (4), assume 7—1 = mymy - - - ;0741 - - - 7, and assume
7 = n, where k > i+1. Let 7 = mymy - - - m,, then 7 € S*~%. Define ' := wjmh -+ €
Sy so that m; = m;+ 1,1 < j <4, and red(m, ., )NZ red(miy1,n)). (7 is well-defined since
k>i+1). It is easy to see that F;(7') = 7, and I;(F;(7’)) = 7. Since 7 € 8%, we have
7' € S8F by Proposition 1. From the above argument we see that St (+) € U, csr Fr-

Combining this with the result of the previous paragraph, we have ¥, (+) = U, . sk Fr-

Now we prove Fr N Fp = ) for m # 7. Assume the contrary, suppose Fr N Fr = w,
and suppose w = [;(F;(m)) = I;;(Fy(n')). It is clear that j = k, then Fj(m) = F;(n’), this
implies 7 = 7, a contradiction, and the proof follows. 1

Corollary 2. Forn >k + 1, we have S¥, | = Ufres;g Fr, where Fr N Fpr =0 for m # 7.

Proof. We proceed to prove 8%, (=) = (. Otherwise, take w € Sk (=), so 1 is on
the right of n + 1, this yields INV(w) > n > k, a contradiction. Therefore we have
Sk, = 8", ,(+), and the proof follows from Theorem 9 immediately. |

In order to give an algorithm to generate the set S¥.,(+) from the set S¥, it is better
to use the operators f(; which are equivalent to the operators F; by Theorem 3.

An algorithm to generate the set S¥ ,(+) from the set S".
Input: The set S*.
Output: The set S, (+).
Step 0. Set S¥.,(+) = 0.
Step 1. If S* = (), stop; If S¥ # 0, take 7 € SF, set S¥ = S* — {7}, and set i = 0.

Step 2. If ¢ > P(m), return to Step 1; If ¢ < P(w), set # = f;(7), then set
Sk (+) = 8", (+) U Li(r), and set i = i + 1, return to Step 2.

Proof. By Theorem 3 and Theorem 9, we have

P(r)
Shah=U 7= UL}

reSk resk =0

It is clear that Step 2 corresponds Uf):(g (I fei(m))} for given m € S¥, Step 1 means that
7 ranges over all permutations in S*. |
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Remark 4. From Corollary 2 we can see that when n > k+1 the set S¥_, (+) we obtained
by the above algorithm is actually the set S* 41

Example 6. Let n =4,k = 2, it is easy to verify S7 = {3124, 2314, 2143,1342,1423}. In
Figure 1, we illustrate the above algorithm to generate the set S2(+) = Fz124U Faz14U
Fora3U FizgpU Fiaez. Since n > k + 1, by Corollary 2 we have 82 = S2(+) = {14235,
31245, 13425, 21435, 23145, 13254, 21354, 12453, 12534}.

3124i> 3124 L 2134 L» o0

o |7
F3124(14235 31245)

f f f
2314L» 2314 —L1 » 1324 —2+—+1234 —3+ ©
i I |%
Faz14 (13425 21435 23145)

2143i> 2143 —fl—> 1243 i» 00

Vo Iy

Foraz (13254 21354)

1342 i» 1342 i» o0
l'fo
Fi3a2 (12453

1423i> 1423 i» o0

Vi
f1423

Figure 1. An example illustrating our algorithm

Recall that, pi(m) is the position of 1 in =, i.e., p1(7) = P(7) + 1. It is easy to see
that |Fr| = P(m) + 1 = py (7). From Theorem 9 we have the following corollary directly.

Corollary 3. For 0 <k < (Z), we have

SEH("') = Z pi(m),

TeSk

where SF, | (+) is the cardinality of S¥,,(+). In particular, for n >k + 1, we have

Sﬁﬂ = Z p().

neSE
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Now let us generalize the case of n > k + 1 of Corollary 3 by using our algorithm m
times, m > 1.

Theorem 10. Letn > k+ 1, m > 1, we have

=3 (pl(ﬁ) +m — 1)'

neSk

Proof. Given € Sk, let M;(n) = Fr C Sk, My(m) = {Fp | 7' € My(m)} CSh -,
My () = {Fp | 7' € My_1(m)} € S}, ,,. We claim that there are (pl(“);gf‘fl*i) permu-
tations in M,,(7) for which the entry 1 is in position i, where 1 < i < py(mw). We use
induction on m. When m = 1, M;(7) = F, it is clear that there is exactly one permuta-
tion in M () for which the entry 1 is in position ¢, 1 < i < p;(7). Note that when m = 1,
(pl(“);;z_l_i) = 1for 1 <i < pi(n). Thus our claim is true for m = 1. Suppose our claim
is true for m and prove it for m+1. Note that My, 1(7) = {Fw | 7 € My, (7)} C Sk, 01,
it is not hard to see that the number of permutations in M,, 1 (7) for which the entry 1 is
in position i is equal to the number of permutations in M,,(7) for which the entry 1 is in

position at least ¢. Combining this with the induction hypothesis, we find that there are

+m—-1—1 +m—-1—(i+1 —1
pi(m) +m AN pi(m) +m (1+1) (™

m—1 m—1 m—1
permutations in M,,1(7) for which the entry 1 is in position 4. It is easy to see that the

above summation is (p 1(”)7:m_i), and the induction proof of our claim is completed. From
our claim, we find

| M., (7)) :pli) <p1(7r):;ﬂ_%zl—z’> _ (pl(ﬂ') -;m_1)7

i=1

S =2 [ Mu(m)] = <p1(7r) b 1).

TeSk meSk

thus we have

Example 7. Let n = 4,k = 2, we know that S7 = {3124, 2314, 2143, 1342, 1423}. Obvi-
ously, p1(3124) = 2, p1(2314) = 3, p1(2143) = 2, p1(1342) = 1, p;(1423) = 1. By Theorem
10 we have S3 = 2+3+2+1+1 =9, S§ = 3+6+3+1+1 = 14, 57 = 4+10+4+1+1 = 20.

We point out that, if we know the set S¥, n > k + 1, using our algorithm m times we

can generate the set S¥, . and we can know its cardinality S¥,,, from Theorem 10.

We conclude this section by discussing the time complexity of our algorithm for fixed
k and n > k + 1. The following result due to Margolius [13] gives an asymptotic formula
for S* when n > k.
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Lemma 5 (Margolius). Let n > k, we have

Sk B Q2k—1
" Vkr

where Q = T2, (1 — &) ~ 0.2887830951.

2"(1+0(n™)),

Given 7 € SF, for any i, 1 < i < P(m) < n, it is clear that the time complexity of
finding the f;-selected entry of 7 is O(n). Thus, the time complexity of generating the set
Uf:(g){ﬁ(f(i)(w))} is at most O(n?), combining this with Lemma 5, we see that the time
complexity of our algorithm to generate the set %, from the set S¥ is at most O(2"n?),
where k is fixed and n > k + 1.

Note that, a natural algorithm to generate the set S* 41 is using the brute force ("'QH)

way of counting the number of inversions for each permutation in S¥,; and then checking
to see if they are equal to k, the time complexity of this algorithm is O((n + 1)!n2). Then
we can see that, for the case of n > k + 1, if we know the set S, using our algorithm will
reduce the time complexity O((n + 1)In?) to O(2"n?).
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