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Spectral radius and Hamiltonian properties of graphs, II

Jun Ge* and Bo Ning'

Abstract

In this paper, we first present spectral conditions for the existence of Cp,—1 in graphs (2-
connected graphs) of order n, which are motivated by a conjecture of Erddés. Then we prove
spectral conditions for the existence of Hamilton cycles in balanced bipartite graphs. This
result presents a spectral analog of Moon-Moser’s theorem on Hamilton cycles in balanced
bipartite graphs, and extends a previous theorem due to Li and the second author for n
sufficiently large. We conclude this paper with two problems on tight spectral conditions for

the existence of long cycles of given lengths.
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1 Introduction

Throughout this paper, we only consider graphs which are simple, finite and undirected. Let
G = (V,E) be a graph of order n and size e(G). Let S C V(G). We use G — S to denote the
subgraph induced by V(G)\S. If S consists of only one element, say S = {u}, then we use G — u
instead of G — {u}. Let A\1(G) > X2(G) > -+ > A, (G) be all the eigenvalues of the adjacency
matrix A(G) of G. Denote by A(G) := A1 (G) the spectral radius of G, q(G) the signless Laplacian
spectral radius of G, and §(G) the minimum degree of G. Let G; and G be two graphs. We use
G1 + G2 to denote the disjoint union of G; and G2, and G; V G2 to denote the join of G7 and
G2. Following some notations in [I8], for 1 <k < (n —1)/2, we define L* = K1V (Kx + K,—k—1)
and NF = Ky v (K, _a + kK1). (FigMillustrates L3 and N2). Note that L, = N}!. A graph G
is called Hamiltonian if it contains a spanning cycle, and is called pancyclic if it contains cycles of
lengths from 3 to v(G). The circumference of a graph refers to the length of a longest cycle in the
graph. For terminology and notations not defined here, we refer the reader to Bondy and Murty
[6].

Many graph theorists have investigated the relationship between the existence of Hamilton

cycles and paths in graphs and the eigenvalues of some associated matrices of graphs, for example,
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Fig. 1: L2 (left) and N3 (right).

see [7, [12] 29, 22, 18, 2T, 23, 19, 20]. Among these results, the following one has received much
attention, which is a corollary of a theorem of Ore [25] and of Bondy [5], independently.

Theorem 1.1 (Fiedler and Nikiforov [12]). Let G be a graph of order n. If \(G) > n —2, then G

is Hamiltonian unless G = N}.

By introducing the minimum degree of a graph as a new parameter, Li and Ning [I8] extended
Theorem [[LT] in some sense and obtained spectral analogs of a classical theorem of Erdés [10].
The following theorem is one of the central results in [I8]: Let k > 1 and G be a graph of order
n > max{6k + 5, (k% + 6k +4)/2}. If §(G) > k and A\(G) > A(NF), then G is Hamiltonian unless
G = N*.

Since K, C NF and K,,_s, C L¥, we have A\(LF) > n—k—1 and A(N¥) > n—k—1. Nikiforov
[21] further strengthened Li and Ning’s theorem for a graph G of order n > k3 + O(k) and k > 2,
by providing a weaker condition that A(G) > n — k — 1. Later, the authors [I3] sharpened the
result mentioned above for the order of graphs by almost a half

Since the spectral conditions for C,, are extensively studied, one can naturally consider similar
problems for the possible second longest cycle, that is, C,—1. Indeed, our first part is motivated by
a conjecture of Erdds that says every graph of order n has a C),_; if its size is at least ("52) + 4,
which was confirmed by Bondy [2]. The edge number condition above is tight, since one can see

the graph K7 V (K3 + K,,—3) has (";2) + 3 edges but contains no C),_1.

Theorem 1.2. Let G be a graph of order n > 15.
(1) If \(G) >n —3, then Cr,_1 C G, unless G C K1V (Kp—3+ K2) or G C A (see Fig[Q).
(2) If ¢(G) > 2n — 6, then Cr,—1 € G, unless G C K1V (Kp—3+ K2) or G CA.

W, W)

Fig. 2: The graph A.

By Lemma Blin Section Bl Theorem implies the following corollary immediately.

IFor comments on this fact, see Chen and Zhang [§].



Corollary 1. Let G be a graph of order n > 15.
(1) I MG) > MKy V (Kp—3 + K»)), then C,,_1 C G unless G = K1 V (K,—3 + Ka).
(2) If ¢(G) > q(K1 V (Kpn—3 + K3)), then C,,_; C G unless G = K1 V (K,—3 + K2).

Considering that the extremal graphs in Corollary 1 contain a cut-vertex, we then consider

similar problems among 2-connected graphs. The answers are as follows.

