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Abstract We give a Cramér moderate deviation expansion for martingales with differences
having finite conditional moments of order 2 + p, p € (0,1], and finite one-sided conditional
exponential moments. The upper bound of the range of validity and the remainder of our
expansion are both optimal. Consequently, it leads to a one-sided moderate deviation prin-
ciple for martingales. Moreover, applications to quantile coupling inequality, S-mixing and
1-mixing sequences are discussed.
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1 Introduction

Let (7;)i>1 be a sequence of independent and identically distributed (i.i.d.) centered real
random variables (r.v.s) satisfying Cramér’s condition Eexp{co|n:1|} < oo, for some con-
stant ¢y > 0. Without loss of generality, assume that En? = 1. Cramér [6] established
an asymptotic expansion of the probabilities of moderate deviations for the partial sums
> i, M, based on the powerful technique of conjugate distributions (see also Esscher [10]).
The result of Cramér implies that uniformly in 0 < z = o(n'/?),

P > o) (1448
- a(2) _O(ﬁ

where @(z) = \/% [* . exp{—t?/2}dt is the standard normal distribution function. Cramér

log ) as m — o0, (1.1)

type moderate deviations for sums of independent r.v.s have been obtained by many au-
thors. See, for instance, Feller [14], Petrov [19], Sakhanenko [24] and [12]. We refer to the
monographs of Petrov [20], Saulis and Statulevi¢ius [25] and the references therein.
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In this paper we are concerned with Cramér moderate deviations for martingales. When
the martingale differences are bounded, we refer to Bose [3,4], Rackauskas [21-23], Grama
and Haeusler [16]. Let (1;, Fi)i=o,....n be a sequence of square integrable martingale differ-
ences defined on a probability space ({2, F,P), where g = 0 and {0, 2} =Fy C ... C F, C
F. Assume that there exist absolute constants H > 0 and N > 0 such that max; |n;| < H
and Y1 E[n?|F;—1] — n| < N2. Here and hereafter, the equalities and inequalities between
random variables are understood in the P-almost sure sense. From the results in Grama and
Haeusler [16], it follows that

log

1—d(z) vn

PS> 3
Qimami > zv/n) O( ; ) (1.2)
for all /Iogn < z = o(n'/*),n — oo, and that

P(E?:1 n; > xy/n)
1—@(x)

=1+0(1) (1.3)

uniformly for 0 < 2 = 0 (n'/%) ,n — oco. In [11] the expansions (1.2) and (1.3) have been
extended to the case of martingale differences satisfying the conditional Bernstein condition:

’E[nﬂ}}_l]‘ < SKH"2E[2|Fisy] for k>3 and 1<i<n, (1.4)

N |

where H is a positive absolute constant. We note that the conditional Bernstein condi-
tion implies that the martingale differences have finite two-sided conditional exponential
moments.

In this paper we extend the expansions (1.2) and (1.3) to the case of martingales with
differences having finite (2 + p)th moments, p € (0,1], and finite one-sided conditional
exponential moments. Assume that there exist constants L, M > 0 and N > 0 such that

E[|n;|2tPeln | Fi_1] < MPER2|Fi_1] forall1<i<n (1.5)
and
’ZE[U?V}A] —n| < N2 (1.6)
=1

It is easy to see that the conditional Bernstein condition implies (1.5) with p = 1, while
condition (1.5) generally does not imply the conditional Bernstein condition; see (2.3) for an
example. In Theorem 1 of the paper, we prove that if p € (0,1), then forall0 <z =0 (n1/2) ,

PQiimi>avn) _ o (14a%t"
1—(z) ne/2

log ) as m — 0o. (1.7)

The expansion (1.7) can be regard as an extension of (1.2). We would like to point out that
the range of validity of (1.2) has been enlarged to the classical Cramér’s one, and therefore
is optimal. Moreover, it is worth mentioning that (1.7) is new even for independent r.v.s.
The last expansion implies that (1.3) holds uniformly in the range 0 < z = o (n”/(4+2”)) .
We also show that when p = 1, equality (1.7) holds for all /logn < x = o(n'/?), see Remark
1 for details.

The paper is organized as follows. Our main results for martingales are stated and dis-
cussed in Section 2. Applications to quantile coupling inequality, S-mixing and t-mixing
sequences are discussed in Section 3. Proofs of the theorems and their preliminary lemmas
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are deferred to Sections 4-10. The proofs of Theorem 1 and Lemma 4 are refinements of Fan
et al. [11]. The applications of our results are new, and therefore are of independent interest.

Throughout the paper, ¢ and ¢, probably supplied with some indices, denote respectively
a generic positive constant and a generic positive constant depending only on a. Denote by
&t = max{&, 0} the positive part of &.

2 Main results

Let n > 1, and let (&, Fi)i=o,....n be a sequence of martingale differences, defined on some
probability space (£2,F,P), where &, = 0, {0, 2} = Fo C ... C F, C F are increasing
o-fields and (&;);=1,... »n, are allowed to depend on n. Set

k
Xo=0, Xp=» & k=1,..n (2.1)
i=1

Let (X) be the conditional variance of the martingale X = (X, Fi)k=0,....n :

k

(X)g=0, (X), =) EEF], k=1..n (2.2)
i=1

In the sequel we shall use the following conditions:

(A1) There exist a constant p € (0,1] and positive numbers ¢, € (0, 5] such that

E[|&|* Pesn & | Fi_y] < 2 B[€2|Fi_q] forall 1 <i<n.

(A2) There exist non-negative numbers 4, € [0, 3] such that [(X), — 1| <462 a.s.

Condition (A1) can be seen as a one-sided version of Sakhanenko’s condition [24]. In the
case of normalized sums of i.i.d. random variables, conditions (A1) and (A2) are satisfied
with &, = O(ﬁ) and d0,, = 0. In the case of martingales, ¢,, and d,, usually are satisfying
€ny0n — 0 as n — oo.

Notice that condition (A1) implies that E[e®» el | Fi—1] must be finite, which means that
the positive part of the conditional distribution of &; /e, has an exponential moment, and
therefore has conditional moments of any order. However, such an assumption is not required
for the negative part of the conditional distribution. For the negative part of £;, we assume a
finite conditional moment of order 2+ p. Thus, condition (A1) does not imply the conditional
Cramér condition, because E[esn |&/|F;_1] may not exist.

Let us remark that if & is bounded, say |¢;| < v, then condition (A1) is satisfied with
en = €'/ ~,. On the other hand, if & satisfies

& <n and E[|&[PTP|Fi] < P E[EFF,_1] foralll<i<n, (2.3)

then condition (A1) is also satisfied with e, = max{y,, el/an}. Here we assume that 0 <
Yy Tn < %e_l/p~
The following theorem gives a Cramér moderate deviation expansion for martingales.

Theorem 1 Assume conditions (A1) and (A2).
[i] If p € (0,1), then there is a constant a > 0, such that for all 0 < z < ae; !,

'1 P(X, >z)
1-9(x)

< Cap <x2+psﬁ + 2202 + (1 + ) (€8, + 6,) ) (2.4)
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[ii] If p =1, then there is a constant o > 0, such that for all 0 < x < ag; !,

P(X, > z)

s

< cq <x3€n + 2262 + (1 + ) (e, Ingp| + 6,) ) (2.5)

The term e, |Ine,| in (2.5) cannot be replaced by e, under the stated conditions. Indeed,
Bolthausen [2] showed that there exists a sequence of martingale differences satisfying |¢;| <
2/y/n and (X), =1 a.s., such that for all n large enough,

Vn
sup |P(X, <z)—®(x)|—— > ¢ 2.6
sup [P(Y, < ) = (@) [ {2 (26)

where ¢ is a positive constant and does not depend on n. See also [13] for general e,. If
en|lney,| in (2.5) could be improved to €, then we can deduce the following Berry-Esseen
bound
sup |P(X,, <z)—®(z)| < c(en + 0n), (2.7)
ze€R
which would violate Bolthausen’s result (2.6). Thus &, |Ine,| in (2.5) cannot be improved
to €, even for bounded martingale differences.

