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Abstract. In this paper, we generalize the algorithm described by Rump and Graillat, as well
as our previous work on verifying breadth-one singular solutions of polynomial systems, to compute
verified and narrow error bounds such that a slightly perturbed system is guaranteed to possess
an isolated singular solution within computed error bounds. Our verification method is based on
deflation techniques using smoothing parameters. We demonstrate the performance of the algorithm
for polynomial systems with singular solutions of multiplicity up to hundreds.
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1. Introduction. It is a challenge to solve polynomial systems with singular
solutions. In [29], Rall studied convergence properties of Newton’s method for singu-
lar solutions, and many modifications of Newton’s method to restore the quadratic
convergence for singular solutions have been proposed in [1, 5, 6, 7, 11, 12, 13, 26, 28,
30, 31, 36, 40]. Recently, some symbolic-numeric methods have also been proposed for
refining approximate isolated singular solutions to high accuracy [2, 3, 4, 9, 10, 18, 19,
20, 24, 38, 39]. In [21, 22], we described an algorithm based on the regularized Newton
iterations and the computation of differential conditions satisfied at given approximate
singular solutions to compute isolated singular solutions accurately to the full machine
precision, when its Jacobian matrix has corank one (the breadth-one case).

Since arbitrary small perturbations of coefficients may transform an isolated sin-
gular solution into a cluster of simple roots or even make it disappear, it is more
difficult to verify that a polynomial system or a nonlinear system has a multiple root
if the entire computation is not performed without any rounding error [34].

In [35], by introducing a smoothing parameter, Rump and Graillat developed
a verification method for computing verified and narrow error bounds, such that a
slightly perturbed system is proved to possess a double root within computed error
bounds. In [23], by adding a univariate polynomial in one selected variable with some
smoothing parameters to one selected equation of the original system, we general-
ized the algorithm in [35] to compute guaranteed error bounds such that a slightly
perturbed system is proved to have a breadth-one isolated singular solution within
computed error bounds.

In [24], Mantzaflaris and Mourrain proposed a one-step deflation method, and
by applying a well-chosen symbolic perturbation, they verified a multiple root of a
nearby system with a given multiplicity structure, which depends on the accuracy of
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1624 NAN LI AND LIHONG ZHI

the given approximate multiple root. The size of the final augmented system is equal
to the multiplicity times the size of the original system, which might be large (e.g.,
DZ1 and KSS in Table 1).

In [14], based on deflated square systems proposed by Yamamoto in [40], Kan-
zawa and Oishi presented a numerical method for proving the existence of “imperfect
singular solutions” of nonlinear equations with guaranteed accuracy. In [40], if the
second-order deflation is applied, then smoothing parameters are added not only to
the original system but also independently to differential systems; see (3.14). There-
fore, one can only prove the existence of an isolated solution of a slightly perturbed
system which satisfies the first-order differential condition approximately.

In [8, 15, 16], Kearfott and others presented completely different and interesting
methods based on verifying a nonzero topological degree to verify the existence of
singular zeros of nonlinear systems.

Main contribution. Suppose we are given a system of polynomial equations
and an approximate isolated singular solution. Stimulated by previous work on ver-
ifying the existence of breadth-one singular solutions [23], first we show the number
of deflations used by Yamamoto to obtain that a regular and square augmented sys-
tem is bounded by the depth of the singular solution. Then we show how to move
the independent perturbations in the first-order differential system (3.14) appearing
in [40] back to the original system. We prove that this modified deflation technique
terminates after a finite number of steps bounded by the depth as well, and it returns
a regular and square augmented system, which can be used to prove the existence of
an isolated singular solution of a slightly perturbed polynomial system; see Theorems
3.8 and 3.9. Finally, we present an algorithm for computing verified error bounds, and
a successful output of the algorithm can guarantee that there exists a unique system,
which has a unique isolated singular solution within computed error bounds. The
algorithm has been implemented in Maple and MATLAB, and narrow error bounds
of the order of the relative rounding error are computed efficiently for examples given
in literature.

Structure of the paper. Section 2 is devoted to recalling some notation and
well-known facts. In section 3, we develop a novel deflation technique by adding several
smoothing parameters properly to the original system, which returns a regular and
square augmented system after a finite number of steps bounded by the depth. In
section 4, we propose an algorithm for computing verified error bounds such that
a slightly perturbed system is guaranteed to possess an isolated singular solution
within computed error bounds. Some numerical results are given to demonstrate the
performance of our algorithm in section 5.

2. Preliminaries. Let F = {f1, . . . , fn} be a polynomial system, fi ∈ C[x] =
C[x1, . . . , xn], and let I ∈ C[x] be the ideal generated by polynomials in F .

Definition 2.1. An isolated solution of F (x) = 0 is a point x̂ ∈ Cn which
satisfies

∃ ε > 0 : {y ∈ C
n : ‖y − x̂‖ < ε} ∩ F−1(0) = {x̂}.

Definition 2.2. We call x̂ a singular solution of F (x) = 0 if and only if

rank(Fx(x̂)) < n,(2.1)

where Fx(x) is the Jacobian matrix of F (x) with respect to x.
Definition 2.3. Let Qx̂ be the isolated primary component of the ideal I =

(f1, . . . , fn) whose associate prime is mx̂ = (x1−x̂1, . . . , xn−x̂n); then the multiplicity
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VERIFIED ERROR BOUNDS FOR SINGULAR SOLUTIONS 1625

μ of x̂ is defined as μ = dim(C[x]/Qx̂), and the index ρ of x̂ is defined as the minimal
nonnegative integer ρ such that mρ

x̂ ⊆ Qx̂ [37].
Let dα

x̂ : C[x] → C denote the differential functional defined by

(2.2) dα
x̂ (g) =

1

α1! · · ·αn!
· ∂|α|g
∂xα1

1 · · · ∂xαn
n

(x̂) ∀g(x) ∈ C[x]

for a point x̂ ∈ Cn and an array α ∈ Nn. The normalized differentials have a
useful property: when x̂ = 0, we have dα

0 (x
β) = 1 if α = β or 0 otherwise, where

xβ = xβ1

1 xβ2

2 · · ·xβn
n .

Definition 2.4. The local dual space of I at x̂ is defined as the subspace of
elements of Dx̂ = SpanC{dα

x̂ , α ∈ Nn} that vanish on all elements of I,

(2.3) Dx̂ := {Λ ∈ Dx̂ | Λ(f) = 0 ∀f ∈ I}.

It is clear that dim(Dx̂) = μ and the maximal degree of an element Λ ∈ Dx̂ is
equal to ρ− 1, which is also known as the depth of Dx̂.

A singular solution x̂ of a square system F (x) = 0 satisfies equations{
F (x) = 0,

det(Fx(x)) = 0.
(2.4)

The above augmented system forms the basic idea for the deflation method [26, 27, 28].
But the determinant is usually of high degree, so it is numerically unstable to evaluate
the determinant of the Jacobian matrix.