Theorem 1.3. Let G be a 2-connected graph of order n > 22.
(1) If \(G) >n —4, then Cr,—1 € G unless G C Ko V (Kp—5 + 3K7).
(2) If ¢(G) > 2n — 8, then Cp,—1 C G unless G C KoV (K, —5 + 3K1).

The following corollary follows immediately.

Corollary 2. Let G be a 2-connected graph of order n > 22.
(1) It AMG) > MK2 V (Kp—5 +3K1)), then C,,—1 € G unless G = Ko V (K,,_5 + 3K1).
(2) If q(G) 2 q(K2 V (ang) + 3K1)), then Cn,1 g G unless G = KQ \Y (Kn75 + 3K1)

In this paper, we also consider Hamilton cycles in balanced bipartite graphs. Here, a bipartite
graph is called balanced if its two partite sets X and Y have the same number of vertices. Denote
by BF the graph obtained from K, by deleting a Ky ,,—1, where n > 2k + 1. We will improve
another theorem of Li and Ning [I8] on the spectral condition for Hamilton cycles in balanced

bipartite graphs.

Theorem 1.4. Let k > 1. Let G be a balanced bipartite graph of order 2n with 6(G) > k, where
n> k3 + 2k +4.

(1) If G is a proper subgraph of BE, then \(G) < \/n(n — k).

(2) If N(G) > \/n(n — k), then G is Hamiltonian unless G = BE.

Since A\(BF) > \/n(n — k), Theorem [[4] extends the following theorem in [I8] due to Li and

the second author (for n sufficiently large).

Theorem 1.5 (Li and Ning [I8]). Let k > 1. Let G be a balanced bipartite graph of order 2n,
where n > (k +1)2. If §(G) > k and \(G) > \(BF), then G is Hamiltonian unless G = BF.

We organize this paper as follows. In Section 2, we list necessary preliminaries and prove two
structural lemmas. In Section 3, we introduce the Kelmans operation and list several spectral
inequalities which will be used in the proof of main theorems. In Section 4, we prove our main

results. We conclude this paper in the final section with two problems and some discussions.

2 Structural results

In this section, we list several structural theorems that we rely on.

Theorem 2.1 (Bondy). (i) [4] Let G be a Hamiltonian graph of order n. If e(G) > ”TZ +1, then

G is pancyclic. (i) [3] Every graph of order n > 4 and size e(G) > (";2) + 4 contains a Cp_1.

The following theorem is a corollary of a theorem of Erdds [10].



Theorem 2.2 (Erdés [10]). Let G be a 2-connected graph of order n > 13. If e(G) > ("52) +5,

then G is Hamiltonian.
The next two theorems on Hamiltonian properties of graphs are also useful for us.

Theorem 2.3 (Ore [26]). Let G be a graph of order n. Ife(G) > (";')+3, then G is Hamiltonian-

connected.

Theorem 2.4 (Li and Ning [I8]). Let G be a graph of order n > 6k+5, where k > 1. If §(G) > k

" e(G) > ( 5 a 1) + (k+1)%

then G is Hamiltonian unless G C Lfl or G C N,’f.

The following result was proved by Kopylov in [I7] (see the last part of [I7]), which was
originally conjectured by Woodall in [2§].

Theorem 2.5 (Kopylov [I7]). Let n > ¢ > 5 and G be a 2-connected graph of order n with

circumference less than c. If the minimum degree 6(G) > k > 2, then

e(G) < max {f(n, k,c), f(n, {%J , c)} :

where f(n,k,c) = (cgk) +k(n—c+k).

The following two lemmas, which refine Theorem [ZI[(ii), will play the central role in proving

Theorems and

Lemma 1. Let G be a graph of order n > 15 and size e(G) > (" 2). Then G contains a C,_1,
unless G C K1V (K, -3+ Ks) or G CA.

Proof. We prove the lemma by contradiction. Suppose that G contains no C,—1 and G ¢ Ky V
(Ky—3 + K»), and G € A.

Suppose that G is Hamiltonian. Since e(G) > % > ”TZ + 1 when n > 10, by Theorem
211i), G is pancyclic, and thus C,,—1 C G, a contradiction. Hence G contains no C,, or C,—1. So
the circumference of G is less than n — 1.

2,n-1), f(n,|2]—1,n—1)}.
Since f(n,2,n—1) = (”;3) +6and f(n, 5] —1,n—1)= ([;W) +( %J - 1)L%J it is easy to check
by WolframAlpha (http://www.wolframalpha.com/) that

max{f(n,2,n — 1), f(n, | 5] = Ln— 1)} = f(m. 20— 1) = (n;S) e

when n > 15. However, we have e(G) > (";2) > (";3) + 6 when n > 10, a contradiction. So G is
not 2-connected.

