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ON THE BLOW-UP FORMULA OF TWISTED DE RHAM COHOMOLOGY

YOUMING CHEN AND SONG YANG

Abstract. We derive a blow-up formula for the de Rham cohomology of a local system of
complex vector spaces on a compact complex manifold. As an application, we obtain the
blow-up invariance of E1-degeneracy of the Hodge-de Rham spectral sequence associated
with a local system of complex vector spaces.

1. Introduction

The purpose of this note is to give a blow-up formula for the twisted de Rham cohomology of
a local system of complex vector spaces on a compact complex manifold by the sheaf-theoretical
approach. It is worth to notice that the notion of local system has been extensively studied in
complex geometry, especially in Hodge theory.

In this note, we are mainly interested in the twisted de Rham cohomologies of local systems
of complex vector spaces on complex manifolds. Recall that a local system of complex vector
spaces of rank r on a complex manifold X is an abelian sheaf which is locally isomorphic to
the constant sheaf of stalk C

r. Naturally, the constant sheaf C is a local system of rank 1
who admits two important resolutions: the de Rham resolution and the holomorphic de Rham
resolution. Then, the famous de Rham theorem asserts that there exist canonical isomorphisms

(1.1) H l
dR(X ;C) ∼= H l(X,C) ∼= H

l(X,Ω•
X)

for any l ∈ N. Moreover, there is a twisted version for the de Rham cohomologies of general
local systems (cf. Proposition 2.3).

It is well known that the blow-up transformation plays a significant role in complex geom-
etry. A natural question is to study the blow-up (or more general birational) invariance of
the invariants on complex manifolds. However, the Betti numbers generally are not invariants
under the blow up transformations since the blow up centers also have some contributions. For-
tunately, the Betti numbers satisfy the so-called blow-up formula. More precisely, suppose X
is a compact complex manifold and Z ⊂ X is a compact complex submanifold of codimension

c ≥ 2, and let X̃ be the blow-up of X with the center Z. Then the de Rham blow-up formula
says that there is an isomorphism

(1.2) H l(X̃,C) ∼= H l(X,C)⊕
c−1⊕

i=1

H l−2i(Z,C).

It is of importance to notice that many important invariants of complex manifolds hold such a
similar formula, for example, the Deligne cohomology [2], the Chern classes [6] and the Dolbeault
cohomology of holomorphic vector bundles [10, 11], etc.

In the traditional method, the Thom isomorphism plays an important role in the proof of
the de Rham blow-up formula of complex manifolds (cf. [13, I, Theorem 7.31]); see also [10,
Appendix A] for another interpretation by using the relative de Rham cohomology. Based on
the twisted version of the second isomorphism in (1.1), we derive the following result without
using the Thom isomorphism.
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2 Y. CHEN AND S. YANG

Theorem 1.1. Let X be a compact complex manifold, and let ι : Z →֒ X be a closed complex
submanifold of codimension c ≥ 2. If H is a local system of complex vector spaces on X, then
there is an isomorphism

(1.3) H l(X̃, π−1H) ∼= H l(X,H)⊕
c−1⊕

i=1

H l−2i(Z, ι−1H)

where π : X̃ → X is the blow-up of X along Z.

For one thing, this result is inspired by the recent work on the blow-up formulae of Dolbeault
cohomology and Bott-Chern cohomology [10, 11, 15] and also [1, 9, 12] for different discussions
on the Dolbeault blow-up formula. For another, it is a natural non-trivial generalization of
the de Rham blow-up formula since the topological inverse images π−1 C ∼= C and ι−1 C ∼= C,
and it may also be viewed as a generalization of the blow-up formula for the Morse-Novikov
cohomology [16, 8].

Moreover, for the pair (X,H), we also have the (twisted) Hodge-de Rham (or Frölicher)
spectral sequence

(1.4) Ep,q
1 = Hq(X,Ωp

X ⊗OX
H) =⇒ Hp+q(X,H),

where H := H⊗C OX is the associated locally free sheaf OX -module with the natural holomor-
phic flat connection. If the local system H is the constant sheaf C or more general a unitary
local system on a compact Kähler manifold, then the Hodge-de Rham spectral sequence (1.4)
degenerates at E1. However, if not, the E1-degeneracy of the Hodge-de Rham spectral sequence
generally does not hold even for a compact Kähler manifold. This also means that Theorem
1.1 is non-trivial even for compact Kähler manifolds.

