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Abstract. Let M be a complete non-compact Riemannian manifold. In this
paper, we derive sufficient conditions on metric perturbation for stability of L”-
boundedness of the Riesz transform, p € (2,00). We also provide counter-
examples regarding in-stability for L”-boundedness of Riesz transform.

Résumé Soit M une variété riemannienne compléte et non compacte. Dans cet
article, nous dérivons des conditions suffisantes sur la perturbation métrique pour
la stabilité de la L? bornitude des transformations de Riesz, p € (2, 00). De plus,
nous fournissons des contre-exemples concernant la stabilité pour la L” bornitude
des transformations de Riesz.

1 Introduction

Let M be a complete, connected and non-compact n-dimensional Riemannian manifold, n > 2.
In this paper, we study the behavior of the Riesz transform under metric perturbations. As a main
tool and also a byproduct, we also obtain stability and instability of gradient estimates of harmonic
functions and heat kernels under metric perturbation.

Let go and g be two Riemannian metrics on M. Let ug, u, Lo, £, Vo, V, divg, div, be the cor-
responding Riemannian volumes, non-negative Laplace-Beltrami operators, Riemannian gradient
operators and divergence operators, generated by go and g, respectively.

Suppose that gg and g are comparable on M, i.e., there exist C > 1 such that for any x € M and
V=i, - ,vy) € Tx(M) it holds

(1.1) Clglv; < gllviv; < Cg'lvw;.

Then a natural question is: if the Riesz operator Vo.ﬁa 172 is bounded on L” (M, uo), p € (1,00), is
V.£~1/2 also bounded on LP(M, 11)?
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Note that the case p = 2 is trivially true as the Riesz operators VoL, 12 and VL7172 are isome-

tries on L>(M, o) and L>(M, p), respectively. For the case p € (1, 2), it was shown by Coulhon and
Duong [17] that the Riesz operator is weakly L'-bounded under a doubling condition and a Gaus-
sian upper bound for the heat kernel. The L”-boundedness then follows from an interpolating, for
all p € (1,2).

Let Bo(x,r), B(x,r) be open balls induced by the metrics go, g respectively, and Vp(x, r) and
V(x, r) the volumes wo(Bo(x, r)) and u(B(x, r)) respectively. We say that (M, go) satisfies a doubling
condition, if there exists Cp > 0 such that for any x € M and for all » > O that

(D) Vo(x, 2r) < CpVo(x, 1),

and that the heat kernel P,(x, y) of e~"£0 satisfies a Gaussian upper bound, if there exists ¢, C > 0
such that

d?(x,y)

C
(GUB) Pi(x,y) £ ——ex {—c },Vt>0&Vx,y€M.
Ve T
According to [[11], under (D), (GU B) is equivalent to a version of the Sobolev-Poincaré inequality
that there exists g > 2 such that for every ball By(x, r) and each f € CF(Bo(x, 1)),

2/q
S (f Iflqdﬂo) < Ci (f 2 duao + P f |vof|2duo).
Bo(x,r) Bo(x,r) Bo(x,r)

Above and in what follows, for a measurable set €2, fQ g duy denotes the average of the integrand
over it.

It is easy to see that (D) and (S 1) are invariant under quasi-isometries. Therefore, if (D) and
(GUB) are satisfied on (M, gp), then they are also satisfied on (M, g), and the Riesz operator \
is bounded on L?(M, u) for all p € (1, 2).

The case p > 2 is more involved. It was shown in [[18] that on a Riemannian manifold (M, g),
under (D) together with a scale invariant L?-Poincaré inequality, V.£~!/? is bounded on L?(M, p),
p € (2,00), if and only if, it holds for every ball B(x, r) and every solution to Lu = 0 on B(x, 2r)
that

1/p C
(RH)) ( f |Vul? d;u) <= f lul du.
B(x.r) r JB(x,2r)

See [36] for the case R”, and [55 16} 29, 32]] for earlier results and also further generalizations.
Further, it was shown in [19] that, the local Riesz transform V(1 + £)~'/? is bounded on L”(M, ),
P € (2,00), if and only if, the above inequality (RH),) holds for all balls B(x, r) with r < 1.