In [19], Leykin, Verschelde, and Zhao modified (2.4) by adding new variables and
new equations. Let r = rank(Fx(x̂)); with probability one, there exists a unique

vector λ̂ = (λ̂1, λ̂2 . . . , λ̂r+1)
T such that (x̂, λ̂) is an isolated solution of⎧⎨⎩

F (x) = 0,
Fx(x)Bλ = 0,

hTλ = 1,
(2.5)

where B ∈ Cn×(r+1) is a random matrix, h ∈ Cr+1 is a random vector, and λ ∈ Cr+1

is a vector consisting of r+1 new variables λ1, λ2 . . . , λr+1. If (x̂, λ̂) is still a singular
solution of (2.5), the deflation is repeated. Furthermore, they proved that the number
of deflations needed to derive a regular solution of an augmented system is strictly
less than the multiplicity of x̂. Dayton and Zeng showed that the depth of Dx̂ is a
tighter bound for the number of deflations [4].

Let IR be the set of real intervals, and let IR
n and IR

n×n be the sets of real
interval vectors and real interval matrices, respectively. Standard verification methods
for nonlinear systems are based on the following theorem.

Theorem 2.5 (see [17, 25, 32]). Let H : Rn → Rn be a system of nonlinear
equations. Suppose x̃ ∈ R

n, X ∈ IR
n with 0 ∈ X and R ∈ R

n×n are given. Let
M ∈ IR

n×n be given such that

(2.6) {∇hi(y) : y ∈ x̃+X} ⊆ Mi,:, i = 1, . . . , n.

Denote by In the n× n identity matrix and assume

(2.7) −RH(x̃) + (In −RM)X ⊆ int(X).

D
ow

nl
oa

de
d 

01
/2

1/
15

 to
 2

02
.1

13
.1

1.
16

3.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1626 NAN LI AND LIHONG ZHI

Then there is a unique x̂ ∈ x̃ + X satisfying H(x̂) = 0. Moreover, every matrix
M̃ ∈ M is nonsingular. In particular, the Jacobian matrix Hx(x̂) is nonsingular.

Naturally the nonsingularity of the Jacobian matrix Hx(x̂) restricts the appli-
cation of Theorem 2.5 to regular solutions of square systems. Notice that Theorem
2.5 is valid over complex numbers with the necessary modifications. In the following,
we propose a new deflation method which returns a regular and square augmented
system, and thus Theorem 2.5 is applicable. Hence, we are able to verify the existence
of an isolated singular solution of a slightly perturbed system.

3. A square and regular augmented system. Suppose we are given a poly-
nomial system F = {f1, . . . , fn}, fi ∈ C[x], and let x̂ ∈ Cn be an isolated solution
satisfying F (x̂) = 0 and det(Fx(x̂)) = 0.

The systems (2.4) and (2.5) have been used to restore the quadratic convergence
of Newton’s method. But notice that these augmented systems are always over-
determined, and thus Theorem 2.5 is not applicable. In [40], by introducing smoothing
parameters, Yamamoto derived square augmented systems. These systems were used
successfully by Kanzawa and Oishi in [14] to prove the existence of imperfect singular
solutions of nonlinear systems. However, for isolated solutions with high singularities,
the smoothing parameters are added not only to the original system but also to the
differential systems independently; see (3.14). Therefore, according to (3.15), one can
only prove the existence of an isolated solution of a slightly perturbed system, which
satisfies the first-order differential condition approximately.

In the following, we rewrite the deflation techniques in [40] in our setting and
prove that the number of deflations needed to obtain a regular system is bounded
by the depth of Dx̂; see Theorem 3.2. Then we show how to lift the independent
perturbations in the first-order differential system appearing in (3.14) back to the
original system. We prove that the modified deflations will terminate after a finite
number of steps bounded by the depth of Dx̂ as well and return a regular and square
augmented system, which can be used to prove the existence of an isolated singular
solution of a slightly perturbed system exactly; see Theorems 3.8 and 3.9.

3.1. The first-order deflation. Let x̂ ∈ Cn be an isolated singular solution of
F (x) = 0, and

rank(Fx(x̂)) = n− d, (1 ≤ d ≤ n).(3.1)

Let c = {c1, c2, . . . , cd} (1 ≤ c1 < c2 < · · · < cd ≤ n) and F c
x (x̂) is obtained from

Fx(x̂) by deleting its c1, c2, . . . , cdth columns, which satisfies

(3.2) rank(F c
x (x̂)) = n− d.

There exists a set of positive integers k = {k1, k2, . . . , kd} such that

(3.3) rank(F c
x (x̂), Ik) = n,

where

(3.4) Ik = (ek1 , ek2 , . . . , ekd
),

and eki is the kith unit vector of dimension n.
We introduce d smoothing parameters b0 = (b0,1, . . . , b0,d) and consider the fol-

lowing square system:

G(x,λ1,b0) =

{
F (x)−∑d

i=1 b0,ieki = 0,
Fx(x)v1 = 0,

(3.5)
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VERIFIED ERROR BOUNDS FOR SINGULAR SOLUTIONS 1627

where v1 ∈ Cn is a vector consisting of n − d variables λ1 = (λ1,1, . . . , λ1,n−d) con-
catenated to a vector (vc1 , . . . , vcd) = (1, . . . , 1),

v1 = (λ1,1, . . . , 1
c1
, . . . , 1

cd
, . . . , λ1,n−d)

T ∈ C
n.

It is similar to the augmented system (2.34) in [40], except that Yamamoto chose the
values of vci , i = 1, 2, . . . , d, randomly. According to (3.2), the rank of F c

x (x̂) is n− d,
the solution of the linear system Fx(x̂)v1 = 0 with the fixed value 1 at positions
c1, . . . , cd is unique, and we denote it by v̂1:

v̂1 = (λ̂1,1, . . . , 1
c1
, . . . , 1

cd
, . . . , λ̂1,n−d)

T ∈ C
n.

Therefore, (x̂, λ̂1,0) is an isolated solution of G(x,λ1,b0) = 0, where

λ̂1 = (λ̂1,1, . . . , λ̂1,n−d).

If (x̂, λ̂1,0) is still a singular solution, as proposed in [40], the deflation process
mentioned above is repeated for the first-order deflated system G and the solution
(x̂, λ̂1,0).

In [40], Yamamoto did not prove explicitly the termination of the above deflation
process. Motivated by the results in [4, 19], we show that the number of deflations
needed to derive a regular and square augmented system is bounded by the depth of
Dx̂.

Let h = (0, . . . , 0︸ ︷︷ ︸n−d

, 1)T , λ = (λ1,1, . . . , λ1,n−d, 1)
T and

B = (ê1, . . . , ên−d+1
c1

, . . . , ên−d+1
cd

, . . . , ên−d)
T ∈ C

n×(n−d+1),

where êi is the ith unit vector of dimension n− d+ 1. Then, the augmented system
(2.5) used in [19] is equivalent to

(3.6) G̃(x,λ1) =

{
F (x) = 0,

Fx(x)v1 = 0,

which has an isolated solution at (x̂, λ̂1), and the Jacobian matrix of G̃(x,λ1) at

(x̂, λ̂1) is

(3.7) G̃x,λ1(x̂, λ̂1) =

(
Fx(x̂) On,n−d

Fxx(x̂)v̂1 F c
x (x̂)

)
,

where Oi,j denotes the i × j zero matrix and Fxx(x) is the Hessian matrix of F (x).
On the other hand, the Jacobian matrix of G(x,λ1,b0) computes to

(3.8) Gx,λ1,b0(x̂, λ̂1,0) =

(
Fx(x̂) On,n−d −Ik

Fxx(x̂)v̂1 F c
x (x̂) On,d

)
.