As an application of Theorem 1.1, we have the following.

Corollary 1.2. Under the hypotheses of Theorem 1.1. The Hodge-de Rham spectral sequence

degenerates at E1 for (X,H) and (Z, ι−1H) if and only if it degenerates at E1 for (X̃, π−1H).

This result is a natural generalization of [10, Theorem 1.6] where the birational invariance of
the non-twisted E1-degeneracy is also obtained for compact complex threefolds and fourfolds.

The rest of this note is devoted to give a proof of Theorem 1.1. In Sect. 2, we first recall
some basic materials on the local systems, the Gauss-Manin connection and the twisted de
Rham theorem, and then, we review some basics on the blow-up of complex manifolds and give
a description of blow-up of Iwasawa manifold along a smooth curve. Section 3 gives the proof
of Theorem 1.1 and Corollary 1.2. Finally, in Sect. 4 we give some remarks on the algebraic de
Rham cohomology and a further question.

Notations. Assume that X is a compact complex manifold and we fix some notations for later
use.

• C the constant sheaf of stalk C;
• Ωp

X the sheaf of holomorphic p-forms;
• OX = Ω0

X the sheaf of holomorphic functions, i.e., the structure sheaf of complex
manifold X ;

• A
l
X the sheaf of complex-valued smooth l-forms;

• A
p,q
X the sheaf of smooth (p, q)-forms;

• C
∞
X = A

0
X = A

0,0
X the sheaf of complex-vlaued smooth functions.

Suppose f : Y → X is a proper holomorphic map between complex manifolds. We denote by
f∗(−) the direct image of sheaves or currents and f−1(−) the inverse image of sheaves or sets;
see for example [5].
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2. Generalities

2.1. Twisted de Rham cohomology. In this subsection, we briefly review the twisted de
Rham complex of a local system of complex vector spaces which is equivalent to a flat smooth
complex vector bundle on a complex manifold. We mainly refer to [13, I §9.2 and II §5.1.1 ].

Let X be a compact complex manifold of complex dimension n and H be a local system of
complex vector spaces of rank r. For H , there are two associated locally free sheaves of rank r,

C
∞
X ⊗CH and OX ⊗CH,

which are C
∞
X -module and OX -module, respectively. Since C

∞
X is an OX -module, one has

C
∞
X ⊗CH ∼= (OX ⊗OX

C
∞
X )⊗C H ∼= C

∞
X ⊗OX

(OX ⊗CH).

Therefore, without causing confusion, we may denote by H both the locally free sheaves
C

∞
X ⊗CH and OX ⊗CH , and also the associated smooth complex and holomorphic vector bun-

dles as well.
Moreover, in the smooth complex case, there is a canonical flat smooth connection, i.e., a

C
∞
X -linear morphism

(2.1) ∇ : H → A
1
X ⊗C∞

X
H

given by

∇σ =

r∑

i=1

dαi ⊗ σi =

r∑

i=1

(∂αi ⊗ σi + ∂̄αi ⊗ σi)

for any σ =
∑

αiσi ∈ H where {σi} is a basis of a local trivialization of H and {αi} are
the corresponding local sections of C ∞

X . Naturally, we can extend the connection (2.1) to a
C

∞
X -linear morphism

∇ : A
l
X ⊗C∞

X
H → A

l+1
X ⊗C∞

X
H

by setting ∇(ασ) = (dα)σ + (−1)|α|α∇(σ), and it decomposes as (1, 0)-part and (0, 1)-part

∇ = ∇1,0 +∇0,1.

On one hand, the (0, 1)-part ∇0,1 gives the holomorphic structure, i.e., (C∞
X ⊗CH,∇0,1) =

OX ⊗CH . On the other hand, ∇1,0 defines a canonical flat holomorphic connection on OX ⊗CH
which means a OX -linear morphism

(2.2) ∇1,0 : H → Ω1
X ⊗OX

H

with

∇1,0σ =
∑

i

∂αi ⊗ σi

for any σ =
∑

αiσi ∈ H where {σi} is a basis of a local trivialization of H and {αi} are the local
holomorphic sections. Similarly, one can extend the connection (2.2) to a OX -linear morphism

∇1,0 : Ωl
X ⊗OX

H → Ωl+1
X ⊗OX

H with the Leibniz rule.
In both cases, the canonical flat connections (2.1) and (2.2) are called Gauss-Manin con-

nections. In summary, the smooth complex or holomorphic vector bundle associated with H
is naturally equipped with a canonical flat connection, and actually, the converse also holds.
More exactly, we have the following well-known fact (cf. [13, I, Proposition 9.11]).