Suppose that G is disconnected. Let G = G1 UGa, where Gy NGy = () and v(G) > v(G2) > 1.
Set v(G1) = a > 2 and v(G2) = n —a. Obviously, e(G) < (5) + ("3“), which implies that
G+ ™39 = (" ) That is, (a — 2)(a +2 —n) > —1. Since a > § > 7, we get a > n — 2. Hence

or

(a,b) = (n—2,2) or (n—1,1).
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If (a,b) = (n—2,2), then G C K,,_o+ Ko C K1V (K,,—3 + K3), a contradiction.

If (a,b) = (n—1,1), then let us consider G1. Notice that, e(G1) = e(G) > (";°) = (U(Gé)_l) >
(”(G§)72) + 4 when v(Gy) > 11 (n > 12). By Theorem [Z4] G is either Hamiltonian, which
contradicts the fact that G contains no C,,—1; or G1 C K; V (K,—_3 + K1), which follows G C
(K1 V (Kp—3+ K1)+ K1 C K1V (K,,—3 + K3), also a contradiction.

Finally, consider the case that G is connected with a cut-vertex, say v. Let G = G1 UG2, where
V(G1) NV (Gz2) = {v} and v(G1) > v(G2) > 2. Set v(G1) = a and v(G2) =b=n+1— a, where
2tl < g <n—1. Thus, we have (§) + ("‘g_“) > ("52), which implies a® — (n +1)a+3n —3 > 0.
That is, (a—3)(a—n+2) > —3. If a < n—2, then (a—3)(a—n+2) <3—a <3— 2 < —3 when
n > 12, a contradiction. Thus, n — 2 < a < n — 1, which implies (a,b) = (n — 2,3) or (n — 1,2).

If (a,b) = (n—2,3), then G C K; V (K,,_3 + K3), a contradiction.

If (a,b) = (n —1,2), then e(G1) = e(G) — 1 > ("52) —-1= (U(Gé)_l) — 1. Suppose that G is
2-connected. Since e(Gy) > (U(Gé)_l) -1> (U(Gé)_Q) + 5 for v(Gy) > 13 (n > 14), by Theorem
22 G4 is Hamiltonian. Thus, C,,_1 € G1 C G, a contradiction. So G7 contains a cut-vertex.
Let G1 = G11 U G12, where V(G11) NV (G12) = {w} and v(G11) > v(G12) > 2. Set v(G11) = s

n — 2. Thus, we have (‘S) + ("_S) > (";2) — 1, which

and v(G12) = n — s, where 2 < s 5 5

2

IN

implies s > n—2—sf—2. Since s > 5 > 7, we have s > n—Q—%. It follows that s > n — 2.
So v(G11) = n — 2 and v(G12) = 2. Set V(G2) = {v, 2} and V(G12) = {w,y}. If v = w, then
G C KV (K,—3+2K;) C K1V (K,—3+ K>), a contradiction. Thus, v # w. If v = y, then
G C KV (K,_3+2K), a contradiction. So {z,v} N {y,w} = 0. In this case, G C A.

The proof of Lemma [l is complete. O

Lemma 2. Let G be a 2-connected graph of order n > 22 and size e(G) > (";3) — 2. Then G
contains a Cp_1, unless G C Ky V (Kp—5 + 3K1).

Proof. We prove the lemma by contradiction. Suppose G contains no Cy,_1, and G ¢ KoV (K,,_5+
3K1). We shall first prove two claims.

Claim 1. G is not Hamiltonian.

Proof. Suppose that G is Hamiltonian. Notice that we have e(G) > (”;3) -2 > ”TZ + 1 when

n > 14. By Theorem 21i), G is pancyclic, and thus contains a C,,_1, a contradiction. O
Claim 2. G contains a 2-cut.

Proof. Suppose that G is 3-connected. Then §(G) > 3. By Theorem 25 we have

e(G) < max{f(n.3,n— 1), f(n,[ 5] = L,n = D},

where f(n,k,c) = (cgk) +k(n—c+k).
Since f(n,3,n—1)= (";") +12 and f(n, [2] —1,n—1) = (f?T) +([5] —1)[ 5], it is easy to
check by WolframAlpha (http://www.wolframalpha.com/)) that

when n > 22. However, we get e(G) > (”;3) —2> (”;4) + 12 when n > 19, a contradiction.
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Now we know G is 2-connected but not 3-connected, so G contains a 2-cut. This proves the

claim. O

We choose G1 and G5 such that:
(i) G = G1 UGy with V(G1) NV (G2) = {u,v}, where {u,v} is a 2-cut;
(i) v(G1) — v(G2) is as large as possible.