Lemma 3.1. The null spaces of the Jacobian matrices (3.7) and (3.8) satisfy

null(Gx,λ1,b0(x̂, λ̂1,0)) =

{(
y
0

)
∈ C

2n | y ∈ null(G̃x,λ1(x̂, λ̂1))

}
.
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1628 NAN LI AND LIHONG ZHI

Proof. If y ∈ null(G̃x,λ1(x̂, λ̂1)) then
(y
0

) ∈ null(Gx,λ1,b0(x̂, λ̂1,0)). Suppose
(y
z

)
is a null vector of Gx,λ1,b0(x̂, λ̂1,0). Corresponding to the blocks Fx(x̂) and On,n−d,

we divide y into
(y1

y2

)
. It follows that

Fx(x̂)y1 − Ikz = 0.

By (3.3), we have

rank(F c
x (x̂),−Ik) = n.

It is clear that z must be a zero vector.

If (x̂, λ̂1) is still an isolated singular solution of the deflated system (3.6), as

proposed in [19], the deflation process is repeated for G̃(x,λ1) and (x̂, λ̂1). As shown
in [4], if the sth deflated system is singular, there exists at least one differential
functional of the order s + 1 in Dx̂. However, the order of differential functionals in
Dx̂ is bounded by its depth, which is equal to ρ − 1. Therefore, after at most ρ − 1
steps of deflations (3.5), one will obtain a regular augmented system, i.e., the corank
of the Jacobian matrix of the deflated system will be zero. As a consequence, based
on Lemma 3.1, we claim the finite termination of Yamamoto’s deflation method.

Theorem 3.2. The number of the first-order deflations (3.5) needed to derive a
regular and square augmented system is bounded by the depth of Dx̂.

Proof. By Lemma 3.1, we have

(3.9) corank(G̃x,λ1(x̂, λ̂1)) = corank(Gx,λ1,b0(x̂, λ̂1,0)).

Therefore, the smoothing parameters added in the deflated system (3.5) do not change
any rank-deficient information of the Jacobian matrix of (3.6). If

corank(G̃x,λ1(x̂, λ̂1)) = corank(Gx,λ1,b0(x̂, λ̂1,0)) > 0,

then we repeat the deflation steps for (3.5) and (3.6) accordingly. Inductively, we
know that the coranks of Jacobian matrices of two different kinds of deflated systems
remain equal at every step. Moreover, we have shown that, after at most ρ − 1
steps, the corank of the Jacobian matrix of the deflated system corresponding to (3.6)
becomes zero. Therefore, the deflated system corresponding to (3.5) will also become
regular after at most ρ− 1 steps.

3.2. The second-order deflation. Suppose the Jacobian matrix
Gx,λ1,b0(x̂, λ̂1,0) is singular, i.e.,

rank(Gx,λ1,b0(x̂, λ̂1,0)) = 2n− d′, (d′ ≥ 1).(3.10)

Let c′ = {c′1, c′2, . . . , c′d′} and k′ = {k′1, k′2, . . . , k′d′} be two sets of positive integers
such that

(3.11) rank(Gc′
x,λ1,b0

(x̂, λ̂1,0)) = 2n− d′,

(3.12) rank(Gc′
x,λ1,b0

(x̂, λ̂1,0), Ik′+n) = 2n,

D
ow

nl
oa

de
d 

01
/2

1/
15

 to
 2

02
.1

13
.1

1.
16

3.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

VERIFIED ERROR BOUNDS FOR SINGULAR SOLUTIONS 1629

where Gc′
x,λ1,b0

(x̂, λ̂1,0) is a matrix obtained from Gx,λ1,b0(x̂, λ̂1,0) by deleting its
c′1, c′2, . . . , c′d′th columns, and

Ik′+n =

(On,d′

Ik′

)
, Ik′ = (ek′

1
, ek′

2
, . . . , ek′

d′
).(3.13)

Theorem 3.3. Comparing to Fx(x̂), the corank of Gx,λ1,b0(x̂, λ̂1,0) does not
increase, i.e., d′ ≤ d. Moreover, we can choose c′ and k′ such that c′ ⊆ c, k′ ⊆ k
and satisfy (3.11) and (3.12), respectively.

Proof. Let

Gc
x,λ1,b0

(x̂, λ̂1,0) =

(
F c
x (x̂) On,n−d −Ik
� F c

x (x̂) On,d

)
be the matrix obtained from Gx,λ1,b0(x̂, λ̂1,0) by deleting its c1, c2, . . . , cdth columns.
By (3.2) and (3.3) we claim that

rank(Gc
x,λ1,b0

(x̂, λ̂1,0)) = 2n− d.

Hence d′ ≤ d. Besides, there exists a set of positive integers c′ ⊆ c such that the
condition (3.11) is satisfied.

According to (3.3), it is clear that

rank(Gc
x,λ1,b0

(x̂, λ̂1,0), Ik+n) = 2n,

where Ik+n =
(On,d

Ik

)
. Hence, we can choose k′ ⊆ k such that condition (3.12) is

satisfied.
If d′ ≥ 1, then Yamamoto repeated the first-order deflation for G(x,λ1,b0) and

(x̂, λ̂1,0). By Theorem 3.3, we know that Yamamoto’s second-order deflation is equiv-
alent to adding d′ smoothing parameters b1 = (b1,1, . . . , b1,d′) to the first-order dif-
ferential system Fx(x)v1:

H(x,λ,b) =

⎧⎨⎩
F (x) − Ikb0 = 0,

Fx(x)v1 − Ik′b1 = 0,
Gx,λ1,b0(x,λ1,b0)v2 = 0,

(3.14)

where b = (b0,b1), λ = (λ1,λ2), and v2 ∈ C2n is a vector consisting of 2n − d′

variables λ2 = (λ2,1, . . . , λ2,2n−d′) concatenated to a vector (vc′1 , . . . , vc′d′ ) = (1, . . . , 1),

v2 = (λ2,1, . . . , 1
c′1
, . . . , 1

c′
d′
, . . . , λ2,2n−d′)T ∈ C

2n.

Let v̂2 denote the unique solution of Gx,λ1,b0(x̂, λ̂1,0)v2 = 0 with the fixed value 1
at positions c′1, . . . , c

′
d:

v̂2 = (λ̂2,1, . . . , 1
c′1
, . . . , 1

c′
d′
, . . . , λ̂2,2n−d′)T ∈ C

2n;

then (x̂, λ̂,0) is an isolated solution of H(x,λ,b) = 0.
Suppose Theorem 2.5 is applicable to the augmented system H(x,λ,b) and yields

inclusions for x̂, λ̂, b̂0, and b̂1. Thus,

F̃ (x̂) = F (x̂)− Ikb̂0 = 0 and F̃x(x̂)v̂1 = Fx(x̂)v̂1 = Ik′ b̂1,(3.15)
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1630 NAN LI AND LIHONG ZHI

where F̃ (x) = F (x) − Ikb̂0. Smoothing parameters b̂1 might be very small but
cannot be guaranteed to be zeros. Therefore, one can only prove the existence of an
isolated solution x̂ of F̃ (x) = 0, which satisfies the first-order differential conditions
approximately.