By the perturbation result of Caffarelli and Peral [12]], one has a good understanding of the
local gradient estimates for elliptic equations on R”. In particular, for a uniformly elliptic operator
L = —divganAVgs, if A is uniformly continuous, then [12] implies that any L-harmonic functions
satisfies (RH),) on small balls B(x, r) with r < 1 for all p < co. This gives the LP-boundedness of
the local Riesz transform Vg«(1 + L)™'/ for all p € (2, o).
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Then how about the Riesz transform Vg«L™'/2? It was well-known that, for any p > 2, there
exists a uniformly elliptic operator (Meyer’s conic Laplace operator) on R? such that the Riesz
transform is not bounded on LP(R2); see [[7, p-120] and also Section Noting that the conic
Laplace operators do not enjoy smoothness at the origin, one may wonder what happens if the
coefficients are smooth? We however have the following example.

Proposition 1.1. For any given p > 2 and n > 2, there exists a C*(R") matrix A(x) satisfying
uniformly elliptic condition,

clél® < (AL, &) < CIEP, Y € e R,

and each order of gradients of A(x) is bounded, such that the Riesz operator Ve.L™V? L =
—divgnAVRn, is not bounded on LP(R™).

The above proposition implies that apart from the local smoothness (local regularity), some
global controls of the perturbation are needed for the stability issue. For some related results we
refer to a study of (asymptotically) conic elliptic operators in [33]] and other examples motivated by
the theory of elliptic homogenization (cf. [4] and [3l Further Remarks]). In fact one can construct
(with some extra work) examples of uniformly regular, uniformly elliptic operators with isotropic
coefficient matrices a(x)I, so that the conclusion of the above proposition remains valid.

In what follows, we shall use the Einstein summation convention for repeated indexes, and &k
the Kronecker delta function. Our main result reads as follows.

Theorem 1.2. Let gy, g be two Riemannian metrics on M. Assume that go and g are comparable
and there exists € > 0 such that

(GD) JC |6,~k—g6jgjk|dposCr_6,Vlsi,kSn, VxeM&Yr>1.
Bo(x,r)

Suppose that (M, g) satisfies (D) and (GUB). Then if for some py € (2,), VoL, 2 is bounded
on LP(M, uo) and V(L + 1)"V2 is bounded on LP(M, p) for all p € (2, po), VL V/? is bounded on
LP(M, ) for all p € (2, po).

Some remarks are in order. First, the above result can not be true if € = 0 as indicated by the
Proposition though one may replace the algebraic decay condition by a Dini-type condition.
Next, if we strengthen the assumption (GU B) to two sides bounds of the heat kernel then we can
include the endpoint that p = py; see Theorem 2.4 below. Moreover, as the LP-boundedness of the
Riesz operator V.£~!/2 implies

_ C
IVe™ 1 Lo ht gy bt ) < E, Yit>0,

by [6} 18], one further sees that the gradient estimates for heat kernels and harmonic functions are
also stable under such metric perturbations.
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Coulhon-Dungey [16] has addressed the stability issue of Riesz transform under perturbations.
In [16], no assumptions on the volume growth or the upper bound of the heat kernel were required.
However, they assumed the ultra-contractivity, i.e.,

le™ Mo i < CP2 1> 15
and that 0 —gf)jgjk € L1(M, up) for some g € [1, o) instead of (GD); see [16, Theorem 4.1]. In the
case of Riemannian manifolds with lower Ricci curvature bound, the ultra-contractivity requires
the volume of unit balls is non-collapsing, i.e., inf,cps V(x, 1) > 0; see [28, Proposition 3.1]. By
[20], there are Riemannian manifolds with non-negative Ricci curvature, on which the volume of
unit balls does collapse. Moreover, if (D) and infcps V(x, 1) > 0 hold, then ¢ — gé)]g ik € L1(M, o),
q € [1, o), implies (GD).

Recently, Blank, Le Bris and Lions [9} [10] addressed the issue of perturbations related to the
elliptic homogenization, their results are rather interesting in comparison with that of [[16] for
the case that (M, h) being Euclidean spaces with a nice periodic metric 4. Instead of the ultra-
contractivity property as described above, [9, [10] used a continuity argument starting from the
estimates established in [2]]. We also note that most of conclusions of [9, [10] are also true for
systems, while our proofs here and [16] work only for the scalar case.

Our main achievement here is that we find the condition (GD), which works also for the col-
lapsing case. In particular results here cover the case of complete manifolds with non-negative
Ricci curvature. In general (GD) allows a much larger class (than L? (p < o)) of perturbations.
For example, in R”, a perturbation along a strip R"~! x [0, 1] satisfies (GD) but is not in L? for
p < oo. For the proof, we shall follow the basic strategy of [16], where the key step is to estimate
the difference of the operator norm

IVICL +2Lo) ™" = (1 + L) Moy 1oy < CEOV2 1> 1,

for some @ > 0. If the ultra-contractivity holds, then such an estimate is relatively easy to establish;
see [16, Proposition 2.2]. However, without ultra-contractivity, the proof is more involved. The
estimates for the heat kernel and its gradient (cf. [6} [18]), together with (GD) are essential in our
proofs.