In the following, we call {G1, G2} a good pair, if it satisfies both (i) and (ii). Set v(G1) = a and
v(G2) = b. Then ”T"’Q <a <n—1andv(Gy) = n+2—a. Hence (;)—i—(”*g*a)—l >e(G) > ("53)—2.
Therefore, a® — (n + 2)a + 5n — 4 > 0, and hence,

(a=5)(a—n+3)>—11. (1)

Sincen > 22, n—4 > 2 If a < n—4, then (a—5)(a— (n—3)) < ((n—4)—5)((n—4)—(n—3)) =
—(n —9) < —11 when n > 21, a contradiction to (). Thus a > n — 3, which implies that
(a,b) = (n—3,5), or (a,b) = (n—2,4), or (a,b) = (n—1,3).

Note that in the case (a,b) = (n—3,5) or (a,b) = (n—2,4), there are no vertices of degree two
in G, otherwise {G1, G2} is not a good pair.

Suppose that (a,b) = (n — 3,5). Let V(G2)\{u,v} = {wy, w2, w3}. We obtain

o(G1) > (G — e(Ga) > (n;3)_2_(;) . (n;4)+3: (v(01;—1)+3

when n > 19. By Theorem 23] G; is Hamiltonian-connected. Take any (u,v)-Hamilton path
in Gy, say P1. We can see Gy — {u,v} is connected, otherwise there is a vertex of degree 2. If
G2 — {u,v} =2 K3, since G is 2-connected, there exists (u,v)-Hamilton path in Ga, say P». Then
Py U P, is a Hamilton cycle in G, a contradiction to Claim [l If G5 — {u,v} = Ps, then suppose
G2 — {u,v} is the path wjwews. Since there is no vertex of degree 2 in G, u and v are neighbours
of both w; and ws. Then vPiuwywowsv is a Hamilton cycle in G, a contradiction to Claim [l
Suppose that (a,b) = (n —2,4). Let V(G2)\{u,v} = {wy,wz}. Since there is no vertex of
degree 2 in G, {wiu, w1v, wou, wov, wrws} C E(G). Let H := G —w;. Then §(H) > 2. We obtain

e(H) = e(G) — 3> ("23) —5> (”24)+9= (”(H;3)+9

for n > 19. By Theorem 24, H is Hamiltonian, unless H C L2 _; or H C N2_,. If H is
Hamiltonian, then C,,_1 C H C G, a contradiction. Next, we shall show that H ¢ L2_,. Since
H = G —w; and Ng(w1) = {u,v,ws}, it is easy to prove H is 2-connected. But L2 ;| contains
a cut-vertex. Hence H ¢ L2_,, and it follows H C N2_;. Let {1,202} C V(H) such that z1, x>
are two vertices of degree 2 in N2_;. Since there is no vertex of degree 2 in G, z1 and z2 must
be neighbours of wy. Since Ng(wi) = {u,v,wa}, {z1,22} N {u,v} # . Hence at least one of u,v
has degree 3, say u. Furthermore, the neighbour of v in G other than w; and wy must not be v,

otherwise v is a cut-vertex in G, which contradicts the fact G is 2-connected. Let the neighbour

of u in GG other than w; and wy be z. Since

e(G — {u, w1, ws}) = e(G) — 6 > (”23) _8> (”4) 13



for n > 15, we obtain that G' — {u, w1, ws} is Hamiltonian-connected by Theorem Take a
(z,v)-Hamilton path P in G — {u,wy,ws}. We can see vPzuwjwyv is a Hamilton cycle in G, a
contradiction to Claim [I

Finally, consider the case that (a,b) = (n—1,3). Let V(G2) = {u,v,w} and H := (G—w)U{uv}.
Then H is 2-connected. Moreover, e(H) > ¢(G) — dg(w) > (";3) — 4. When n > 18, we have
e(H) > (")) +9 = (";*) +9. By Theorem 4] when v(H) > 17 (that is, n > 18), H is
Hamiltonian unless H C L2 _; or H C N2_,. Since H is 2-connected and L2 _; has a cut-vertex,
H ¢ L?_,. Hence H is Hamiltonian or H C N2_,. Assume that H is Hamiltonian. If uv € E(G),
then G contains a Cy,—1, a contradiction. Thus, uv ¢ E(G). If the Hamilton cycle in H, say C,
does not pass through the edge uw, then it is also in G, a contradiction. Thus, C' passes through
uv, and hence there is a (u,v)-Hamilton path in G;. Together with the path wwwv, we can find a
Hamilton cycle in G, a contradiction. So H C N2_; = KoV (K,_5+2K1). Let {1,252} C V(N2_,)
such that each is of degree 2 and let {y1,y2} be the 2-cut in N2_,. Set V(H) = V(N2

2_1). Since

H is 2-connected, y1,y2 are still neighbors of x1,z2 in H. So, according to the locations of y1, yo,
we obtain the following subcases (in the sense of isomorphism): (1) If {u,v} = {y1,y2}, then
G C K3V (Ky—5+ 3K3), a contradiction; (2) If [{u,v} N {y1,y2}| = 1, then G is a subgraph of T';
or Iy (see FigB); (3) If {u,v} N {y1,y2} = 0, then G is a subgraph of a graph in Wy, ¥y, or Uy
(see FigB). By Proposition 2] (whose proof will be presented later), both subcases (2) and (3)
contain either a C,,_1 or a C,,, also a contradiction.