In order to verify the existence of an isolated singular solution of a slightly per-
turbed system, we should add the smoothing parameters b1 back to the original
system. Let us consider the modified system:

H̃(x,λ,b) =

⎧⎨⎩
F (x) − Ikb0 −X1b1 = 0,

Fx(x)v1 − Ik′b1 = 0,

G̃x,λ1,b0(x,λ1,b0,b1)v2 = 0,

(3.16)

where X1 = (xc′1ek′
1
, . . . , xc′

d′
ek′

d′
) and

G̃(x,λ1,b0,b1) =

{
F (x)− Ikb0 −X1b1 = 0,

Fx(x)v1 − Ik′b1 = 0.
(3.17)

Theorem 3.4. Let

F̃ (x,b) = F (x) − Ikb0 −X1b1;(3.18)

then we have

Fx(x)v1 − Ik′b1 = 0 ⇐⇒ F̃x(x,b)v1 = 0.(3.19)

Proof. Recall that

b1 = (b1,1, b1,2, . . . , b1,d′)T and v1 = (λ1,1, . . . , 1
c1
, . . . , 1

cd
, . . . , λ1,n−d)

T ;

then

F̃x(x,b)v1 = Fx(x)v1 − (0, · · · , b1,1ek′
1

c′1

, · · · , b1,d′ek′
d′

c′
d′

, · · · ,0)v1

= Fx(x)v1 − (ek′
1
, . . . , ek′

d′
)b1 (since c′ ⊆ c)

= Fx(x)v1 − Ik′b1.

According to Theorem 3.4, we can rewrite the system (3.16) as

H̃(x,λ,b) =

⎧⎪⎨⎪⎩
F̃ (x,b) = 0,

F̃x(x,b)v1 = 0,

G̃x,λ1,b0(x,λ1,b0,b1)v2 = 0.

(3.20)

Therefore, if we can prove that (x̂, λ̂, b̂) is a regular solution of H̃(x,λ,b) = 0, then

by Theorem 3.4, x̂ is guaranteed to be an isolated singular solution of F̃ (x, b̂) = 0.
Theorem 3.5. The Jacobian matrices of (3.14) and (3.16) share the same null

space.
Proof. The Jacobian matrix Hx,λ,b(x̂, λ̂,0) of (3.14) computes to

(3.21)

⎛⎜⎜⎝
Fx(x̂) On,n−d

Fxx(x̂)v̂1 F c
x (x̂)

−Ik
On,d

O2n,2n−d′
On,d′

−Ik′

�
On,d

On,d

F c′
x (x̂) On,n−d −Ik
� F c

x (x̂) On,d

On,d

On,d

⎞⎟⎟⎠ ,D
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while the Jacobian matrix H̃x,λ,b(x̂, λ̂,0) of (3.16) computes to

(3.22)

⎛⎜⎜⎝
Fx(x̂) On,n−d

Fxx(x̂)v̂1 F c
x (x̂)

−Ik
On,d

O2n,2n−d′
−X̂
−Ik′

�
On,d

On,d

F c′
x (x̂) On,n−d −Ik
� F c

x (x̂) On,d

−Ik′

On,d′

⎞⎟⎟⎠ ,

where the matrix X̂ consists of vectors x̂c′(i)ek′(i), i = 1, . . . , d′. Since k′ ⊆ k, we can
reduce the last column of the block matrix (3.22) by its third and sixth columns to
get the block matrix (3.21). Therefore, two Jacobian matrices (3.21) and (3.22) are
of the same corank and share the same null space.

Suppose the Jacobian matrix Hx,λ,b(x̂, λ̂,0) is still singular, i.e.,

rank(Hx,λ,b(x̂, λ̂,0)) = 4n− d′′, (d′′ ≥ 1).(3.23)

Let c′′ = {c′′1 , c′′2 , . . . , c′′d′′} and k′′ = {k′′1 , k′′2 , . . . , k′′d′′} be two sets of positive integers
such that

rank(Hc′′
x,λ,b(x̂, λ̂,0)) = 4n− d′′,(3.24)

rank(Hc′′
x,λ,b(x̂, λ̂,0), Ik′′+3n) = 4n,(3.25)

Hc′′
x,λ,b(x̂, λ̂,0) is a matrix obtained from Hx,λ,b(x̂, λ̂,0) by deleting its c′′1 , c′′2 , . . . ,

c′′d′′th columns, and

Ik′′+3n =

(O3n,d′′

Ik′′

)
, Ik′′ = (ek′′

1
, ek′′

2
, . . . , ek′

d′′
).(3.26)

Theorem 3.6. Comparing to Gx,λ1,b0(x̂, λ̂1,0), the corank of Hx,λ,b(x̂, λ̂,0)
does not increase, i.e., d′′ ≤ d′. Moreover, we can choose c′′ and k′′ such that c′′ ⊆ c′,
k′′ ⊆ k′ and satisfy (3.24) and (3.25), respectively.

Proof. Similar to the proof of Theorem 3.3, let Hc′
x,λ,b(x̂, λ̂,0) be the matrix

obtained from Hx,λ,b(x̂, λ̂,0) by deleting its c′1, c
′
2, . . . , c

′
d′th columns. By (3.11) and

(3.12), we claim that

rank(Hc′
x,λ,b(x̂, λ̂,0)) = 4n− d′.

Therefore, d′′ ≤ d′, and there exists a set of positive integers c′′ ⊆ c′ such that the
condition (3.24) is satisfied.

Meanwhile, we know that rank(Gc′
x,λ1,b0

(x̂, λ̂1,0), Ik′+n) = 2n; then

rank(Hc′
x,λ,b(x̂, λ̂,0), Ik′+3n) = 4n,

where Ik′+3n =
( O

3n,d′
I
k′

)
. Therefore, we can choose k′′ ⊆ k′ such that condition (3.25)

is satisfied.

Example 3.7 (see [4, DZ1]). Consider a polynomial system

F = {x4
1 − x2x3x4, x

4
2 − x1x3x4, x

4
3 − x1x2x4, x

4
4 − x1x2x3}.
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The system F has (0, 0, 0, 0) as a 131-fold isolated zero. Since Fx(x̂) = O4,4, we have
d = 4, c = k = {1, 2, 3, 4}, v1 = (1, 1, 1, 1)T ; then

G(x,b0) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
F (x) − Ikb0 = 0,

4x3
1 − x3x4 − x2x4 − x2x3 = 0,

4x3
2 − x3x4 − x1x4 − x1x3 = 0,

4x3
3 − x2x4 − x1x4 − x1x2 = 0,

4x3
4 − x2x3 − x1x3 − x1x2 = 0.

The Jacobian matrix of G(x,b0) at (0,0) is

Gx,b0(0,0) =

(O4,4 −Ik
O4,4 O4,4

)
.