Let us list several consequences of Theorem[I.2] It is well known that if (M, g) has lower Ricci
curvature bound, then the local Riesz transform is L”-bounded for all p € (1, o0); see [6].

Corollary 1.3. Assume that g, go are two metrics on M, that satisify (I.1)) and there exists € > 0
such that

6k — gl gjeldpo < Cr e, V1 <ik<n Vxe M&Vr> 1.
Bo(x,r)

Suppose that (M, g) has Ricci curvature bounded from below and satisfies (D) and (GUB). Then
ifV()Lal/z is bounded on LP(M, uy) for all p € (2, po), where pg € (2, 0], VL2 s also bounded
on LP(M, ) for all p € (2, po).

Note that in particular any compact metric perturbation satisfies (GD).
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Corollary 1.4. Suppose that (M, g) and (M, go) satisfy (D) and (GU B), and have Ricci curvature
bounded from below. If g coincides with gy outside a compact subset, then for all py € (2, c0],
Vo£81/2 is bounded on LP(M, o) for all p € (2, po), if and only if. VL™ V? is bounded on LP(M, 11)
forall p € (2, po).

Carron [13]] and Devyver [21] had addressed the question of stability of compact perturbation,
under the validity of global Sobolev inequality instead of (D) and (GUB). The global Sobolev
inequality in general is a stronger requirement than (D) and (GU B); see [21, Remark 1.1]. On the
other hand, the changing of the topology of manifolds is out of reach of this work, which however
is allowed in [[13}[21], see also [29]].

An easy consequence follows for the case of non-negative Ricci curvature.

Corollary 1.5. Assume that (M, go) has non-negative Ricci curvature. If g coincides with gg
outside a compact subset, then the Riesz transform VL™ V2 is bounded on LP(M, ) for all p €
(1, 00).

Zhang [39] had derived a sufficient condition on the perturbation of a manifold with non-
negative Ricci curvature for the stability of Yau’s estimate (equivalent to (RH,) with p = oo,
cf. [15, 18] [38]]), which implies the boundedness of the Riesz transform for all p € (1, co0) by [18]
Theorem 1.9]. We did not prove the stability of Yau’s estimate, but the advantage of our result is
that our condition (G D) is much more explicit and, it is convenient for applications.

Let us mention a few examples that our result can apply. Besides manifolds with non-negative
Ricci curvature, conic manifolds (cf. [30, 33]]), as well as co-compact covering manifold with
polynomial growth deck transformation group (cf. [22]), Lie groups of polynomial growth (cf.
[LL137])) satisfy the doubling condition (D) and (GU B). Indeed the stronger Li-Yau estimate is true
(see Theorem below). By [26], (GUB) is preserved under gluing operation; see [[14} 29] for
studies of Riesz transforms in this direction. Therefore, our result applies to these settings if the
metric perturbation satisfies (GD). Our result also applies on the Euclidean space R” for elliptic
operators (including degenerate operators); see Theorem 3.1

Finally let us state a corollary for the Euclidean case. The balls B(x, r) in the following corollary
are induced by the standard Euclidean metric.

Corollary 1.6. Let Ly = —divgn(AgVRre), £ = —divge(AVgn) be uniformly elliptic operators on
R, n > 2, with Ay, A being uniformly continuous on R". Suppose that there exists € > 0 such that

c
JC JA—Agldx< =, VyeR'&Vr>l.
By»r) re

Then for p € (2,0), Vgn L 12 is bounded on LP (R™) if and only if Vga L™1/% is bounded on LP(R™).

The paper is organized as follows. In Section 2] we study the case of manifolds and prove
Theorem[I.2] and its corollaries. In Section 3] we discuss the case of degenerate elliptic equations
on R". In Section |4, we discuss the conic Laplace operators and present the proof of Theorem
[I.1) there. In Appendix [A] we recall some basic facts regarding the boundedness of functional
operators.
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2 Metric perturbation on manifolds

In this section, we study the behavior of Riesz transform under metric perturbation on mani-
folds.