The proof is complete. [l

Flg 33 Fl, FQ, \1/1, Uy and V3.

Proposition 2.1. Let G be a graph of order n > 21 and size e(G) > (";3) — 2. Suppose that
the degrees of w,x1,22 in G equal the degrees of those in I'; for i =1,2 and in ¥; for j =1,2,3,
respectively. If G is a spanning subgraph of Vi or Wy, then G is Hamiltonian. If G is a spanning
subgraph of T'y, T's or W3, then G contains a Cp_1.



Proof. (1) If G C Wy, then let us consider G — {w, x1, z2}. Since v(G — {w, z1,22}) =n — 3 and

(G — {w,z1,22)) = e(G) — 6 > <”23) —8> ("24> +3

when n > 15, we obtain that G — {w, 21, 2} is Hamiltonian-connected by Theorem 231 So there
is a (y1,y2)-Hamilton path P in G — {w, x1,x2}. Therefore yo Pyix1wx2y2 is a Hamilton cycle in
G.

(2) If G C Wy, then let us consider G — {w, x1,x2,y1}. Since v(G — {w, x1,z2,y1}) =n—4 and

(G — {w,21,52,11)) = ¢(G) — 4 — dalyn) = <”23) 24 (n-2)> (”25> 13

when n > 16, we obtain that G — {w, z1, 22,1} is Hamiltonian-connected by Theorem So
there is a (u, y2)-Hamilton path P in G — {w, x1, x2,y1 }. Therefore, yos Puwxiyix2y2 is a Hamilton
cycle in G.

(3) If G C T'y, we consider G — {w, x1,22,y1}. Since v(G — {w, x1,x2,51}) =n — 4 and

(G — {w, 21,23, 1)) = €(G) - 3 — da(yn) > (";3) 23— (n-1)> (";5) 3

when n > 16, we obtain that G — {w, z1,22,y1} is Hamiltonian-connected by Theorem So
there is a (u, y2)-Hamilton path P in G — {w, 1, x2,y1 }. Therefore, yo Puwyix1ys is a Cp,—1 in G.
(4) If G C T'a, we consider G — {w, x1,x2}. Since v(G — {w, z1,22}) = n — 3 and

e(G — {w,21,25}) = e(G) — 6 > (”;3) _8> (”;4) +3

when n > 15, we obtain that G — {w, z1, 22} is Hamiltonian-connected by Theorem 23l So there
is a (y1,y2)-Hamilton path P in G — {w, 21, x2}. Therefore, ys Pyjwx1ys is a Cp,—1 in G.

(5) If G C W3, then we shall prove that there is a C,,_1 in G. First we claim that N(v)NN(y1) #
(0, otherwise dg(v) + dg(y1) < n, and it follows that

e(G) < e(G — {w, 1,32, 0,11}) + da(v) + dayr) +3 < <”25> fnt3< <”23> y

when n > 14, a contradiction. Hence there exists a vertex z € N(v) N N(y1). We consider the

graph G — {w, x1, x2,v,y1, z}. Since v(G — {w, x1,x2,v,y1,2}) =n — 6 and
n—3 n—17
e(G —{w,x1,22,v,y1,2}) > e(G) =6 —3(n—4) > 5 —3n+4> 5 +3

when n > 21, we obtain that G — {w, 21, 22,v,y1, 2z} is Hamiltonian-connected by Theorem
So there is a (u, y2)-Hamilton path P in G — {w, x1,22,v,y1,2}. Therefore, yo Puwvzy;z1y2 is a
C,h-1inG.

The proof is complete. [l

The following theorem will be used in the proof of Theorem [[L4]

Theorem 2.6 (Li and Ning [I8]). Let G be a balanced bipartite graph of order 2n, where n > 2k+1,
k>1. If6(G) >k and e(G) > n(n —k — 1) + (k+ 1)?, then G is Hamiltonian unless G C BE.



3 Spectral inequalities

First, we introduce the Kelmans operation [16]. Given a graph G and two specified vertices
u and v, we construct a new graph G[u — v] as follows: we delete all edges between u and

S := N(u)\(N(v) U {v}) and add all edges between v and S. In notation, Glu — v] is defined as:
V(Glu — v]) = V(G) and E(Glu — v]) = (E(G)\{vw : w € S}) U {vw : w € S}.

We call it the Kelmans operation (from u to v).