If the martingale differences are bounded |§;| < &, and satisfy condition (A2), Grama
and Haeusler [16] proved the asymptotic expansion (2.5) for all z € [0, amin{s;1/2,6;1}].
Now Theorem 1 holds for a larger range x € [0, e, '] and a much more general class of
martingales.

The following corollary states that under conditions (A1) and (A2), the tail probabilities
P(X, > z) can be uniformly approximated by the tail probabilities of the standard normal
random variable, when z is in a certain reduced range.

Corollary 1 Assume conditions (A1) and (A2).
[i] If p€(0,1), then for all0 <z = o(min{sﬁp/(2+p), 5,

’P(Xn > x)

1-d(z) 1‘ =6 (352“’5@ + (1 +2)(ef + 6n)>. (2.8)

[ii] If p=1, then for all 0 < x = o(min{e, /*,5:1}),

P(X, >x) 3
e 2 g < L+ (1 Lne,| +46,) ). 2.
‘1—@5@) ‘_c(wa +( —|—x)(€|ne|+5)) (2.9)
In particular, this implies that
P(X, >x)
— =1 1
1o — LT

holds uniformly for 0 < x = o(min{eﬁp/(%p), §:11) as max{e,,d,} — 0.

The inequalities (2.4) and (2.5) together implies that there is a constant o > 0 such that
for p € (0,1] and all 0 < x < ag; !,

P(X, > x)‘

g 55 1y

< Cq <x2+”sﬁ + 2262 + (1 + ) (e8| Ine,| + 6,) ) (2.10)

By (2.10), we obtain the following moderate deviation principle (MDP) result.
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Corollary 2 Assume that conditions (A1) and (A2) are satisfied with max{d,,e,} — 0
as n — oco. Let a, be any sequence of real numbers satisfying a, — oo and ane, — 0 as
n — 0o. Then for each Borel set B C [0,00),

z? 1 1
— inf — <liminf —logP | —X,, € B
zeBe 2 n—oo a2 Qn
. 1 1 a2
<limsup — logP | —X,, € B| < —inf —, (2.11)
n—oo Qap Ap z€B 2

where B° and B denote the interior and the closure of B respectively.

Since (2.11) may not hold for all Borel set B C (—o0, 0], inequality (2.11) does not imply
the usual MDP, but it can be seen as a one-sided MDP.

Similar MDP results for martingales can be found in Dembo [8], Gao [15] and Djellout
[7]. For the most recent work on MDP for martingales with the conditional Cramér condition
and the assumption that E[¢?|F;_1] = 1/n a.s. for all 4., we refer to Eichelsbacher and Lowe
[9] where the authors established a MDP result via Lindeberg’s method.

Remark 1 The sequence of martingale differences (§;, F;)i=o,....n discussed so far is stan-
dardized. For a general sequence of martingale differences (n;, F;);>1, one can restate the
conditions (Al) and (A2) as below.

(A1") There exist three positive constants p € (0, 1], K and L such that

E[‘m‘%peKﬁ Fio1) S LPERZ|Fi—y] forall 1 <i<n;

(A2") There exists a constant N > 0 such that

n
S EBRF ] 0| <N as.

i=1
Under conditions (A1") and (A2’), the inequalities (2.4)-(2.11) remain valid for

n

w,=> "1 (2.12)

1=1

B

instead of X,,, with ¢, = n="/? max{K, L} and §,, = n~'/2L.

3 Applications
3.1 Quantile coupling inequality

Thanks to the work of Mason and Zhou [18], it is known that the Cramér moderate deviation
expansion can be applied to establishing quantile coupling inequalities. When the martingale
differences are bounded, a quantile coupling inequality has been established by Mason and
Zhou, see Corollary 2 of [18]. Here, we give a generalization of the inequality of Mason and
Zhou [18].

Let (W,)n>1 be a sequence of random variables and for each integer n > 1, and let

F,(x) =P(W, <zx), z€R,
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denote the cumulative distribution function of W.,,. Its quantile function is defined by
H,(s) =inf{x: F,(z) > s}, se€(0,1).

Let Z denote a standard normal random variable. Since #(Z) =4 U the uniformly distribu-
tion random variable, then it is obvious that for each integer n > 1,

H,(2(2)) =a Wh,

where =4 stands for equivalent in distribution. For this reason, we define

By Theorem 1, we prove the following quantile inequality.

Theorem 2 Let (1;, F;)i>1 be a sequence of martingale differences satisfying the following
conditional Sakhanenko condition

Elln,*e" ™| Fi 1] < LE[F|Fia), > 1,

and

‘ZE[Uﬂfi—l] —n| <M as,
i=1

where p € (0,1, K, L and M are positive constants. Assume that W, =4 Y i, 1;/\/n and
W, is defined as in (3.1). There there exist constants a > 0 and D > 0 and an integer ng
such that whenever n > ng and

|Wn| < Oz\/ﬁ, (3.2)
we have
VoW, — Z|/Inn <2D(W2 +1) a.s. (3.3)

Furthermore, there exist two positive constants C' and A such that whenever n > ng, we have
for all z >0,

P(\/ﬁ|Wn—Z|/lnn>x>SCeXp{—)\m}. (3.4)

When the martingale differences are bounded, Mason and Zhou [18] proved that (3.3)
holds whenever |[W,,| < a+/n. Notice that the bounded martingale differences satisfy the
conditional Sakhanenko condition. Moreover, the range |W,,| < a+/n has been extended to
a much larger one |W,,| < ay/n in our theorem.
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3.2 f-mixing sequences

Let (n;)i>1 be a random process that may be non-stationary. Write Sy ., = Zf+ﬁ1 ;.
Assume that there exists a constant p € (0,1) such that

En; =0 for all, (3.5)
E|Sj.m|?TF < mitr/2Etr, (3.6)

and
ES,%)m > c%m forall k > 0,m > 1. (3.7)

Let F; and F3{, be o-fields generated respectively by (1;)i<; and (1;)i>j+. We say that
(3)i>1 is B-mizing if

B(n) =: supEsup{‘P(BU—'j)—P(B)‘ : BeFR,} — oo, n — oo.
j

Assume that there exist positive numbers a1, a2 and 7 such that

B(n) < ay exp{—azn”}. (3.8)
By Theorem 4.1 of Shao and Yu [26], it is known that (3.6) is implied by the condition that
E|ni|2+p/ < c2+p for a constant p’ > p.

Set o € (0, ). Let m = [n®] and k = |n/(2m)] be respectively the integers part of n®
and n/(2m). Let
m k
Y; =3 tm-n+s  and => v
i=1 j=1

Note that S, is an interlacing sum of (7;);>1, and that Var(S,) = ES2.

Theorem 3 Assume conditions (3.5)-(3.8). Suppose that n; < cs for all i. Then for all
0 < & = o(min{n? =, n>7/2}),

P(S,//ES2 > z) (1+x)2tr
‘ln 1~ () <e¢, - (3.9)
In particular, we have
P(S,//ES?2
(Sn/VESL > 2) 1 4 o) (3.10)

1—&(2)

uniformly for 0 < x = o(min{nP(1—20)/(4+20) pat/21)

For a counterpart of Theorem 3 for interlacing self-normalized sums W, = S,,/ Z?:l Yf,
we refer to Chen et al. [5].
The following MDP result is a consequence of the last theorem with o =1/(2 4 7).