Lemma 2.1 (Deligne). The map H 7→ (H,∇) (resp. H 7→ (H,∇1,0)) gives a one-to-one
correspondence between the isomorphism classes of local systems of complex vector spaces and
the isomorphism classes of smooth complex (resp. holomorphic) vector bundles endowed with a
flat connection.

Moreover, the Gauss-Manin connections (2.1) and (2.2) may naturally be extended to the
differentials, denoted by

d∇ : A
l
X ⊗C∞

X
H −→ A

l+1
X ⊗C∞

X
H
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and

∂∇ : A
p,q
X ⊗C∞

X
H −→ A

p+1,q
X ⊗C∞

X
H,

with the Leibniz rule. For simplicity, from now on we drop the subscript ∇ and we denote by
A

l
X(H) := A

l
X ⊗C∞

X
H and A

p,q
X (H) := A

p,q
X ⊗C∞

X
H. Then we have differential

d = ∂ + ∂̄ : A
l
X(H) → A

l+1
X (H).

Consequently, given a local system H of complex vector spaces, there is a natural double
complex (

A
•,•
X (H), ∂, ∂̄

)

with the total complex being the twisted de Rham complex

0 // A
0
X(H)

d
// A

1
X(H)

d
// A

2
X(H)

d
// · · ·

d
// A

2n
X (H) // 0,

which is a fine resolution of H .

Definition 2.2 (Twisted de Rham cohomology). The twisted de Rham cohomology of the local
system H is defined as

H l
dR(X ;H) :=

ker
(
Al(X ;H)

d
−→ Al+1(X ;H)

)

im
(
Al−1(X ;H)

d
−→ Al(X ;H)

)

for any 0 ≤ l ≤ 2n, where Al(X ;H) := Γ(X,A l
X(H)) is the space of H-valued differential

l-forms.

Similarly, we denote by Ωp
X(H) := Ωp

X ⊗OX
H. Then there is a twisted holomorphic de Rham

complex

0 // OX(H)
∂

// Ω1
X(H)

∂
// · · ·

∂
// Ωn

X(H) // 0.

which is also a resolution of H . As a result, one has the twisted de Rham theorem.

Proposition 2.3 (Twisted de Rham theorem).

H l
dR(X ;H) ∼= H l(X,H) ∼= H

l(X,Ω•
X(H)).

Finally, we give a current description of twisted de Rham cohomology for the pair (X,H).

We refer the reader to [5] for the current theory. We denote Cl
X(H) the sheaf of H-valued

currents of degree l. Then the de Rham cohomology of H-valued currents

H l
C(X ;H) :=

ker
(
Cl(X ;H)

d
−→ Cl+1(X ;H)

)

im
(
Cl−1(X ;H)

d
−→ Cl(X ;H)

)

for any 0 ≤ k ≤ n, where Cl(X ;H) := Γ(X, Cl
X(H)) is the space of H-valued currents of

degree l with the natural differential induced by d. From definition, there is a natural inclusion
j : A•(X ;H) →֒ C•(X ;H) which induces an isomorphism

(2.3) j : H l
dR(X ;H)

∼=
−→ H l

C(X ;H).

Moreover, C•
X(H) is also a fine resolution of H . Hence there is a diagram

H l(X,H)

≃

yyss
ss
ss
ss
ss

≃

%%❏
❏❏

❏❏
❏❏

❏❏

H l
dR(X ;H)

≃
// H l

C(X ;H)
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2.2. Blow-up. In this subsection, we collect some basic facts on the blow-ups of complex
manifolds along its closed complex submanifolds. We refer the interested readers to [13, I,
§3.3.3] for more detailed discussions.

Let X be a complex manifold of complex dimension n ≥ 2, and let Z ⊂ X be a closed
complex submanifold of complex dimension m = n− c (c ≥ 2). Theoretically, there is a unique
complex manifold BlZX and a holomorphic map π : BlZX −→ X , which is called the blow-up
of X along Z, such that

(1) π is proper and the restriction π : BlZX \ π−1(Z) −→ X \ Z is isomorphic;
(2) E := π−1(Z) is a hypersurface, which is called the exceptional divisor, of BlZX . Fur-

thermore, E is isomorphic to the projective bundle P(NZ/X) of the normal bundle NZ/X

of Z in X .