Csikvéri [9] proved that the Kelmans operation does not decrease the spectral radius of a graph.

Theorem 3.1 (Csikvéri [9]). Let G be a graph and w,v be two vertices of G. Let G' = Gu — v].
Then A(G') > X\(G).

Li and Ning [I8] proved a signless spectral radius version.

Theorem 3.2 (Li and Ning [18]). Let G be a graph and u,v be two vertices of G. Let G' = Glu —
v]. Then q(G") > q(G).

Generally speaking, we use these two theorems to determine the extremal graphs, if we already
have turned the original problems into similar ones under the condition of number of edges.
The next result helps us to determine the extremal graphs with the help of the two theorems

above.
Lemma 3. A(K; V (K,_3+ K2)) > ANA) and ¢(K1 V (K,—3 + K2)) > q(A).

Proof. Let G’ := Aju — v] (see Fig[@for the vertices u, v and the graph A). Then G’ = K1 V(K _3+
2K1). By Theorems Bl and B2l we obtain N(K; V (K,—3 + 2K3)) > A(A) and ¢(K; V (Kp—3 +
2K1)) Z q(A), respectively. Since K1 V (Kn_g + 2K1) C Kl V (Kn—3 + KQ) and Kl V (Kn_g + KQ)

is connected, Lemma [3 is proved. O

Finally, we need several inequalities below on spectral radius or signless spectral radius in
terms of number of edges and vertices for graphs or bipartite graphs. We mainly use them to get

a sufficient condition in terms of number of edges for each problem.

Theorem 3.3 (Nosal [24], Bhattacharya, Friedland, and Peled [I]). Let G be a bipartite graph.
Then A(G) < \/e(G).
Theorem 3.4 (Hong [14]). Let G be a graph of order n. If 6(G) > 1, then

MG) < V/2e(G) —n+ 1.

Theorem 3.5 (Hong, Shu, and Fang [I5]). Let G be a connected graph of order n and size e(G).
If minimum degree §(G) > k > 1, then

AG) < k—1++/(k+1)%+4(2e(G) — kn)
< 5 .

Theorem 3.6 (Feng and Yu [I1]). Let G be a graph of order n. Then

q(G)S%Jran.



4 Proofs

Proof of Theorem [1.2[(1). Suppose that §(G) > 1. Then by Theorem [B.4] and the assumption,
we obtain

2¢(G) —n+1>\G) >n—3,

which implies that 2e(G) > (n — 2)(n — 3) + 2. That is,

e(G) > (n ) 2) +2. 2)

By Lemma(ll G contains a Cy,—1, or G C K1 V (K, _3 + Ka), or G C A.

Now we turn to the case that G contains isolated vertices. Since the maximum degree A(G) >
AMG) > n — 3, we have A(G) > n — 2, which follows G contains exactly one isolated vertex, say
u. Let H = G —wu. Then §(H) > 1 and v(H) = n — 1. Again, by Theorem B4 we obtain
V2e(H) —v(H)+1=/2e(G) —n+2>n—3. Weget 2¢(G) >n?>—5n+7=(n—2)(n—3)+1.
Thus, e(G) > (";2) + 1. By Lemma[ll G contains a C,,_1, or G C K1 V (K, -3+ K3), or G C A.

The proof is complete. O
Proof of Theorem [1.2J(2). Recall Theorem We obtain 249 4 p — 2 > ¢(G) > 2n — 6,

n—1
which follows 2¢(G) > (n — 1)(n — 4). Since 2¢(G) and (n — 1)(n — 4) are both even, we deduce
that 2e(G) > (n — 1)(n — 4) + 2, that is, e(G) > ("52) By Lemma [II G contains a C),_1, or
G C KV (K,—3+ K3), or G C A. The proof is complete. O

Proof of Theorem [1.3|(1). Since G is 2-connected, we get 6(G) > 2. By Theorem B.5] we have
ANG) < HVEHACAGD 2 Hopce TVIHCAD20 o )4 which follows that 2¢(G) > (n—3)(n—

4) + 6. That is, e(G) > (";%) + 3. By Lemma [, G contains a C,,_1, or G C K5 V (K,_5 + 3K7).
The proof is complete. O
Proof of Theorem [I.3|(2). By Theorem 3.0l we obtain % +n—22>¢q(G) > 2n — 8, which
follows 2e(G) > (n — 1)(n — 6). Since 2¢e(G) and (n — 1)(n — 6) are both even, we infer that
2e(G) > (n — 1)(n — 6) + 2, that is, e(G) > (";3) — 2. By Lemma 2l G contains a Cj,,_1, or
G C K3V (K,—5 + 3K1). The proof is complete. O
Proof of Theorem [[.4(1). Write W for the set of vertices of BX of degree k. Let X = N (W),
Y=N(X)-W,and Z = N(Y) — X (see Figl)). Note that |W|=|X|=kand |Y|=|Z]|=n—k.