Corollary 3 Assume the conditions of Theorem 3. Let a,, be any sequence of real numbers
satisfying an — o0 and a,n~ /Gt — 0 as n — oo. Then for each Borel set B C [0, 00),

2 1
—inf <11rr_1>1nflogP< Sn GB)

xeB° n \/]TSQ

1 1 2
< limsup — logP( Sn € B) — inix—,
a?

n—oo \/ES2 z€B 2

where B° and B denote the interior and the closure of B respectively.
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3.3 1¥-mixing sequences

Recall the notations in Section 3.2. We say that (1;);>1 is ¢¥-mizing if
¢(n) =: supsup{|P(B|F;) - P(B)|/P(B): Be F3,} -0, n—oo. (3.11)
i B

Set a € (0,3). Let m = [n®] and k = |n/(2m)] be respectively the integers part of n® and
n/(2m), and let

m k
Y; =Y mG-n+i and S, =YY
i=1 =1

as in Section 3.2.
Denote

72 = (m) + np?(m) + kv (m). (3.12)
We have the following Cramér moderate deviations for ¢-mixing sequences.

Theorem 4 Assume conditions (3.5)-(3.7) with p € (0,1]. Suppose that n; < c3 for all i,
and that 7,, — 0 as n — oo.

[i] If p € (0,1), then for all 0 < x = o(nz~%),

P(S,/\/ES2 > x)
1-o(x)

In

2+p 1
< Cp( xiia) +x Tn +(1+x)(np(§a)+7—n)> (313)

[ii] If p=1, then for all0 <z = o(nz=),

P(S,/ES2 > ) 3 5 o |Inn|
< ) .
In & () el +x T"+(1+x)(n%—a +Tn) (3.14)
In particular, if
p(n) = O(n~GHo)(=e)/ay, (3.15)

then
P(S,//ES2 > z)

— —p(5—a)
Tn = O(n ) and 1~ ()

=1+o0(1) (3.16)

uniformly for 0 < x = o(nP1=20)/(4+2p)),

In the independent case, we have ¢)(n) = 0 and 7, = 0. Let @« — 0. Then (3.13) and
(3.14) recover the optimal range of validity, that is 0 < z = o(n'/?).
The following MDP result is a consequence of the last theorem.

Corollary 4 Assume the conditions of Theorem 4. Let a,, be any sequence of real numbers
. . 1
satisfying a, — oo and an/n2~* — 0 as n — co. Then for each Borel set B C [0, 00),

2
—inf < liminf — logP< Sn € B)
n—00

reB° \/:EiS2
Sn
n /ES?

where B° and B denote the interior and the closure of B respectively.

2

T

€B) < — inf —,
)_ in 5

1
< limsup — a2 log L
e

n—oo
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4 Preliminary lemmas

Assume condition (Al). For any real A € [0, ¢,!], define the exponential multiplicative
martingale Z(\) = (Zx(\), Fr)k=o,....n, Where

k A
e
Zk()\)znlm, k:1,,n, ZO()\):l

Then for each k¥ = 1,...,n, the random variable Z;(\) defines a probability density on
(£2,F,P). This allows us to introduce the conjugate probability measure Py on ({2, F)
defined by

dP» = Z,()\)dP. (4.1)

Denote by Ey the expectation with respect to Py. For all i =1,...,n, let

_ _ E[¢; e | F;_q]
We thus have the following decomposition:
Xk :Yk()\)+Bk()\), k:].,...,n, (42)

where Y'(A) = (Yi(A), Fi)k=1,....n is the conjugate martingale defined as

k
V() =Y m(N), k=1,..n, (4.3)

and B(A) = (Bk(A), Fi)k=1,...,n is the drift process defined as

In the proofs of theorem, we need a two-sided bound for the drift process By, (). To this
end, we prove the following lemma.

Lemma 1 If there exists an s > 2, such that
Bl e ¢ | Fima] < €7 BIE|Fia) (4.4)

then

In particular, condition (A1) implies (4.5).
Proof. By Jensen’s inequality, it is easy to see that

+

(BIE2|F;-1])*? < EB&[*|Fiot] < E[j&]P e & | Fii] < &5 2 E[€2|Fioa].

Thus
(B[ Fioa))* />t <572,

which implies (4.5). O
Using the last lemma, we establish a two-sided bound for the drift process By, (A).
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Lemma 2 Assume conditions (A1) and (A2). Then for all 0 < X < et
|Bp(A) — Al < A62 4+ e AMFeer, (4.6)

Proof. Jensen’s inequality and E[¢;|F;_1] = 0 imply that E[e*$|F;_1] > 1,A > 0. Notice
that
E[¢e?

Fict] = B[ —1)|Fq] >0, 0<A<et

Using Taylor’s expansion for e, we get

B,(\) < ZE[&BA& Fi—a]
i=1

n

MX)n + D B[Gi(e =1 2G) [Fima].

i=1

Recall p € (0,1]. When z < —1, by Taylor’s expansion, it is easy to see that |z(e® — 1 —
x)‘ < ‘x(em — 1)‘ + 22 < 2|z[**P. When x € (—1,1), again by Taylor’s expansion, we get
lz(e* —1—z)| < %\m|3e‘”+ < |z|2*Pe*". When = > 1, we have |z(e® —1—z)| < ze® < 22HPe.
Thus, it holds

lz(e” —1—12)| < 2|:10|2+”ea”+7 z €R. (4.7)

By inequality (4.7), we obtain for all 0 <\ < ¢, !,

Ba(A) < MX), + 2010 Y B[l 2o
=1

Fi]

< MX) + 2010 Y B[ Frees ¢

i=1

Condition (A2) implies that (X),, < 2. Combining (4.8), conditions (A1) and (A2) together,
we get the upper bound of B, ()):

Fia]. (4.8)

Bn(A) S MX)p + 2Pl (X)), < A+ A6y + AN TPel

When z < —1, by Taylor’s expansion, it is easy to see that |e$ —1l—z— %x2| < }ew -1 —;v| +
1% < \iv|2+”. When+ac € (—1,1), again by Taylor’s expansion, we get ’e‘” —-1—-z- %xﬂ <
%|m|3e"” < |z[*tPe*". When 2 > 1, we have |ew —1l—z— %x2| < |ew -1 —1" + %mz < gZtrer,
Thus, it holds

1
ef—1—ax— 53:2‘ < |x\2+pex+, p€(0,1] and = € R. (4.9)

Using inequality (4.9), condition (A1) and Lemma 1, we have for all 0 < X\ < g, 1,

B[S F; ] = 1+ S VBIEIF ] + B — 1 -6 — 20| Fi]
<1+ %)\2 E[&2|Fi1] + APR[|g 2 e & | Fisy]
<14 (%)\2 + N PP VE[EF | Fim] (4.10)

<142(Xep)? (4.11)
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By inequality (4.7) and the fact (X), < 2, we deduce that for all 0 < X\ < &, 1,

i E[¢e
i=1

Fical = MX)n 4+ > _E[&G(X =1 =)&) [Fid]
1=1

zMXM—ZMWE:EmfﬂwTﬁ
=1

> AMX), — 2\ (X)),

> A — A02 — 4 NIeer,

Fi—1]

The last inequality together with (4.11) imply the lower bound of B, (\): for all 0 < A < e 1
-1
_Bn(A)zi(A——Aéi——4A1+psﬁ>(1—k2(Asnf)
> A —A\62 — A TPer
where the last line follows from the following inequality

A= A62 — AN > N AG2 — (6 — 2(Ae,)2P)NTPER
> (A= 202 —6x1er ) (1+20ke,)?).

The proof of Lemma 2 is finished. a
Next, we consider the following predictable cumulant process W(\) = (Vg (A), Fr)r=

k
A) = Z log E [
i=1

The following lemma gives a two-sided bound for the process ¥(\).

.....