Moreover, if X is compact, so is BlZX .
For convenience, we sketch the local construction of blow-up and then one can glue them

into the global blow-up (cf. [13, I, Lemma 3.22]). In fact, one defines the blow-up BlCmCn of
Cn along its closed complex submanifold Cm := {z1 = z2 = · · · = zn−m = 0} as follows:

BlCmC
n := {(w, z) ∈ P

n−m−1 × C
n | wizj = ziwj , ∀i, j ≤ n−m〉}.

It is a complex manifold and the projection π : BlCmCn −→ Cn is holomorphic, E = π−1(Cm) ∼=
Cm × Pn−m−1. Then, the local blow-up diagram is as follows:

Cm × Pn−m−1

ρ

��

�

� ι̃
// BlCmCn

π

��

Cm �

� ι
// Cn.

Now, we consider a concrete example.

Example 2.4 (Iwasawa manifold). We consider the blow-up of Iwasawa manifold I(3) along

a smooth curve C. Denote by H(3;C) the Heisenberg Lie group
{( 1 z1 z3

0 1 z2

0 0 1

)
| zi ∈ C

}
⊂

Gl(3;C). As complex manifolds, H(3;C) is isomorphic to C3. Consider the discrete group
G(3) := Gl(3;Z[i]) ∩H(3;C), where Z[i] = {a+ bi | a, b ∈ Z} is the Gaussian integers. Then
the left multiplication gives a natural G(3)-action on H(3;C). Correspondingly, there is a
faithful G(3)-action on C

3 given by

(g1, g2, g3) · (z1, z2, z3) := (z1 + g1, z2 + g2, z3 + g1z2 + g3),

where g1, g2, g3 ∈ Z[i]. This G(3)-action defines a monomorphism ϕ : G(3) → Aff(C3) where
Aff(C3) is the affine transformation group of C3. Therefore, this G(3)-action is properly
discontinuous. Consequently, the associated G(3)-quotient space

I(3) := C
3/G(3)

is a compact complex threefold, which is called Iwasawa manifold.
Moreover, there is a natural holomorphic map p : I(3) −→ T2

C
which is induced by the

projection (z1, z2, z3) 7−→ (z1, z2) where T
2
C
:= C/Z[i]×C/Z[i]. The fibers of p are all isomorphic

to the complex torus TC = C/Z[i]. We denote C := p−1([0, 0]) = p−1([c1, c2]) where c1, c2 ∈
Z[i]. It is a smooth curve in I(3). We claim that C is also a G(3)-quotient space. To this end,
we take

Γ := Z[i]× Z[i]× C = {(c1, c2, z3) |, c1, c2 ∈ Z[i], z3 ∈ C}

as a closed complex submanifold ofC3. It is a direct check that Γ isG(3)-equivariant. Therefore,
by the definition, C = Γ/G(3).
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Now we consider the blow-up of C3 along Γ. One has the following diagram

Γ× P1

ρ

��

�

� ι̃
// BlΓC

3

π

��

Γ
�

� ι
// C

3,

where BlΓC
3 ∼= Z[i] × Z[i] × BlCC

3 as complex manifolds since Z[i] is discrete in C. It not
difficult to see that the G(3)-action can be lifted into the blow-up diagram. Since the blow-up
complex manifold is unique, it yields

BlCI(3) ∼= BlΓC
3/G(3).

3. Proof

Let X be a compact complex manifold of dimension n ≥ 2 and ι : Z →֒ X be its closed
complex submanifold of codimension c ≥ 2. Let π : X̃ → X be the blow-up of X along the
center Z. Then, we have the blow-up diagram

(3.1) E

ρ

��

�

� ι̃
// X̃

π

��

Z �

� ι
// X.

where the exceptional divisor ρ : E → Z is the projective bundle of the normal bundle of Z in
X , and ι̃ is closed embedding of E in X̃.

From now on, let H be a local system of complex vector spaces on X . Then we have

H̃ := π∗ H = π−1(H⊗COX)⊗π−1 OX
OX̃

∼= (π−1H⊗π−1 Cπ
−1

OX)⊗π−1 OX
OX̃

∼= π−1H⊗COX̃ .

This means that the inverse images of the locally free sheaves and the local systems are com-
patible.