AN

Ses
52

N

Z Y X W

(n-k vertices) (n-k vertices) (k vertices) (k vertices)

Fig. 4: X,Y, Z, and W in BE.
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Claim 1. \(G) < A\(BF —¢), where e =uv,ue€ Y, v e Z.

For any proper subgraph G of BE, since 6(G) > k, G must contain all the edges incident to
W. Thus, either G C Gy := B,’i — ey, where e; = wv € E(X,Y), or G C Gy := B,’?L — €9, where
e2 =uv € E(Y,Z). So AM(G) < max{\(G1), A\(G2)}

Recall {u,v} C X UY U Z. By symmetry, there are two cases: (i) u € X, v e€VY; (i) u €Y,
veEL.

Let u’ be a vertex in X, v/ be a vertex in Y, and w’ be a vertex in Z. Then (BF — u/v')[w’ —

u'] = BE —v'w'. By Theorem Bl \(BY — v'w') > \(BE — u/v"). We have proved Claim 1.
Claim 2. A\(Bf —e¢) < \/n(n — k), where e = wv, u € Y, v € Z.
We prove the claim by contradiction. Let G’ = B — e, where e = uv, u € Y, v € Z. Set

A:=AG"). Let x = (x1,...,22,) be a positive unit eigenvector to A. Suppose that

AMG') > +/n(n — k). (3)
Let

w:=uwx; 1 €W,

=z 1 € X,

y =4, i € Y\{u},

z:=ux, i € Z\{v},

8 1= Ty,

t:=x,.

Note that the 2n eigenequations of G’ are reduced to the following six types:

2w = kz, (4)
A =kw+ (n—k—1)y+s, (5)
My=kx+(n—k—-1)z+1, (6)
Az=n—k—1y+s, (7)
As=kax+(n—Fk—1)z, (8)
M= (n—Fk-—1)y. 9)
From (@) and (&) we have
Ay—As=lkx+t+(n—k—1z]—[kx+ (n—k—1)z],
that is,
t= My — s). (10)

From () and (@) we have

Az—=XM=Mm—-k—1)y+s—(n—k—1)y,

11



that is,

s= Nz —1). (11)
By putting ([I0) into (II), we obtain
A2y — Az
=z -y — = — 12
s= AR - Ay - 9] = A2 (12)
Hence
L= Aly—5) = A 7/\2y—/\z 7)\22—/\y (13)
A LS GRS T S CRE
By using ([I2)), equation (7)) becomes
A2y — Az
from which it follows that
A2 -1 1

Since 4 <n —k = ANEKp—kn-t) < A < AMKp,n) = n, we obtain

<)\2—1 Ap SN -+ -
ST 1)y 7 y=9

Let f(z) = 2221 Then f(x) = 3=2" <0 when z > /3. So /\2);1 decreases when \ > /3, which

3 4

follows

A2 -1 y
i= e Ryt g
TL2

> 7’),3 (n_kj)y'i_ﬁ

n—kn®—n+k+1

I
7N
—
|
S
|
3M|,_.
~_

<

Therefore,

ko1
<1—$>y<z<y. (15)

Note that if we remove all edges between W and X and add the edge uv to G’, we obtain the
graph K, ,—x + kK1. Let x” be the restriction of x to K, ,—x. We find that

(A(K )X, X"y = (A(G")x, %) + 25t — 2k*wx = \ + 2(st — k*wz).
Since ||x"|| < 1, (A(Kp n—i)X",x") < M(Knn-r) = V/n(n — k), that is,
A+ 2(st — k*wz) < y/n(n — k). (16)

Recall that A > y/n(n — k) (see [@))). This assumption, together with ([I8)) yields st — k*wz < 0.
Recall that Aw = kx (see {@)). We rewrite it by

A(st — k*wz) = Ast — k*z? < 0,

12



that is,
st < k322, (17)

Noting ([I3)), we have

A2y — A Ay—dy A2
A A DA Ak A :
N1 21 A+l

A2z — Ny Y k 1 y k 1 1
t = - JAAAU N VRS A U A -
A2 -1 -7 )\71> n n? 4 n—k—1 n n? n—k-—1 4

k 1 3 k+2 k+2
S 2 )y= (1= )y s (1o 2 )y
< n  2n 2n>y < n >y_< k3+2k+4>y

Thus, we can estimate the left side of the inequality in (7)) as follows:

AS = \-

y>AN—Dy>n—k—1y>(k*+k+3)y,

k2
Ast 4k L, PP
st > (B4 +3)< k3+2k+4>y

KA (k* + 2k +5) + (k+2)(k+3)
I + 2k + 4 4

> k32

Together with (7)), we have

y? < 22 (18)
From ), @), (I2) and ([Id), we have
k2
()\—7>x = (n—k—-1y+s
A2y — Az
- k-1 AY— A2
(n W+ =
— (n—k) +y_A'Ai§1(”_k+ﬁ)y
o 321
n—k—1
= (n=ky-—5—v
< (n—ky

Since

1

1
n2k3+2k+4:(k3+k)+k+422\/k3~k+k+4:2k2+k+4>gk2+§k+ﬂ,

we have

k 1 1 3 1 1
_——— — = 2 _ — = — — )2 — —_ —
"5 \/n kn 5 [n (2k + 2k—|— 24)} <+/n(n—k).