Hence, d′ = 4, c′ = k′ = {1, 2, 3, 4} and

H(x,λ,b) =

⎧⎨⎩
F (x)− Ikb0 −X1b1 = 0,

Fx(x)v1 − Ik′b1 = 0,

G̃x,b0(x,b0,b1)v2 = 0,

(3.27)

where v2 = (1, 1, 1, 1, λ1, λ2, λ3, λ4)
T , and G̃x,b0(0,0,0)v2 = 0 has a unique solution

(λ̂1, λ̂2, λ̂3, λ̂4) = (0, 0, 0, 0). The Jacobian matrix of H(x,λ,b) at (0,0,0) is

Hx,λ,b(0,0,0) =

⎛⎜⎜⎝
O4,4 −Ik O4,4 O4,4

O4,4 O4,4 O4,4 −Ik′

O4,4 O4,4 −Ik′ −Ik′

A O4,4 O4,4 O4,4

⎞⎟⎟⎠ , A =

⎛⎜⎜⎝
0 −2 −2 −2
−2 0 −2 −2
−2 −2 0 −2
−2 −2 −2 0

⎞⎟⎟⎠ ,

which is nonsingular. Therefore, we obtain a regular and square augmented system
H(x,λ,b) and a perturbed system

F̃ (x,b) =

⎧⎪⎪⎨⎪⎪⎩
x4
1 − x2x3x4 − b1 − b5x1 = 0,

x4
2 − x1x3x4 − b2 − b6x2 = 0,

x4
3 − x1x2x4 − b3 − b7x3 = 0,

x4
4 − x1x2x3 − b4 − b8x4 = 0.

Applying the verification method based on Theorem 2.5 to H(x,λ,b), we show

in section 4 that a slightly perturbed system F̃ (x, b̂) for

|b̂i| ≤ 2.9e− 323, i = 1, . . . , 8,

has an isolated singular solution x̂ within

|x̂i| ≤ 4.8e− 323, i = 1, 2, 3, 4.

3.3. Higher-order deflations. For higher-order deflations, we show inductively
how to add new smoothing parameters properly to the original system in order to de-
rive a regular and square augmented system, which can be used to prove the existence
of an isolated singular solution of a slightly perturbed system.

Let H(0)(x) = F (x); for the (s+ 1)th-order deflation, we add smoothing param-
eters b(s) = (b0, . . . ,bs) and consider the square system

H(s+1)(x,λ(s+1),b(s)) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
F̃ (x,b(s)) = 0,

F̃x(x,b
(s))v1 = 0,

...

G
(s)

x,λ(s),b(s−1)(x,λ
(s),b(s))vs+1 = 0.

(3.28)
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λ(s+1) = (λ1, . . . ,λs+1) are extra variables corresponding to vectors {v1, . . . ,vs+1},
G(s)(x,λ(s),b(s)) consists of the first 2sn polynomials in H(s+1)(x,λ(s+1),b(s)),

(3.29) F̃ (x,b(s)) = F (x)−X0b0 −X1b1 − · · · −Xsbs,

the matrix Xj (0 ≤ j ≤ s) consists of vectors 1
j! · xj

c
(j)
i

· e
k
(j)
i

, i = 1, . . . , dj , where

c(j) and k(j) are two sets of positive integers selected at the jth-order deflation
satisfying conditions obtained by replacing the polynomial system F (x) in (3.2)

and (3.3) by the jth augmented system H(j)(x,λ(j),b(j−1)) and replacing Ik by

Ik(j)+(2j−1)n =
(O

(2j−1)n,dj

I
k(j)

)
, Ik(j) = (e

k
(j)
1
, e

k
(j)
2
, . . . , e

k
(j)
dj

), where dj is the corank

of H
(j)

x,λ(j),b(j−1)(x̂, λ̂
(j)

,0).

Theorem 3.8. The corank ds+1 of H
(s+1)

x,λ(s+1),b(s)(x̂, λ̂
(s+1)

,0) does not increase

and the number of deflations needed to derive a regular solution of an augmented
system (3.28) is less than the depth of Dx̂, i.e., we have

d0 ≥ d1 ≥ · · · ≥ ds+1 ≥ · · · ≥ dρ−1 = 0.(3.30)

Moreover, we can choose c(j) and k(j) satisfying

c(s) ⊆ · · · ⊆ c(0) and k(s) ⊆ · · · ⊆ k(0).(3.31)

Proof. By applying Theorems 3.3, 3.5, and 3.6 inductively, we can prove that
the deflation process (3.28) produces a decreasing nonnegative-integer sequence d0 ≥
d1 ≥ · · · ≥ ds+1 ≥ · · · , which is the same as the sequence consisting of coranks of
the Jacobian matrices of the augmented systems by Yamamoto’s deflation method.
According to Theorem 3.2, the number of first-order deflations (3.5) needed to derive
a regular and square augmented system is bounded by the depth of Dx̂. Hence the
number of modified deflations (3.28) is also bounded by the depth of Dx̂. The proof
of (3.31) is similar to the proofs of Theorems 3.3 and 3.6.

Theorem 3.9. Suppose Theorem 2.5 is applicable to the augmented system (3.28)

and yields inclusions for x̂, λ̂, and b̂; then the perturbed system F̃ (x, b̂) has an isolated
singular solution at x̂.

Proof. Since (x̂, λ̂, b̂) is a solution of the augmented system (3.28), we have

F̃ (x̂, b̂) = 0 and F̃x(x̂, b̂)v̂1 = 0, v̂1 �= 0.

Hence, x̂ is an isolated singular solution of the perturbed system

F̃ (x, b̂) = F (x)−X0b̂0 −X1b̂1 − · · · −Xsb̂s.

Example 3.10 (see [4, DZ2]). Consider a polynomial system

F =
{
x4, x2y + y4, z + z2 − 7x3 − 8x2

}
.

The system F has (0, 0,−1) as a 16-fold isolated zero.
The Jacobian matrix of F at x̂ = (0, 0,−1) is

Fx(x̂) =

⎛⎝0 0 0
0 0 0
0 0 −1

⎞⎠ , so that d0 = 2, and we choose c(0) = k(0) = {1, 2}.D
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The first-order deflated system is

H(1)(x,λ(1),b(0)) =

⎧⎪⎪⎨⎪⎪⎩
F (x)−X0b0 = 0,

4x3 = 0,
2xy + x2 + 4y3 = 0,

−21x2 − 16x+ λ1 + 2zλ1 = 0,

where

X0 = (e1, e2) =

⎛⎝1 0
0 1
0 0

⎞⎠ , b0 =

(
b1
b2

)
, v1 = (1, 1, λ1)

T .

The Jacobian matrix of H(1)(x,λ1,b0) at (0, 0,−1, 0, 0, 0) is⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 −1 0
0 0 0 0 0 −1
0 0 −1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

−16 0 0 −1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ , d1 = 2, and we choose c(1) = k(1) = {1, 2}.

Therefore, we derive the second-order deflated system

H(2)(x,λ(2),b(1)) =

⎧⎪⎨⎪⎩
F (x) −X0b0 −X1b1 = 0,

Fx(x)v1 −X ′
1b1 = 0,

G
(1)

x,λ(1),b(0)(x,λ
(1),b(1))v2 = 0,

where

X1 =

⎛⎝x 0
0 y
0 0

⎞⎠ , b1 =

(
b3
b4

)
, X ′

1 =

⎛⎝1 0
0 1
0 0

⎞⎠ ,

v2 = (1, 1, λ2, λ3, λ4, λ5)
T .

Moreover, G
(1)

x,λ(1),b(0)(x̂, λ̂
(1)

,0)v2 = 0 has a unique solution λ̂2 = (0,−16, 0, 0).