3.1. Proof of Theorem 1.1. We use a technical notion of relative Dolbeault sheaf which is
introduced in [10, 11, 15]. Recall that the pullback of holomorphic p-forms determines a natural
surjective sheaf morphism ι∗ : Ωp

X → ι∗Ω
p
Z of OX -modules on X . Therefore, there is a short

exact sequence of OX -modules

(3.2) 0 // K
p
X,Z

// Ωp
X

ι∗
// ι∗Ω

p
Z

// 0,

and we call the kernel sheaf of ι∗, denoted by K
p
X,Z , the p-th relative Dolbeault sheaf of X with

respect to Z. Tensoring (3.2) with H, we obtain a new short exact sequence of complexes of
sheaves

(3.3) 0 // K
•
X,Z(H) // Ω•

X(H) // ι∗Ω
•
Z(ι

∗ H) // 0

since the pullback operator commutes with the operator ∂.

Similarly, for the pair (X̃, E), we also have a short exact sequence

(3.4) 0 // K
•
X̃,E

(H̃) // Ω•
X̃
(H̃) // ι̃∗Ω

•
E(ι̃

∗H̃) // 0.

Consider the long exact sequences of hypercohomology of the above two short exact sequences
(3.3) and (3.4). Since the direct image ι∗ and ι̃∗ are exact functors, one has that

H
l(Z,Ω•

Z(ι
∗ H)) ∼= H

l(X, ι∗Ω
•
Z(ι

∗ H))

and

H
l(E,Ω•

E(ι̃
∗H̃)) ∼= H

l(X̃, ι̃∗Ω
•
E(ι̃

∗H̃)).
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Then the blow-up diagram (3.1) and the pullback of differential forms naturally induce a com-
mutative ladder of long exact sequences of hypercohomologies

// H
l(X,K •

X,Z(H))

π∗

��

// H
l(X,Ω•

X(H))

π∗

��

// H
l(Z,Ω•

Z(ι
∗ H))

ρ∗

��

// H
l+1(X,K •

X,Z(H))

π∗

��

//

// H
l(X̃,K •

X̃,E
(H̃)) // H

l(X̃,Ω•
X̃
(H̃)) // H

l(E,Ω•
E(ι̃

∗H̃)) // H
l+1(X̃,K •

X̃,E
(H̃)) //

Moreover, by the twisted de Rham theorem (see Proposition 2.3) and the blow-up commu-
tative diagram (3.1), the above commutative ladder becomes
(3.5)

// H
l(X,K •

X,Z(H))

π∗

��

// H l(X,H)

π∗

��

// H l(Z, ι−1H)

ρ∗

��

// H
l+1(X,K •

X,Z(H))

π∗

��

//

// H
l(X̃,K •

X̃,E
(H̃)) // H l(X̃, π−1H) // H l(E, ρ−1(ι−1H)) // H

l+1(X̃,K •
X̃,E

(H̃)) //

To finish the proof, we need the following three lemmas which will be proved later. The first
two lemmas are known for experts, and we believe that the third one is new.

Lemma 3.1. The morphism

π∗ : H l(X,H) −→ H l(X̃, π−1H)

is injective.

Lemma 3.2. There is a canonical isomorphism

c−1⊕

i=0

H l−2i(Z, ι−1H)

c−1∑
i=0

hi∧ρ∗(−)

−−−−−−−−→ H l(E, ρ−1(ι−1H)),

where h = c1(OE(1)) is the first Chern class of the relative tautological line bundle.

Lemma 3.3. The morphism

(3.6) π∗ : Hl(X,K •
X,Z(H))

≃
−→ H

l(X̃,K •
X̃,E

(H̃))

is isomorphic.

Temporarily admitting the above three lemmas, we may complete the proof of Theorem 1.1.
In the diagram (3.5), following Lemma 3.3 the first and the fourth column maps are isomor-
phisms and following Lemmas 3.1 and 3.2 the second and third are injective. Then applying

the diagram-chasing in (3.5), we obtain that the cokernel of H l(X,H)
π∗

−→ H l(X̃, π−1H) is

canonical isomorphic to the cokernel H l(Z, ι−1H)
ρ∗

−→ H l(E, ρ−1(ι−1H)). Consequently, by
Lemma 3.2 again we obtain

H l(X̃, π−1H) ∼= H l(X,H)⊕H l(E, ρ−1(ι−1H))/H l(Z, ι−1H)

∼= H l(X,H)⊕
c−1⊕

i=1

H l−2i(Z, ι−1H).