Fi-1]. (4.12)

Lemma 3 Assume conditions (A1) and (A2). Then for all 0 < X\ < g, 1,

A262
@, (N ‘<:CA2+P59% 5 (4.13)

Proof. Using a two-term Taylor’s expansion of log(1 + z),x > 0, we have

- )\*<X>n = Z (E[emu:iq] — 1= AE[§|Fioa] — %E[fﬂ]:iq])

i=1

. Z [ekiz 7 (Bl

Fial—1),
7412 1+9 fl_l]fl))

where 60; € (0,1). Since E[¢;|F;_1] = 0 and E[e?
that for all 0 < A\ < 5;17

Fioq]>1forall 0 < A <e,!, we deduce

2
Bl Fy] 1 ABJEIFo] — 5 BIE|F]

1 n
30 (B Fa] - 1)

i=1

<.
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Using condition (A1) and the inequalities (4.9)-(4.11), we get for all 0 < X\ < g1,

A2 - +
Vn(A) = 5 {X)n| = Y E[DGPF Z [ Fima] — 1)

i=1 i=1

SNl N CBIGFioa] + (Men)® D (Bl Fia] - 1)

1=1 i=1
<Nl (XY, + e N2 (XD,
Thus
)\2
() = 5 (X)a| < (14 er(Aen)* ) X220 (X),

Combining the last inequality with condition (A2) and the fact (X), < 2, we get for all
0< X <gt

2
2 ()‘) 5

262
<2 (1 + 01()\5”)2_”) \2HPeh 4 T”,

which completes the proof of Lemma 3. O

In the proof of Theorem 1, we make use of the following lemma, which gives us some
rates of convergence in the central limit theorem for the conjugate martingale Y (\) under
the probability measure P . The proof of this lemma is given in Section 10.

Lemma 4 Assume conditions (A1) and (A2).

[i] If p € (0,1), then there is a positive constant a such that for all 0 < X\ < ae;t,

(Y,(\) < z) — qs@)] < Carp ((Aan)” e 4 5n).

In particular, it implies that
sup ‘P(Xn <) dﬁ(az)) < o, (ag + an). (4.14)
[ii] If p =1, then there is a positive constant a such that for all 0 < X\ < ae, !,
sup ‘P,\(Yn()\) <x)-— @(x)‘ < ¢q ()\sn +en|lne,| + 5n).
In particular, it implies that

(X, <) — @(m)’ < o (5n| log £ + 5n). (4.15)

5 Proof of Theorem 1

Theorem 1 will be deduced by the combination of the following two propositions (1 and
2), which are stated and proved respectively in Subsections 5.1 and 5.2. The proof of the
propositions are similar to the proofs of Theorems 2.1 and 2.2 of Fan et al. [11]. However,
Fan et al. [11] considered the particular case where p = 1.
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5.1 Proof of upper bound in Theorem 1

The following assertion gives an upper bound for moderate deviation probabilities.
Proposition 1 Assume conditions (A1) and (A2).

[i] If p € (0,1), then there is a constant o > 0 such that for all 0 <z < ae; !,

P(X, > ) 2+ 252
< pp p . )
1= d@) _exp{ca%l (:c el + a0+ (1+2a) (5n+6n)) (5.1)

[ii] If p =1, then there is a constant o > 0 such that for all 0 < z < ae; !,

P(X, >z

) 3 252
— < . .
) S o e (0o + a0+ (L) (el nen +60) ) (5.2)

Proof. For all 0 < z < 1, the assertion follows from (4.14) and (4.15). It remains to prove
Proposition 1 for all 1 < x < ae, . Changing the probability measure according to (4.1),
we get for all 0 < A\ < E;l,

P(X” > x) =E, [Zn()\)ill{xn>w}}
=E, [exp {7)\Xn + Wn()\)} 1{Xn>$}]
=E) [exp {-AY,(A) = ABL(A) + ¥ (M)} Liy, (V) 4B, (V) >a}] - (5.3)
Let A = \(x) be the positive solution of the following equation
A+ A2+ At TPel = g, (5.4)

where c is given by inequality (4.6). The definition of A implies that there exist Ca,0,Ca,1 > 0,
such that for all 1 <z < ae,?,
Ca0T < A<z (5.5)

and
A =2 — co1|0|(z" TPl + 262) € [can, ae, ] (5.6)

By Lemma 2, it follows that B, () < x. From (5.3), by Lemma 3 and equality (5.4), we
deduce that for all 1 <z < as;l,

N2+p 3252y 32 iy —
P(X, > x) < o2 et A 0= 2E o= AVa (N {Y@>O}]. (5.7)

Clearly, it holds
Ex[e V1 50 = /0 h Xe MWPL(0 < Yo (N) < y)dy. (5.8)
Similarly, for a standard normal random variable A, we have
E[e*XNl{NM}] = /OOO XeiXyP(O <N < y)dy. (5.9)
From (5.8) and (5.9), it is easy to see that

Ei[eiAY"(A)l{yn(Xbo}} - E[e)\Nl{N>0}]‘ < 2sup PX(Yn(X) <y)—2y)|
y
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Using Lemma 4, we get the following bound: for all 1 < z < ae;l,

Ex[e V1, 3ysoy] — Bl 0] ‘ <, ((en)” +80+60), (5.10)
where
- Efw 1fp€(0,1)7
e {Enllnsnl, if p=1. (5.11)

From (5.7) and (5.10), we deduce that for all 1 <z < ae,?,

P(Xn > x) S eCo2 (X2+P5Z+X2(Si)_x2/2 (E I:e_XN]-{/\/'>O}} + Cp<(XEn)p + gn + 671)) .

Since
N2 _ 1 o0 _ 2
e PE [ M vany] = E/o e WA 20y — 1 — @ (N) (5.12)
and
() >t N2 Ca0 Lowp oy (5.13)
V2r(1+ ) V21(1+ cap) A ’

we have the following upper bound for moderate deviation probabilities: for all 1 < x <
-1
e,

P(Xn > SC) 240 _p 7242 —1tp _ _
ZAR T P« pCan2 (AT eh+X767) 0 ' .
—o(n) e (1 +caps (N Tl FAE, + A0, )) (5.14)

Next, we would like to make a comparison between 1 — ®(\) and 1 — &(z). By (5.5), (5.6)
and (5.13), it follows that

J5 exp{—t?/2}dt ) [5 exp{—t*/2}dt

1< =
= [ exp{—t2/2}dt [ exp{—t2/2}dt
<1+ coar(z — N) exp{(z? — X2)/2}
< exp{ca s (TPl + 2252)}. (5.15)
So, it holds
1—®(X) = (1—9(z)) exp {|01]ca,s (*FPeh +2%62) } . (5.16)

Implementing (5.16) in (5.14) and using (5.5), we obtain for all 1 < x < a e, 1,

P(X, >z

T < exp {caﬁﬁ(x%pefl + xzéi)} ( L+ cap7 (z'FPel + 28, + x&n))
- (x

< exp {Ca,p,S (x2+p€fl + :1725% +x (E, + 0n) ) }

This completes the proof of Proposition 1. O
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5.2 Proof of lower bound in Theorem 1

The following assertion gives a lower bound for moderate deviation probabilities.
Proposition 2 Assume conditions (A1) and (A2).
[i] If p € (0,1), then there is a constant o > 0 such that for all 0 <z < ae; !,

P(X, > 7)

—n 7 — 24pep 4 2262 4 . .
1 —30) _exp{ ca,p,g(ac 5n+a:6n+(1—|—x)(€n+6n))} (5.17)

[ii] If p=1, then there is a constant o > 0 such that for all 0 < z < ag; !,

P(X, >z

> _ 3 252 . .
1 —d() - exp{ Ca,l,Z(I en + 2705 + (L4 ) (en] Iney] +6n)>} (5.18)

Proof. For all 0 < z < 1, the assertion follows from (4.14) and (4.15). It remains to prove
Proposition 2 for all 1 < z < ae, !, where @ > 0 is a small constant. Let A = A(z) be the
smallest positive solution of the following equation

A= A2 —eA'TPel =g, (5.19)
where c is given by inequality (4.6). The definition of X implies that for all 1 < z < ae;?,
r<A<cqnw (5.20)

and
A =2+ coolf|(zt TPl + 252) € 1, £, 1] (5.21)
From (5.3), using Lemmas 2, 3 and equality (5.19), we have for all 1 < z < ae;;?,
P(X, >2z)>e ™ (AH’JEZ+A25i)—AZ/QEA [B—AYn(A)l{Yn(A»O} ) (5.22)
In the subsequent we distinguish A into two cases. First,let 1 < ) < aq min{eﬁp/(lﬂ), 51
where a; > 0 is a small positive constant whose exact value will be given later. Note that
inequality (5.10) can be established with A replaced by A, which, in turn, implies that