For the third-order deflation, we have d2 = 1, c(2) = k(2) = {1}, so

H(3)(x,λ(3),b(2)) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

F (x)−X0b0 −X1b1 −X2b2 = 0,
Fx(x)v1 −X ′

1b1 −X ′
2b2 = 0,

Fx(x)v
′
2 −X0v

′′
2 −X ′

1b1 −X ′
2b2 = 0,

Fxx(x)v1v
′
2 + F c(0)

x (x)λ3 −X ′′
2 b2 = 0,

G
(2)

x,λ(2),b(1)(x,λ
(2),b(2))v3 = 0,

(3.32)

where

X2 =

⎛⎝ 1
2x

2

0
0

⎞⎠ , b2 = (b5), X ′
2 =

⎛⎝x
0
0

⎞⎠ , X ′′
2 =

⎛⎝1
0
0

⎞⎠ ,
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v′
2 = (1, 1, λ2)

T , v′′
2 = (λ4, λ5)

T , v3 = (1, λ6, λ7, . . . , λ16)
T .

Moreover, G
(2)

x,λ(2),b(1)(x̂, λ̂
(2)

,0)v3 = 0 has a unique solution

λ̂3 = (−2, 0, 0, 0,−16, 0, 0,−16, 0, 0,−42).

Finally, the Jacobian matrix H
(3)

x,λ(3),b(2)(x̂, λ̂
(3)

,0) becomes nonsingular, and we ob-

tain a perturbed polynomial system

F̃ (x,b) = F (x)−X0b0 −X1b1 −X2b2

=

{
x4 − b1 − b3x− 1

2
b5x

2, x2y + y4 − b2 − b4y, z + z2 − 7x3 − 8x2

}
.(3.33)

Notice that

Fx(x)v1 −X ′
0b1 −X ′

1b2 = 0 ⇐⇒ F̃x(x,b)v1 = 0,

so after applying the verification method based on Theorem 2.5 to the above aug-
mented system (3.32), we are able to verify that a slightly perturbed system F̃ (x, b̂)
for

|b̂i| ≤ 1.0e− 14, i = 1, 2, . . . , 5,

has an isolated singular solution x̂ within

|x̂i| ≤ 1.0e− 14, i = 1, 2, and |1 + x̂3| ≤ 1.0e− 14.

4. An algorithm for verifying multiple roots. Based on Theorems 3.8 and
3.9, we propose below an algorithm for computing verified error bounds such that a
slightly perturbed system is guaranteed to possess an isolated singular solution within
the computed bounds if the algorithm is successful.

Algorithm 4.1. viss.
Input: A square polynomial system F ∈ C[x] = C[x1, . . . , xn], an approximate solu-
tion x̃ ∈ C

n, and a tolerance ε.

Output: A new polynomial system in variables x and parameters b

F̃ (x,b) = F (x) −X0b0 −X1b1 − · · · −Xsbs,

and two verified inclusions

X = ([x1, x1], . . . , [xn, xn])
T
,

and

B =
(
[b1, b1], . . . , [b|b|, b|b|]

)T
.

1. Set s := 0, m := n, F̃ := F , G := F̃ , y := x, and ỹ := x̃.
2. Compute d := n− rank(Fx(x̃), ε), select integer sets c and k satisfying (3.2)

and (3.3), respectively.

3. Set F̃ := F̃ − Xsbs, where the matrix Xs consists of vectors 1
s! · xs

ci · eki ,
i = 1, . . . , d.
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(a) If s ≥ 1, then set G := F̃ ; for j from 1 to s do
G := {G,Gyvj}; y := (y,λj ,bj−1).

(b) Compute ỹ := (ỹ,LeastSquares(Gy(ỹ)vs+1 = 0),0).
(c) Set G := {G,Gyvs+1}; y := (y,λs+1,bs); m := 2m.

4. Compute d := m− rank(Gy(ỹ), ε).
(a) If d = 0, apply verifynlss to G and ỹ to compute inclusions X and B for

x̂ and b̂, return F̃ , X, and B.
(b) Otherwise, select c, k satisfying (3.2), (3.3) for the polynomial system G,

set s := s+ 1, y := x and go back to step 3.

Remark 4.2. In step 4(a) of algorithm viss, we apply INTLAB function verifynlss
[33] for computing an inclusion [X,B] for a regular solution of the polynomial system
G near ỹ. If verifynlss fails, then no useful information is available and the inclusions
returned by algorithm viss contain only intervals [NaN,NaN]. Otherwise, a successful

output of algorithm viss contains a family of perturbed systems F̃ (x,b) to the input
polynomial system F (x) and verified error bounds X and B such that there exists a

unique b̂ ∈ B and a unique x̂ ∈ X satisfying F̃ (x̂, b̂) = 0 and det(F̃x(x̂, b̂)) = 0.

Remark 4.3. If the output inclusion B contains zero, then F (x) = F̃ (x,0) ∈ F :=

{F̃ (x,b),b ∈ B}. Moreover, if the input system F (x) does have a singular zero near
x̃, then the unique isolated singular solution x� of F (x) is guaranteed to be within
the output inclusion X.

Example 3.1 continued. Given an approximate singular solution

x̃ = (0.0003445, 0.0009502, 0.0003171, 0.0006948)

and a tolerance ε = 0.005, applying algorithm viss, it returns a new polynomial system
in variables x and parameters b,

F̃ (x,b) =

⎧⎪⎪⎨⎪⎪⎩
x4
1 − x2x3x4 − b1 − b5x1 = 0,

x4
2 − x1x3x4 − b2 − b6x2 = 0,

x4
3 − x1x2x4 − b3 − b7x3 = 0,

x4
4 − x1x2x3 − b4 − b8x4 = 0,

and two verified inclusions,

X =

⎛⎜⎜⎝
[−4.7619047619047, 0.47619047619047]
[−4.7619047619047, 0.47619047619047]
[−2.3809523809523, 0.23809523809523]
[−2.3809523809523, 0.23809523809523]

⎞⎟⎟⎠ · 1.0e− 323,

B =

⎛⎜⎝[−2.8571428571428, 0.28571428571428]
...

[−2.8571428571428, 0.28571428571428]

⎞⎟⎠ · 1.0e− 323.

We guarantee that there exists a unique system F̃ (x, b̂) ∈ F := {F̃ (x,b),b ∈ B}
satisfying |b̂i| ≤ 2.9e− 323, 1 ≤ i ≤ 8, which has a unique isolated singular solution x̂
within X, i.e., |x̂i| ≤ 4.8e− 323, i = 1, 2, 3, 4.

We notice that the input polynomial system F (x) = F̃ (x,0) ∈ F and its true

singular zero (0, 0, 0, 0) lies in X. Hence, due to the uniqueness of b̂ and x̂, we have

b̂i = 0, 1 ≤ i ≤ 8, and x̂i = 0, i = 1, 2, 3, 4.
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Special case. The breadth-one case where the corank of the Jacobian matrix
equals one occurs frequently. In the following, we show how to deal with this special
case more efficiently.