Note that as g, gg are comparable on M, the resulting Riemannian volumes u and ug are also
comparable, which implies that for any p € [1, oo]

LP(M,p) = LP(M, po),

also the boundedness of VLSI/ 2, VL Y2 0onLP(M, 1), is equivalent to the boundedness of VOL(;I/ 2,
VoL~ Y2 on LP(M, ), respectively. In what follows, we shall simply denote by LP(M) the
Lebesgue space LP(M,u) or LP(M, uo), and denote by || - ||, || - |l,—, the LP(M) norm and the
operator norm || - ||z»(a)—Lr (M), TESpectively.

As the consequence of (I.1)) also, one sees that the condition (GD) is equivalent to

JC |c5,~k—gf)jgjk|dpo~f |6ik—ggjgjk|d,uSCr_€,Vlsi,kSn,VxeM&Vr>1.
Bo(x,r)

B(x,r)

Let us outline the proof of Theorem @], for which we follow the approach in [16]. Note that
our main ingredients are Proposition [2.1]and Proposition [2.2] below.

Proof of Theorem[l.2] To show that VL2 is bounded on LP(M) for p € (2, po), it suffices to
show that

2.1) IvLy'? =vL ), < C.

‘We write

1
VL' 2oL = %f VI +1Lo)™ = (1 +1L)7]

dt
0 t

Vi
dt
N

By Lemma and that V.L 172 and V(1 + £)~'/2 are bounded on L”(M), one has

+71—Tf VI + L) = (1 +1L)71]
1

dt
Vi

For the remaining term, by the following Proposition[2.1]and Proposition we see that there
exists & > 0 such that

<C.

p—=p

1
(2.2) H%f VI + L) = (1+1£)7"]
0

(2.3) IVIA + L) = (1 + 2L pep < COIVA + L), .

e(p—1) €e(po—p) } = €(po—p)
2p > 2p(po+p) 2p(po+p)

Note here we may take @ = min{ if pg < o0, and a = i when pg = co.
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By using the boundedness of the local Riesz transform

IV + L7, < C

one obtains for any 7 > 1 that
IVC+ 207l < IV + L7l pll(1+ D720 + 207 sy < C.

This together with Lemma[A.2]implies that

V(L + L)), < C.
Inserting this into (2.3)), one finds

IVI(L +2Lo)™ = (1 + L) il < C17°,

and
(2.4) IV(L+ L) llpop < CEC+ IV + 2Lo) I ey < CEOM2,
Above we used the fact

V(L +2Lo) Mlpop < IVLG Pllpmspll Ly (1 + 2L M pos)p

(o)
f L(l)/Ze—s—stJ:o ds
0
S

Cf ds < cr'/?,
0o Vst

|

p—=p

IA

Now inserting (2.4) into (2.3)), we get
IVI(L + L)~ = (1 + L) sy < Cromant2,

and
IV(L+ L) posp < Cr2M2,

Repeating this argument finitely many times (depending on @), we arrive at

(2.5) VI + L) ™ = (L + L) llpmp < Cro7 V2 Ve > 1,
and
(2.6) V(L + L) llpmp < CEV2

Inserting (2.5)) into the term II, we conclude that

< cfo t_"_l/zﬂ <C.
1

@7 ”1 f UV 1Ly = (14
T J1 \/Z

t p—=p
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Combining the estimates of (2.2)) and (2.7), we get
VL' ? -vL 2, <

and hence,
-1/2
IVL ey < C,

as desired. O

Let us estimate the difference V[(1 +tLo) ™" — (1 + t£)!] for > 1 to show 2.3).
Set |g| = | det(g;;)| and |go| = | det(go);;|. Let us begin with the formula

Lo-L= L\/_ai(\/@gifaj) - \/L_Ola (Vigoleg9))
:\/_ ([ Visle - igolg?] 9)) - Cg_oj_gT (VIgolgya;).

and for any ¢ > 0,

A+tL) " = +tLy) =1 + 1L (Lo - LA +1Ly)™!

Set
I,lth(1+t£)‘1(% i (| Viele = Vigolgg |9 ))(1+t£o)_
8
ij ; 1 i _
:rvu+t£>-1(ﬁai([@<&k—gojg,k)gkj]aj)—@ai([«/igﬂ Viel €59, )]<1+u:o>1

and

12 = V(1 + L) (‘/\7_\‘//__ i (Vigolgy )J(1+z1:0)—1

= V(1 + 107" (1 = Vigol/Igl) Lo(1 + £.Lo)™".