)

P(X, > ) > e @ A eniaton -2 (E [e V1 ns0y] — %72((3&1)" +tént 5”>>’

where &, is defined by (5.11). By (5.12) and (5.13), we get the following lower bound on tail
probabilities:

P(X, > ) _ 24p_p | 2252 -
Z A\ 7 ) s pma (ATTPeR+AT60) _ I+pp 2Y) )
a0y € ( 1—cpn (AFPe2 + )E, +A§n)> (5.23)

p/(1+p) 5—1}

Taking aq = mjn{m, ﬁh we have for all 1 <\ < o3 min{e,,
P, P,

1—cpo (AHPEZ + A& + Ady) > exp {—2c, 2 (AH’)EZ + A8, + Ady) } - (5.24)
Implementing (5.24) in (5.23), we get

P(X, > )

1—a0) > exp { — ¢p3 (A*TPel + DZ, + A, + A%02) } (5.25)

which holds for all 1 < A < a; min{e;;” +) 51},
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Next, consider the case of o min{sg’)/(lﬂ), 5,1} <A< ae,!. Let K > 1 be a constant,
whose exact value will be chosen later. It is obvious that

Ex {eiy"@)l{vn(g»o}} = Ey [eiy"@1{0<Yn@)sm}}
> e’AKTPA<O <Yn(A) < KT), (5.26)
where 7 = (Ae,,)? + €, + J,,. From Lemma 4, we get
PA(0<Ya(d) S K7) 2 P(0<N < KT) 57
> Kre K°m%/2 _ Cp,5T
> <K6_8K20‘ — Cp’5) T.

Taking o = 1/(16K?), we obtain

1
Pé(o <Y()) < KT) > <2K - cp,5) T.

Letting K > 8¢, 5, we deduce that

14+p p
PA(O Y, < KT) . gKT . gKmaX {A )\5n7A6n}.

1605 77

Choosing K = max {SCP,5, W} and taking into account that a; min{e,”/ "™ 51} <
A <aeg, !, we get
2

Pé(o <Y,()) < KT) > .

Since the inequality
eN2>1 -3 ()

VA
is valid for all A > 0, it follows that for all ay min{sﬁp/(Hp), 51 <A <ae !,
PA(O <Y,()) < KT) > (1 N )652/2. (5.27)
From (5.22), (5.26) and (5.27), we get
m > exp { — Ca6 (ATPel + D&, + A6, + A%02) } (5.28)

which holds for all a; min{e,”/ ") 51} < A < ae;l.
Combining (5.25) and (5.28) together, we obtain for all 1 < A < ae;!

n

m > exp { — Cap,7 (AHPEQ 4+ A&y, + A0, + 32(52) } (5.29)
By a similar argument as in (5.15), it is easy to see that
1-d(\) = (1 - @(x)) exp {—[0lcs (22T7el, + 2262)} . (5.30)
Combining (5.20), (5.29) and (5.30) together, we find that for all 1 < z < ae; !,
m > exp { — Caps (221Pel + a8, + 20, + 2767 }7 (5.31)

which gives the conclusion of Proposition 2. ad
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6 Proof of Corollary 2

To prove Corollary 2, we need the following two-sides bound on tail probabilities of the
standard normal random variable:

1 2 1 2
TRl —Pa) < ————— /2 >0 6.1
e x e ,  x>0. .
V2r(1+x) - (@) < Vr(l+z) (6.1)

First, we prove that for any given Borel set B C [0, 00),

. 1 1 . 22
limsup — logP ([ —X, € B < —inf —-. (6.2)
an

n— 00 anp z€B

Let zg = inf;ep x. Then it is obvious that zo > 0 and zo > inf _zz. By Theorem 1, we
deduce that

P <1Xn € B)
2%
S P (Xn Z anxO)

< (1 - (anzo)) exp {ca ( (anx0)2+P e + (anxo)2 53 + (1 + (anzo)) (e8] Ine,| + 0n) ) }

Using (6.1) and the assumption a,e, — 0, we have

1 1 2 2
limsup — logP ([ —X,eB) < -0 < _inf T
n—00 (L% Gnp, 2 zEB 2

which gives (6.2).
Next, we prove that for any given Borel set B C [0, 00),

liminf - 1ogP (X, € B) > — inf (6.3)
iminf — lo —X, > — inf —. .
n—oo a2 & an z€B° 2
For any €7 > 0, there exists an zg € B, such that

2 2

< g g (6.4)

2 T z€Be 2

For 2y € B°, there exists an g5 > 0, such that (xg —e2, g +€2] C B. Then it is obvious that
g > inf e po x. By Theorem 1, we deduce that

n

P (1Xn € B) > P (X, € (an(wo — €2), an(wo + £2)])
> P(Xn > an (w0 — 52)) - P(Xn > ay(z0 + 62))
> (1 — & (an(z0 — £2)) ) exp { —a ( (an (10 — £2)) 217 €2 + (an (20 — £2))% 62
+(1+ (an(@o — £2))) (2] Ingp| + 6,) )}
(1= @ (an(wo +2)) ) exp {ca ((@n(@o +22))*" e + (an(wo + £2))* 82

+(1+ (an(@o + £2))) (5] n e + 8,) )}



18 X. Fan, I. Grama and Q. Liu

Since ane, — 0, it is easy to see that lim,,_,o P2, /P1, = 0. Thus for n large enough, it
holds

1 1
e (Lxc5)2
an 2
Using (6.1) and the assumption a,€, — 0 again, it follows that

n—00 a

1 1
hmlnf 5 log P (Xn € B) > —5(370 —£9)%
27

Letting €2 — 0, we get

1 2 2
hmlnf—logP (Xn € B) > _%o > — inf T .
an 2

n—oo z€Be 2

Since ¢ can be arbitrary small, we obtain (6.3). O

7 Proof of Theorem 2

To prove Theorem 2, we need the following lemma.

Lemma 5 Assume the conditions of Theorem 2. Then for all x > 0,

22
< - 7. .
P<|Wn|>x>_2exp 2(1+%+3%) (7.1)

Proof. Let Ty = min{ K, %} It is easy to see that for all 0 < A < Ty,

A2 23 ‘
Fica] S 1+ AB|Fia] + 5 B[ Fica] + SrElm[?e" ™)

E An;

Fi—1]
A2 1 )

A2 1 2
< exp ?(1 + g/\L)E[m | Fi—1]
2

A 2
< 2 EW\F
= P { 20— ATp) Cl |f"1]}’

which implies that for all 0 < \ < Tj,

22,
olew (V0 575 )
A B AzE[nﬂfn—l]
CXp{AZ”’ 1—)\T0)}E[CXP{/\”"_ 21 — NTp)

eXp{AZ”” =) Tlo>}

gl

<1

— )

where
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Since =, <n+ M a.s., we have for all z > 0 and all 0 < )\ < Ty,

P(W, > ) =P(Yn > 2vi)

<E [exp{ — Azy/n + /\zn:”i - 2(1)\2—5;%) + ;\zfn—t\;g H

<E {eXp{ —Azy/n+ )\El(n—t\%)) H

Thus for all z > 0,

. A(n+ M)
P(W>) < 0Bip, B {eXp{ —AVIE ST H

= eXp{ T2+ M/n+ 2Ty ) }

.’132
< - . 7.2
SOP TR0 Mg e (72

Similarly, we have for all z > 0,

P(Wn < —ac) < exp{ - M} (7.3)

Combining (7.2) and (7.3) together, we obtain the desired inequality. O
Now we are in position to prove Theorem 2. By Theorem 1, there exist constants « € (0, 1]
and C' > 1 such that forall 0 < z < anl/Q,