This completes the proof of Theorem 1.1.
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3.2. Proof of Lemma 3.1. Likewise to (2.3), for the pair (X̃, π−1H) one has a canonical
isomorphism

j̃ : H l
dR(X̃;π−1H)

≃
−→ H l

C(X̃;π−1H).

Moreover, since π is a proper map, one has the direct image of the currents

π∗ : H l
C(X̃ ;π−1H) −→ H l

C(X ;H).

Then we have the following diagram

H l
dR(X ;H)

π∗

��

j

≃
// H l

C(X ;H)

H l
dR(X̃ ;π−1H)

j̃

≃
// H l

C(X̃ ;π−1H)

π∗

OO

Moreover the blow-up morphism π has finite generic fiber of cardinal 1, i.e., of degree 1, one
can show that

π∗j̃π
∗ = j

by following the totally same step as [14, Lemma 2.3] or [5, Theorem 12.9]. The fact is essentially
due to the condition that π is biholomorphic outside sets of Lebesgue measure zero.

Therefore if π∗(α) = 0, we have that j(α) = π∗j̃π
∗(α) = 0. However j is an isomorphism,

thus α = 0 and this means π∗ is injective.

3.3. Proof of Lemma 3.2. This is in fact a twisted version of the Leray-Hirsch lemma, and
it can be proved by using the Mayer-Vietoris sequence as [3, Theorem 5.11]. Here, we give a
different interpretation following an idea of Deligne [4].

Let h := c1(OE(1)) be the first Chern class of the relative tautological line bundle. and
hi := ∧ih ∈ H2i(E,C), i = 0, 1, . . . , c − 1. Then the restriction of those classes to each fiber
Ez

∼= Pc−1 forms a basis of H•(Ez ,C). Given a local system L of complex vector spaces of rank
r on Z, there is a natural morphism of sheaf complexes,

A
•
Z(L)[−2i]

hi∧ρ∗(−)
−−−−−−→ ρ∗ A

•
E(ρ

∗L),

for each hi. Taking direct sums, we obtain a morphism of complexes of sheaves

(3.7) Φ :

c−1⊕

i=0

A
•
Z(L)[−2i]

∑
c−1

i=0
hi∧ρ∗(−)

−−−−−−−−−−→ ρ∗ A
•
E(ρ

∗L).

Moreover, Φ is defined up to homotopy by the cohomology class [hi]. In fact, if hi − h′ = dv
then one has hi ∧ ρ∗ − h′ ∧ ρ∗ = dv ∧ ρ∗ = d(v ∧ ρ∗)− v ∧ dρ∗. This means hi ∧ ρ∗ and h′ ∧ ρ∗

are homotopic equivalent.
Moreover Φ is a quasi-isomorphism. To prove this fact, we consider the induced morphism

of cohomology sheaves

Ht(Φ) :

c−1⊕

i=0

Ht−2i(A •
Z(L))

c−1∑
i=0

hi∧ρ∗(−)

−−−−−−−−→ Ht(ρ∗ A
•
E(ρ

∗L)).

Since ρ is proper and A
•
E(ρ

∗L) is a fine resolution of ρ−1L, on the stalk one has

(
Ht(ρ∗ A

•
E(ρ

∗L)
)
z
= Ht(Ez , ρ

−1L|Ez
) = Ht(Ez ,C)

⊕r ∼=

{
0, t is odd;

C
r, t is even.

Similarly, A
•
Z(L) is a fine resolution of L; therefore, it suffices to prove the isomorphism on

stalks

H2i(Φ)z : Lz
hi|Ez

∧ρ∗(−)
−−−−−−−−→ H2i(ρ∗ A

•
E(ρ

∗L))z .

It is indeed an isomorphism since Lz = C
r and H2i(Φ)z(1) = hi|Ez

is a basis of H2i(Ez ,C).
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Remark 3.4. Using the same idea, another interpretation of the (bundle-valued) Dolbeault
projective bundle formula [10, 11] may be obtained. In fact, for any holomorphic vector bundle
L on Z, there is a similar morphism of complexes of sheaves

c−1⊕

i=0

A
p−i,•
Z (L)[−i]

c−1∑
i=0

hi∧ρ∗(−)

−−−−−−−−→ ρ∗ A
p,•
E (ρ∗L),

which is indeed a quasi-isomorphism. As a matter of fact the quasi-isomorphism is due to the
canonical isomorphism

ρ∗ : Ωp−i
Z (L)

≃
−→ Riρ∗Ω

p
E(ρ

∗L),

for 0 ≤ i ≤ c− 1.