We have shown in [22, Theorem 3.8] that each step of deflation described by (2.5)
only reduces the multiplicity μ of the singular solution x̂ by 1. According to Theorem
3.8, the number of deflations described by (3.28) will be μ − 1. Hence, algorithm
viss generates an augmented regular system of size (2μ−1n) × (2μ−1n). However, in
[23], we introduced a more efficient method based on the parameterized multiplicity
structure to obtain a deflated regular system G(x,b,λ), which is of size (μn)× (μn)
and can be used to verify not only the existence of an isolated singular solution but
also its multiplicity structure.

Let us introduce briefly the method in [23] for the special case of breadth one.
By adding μ − 1 smoothing parameter b0, b1, . . . , bμ−2 to a well-selected polynomial,
assumed to be f1, we derive a square augmented system

G(x,b,λ) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
F̃ (x,b) = 0,

L1(F̃ ) = 0,
...

Lμ−1(F̃ ) = 0,

where

F̃ (x,b) =

{
f1(x) −

μ−2∑
ν=0

bνx
ν
1

ν!
, f2(x), . . . , fn(x)

}
,

and {1, L1, . . . , Lμ−1} is a parameterized basis of the local dual space in variables λ.
Furthermore, we proved that if Theorem 2.5 is applicable to G and yields inclusions
for x̂ ∈ Rn, b̂ ∈ Rμ−1, and λ̂ ∈ R(μ−1)×(n−1) such that G(x̂, b̂, λ̂) = 0, then x̂ is a

breadth-one singular solution of F̃ (x, b̂) = 0 with multiplicity μ and {1, L1, . . . , Lμ−1}
with λ = λ̂ is a basis of Dx̂.

Example 4.4 (see [35, Example 4.11]). Consider a polynomial system

F =
{
x2
1x2 − x1x

2
2, x1 − x2

2

}
.

The system F has (0, 0) as a 4-fold isolated zero.
We add the univariate polynomial −b1− b2x2 − b3

2 x
2
2 to the first equation in F to

obtain an augmented system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x2
1x2 − x1x

2
2 − b1 − b2x2 − b3

2 x
2
2 = 0,

x1 − x2
2 = 0,

2λ1x1x2 − λ1x
2
2 + x2

1 − 2x1x2 − b2 − b3x2 = 0,
λ1 − 2x2 = 0,

λ2
1x2 + 2λ1x1 − 2λ1x2 + 2λ2x1x2 − λ2x

2
2 − x1 − b3

2 = 0,
λ2 − 1 = 0,

λ2
1 + 2λ1λ2x2 − λ1 + 2λ2x1 − 2λ2x2 + 2λ3x1x2 − λ3x

2
2 = 0,

λ3 = 0,

which is of size 8×8, while algorithm viss generates a system of size 16×16. Applying
verifynlss with an initial approximation

(0.002, 0.003,−0.001, 0.0015,−0.002, 0.002, 1.001,−0.01),
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we obtain verified inclusions

X =

(
[−0.00000000000001, 0.00000000000001]
[−0.00000000000001, 0.00000000000001]

)
,

B =

⎛⎝[−0.00000000000001, 0.00000000000001]
[−0.00000000000001, 0.00000000000001]
[−0.00000000000001, 0.00000000000001]

⎞⎠ .

This proves that there is a unique perturbed system F̃ (x, b̂) (|b̂i| ≤ 1.0e− 14, i =
1, 2, 3), which has a 4-fold breadth-one root x̂ within |x̂i| ≤ 1.0e− 14, i = 1, 2.

5. Experiments. In Table 1, we show the performance of algorithm viss.
The experiments are done in Maple 15 for Digits := 14 and MATLAB R2011a with
INTLAB V6 under Windows 7. The first three examples, DZ1, DZ2, DZ3, are from [4]
and the other examples are quoted from the PHCpack demos by Jan Verschelde. We
denote n the number of polynomial equations and μ the multiplicity. The fourth col-
umn shows the decrease of the coranks. The last two columns show the quality of the
interval vectors X and B. We define radius(X) = max{|xi − xi|/2, i = 1, . . . , n} and
radius(B) = max{|bj − bj |/2, j = 1, . . . , |b|}. Codes of algorithm viss and examples
are available at http://www.mmrc.iss.ac.cn/∼lzhi/ Research/hybrid/MMVISS.

Example 5.1 (see [4, DZ3]). Consider a polynomial system

f1 =14x+ 33y − 3
√
5(x2 + 4xy + 4y2 + 2) +

√
7 + x3 + 6x2y + 12xy2 + 8y3,

f2 =41x− 18y −√
5 + 8x3 − 12x2y + 6xy2 − y3 + 3

√
7(4xy − 4x2 − y2 − 2).

The system (f1, f2) has (
2
√
7

5 +
√
5
5 ,−

√
7
5 + 2

√
5

5 ) as a 4-fold isolated zero.
In the experiment, we round the irrational coefficients of f1 and f2 into 14 digits

and denote the input system by {f̃1, f̃2}. Given an approximate singular solution
x̃ = (1.506, 0.366) and a tolerance ε = 0.005, applying algorithm viss to {f̃1, f̃2}, we
obtain successfully a new polynomial system in variables x and parameters b,

F̃ (x,b) =

{
f̃1 = 0,

f̃2 − b1 − b2y − b3
2 y

2 = 0,

Table 1

Algorithm performance.

System n µ corank(Gy(ỹ)) radius(X) radius(B)
DZ1 4 131 4 → 4 → 0 4.8e-323 2.9e-323
DZ2 3 16 2 → 2 → 1 → 0 1.0e-14 1.0e-14
DZ3 2 4 1 → 1 → 1 → 0 3.5e-8 1.6e-8
cbms1 3 11 3 → 0 2.4e-323 2.4e-323
cbms2 3 8 3 → 0 1.0e-323 2.9e-323
mth191 3 4 2 → 0 1.0e-14 1.0e-14
KSS 10 638 9 → 0 1.0e-14 1.0e-14
Caprasse 4 4 2 → 0 1.0e-14 1.0e-14
cyclic9 9 4 2 → 0 4.9e-14 6.3e-14
RuGr09 2 4 1 → 1 → 1 → 0 1.0e-14 1.0e-14
LiZhi12 100 3 1 → 1 → 0 1.0e-14 1.0e-14
Ojika1 2 3 1 → 1 → 0 1.0e-14 1.0e-14
Ojika2 3 2 1 → 0 1.0e-14 1.0e-14
Ojika3 3 2 1 → 0 1.5e-14 1.0e-14
Ojika4 3 3 1 → 1 → 0 1.0e-14 1.0e-14
Decker2 3 4 1 → 1 → 1 → 0 1.0e-14 1.0e-14
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and two verified inclusions,

X =

(
[1.50551422067815, 1.50551422777704]
[0.36527696237118, 0.36527696473749]

)
,

B =

⎛⎝[−0.00000049931159,−0.00000046644645]
[0.00000000000408, 0.00000000000566]
[0.00000000000059, 0.00000000000108]

⎞⎠ .

It is guaranteed that there exists a unique system

F̃ (x, b̂) ∈ F :=
{
F̃ (x,b),b ∈ B

}
,

which possesses a unique isolated singular solution x̂ within X.
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ISSAC ’97, New York, ACM, 1997, pp. 133–140.

[3] B. Dayton, T. Li, and Z. Zeng, Multiple zeros of nonlinear systems, Math. Comp., 80 (2011),
pp. 2143–2168.