71)1(?/; (>x;E) = exp {00(1 +x )l\r;g} (7.4)
and

PW, <-z) ox . Inn

s p {90(1 +2%)—= NG }, (7.5)

where 0] < 1. By Theorem 1 of Mason and Zhou [18] with ¢, = @ and K,, = C'lnn, then
whenever n > 64C?(Inn)? and

vn
W,
| ‘*811171
we have
Inn
< 2
W, — Z| 2C(W +1)\/ﬁ

which gives (3.3). Notice that there exists an integer ng such that n > 64C?(Inn)? for all
n > ng.
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Next we give the proof of (3.4). By (3.3), we have for all 0 <z < % n/(lnn)?,
1
P(\/E|Wn —Z|/lnn > x) < P(\/E|Wn —Z|/lnn >z, |W,| < 3 \/ﬁ/lnn)
1
+P(|Wn| > é\/ﬁ/lnn)
) 1
< P(ZC(Wn +1) > :c) + P(|Wn| > g\/ﬁ/lnn)
1
< P(\Wn| > x/(20)> + P<|Wn| >3 \/ﬁ/mn). (7.6)

Notice that
1 —&(x) <exp{—2?/2}, =>0.

When 0 < z < 2Ca?n/(8C1Inn)?,n > 2, by the inequalities (7.4) and (7.5), it holds that

P, > v/a7@0)) < 20w { - 1127207}

1
= 1—— 7.7
i) -
and that
1 n
P - 1 <2 [
('W”| > g v/ n") = exp{ 8-32(1nn)2}
C
< exp {1 - Wx}. (7.8)
Returning to (7.6), we obtain for all 0 < z < 2Ca?n/(8C Inn)?,
P<ﬁ|Wn—Z|/lnn>:v) §2exp{1—c’x}, (7.9)

where ¢/ = min{gk, 5 }. When 2 > 2Ca?n/(8C Inn)?, it holds
P(\/E|Wn — Z|/Inn > ;v) < P(\/E|Wn|/1nn > x/2) + P(\/E|Z|/1nn > x/2). (7.10)

By Lemma 5, there exists a positive constant A such that for all z > 2Ca?n/(8C Inn)?,

P(\/H|W7L|/1n" > x/2> = QGXP{ - ixﬁl\r}g}

< exp{l — 83Lx}’

P(\/H|Z|/1nn > x/2> < 2exp{ _ éle\%‘}

< T
< exp 5560 [
Returning to (7.10), we have for all z > 2Ca?n/(8C Inn)?,

P(\/E|Wn—Z|/lnn>x) SZexp{l—c”x}, (7.11)

and that

where ¢/ = min{g-, %} Combining (7.9) and (7.11) together, we get (3.4).
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8 Proof of Theorem 3

The main idea of the proof of Theorem 3 is to use m-dependence approximation. We make
use of the following lemma of Berbee [1].

Lemma 6 Let (Y;)1<i<n be a sequence of random variables on some probability space and
define 9 = B(Yi, (Yit1, ..., Yn)). Then the probability space can be extended with random

variables Y; distributed as Y; such that (Y;)1<i<n are independent and
P(Y; # Y; for some 1 <i<n)< AL 4 4 D),

Now we are in position to prove Theorem 3. Recall m = |n®] and k = |n/(2m)]. By
Lemma 6, there exists a sequence of independent random variables (Y;)i1<;<x such that Y;
and Y; have the same distribution for each 1 < j < k and

P(Y; £ Y for some 1 <i < k) < kB(m) < a1 exp{—0.5a3n""}. (8.1)
Therefore, we have
|P(Sn/VES2 > ) — P(gn/ ES2 > z)| < ayexp{ — 0.5a2n" 7}, (8.2)
where S, = Z?Zl f”J By (3.6) and (3.7), we have
E|Y;|**" < &Py 2mPPEY?

forall1 <j <k, and

Var(S,,) < n.
By (8.1) and (3.6), it is easy to see that

[ESZ - ES:

_ Q2 2 ~
- ‘E[(Sn - Sn)l{YﬁéYi for some 1§i§k}]

Laon®7
< 2E[en® 1{1@;&2 for some 1§i§k}]

+E[S?1 -~ . ]+ E[S%1

n(S, >e8 2Ty lis, s choanom)]
< 2e5" P(Y; # Y, for some 1 < i < k)
+ e_g‘”"ME\gnPJ”’ + e‘ga?nmE|Sn|2+p
< O(l)exp{ - T%agnw}
=0(n?).
It is obvious that f@ < n%cs a.s. Applying Theorem 1 to §n / @, we deduce that there

is a constant a > 0, such that for all 0 < z = o(n%’“),

P(5,/\ B > 1) (142
1-@ (m) = exp Qlcpm . (83)

The inequalities (8.2) and (8.3) together implies that

P(S,/ES2 > x) (1+x)2*r exp{—0.5aan*7}
=exp{ bicr p—7— 1
1—&(2) P pp(z—a) 1—-&(x)
1 2+p
= exp | taca p%
’ np(i_a)

uniformly for 0 < x = o(min{n%*‘l7 net/2}).
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9 Proof of Theorem 4

We only give a proof for the case of p € (0,1). The proof for the case of p = 1 is similar to
the case of p € (0,1). In the proof of theorem, we use the following lemma. The proof of the
lemma is similar to the proof of Theorem A.6 of Hall and Heyde [17].

Lemma 7 Suppose that X andY are random variables which are F7{, - and F;-measurable,
respectively, and that E|X|P < oo, E|Y|? < oo, where p,q > 1,p~ ' + ¢~ ! = 1. Then

[BXY — EXEY| < 2p()] 7 (BIXP?) /7 (BIY]7) /"

Denote by F; = o{n;,1 < i < 2ml —m}. Then Y; is F,-measurable. Since En; = 0 for
all 4, it is easy to see that for 1 < j <k,

[ 17| =

(E[n2m(j71)+i|]:j—l} - Eﬁzm(jq)ﬂ‘)
1

IA
‘MS I 3

o
Il
i

Y(m + )EN2m—1) 44

PY(m +9) (B|nam (1) *T0) Y P

I

©
I
—

1/1(m + i)Cl,

)

«
Il
-

where ¢; is defined in (3.6). Thus
k k
‘ ZE[YjV:j—l]‘ <a

m
Jj=1 Jj=11

Z Y(m+1) < np(m)cy.

11:=1
By (3.6), we have
E(lY; - E[Y;|Fj 771 F;-0] < 29 PE(Y; P + [E[Y]F-0] ) F-]
< 22TPE[Y; ) Fj]
< 2271+ 4(m))E[Y; 7
< 2P (1 4 p(m))miTP2ETP, (9.1)
Notice that 7,, — 0 implies that m?(m) — 0 as n — oo. Similarly, by (3.7), it holds
E((Y; — E[Y;|F;1])?|Fj-1] = EY]|Fj1] — (B[Y;|F;1])?

> (1= 9(m)EY} — (E[Y;|F;-1])°
E%gm. (9:2)
Combining (9.1) and (9.2), we deduce that
k
> E(Y; - EY;|F )P F ] < n,
j=1

E[|Y; — E[Y;|F;_1][*™*|F; 1] < ¢, m?*E[(Y; — E[Y;|F;-1])%|Fj-1]
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and, by Lemma 7,

k
‘ > E((Y; - E[Y;|F;-1])?|Fj-] - ES,
7j=1

k
Z—ZEYJ?

k
E((Y; — B[Y;|Fj1))*|Fj-] - ZEYf

M»

IN

1

'Mw i

I
—

< B2 EY2\+Z]EY|fJ i +Z‘EYY1’

< kb(m EY2+k‘Z¢m+zcl’ + 20(m WZ@@

J#l
< 2n4p(m)c? + nmp?(m)c? + 2nap(m) k2.

Denote by
€5 = p(m) +my? (m) + kip(m)"/2.