3.4. Proof of Lemma 3.3. Recall K
p,q
X,Z(H) := ker

(
A

p,q
X (H)

ι∗
−→ ι∗ A

p,q
Z (ι∗ H)

)
is the rela-

tive (p, q)-Dolbeault sheaf. Correspondingly, K
p,•
X,Z(H) is a fine resolution of K

p
X,Z(H).

Let Kp,q(H) = Γ(X,K p,q
X,Z(H)). The hypercohomology of K

•
X,Z(H) may be viewed in

terms of a double complex K•,•(H) with the differentials

∂ : Kp,q(H) → Kp+1,q(H), ∂̄ : Kp,q(H) → Kp,q+1(H).

Denote the total complex by

K l(H) :=
⊕

p+q=l

Kp,q(H).

Then, there is a canonical isomorphism H
l(X,K •

X,Z(H)) ∼= H l(K•(H)). Similarly, there is a

double complexK•,•(H̃) associated with the pair (X̃, E) and a canonical isomorphismHl(X̃,K •
X̃,E

(H̃)) ∼=

H l(K•(H̃)). Hence, the morphism (3.6) can be rewritten as the morphism of the total coho-
mology

(3.8) π∗ : H l(K•(H)) → H l(K•(H̃)).

Therefore, to conclude the proof it suffices to show that the morphism 3.8 is isomorphic. Con-
sider the following two bounded double complexes

(K•,•(H); ∂̄, ∂) and (K•,•(H̃); ∂̄, ∂).

There exist two spectral sequences:

(1) {Er, dr} converges to the total cohomology H•(K•(H)) such that

Ep,q
1 = Hp,q

∂̄
(K•(H)) = Hq(Kp,•(H)) ∼= Hq(X,K p

X,Z(H));

(2) {Ẽr, d̃r} converges to the total cohomology H•(K•(H̃)) such that

Ep,q
1 = Hp,q

∂̄
(K•(H̃)) = Hq(Kp,•(H̃)) ∼= Hq(X̃,K p

X̃,E
(H̃)).

Note that the morphism of double complexes π∗ : K•,•(H) −→ K•,•(H̃) induces a morphism

of spectral sequences π∗
r : Er → Ẽr for any r ≥ 1. Moreover, we have the following result.

Claim 3.5 (cf. [11, Lemma 4.5]). For any 0 ≤ p, q ≤ n, the pullback of differential forms
induces an isomorphism

π∗ : Hq(X,K p
X,Z(H)) −→ Hq(X̃,K p

X̃,E
(H̃)).

In fact, by [11, Lemma 4.4] we have π∗ : K
p
X,Z(H)

≃
−→ π∗ K

p

X̃,E
(H̃) and the higher direct

image Riπ∗ K
p

X̃,E
(H̃) = 0 for i ≥ 1. Since K

p,•

X̃,E
(H̃) is a fine resolution of K

p

X̃,E
(H̃), the van-

ishing of the higher direct images implies that π∗ K
p,•

X̃,E
(H̃) is a fine resolution of π∗ K

p

X̃,E
(H̃).

As a result, we obtain the canonical isomorphisms

π∗ : H l(X,K p
X,Z(H))

≃
−→ H l(X, π∗ K

p

X̃,E
(H̃))
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= H l(Γ(X, π∗ K
p,•

X̃,E
(H̃))

= H l(Γ(X̃,K p,•

X̃,E
(H̃))

= H l(X̃,K p

X̃,E
(H̃)).

This means that π∗
1 : E1 → Ẽ1 is isomorphic, and hence, π∗

r is isomorphic for any r > 1 by a
standard result in the spectral sequence theory. Consequently, the induced morphism (3.8) is
isomorphic. This concludes the proof.

3.5. Proof of Corollary 1.2. Recall the Hodge-de Rham spectral sequence

Ep,q
1 = Hq(X,Ωp

X(H)) =⇒ Hp+q(X,H).

Hence, one has an inequality of the dimension of cohomologies

hl(X,H) ≤
∑

p+q=l

hq(X,Ωp
X(H))

for any l. Then, the Hodge-de Rham spectral sequence degenerates at E1 if and only if

hl(X,H) =
∑

p+q=l

hq(X,Ωp
X(H))

for any 0 ≤ l ≤ 2n. In fact, by the bundle-valued Dolbeault blow-up formula [11, Theorem 1.2],
one has

∑

p+q=l

hq(X̃,Ωp

X̃
(H̃)) =

∑

p+q=l

(
hq(X,Ωp

X(H)) +

c−1∑

i=1

hq−i(Z,Ωp−i
Z (ι∗ H))

)
.