Therefore, we obtain

k1
n—k:<n—§—ﬁ<\/n(n—k)§)\<)\(Kn,n):n. (19)

Note that k2 4+ k +4 > 3k? for all K > 1, hence A > n — k > k3 +k + 4 > 3k%, and it follows

2
ky < % Therefore,



contradicting ([I8). Now we have proved Claim 2.
Together with Claims 1 and 2, the proof is complete. O
Proof of Theorem [1.4(2) By the initial condition and Theorem B3l /n(n —k) < MG) <

v/e(G). Thus, we obtain
e(G)>nn—k)>nn—k—1)+ (k+1)?

when n > (k +1)? 4+ 1. Notice that k3 4+ 2k +2 > (k+1)? + 1 when k > 1. By Theorem 2] G is
Hamiltonian or G C B¥. By Theorem 1.8, G is Hamiltonian or G = B¥. The proof is complete. [J

5 Concluding remarks

We suggest the following general problems.

Problem 1. Let G be a connected graph of order n. Let s be an integer with s > 1. Suppose
that A(G) > MK V (Ks + K,—s_1)), where n is sufficiently large compared to s. Does G contain

a Cn—s—i—l?

Problem 2. Let G be a connected graph of order n. Let s be an integer with s > 1. Suppose
that ¢(G) > q(K1 V (K + K;—s—1)), where n is sufficiently large compared to s. Does G contain

a Cnferl?

Affirmative answers to these problems will give tight spectral conditions for the existence of
cycle Cj, where [ is large. One can easily find that Theorems [Tl and [[L2 give affirmative solutions
to Problem [ for the cases s = 1 and s = 2, respectively. Theorem solves Problem [2] when
§=2.

Moreover, we can also consider spectral conditions for consecutive cycles. In this spirit, Theo-

rems [L.1] and can be extended as follows, respectively.

Theorem 5.1. Let G be a graph of order n > 5. If A(G) > n — 2, then G is pancyclic unless
G=N}.

Theorem 5.2. Let G be a graph of order n > 15. If M(G) > MK V (K2 + Kp—_3)) or ¢(G) >
q(K1 V (K2 + K,,—3)), then G contains a cycle C; for each | such that 3 <1 <n—1.

The main ingredient of the proofs comes from a classical theorem proved by Woodall [27].

Theorem 5.3 (Woodall [27]). Let G be a graph of order n > 2k + 3, where k > 0 is an integer. If

n—k—1 k+2
G) > 1
() (1)
then G contains a C; for each | such that 3 <1 <n —k.

Proof of Theorem [5.3l Since A(G) > A(G) > n — 2, we obtain A(G) > n — 1, which implies
that G is connected. By Theorem B4l we get \/2e(G) —n+1 > n — 2. We infer that 2¢(G) >
n? —3n+4 > n?—5n+ 14 for n > 5. This implies that e(G) > (";2) + (g) 4+ 1 for n > 5.
By Theorem B3] G contains all cycles C), where 3 < [ < n — 1. By Theorem [T} G contains a

14



Hamilton cycle or G = N!. So G contains all cycles of length from 3 to n. The proof is complete.
O

Proof of Theorem If M(G) > MKy V (K2 + K,—3)), then A(G) > AMG) > n—3. If
4(G) > q(K1 V (K2 + K,,—3)), then 2A(G) > ¢(G) > 2(n — 3). In each case, we deduce A(G) >
(n — 3), which implies that A(G) > n — 2. It follows that G contains at most one isolated
vertex. If G is connected, then by Theorem B4} we get \/2e(G) —n +1 > n — 3. We infer that
2e(G) > n* —5n + 8. If G is not connected, let v be the isolated vertex and G’ := G — v, then we
have \/2e(G’) — v(G’) +1 > n — 3, that is 2¢(G) > n? — 5n + 8. Since n? —5n +8 > n? — 6n + 23

for n > 15, this implies that e(G) > (";3) + (3) + 1 for n > 15. By Theorem [5.3] G contains all

cycles Cy, where 3 <1 <n — 2. By Corollary [l G contains a C,,_1. The proof is complete. O
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