Applying Theorem 1 to X,, := EfZI(YJ — E[Y;|F;-1])/ES2, we have for all 0 < z =

o(n?~%),

P(X, > 7)
1 - (x)

In

2+p
<, (<1+$)

1
nP(z—a) tate +(14a) (np(%—a) + 6")) (93)

Notice that for x > 0 and || < 1,

m = exp {0(1)(1 + x)‘g‘}
and
k
|52 Y B IF -] < vatme
Thus

) P(S,/\ES2 > x)
1-&(z)

where 72 is defined by (3.12).

10 Proof of Lemma 4

The proof is a refinement of the proof of Lemma 3.1 of Fan et al. [11]. See also Grama and
Haeusler [16] for an earlier result. Notice that Grama and Haeusler assumed that |n;| < 2¢,,
while we only assume that 7; has moments of order 2 4+ p,p > 0 (cf. condition (B1)).
Compared to the case of Fan et al. [11], the main difference comes from the control of I
defined in (10.7) and the rest of this section is similar to the proof of Lemma 3.1 of Fan et
al. [11].
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In this section, a denotes any a given positive number, ¥ denotes a real number satisfying
0 < ¥ <1, and p(t) denotes the density function of the standard normal distribution. For
the sake of simplicity, we also denote Y (A), Y, (A) and n(\) by Y,Y,, and 7, respectively.

Notice that |n;|t < 2871(|&]F + Ea[|&]|Fiz1]?) for any 2 < ¢t < 2 4 p. We have for all
0< A <egt,

Ex[[ni*T7 | Fica] < 2P EA[|&G1PT + EA[|&] |1 Fia)* T | Fizi]
< PP EL[G1PH | Fiy

Using the fact E[e%i

Fi—1] > 1 and condition (A1), we get for p € (0,1] and all 0 < X\ < g1,
Ex[[ni*17 | Fic1] < 22T E[|&)2 TP | Fisq]
< SE[|&[>resn &

io1]-
Denote (Y), = Zigk Ex\[n?|Fi-1], AY), = Ex[n|Fr-1] and A(X), = E[¢}|Fr_1]. It is
easy to see that for k =1,....,n
A(Y), = BEx [(& — bk (N)?|Fr—1]
_ B[GeM* [ Fima]  Blgpe | Fr)?

— ‘ . 10.1
Bl Fr ] B | Fr ] (10.1)

Since E[e*¢i|F;_1] > 1, we deduce that for all 0 < X < e, 1,

52 Agk‘fk 1] 2 E[¢pe ok | F—1)?
E _ v v

B T
( fke/\fkp:k 1]>2

~ [BIg ~ VIR - BIIAABIS ~ 126~ XEDIF

|AY), —

I N

5 (BIEIF )+ (ABIGIF ] + Bla (@S —1-x6)|Fi])

Using condition (A1) and Lemma 1, we have for all 0 < XA < e !,
|A(Y), — A(X),l < cpa (A_QE[€A§k|>\§k|2+p|fk1] + B[R] Fro1 B[ N [*TP| Fia]
2 2 2 A\ 14p(¢ 240 2
A2 (B Fi-])” + (B[N 2| B o]
<o <“E[e€fff AR 2| Fir] + BIEE Fra]Bles & [\ 2| Fe1]

A2 (B2 Fioia])” + (E[esnlsml+p|,5k|2+p|fk_l])2)

< cpa (VLB Fini] + MBI Fi1])
< ¢,(Aen)” A(X ). (10.2)

Therefore
(Yo = 1 < Y )n — (X )| + [(X)n = 1] < cp(Aen)?(X)n + 6.
Thus the martingale Y satisfies the following conditions: for all 0 < A < ae,;

'IL7
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(B1) Ex[|ni|*** |Fic1] < cef, BIE2|F;a);
(B2) [(Y), =1 <c,((Aen)?” +67).

We first prove Lemma 4 for all 1 < X\ < ae,,;!. Without loss of generality, we can further

assume that a < %, otherwise we take ¢ > 4 in the assertion of the lemma. Set T'=1 + 5,21.

We introduce the following modification of the quadratic characteristic (X) :
Vi = (X)), Yrany + TLlii—ny- (10.3)
It is obvious that Vy =0, V,, = T and that (Vi, Fk)r=o,...n is a predictable process. Set
v = (Aen)’ + bn.

Let ¢, > 4 be a constant, whose exact value will be chosen later. Consider the non-increasing
discrete time predictable process Ay = c24? + T — Vi, k = 1,...,n. For any fixed u,z € R
and y > 0, set

Dy (2,y) = qs(“\;;). (10.4)

We need the following two technical lemmas of Bolthausen [2].

Lemma 8 Let X and Y be random variables. Then

1/2

o0

P(Xgu)—@(u)’ < ¢1 sup

P(X+Y§u)f¢(u)’+c2

E[v2|x]

sup
u

Lemma 9 Let G(x) be an integrable function on R of bounded variation ||G||v, X be a
random variable and a, b # 0 are real numbers. Then

X+
Bl (X ] <6l suw[P (x < - @) |+ 611 0L,

where ||G||; is the L*(R)-norm of G(z).

Let Ncw = N(0, c7y) be a normal random variable independent of Y;,. Using a smooth-
ing procedure (which employs Lemma 8), we deduce that

sup ([P (Y, <u) — @(u)‘ < ¢ sup
u u

E\[@y Yy, An)] — @(u)‘ +eay

< crsup [Ex[@0 (Vs An)] — Ba[0u (Yo, 40|

+ c1 sup |Ex[@, (Yo, Ag)] — QS(U)‘ +c27
u

= c1 5Up [EA[@y(Ya, 40)] = Ex[4 (Yo, Ao)]

+ 1 sup @(U)‘ +c2y

?( Jarr)

E)\[@u (Yn7 An)] - E)\[@u (Y07 AO)}‘ +c37, (105)

< ¢; sup
u

where

B [B, (Yo, An)] = Pa(Yy + Nozoz < 1) and B[, (Yo, Ag)] = PA(Nzy2 o < u).
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By telescoping, we get

M=

B[P (Yo, An)] — Ex[®u(Yo, 40)] = Ea|

E
I

1

Taking into account that (1;, F;)i=o,...n is a Py-martingale and that

.....

2 0
- =2
572 Lu(®:y) By u(T,Y),

we get
E)\[q)u(y;u An)] - Ek[qsu(YOwAO)] - Il + 12 - I37

where

n

I = By [Z (@u(Ve, A) = BuYeor, Ax)
k=1

0 1 92
*%Qu(yk—la Ak)nk - 28332%(%—1,%%)77;3)}
1 " 92
I = 5F, L_l @gﬁu(yk,l,Ak)(A vy, — AVk)],

n 8
I; = By [Z (PulVir, Akr) = ulVior, A1) = 5 PulYVi, Ak)AVk)} :
k=1

Next, we give estimates of I7, Is and I3. To shorten notations, set

u—Ye_

T7:

(@U(Yk,Ak) — @u(Yk,l,Ak,l))]

(10.6)

(10.7)

(10.8)

(10.9)

a) Control of I;. Let f be a three times differentiable function on R. Then it is easy to

see that for all |Az| <1,

Fla+ A) — f(a) — f/(0) Az — 3 f(2)(A0)’| = |27 (@ + 01 A0) (A0’

<|f"(x + 91 Ax)| |AxFP

and
7@+ A2) — f@) ~ ['(0)Ax — 31 (@) (20|
— ’%f”(x + 9y Az)(Az)? — %f"(z)(Ax)Ql

1
< 5 (1" @+ 0280) +1f"@)]) | Ao

|f" (z + d3Az)|| Az
If"(x + 93A2)| | Az
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for all |Az| > 1. Moreover, if f is bounded, then for all |Az| > $(2 + |z]),