Moreover, according to Theorem 1.1, we obtain the following equation

hl(X̃, π−1H)−
∑

p+q=l

hq(X̃,Ωp

X̃
(H̃)) =

(
hl(X,H)−

∑

p+q=l

hq(X,Ωp
X(H))

)

+

c−1∑

i=1

(
hl−2i(Z, ι−1H)−

∑

p+q=l

hq−i(Z,Ωp−i
Z (ι∗ H))

)
.

If the Hodge-de Rham spectral sequence degenerates at E1 for (X,H) and (Z, ι−1H), it
follows from the above equation

hl(X̃, π−1H) =
∑

p+q=l

hq(X̃,Ωp

X̃
(H̃))

and thus, the Hodge-de Rham spectral sequence degenerates at E1 for (X̃, π−1H).

Conversely, suppose the Hodge-de Rham spectral sequence degenerates at E1 for (X̃, π−1H).
Then we have

0 = hl(X,H)−
∑

p+q=l

hq(X,Ωp
X(H))

︸ ︷︷ ︸
≤0

+

c−1∑

i=1

hl−2i(Z, ι−1H)−
∑

p+q=l

hq−i(Z,Ωp−i
Z (ι∗ H)

︸ ︷︷ ︸
≤0

which concludes the proof.
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4. Some remarks

4.1. Algebraic de Rham cohomology. Note that the de Rham cohomology theory is not
only important for complex manifolds but also significant for smooth algebraic varieties. One
may refer to [7] for the algebraic de Rham cohomology. Let Y be a smooth projective variety
over a field k of characteristic 0. Recall that the l-th algebraic de Rham cohomology of Y is
defined as the hypercohomology

H l
dR(Y/k) := H

l(Y,Ω•
Y/k),

where Ω•
Y/k is the algebraic de Rham complex of sheaves of regular differential forms. Similarly,

if E is an algebraic vector bundle with an integrable connection, then the Kähler differential
operator on Ω•

Y/k naturally extends to a differential operator on Ω•
Y/k ⊗ E . The l-th twisted

algebraic de Rham cohomology is given by the hypercohomology

H l
dR(Y/k; E) := H

l(X,Ω•
Y/k ⊗OY

E).

If k = C, by Serre’s GAGA principle, an algebraic vector bundle E with an integrable
connection on Y is equivalent to a holomorphic vector bundle Ean with a flat holomorphic
connection on the associated complex manifold Yan. Moreover, there is an isomorphism

H l(Y/C; E) ∼= H l(Yan; Ean).

As a consequence, Theorem 1.1 and Serre’s GAGA principle imply that the blow-up formula
holds for the twisted algebraic de Rham cohomology on smooth projective variety over C.
Furthermore, the Lesfchetz’s principle implies that the blow-up formula holds for the twisted
algebraic de Rham cohomology on smooth projective variety over a field of characteristic 0.

4.2. A further question. Let X be a compact complex manifold of dimension n ≥ 2 and H
be a holomorphic vector bundle or a flat smooth complex vector bundle. Given any integer

0 ≤ s ≤ t ≤ n, the truncated twisted holomorphic de Rham complex, denoted by Ω
[s•t]
X (H), is

defined to be

0 // Ωs
X(H) // Ωs+1

X (H) // · · · // Ωt
X(H) // 0.

Its l-th hypercohomology H
l(X,Ω

[s•t]
X (H)) is a finite dimensional complex vector space. Then,

one may ask the following question.

Question 4.1. Is there a blow-up formula for Hl(X,Ω
[s•t]
X (H))?

It seems that this question is quite natural, since the following two special cases hold:

(1) if s = t, it is the bundle-valued Dolbeault blow-up formula whose H is a holomorphic
vector bundle (see [11, Theorem 1.2]);

(2) if s = 0 and t = n, it is the twisted de Rham blow-up formula whose H is a flat C∞

complex vector bundle (see Theorem 1.1).

Remark 4.2. To deal with Question 4.1, one possible way is to use the same idea as the proof
of Theorem 1.1 and it will be sufficient to obtain the analogous results that of Lemmas 3.1, 3.2
and 3.3.
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