[4] B. Dayton and Z. Zeng, Computing the multiplicity structure in solving polynomial systems,
in Proceedings of the International Symposium on Symbolic and Algebraic Computation,
M. Kauers, ed., ISSAC ’05, New York, ACM, 2005, pp. 116–123.

[5] D. W. Decker and C. T. Kelley, Newton’s method at singular points I, SIAM J. Numer.
Anal., 17 (1980), pp. 66–70.

[6] D. W. Decker and C. T. Kelley, Newton’s method at singular points II, SIAM J. Numer.
Anal., 17 (1980), pp. 465–471.

[7] D. W. Decker and C. T. Kelley, Convergence acceleration for Newton’s method at singular
points, SIAM J. Numer. Anal., 19 (1982), pp. 219–229.

[8] J. Dian and R. B. Kearfott, Existence verification for singular and nonsmooth zeros of real
nonlinear systems, Math. Comp., 72 (2003), pp. 757–766.

[9] M. Giusti, G. Lecerf, B. Salvy, and J.-C. Yakoubsohn, On location and approximation of
clusters of zeros of analytic functions, Found. Comput. Math., 5 (2005), pp. 257–311.

[10] M. Giusti, G. Lecerf, B. Salvy, and J.-C. Yakoubsohn, On location and approximation
of clusters of zeros: Case of embedding dimension one, Found. Comput. Math., 7 (2007),
pp. 1–58.

[11] A. Griewank, Analysis and Modification of Newton’s Method at Singularities, Thesis,
Australian National University, 1980.

[12] A. Griewank, On solving nonlinear equations with simple singularities or nearly singular
solutions, SIAM Rev., 27 (1985), pp. 537–563.

[13] A. Griewank and M. R. Osborne, Newton’s method for singular problems when the dimension
of the null space is > 1, SIAM J. Numer. Anal., 18 (1981), pp. 145–149.

[14] Y. Kanzawa and S. Oishi, Imperfect singular solutions of nonlinear equations and a numerical
method of proving their existence, IEICE Trans. Fund. Electron. Commun. Comput. Sci.,
82 (1999), pp. 1062–1069.

[15] R. B. Kearfott and J. Dian, Existence verification for higher degree singular zeros of non-
linear systems, SIAM J. Numer. Anal., 41 (2003), pp. 2350–2373.

D
ow

nl
oa

de
d 

01
/2

1/
15

 to
 2

02
.1

13
.1

1.
16

3.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1640 NAN LI AND LIHONG ZHI

[16] R. B. Kearfott, J. Dian, and A. Neumaier, Existence verification for singular zeros of
complex nonlinear systems, SIAM J. Numer. Anal., 38 (2000), pp. 360–379.

[17] R. Krawczyk, Newton-Algorithmen zur Bestimmung von Nullstellen mit Fehlerschranken,
Computing, 4 (1969), pp. 187–201.

[18] G. Lecerf, Quadratic Newton iteration for systems with multiplicity, Found. Comput. Math.,
2 (2002), pp. 247–293.

[19] A. Leykin, J. Verschelde, and A. Zhao, Newton’s method with deflation for isolated singu-
larities of polynomial systems, Theoret. Comput. Sci., 359 (2006), pp. 111–122.

[20] A. Leykin, J. Verschelde, and A. Zhao, Higher-order deflation for polynomial systems with
isolated singular solutions, in Algorithms in Algebraic Geometry, A. Dickenstein, F.-O.
Schreyer, and A. Sommese, eds., IMA Vol. Math. Appl. 146, Springer, New York, 2008,
pp. 79–97.

[21] N. Li and L. Zhi, Compute the multiplicity structure of an isolated singular solution: Case of
breadth one, J. Symbolic Comput., 47 (2012), pp. 700–710.

[22] N. Li and L. Zhi, Computing isolated singular solutions of polynomial systems: Case of breadth
one, SIAM J. Numer. Anal., 50 (2012), pp. 354–372.

[23] N. Li and L. Zhi, Verified error bounds for isolated singular solutions of polynomial systems:
Case of breadth one, Theoret. Comput. Sci., 479 (2013), pp. 163–173.

[24] A. Mantzaflaris and B. Mourrain, Deflation and certified isolation of singular zeros of
polynomial systems, in Proceedings of the 2011 International Symposium on Symbolic and
Algebraic Computation, ISSAC ’11, A. Leykin, ed., New York, ACM, 2011, pp. 249–256.

[25] R. E. Moore, A test for existence of solutions to nonlinear systems, SIAM J. Numer. Anal.,
14 (1977), pp. 611–615.

[26] T. Ojika, Modified deflation algorithm for the solution of singular problems. I. A system of
nonlinear algebraic equations, J. Math. Anal. Appl., 123 (1987), pp. 199–221.

[27] T. Ojika, A numerical method for branch points of a system of nonlinear algebraic equations,
Appl. Numer. Math., 4 (1988), pp. 419–430.

[28] T. Ojika, S. Watanabe, and T. Mitsui, Deflation algorithm for the multiple roots of a system
of nonlinear equations, J. Math. Anal. Appl., 96 (1983), pp. 463–479.

[29] L. Rall, Convergence of the Newton process to multiple solutions, Numer. Math., 9 (1966),
pp. 23–37.

[30] G. W. Reddien, On Newton’s method for singular problems, SIAM J. Numer. Anal., 15 (1978),
pp. 993–996.

[31] G. W. Reddien, Newton’s method and high order singularities, Comput. Math. Appl., 5 (1979),
pp. 79 – 86.

[32] S. M. Rump, Solving algebraic problems with high accuracy, in Proceedings of the Symposium
on a New Approach to Scientific Computation, San Diego, CA, Academic Press, 1983,
pp. 51–120.

[33] S. M. Rump, INTLAB-INTerval LABoratory, in Developments in Reliable Computing,
T. Csendes, ed., Springer, Berlin, 1999, pp. 77–104.

[34] S. M. Rump, Verification methods: Rigorous results using floating-point arithmetic, Acta
Numer., 19 (2010), pp. 287–449.

[35] S. M. Rump and S. Graillat, Verified error bounds for multiple roots of systems of nonlinear
equations, Numer. Algorithms, 54 (2010), pp. 359–377.

[36] Y.-Q. Shen and T. J. Ypma, Newton’s method for singular nonlinear equations using approxi-
mate left and right nullspaces of the Jacobian, Appl. Numer. Math., 54 (2005), pp. 256–265.

[37] B. L. Van Der Waerden, Algebra, Frederick Ungar, New York, 1970.
[38] X. Wu and L. Zhi, Computing the multiplicity structure from geometric involutive form, in

Proceedings of the 2008 International Symposium on Symbolic and Algebraic Computation,
ISSAC ’08, D. Jeffrey, ed., New York, ACM, 2008, pp. 325–332.

[39] X. Wu and L. Zhi, Determining singular solutions of polynomial systems via symbolic-numeric
reduction to geometric involutive forms, J. Symbolic Comput., 47 (2012), pp. 227–238.

[40] N. Yamamoto, Regularization of solutions of nonlinear equations with singular Jacobian
matrices, J. Inform. Process., 7 (1984), pp. 16–21.

D
ow

nl
oa

de
d 

01
/2

1/
15

 to
 2

02
.1

13
.1

1.
16

3.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