[fa+ Az) - f(x) - f’(w)Aw - 5@ A

flx+ Az) — "
- ( |Ax\2+9 i +1f (@) + ’2 D | Ax|*TP
f -T-i—A.Z‘ 7
< (5L i@+ @) 1o
< (G + @I+ 17 @)]) .
Taking f(u) = &(z), x = Tp—1 and Ax = \/’727, we have

2+p

= Uni
1] < Ex [ZF(Tk 1+ 7) 1{|nk/\/m§;(2+m1>}]
k=1

B[S )| 2+p1 B T (10.10)
)‘[; k i\/i {In/VAKI> 5 (24 1)}]
where
F(t) = max{ " (t)|, 2" (t)’}
H(z) = [CENTE + 9 (2)| + |27 ()]
and

U =11{az<1y + Usl{az>1}-

In order to bound |I;| we distinguish two cases as follows.
Case 1: Assume |y, /v/Ay| < (2 + [Tx—1]). By the inequality F(t) < o(t)(1 + t?), we
deduce that

pnore ) = ol ) (1 (5 )

< sup (t)(1+12).
[t=Trk-1|<5 (24+|Tx-1])

Define

g1(z) = sup f1(t),
[t—z|< 3 (2+]2])

where f1(t) = ¢(t)(1 + t?). Then

In
F(Tk 1 \ﬁ) (VA< iz} < 91(The-1)- (10.11)
Case 2: Assume |ny//Ag| > £(2+ |Ti—1]). It is easy to see that

co [ni|*P

H(T’“l)inki 1{\nk/\/A7|> @+ T} S (24 [Te_1))?

(10.12)

Next we bound the conditional expectation of |n;|?>**. Using condition (B1), we get

Ex[|ne|* | Frz1] < c A(X )i ef.
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By the definition of the process V' (cf. (10.3)), it follows that A(X), < AV = Vi — Vi
and that
E\[[nk[*P|Freoa] < c AV el (10.13)

Thus, from (10.11) and (10.13), we have

g 2+
E, [F(Tkl + \/7—1) || pl{m/ms;mnl)}‘f’cl} < cg1(Ti—1) AVi 7,(10.14)

Similarly, from (10.12) and (10.13), we obtain

2+4p
EA[H(Tk_l)InM 1{\nk/¢Tk|>%<2+|Tk_1|>}’fk—l]
C|77k|2+p }
<Ey\|—" |7
- *[(1+|Tk_1|>2 o
< cg2(Ty-1)AVy €l (10.15)

where g5(t) = 5Fpz- Set G(t) = c(g1(t) + g2(t)). Returning to (10.10), by (10.14) and
(10.15), we deduce that

L] < Jh, (10.16)

where
n

1
Jy :cngA[ZWG(Tk_l)AVk] (10.17)
k

To bound Ji, we introduce the time change 7; as follows: for any real ¢ € [0,T],
7 = min{k <n:Vy >t}, where min() =n. (10.18)

Clearly, for any ¢t € [0,T], the stopping time 7, is predictable. Let (o%)k=1,.. nt+1 be the
increasing sequence of moments when the increasing stepwise function 7, ¢ € [0,7], has
jumps. It is obvious that AV, = ﬁgk70k+l)dt and that k = 7, for t € [0}, 0%41). Since
T =n, we get

n

1 n
ZWG(Tk—l)AVk;/[ )Tp/zG(Tn—l)dt

1
k=1 Ok;0k41 An

1
T
- /0 a7 € T .
Set a; = c29? + T —t. Since AV,, < &2 + 252 (cf. Lemma 1), we deduce that
<V, SV 1+ AV, <t4el+255, te[0,T). (10.19)

Taking into account that ¢, > 4, we obtain

1
S0 < Ar = EVEHT -V, <a;y te[0,7T) (10.20)

Note that G(z) is symmetric and is non-increasing in z > 0. The bounds (10.20) implies

that .
1 U — YT —1
Ji < csg/ — _E, {G(tﬂdt. (10.21)
T e
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Notice that G(t) is also an integrable function of bounded variation on R. By Lemma 9, it
is easy to see that

Y. _
E, [G <W> } < ¢ sup ’P)\(Yn_l < z2) = P(2)| + c2v/ag. (10.22)
t z

Since V,,—1 =V, — AV,,, Vo, >t (cf. (10.19)) and AV;, < e2 + 262, we get

Vi = Ve 1 SV =V, + AV, < (2 4+ 32) + T —t < ay. (10.23)
Thus
Ex [(Ya = Y5,—1)?|Fr21] = En [ Z E 17| Fr 1] ]'—T,,—1]
k=1
< cE, [ > AX), fnl}
k=7’t
= cEy [ <X>n - <X>Tt71 “7:thle
é CE)\[Vn - V'rt71|f'rt71}
< cai.
Then, by Lemma 8, we find that for any ¢ € [0, 77,
sup ‘P,\(Yn_l <z)-— 45(2)’ < ¢3 sup ’PA(Yn <z)-— @(z)‘ + can/az. (10.24)

Combining (10.21), (10.22) and (10.24) together, we obtain

Ji < cs e Toat P (Y. < 5 (Tt
1S C5¢& 0 ngp‘ )\( n_Z)_ (2)‘+C65n o W (1025)
' t
By (10.23) and elementary computations, we see that (since A > 1 and p € (0,1])
T T
dt it .
oo = < S 10.26
/0 az+p/2 = /0 (co(e2 4 02) + T — t)1+0/2 = (Leh, ( )
and
TL_ Cps if p€(0,1),
0 a§1+p)/2 “\cllogen|, ifp=1.
Then
C ~
] < 7y < i sup [P(Y, < 2) = 0(2)| + 25, (10.27)
where
= _Jen if p e (0,1),
e {enllnenl, if p=1. (10.28)

b) Control of Ir. Set G(z) = Sup|y<2 ¥(2 + v), where 9(2) = p(2)(1 + 22)3/2 Since
AAk = —AVk, we have
|I2| < I+ L2,
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where

n

By =B 3 o 19 (T (Vi - 4001
k=1

ha =By Y- o ¥ () (A1), - A1

Proceeding in the same way as for estimating 1, we get the estimations

|.[271| S 2 su
C

* z

PyY, <z - @(z)‘ + coy

and
L] < Zi’sup ‘PA(Yn <) - @(z)‘ +es(Nen)”.

Collecting the bounds for I5; and I3, we get

1] < 2 sup [PA(Y, < 2) = 8(2)| + o, (10.29)
Cx 2z

¢) Control of I3. By Taylor’s expansion, it holds

1 1 u—Yp 1
I.—-F i AAZ L.
PTs {Z (Ax — ﬁkAAk)Zcp (\/Ak - ﬂkAAk> k}

k=1

Since |AAg| = AV < €2 + 262 and ¢, > 4, it follows that
Ap < Ay — 0 AAL <3V HT — Vi + 1292 < 24, (10.30)

Using (10.30) and the inequalities " (2)] < G(2), we get

—~ 1 ~ (T
I §csi+26iE{ G< >Av}

Proceeding in the same way as for estimating J; in (10.17), we obtain

I3] < S sup [PA(Y, < 2) = 8(:)| + 2. (10.31)
Cx 2z

We are now in a position to end the proof of Lemma 4. From (10.6), using (10.27), (10.29)
and (10.31), we obtain

[BA[@u (Vi 4n)] — Ex[4 (Yo, o))

< 2 sup [Pa(Ya < 2) = ()| + e () +Eu + 00,

where &, is defined by (10.28). Implementing the last bound into (10.5), we get

sup P)\(Yn < Z) - QP(Z)‘ < 62)7;)3 sup ‘P)\(Yn < Z) - @(Z)‘ + Cp,4(()\5n)p + gn + 57L)a

from which, choosing ¢f = max{2c, 3,4}, we deduce that
sup ‘P,\(Yn <) - @(z)‘ < 2,4 ( (Aen)” +Bn + 5n), (10.32)

which proves Lemma 4 for all 1 < A < ae, L For all 0 < XA < 1, we can prove Lemma 4
similarly by taking v = €2 + d,,. O
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