Note that (I.T]) implies that C gl < Igol < Clgl. Moreover, from the assumption
JCB . )I(S,-k —gé)jgjkld/,to <Cr&,V1<ik<n VYxeM&Vr>1,
0 r

for some € > 0, one deduces that for all x € M and all r > 1

’ s
eo o n-daoidn = £ o~ F s
Bo(x,r) Bo(x,r) B(x,r)

1 -8
8ol

sl

du<Cr-
8ol
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Proposition 2.1. Assume that (M, o) satisfies (D) and (GU B), and that (I.1)) holds. Suppose that
there exists € > 0 such that

JC |(5,~k—gé)jgjk|d,u0$Cr_E,Vlsi,kSn, YxeM&Vr>1.
Bo(x,r)
Then for any p € (2, ), there exists C > 0 such that for each t > 1
Wy p < CEPTIPPIN( 4+ .07 2],
Proof. Step 1. We claim that it holds for each ¢ > 1 that
o+ 2772 (1 = Vigol/Igl)| < crer,
p—p

For any f € C°(M) one has

< d
(1+2072 (1= Vlgol/lgl) f0) = € fo e‘“”“’)(l—|go|/|g|>f<x)7§.

For the first term, by using the fact |g| ~ |go| we conclude that

< fo e a - Viealllghs)| d—\/f
1/t N ds
< fo e o= Visolise],

1/t ds
—s(1+tL) 1 -
fo e (11 = Vigol/lel1) (0=

p

C
< —Ifllp-
t
Let p,(x,y) denote the heat kernel of ¢£. For the remaining estimate, note that the heat kernel of
e satisfies c .
d(x.y)
0< pu(x,y) S ————e¢ o,

V(x, Vst)
which is a consequence of (M, go) satisfying (GUB) and g ~ go.
Using the Holder inequality and |g| ~ |go| again, one concludes that

fM Pa(x,3) (1 = VIgol/Igl)) 1F ) duy)

P p s 1y
Ce 2cst » f Ce_ Dest »
d Cem () .
<UM Vo von ”(”] [ vy (= isolo) u(y)]

’

d(n)

1/ 2k
<| [ s due) p(ii [ -
V( \/_) k=1 V(x, \/B) B(x,2% /1)

Vigol/lgl)| du(y))
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d(xv) 1/[’ o k Uy
ce S o2 f
d _ - J
<( | o my)] (; AT o iy 1 VB M]
u’()c;)2 1/p
< f oW du)|
— (O I Vi, V)

where in the last inequality we used the estimate

go

Igl

1 f J[ gl = Igoll
V(x, 25 Vst) a2k vai) pee2viD) Igl vlgl + g0l Igo

llgl — lgoll c
(2.9) < cf Sy < ————,
B(x,2k /st) lgol (2k Vst)€

where the last estimate follows from (2.8)). Using this, one deduces that

f/, oS+ (|1 - JMM\ f) (x)_

Vsli,

” ¢ 1 dxy)? 1/p ds
<C ——e’ —_———¢ 2ost Pd d as
= ;ﬁ/t (Sl‘)e/zlﬂe (LL V(x, \/E)e If(y)l u() ﬂ(x)) \/E
< C“f”p j;/t —(st)f/zl"e \/E

< Cr < |Ifll,,

where € € (0, 1), p’ € (1,2). This and the estimate for the first term completes the proof of Step 1.
Step 2. Noticing that

ILo(1 + 2Lo)~ ”p—>p = 1/t||1 - (1 +tLy)

which together with the first step gives that

1
” p—p C/t’

WLy p < CEPIN +2.L)7 21
which completes the proof. O

Recall that V, Vy, div, divy are Riemannian gradients and divergences induced by g, go, respec-
tively.

Proposition 2.2. Assume that (M, go) satisfies (D) and (GUB), and that (1.1)) holds. Suppose that
VL, 12 is bounded on LPo (M) for some pg € (2,0), and there exists € > 0 such that

JC |6l-k—ggg,~k|duosCr_E,Vlsi,kSn, VxeM&VYr>1.
Bo(x.r) ’

Then for each p € (2, po) there exists C > 0 such that for each t > 1

e(po—p)
1 lymsp < CEED V(L + 2L ]
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Proof. Set A = {ai}1<ik<n = {gé)jg jkH<ik<n- For simplicity of notations, we represent I,l in term of
Riemannian gradient and divergence as

1 _ 4 | )
Nk Sik = 8o ki) - —=a; - Yo (1 + tLy) ™!
gl ([\/@( k — 8081K)8 ] J) N ([\/lgol \/@]go ]) (1 +t.Lo)

= V(1 + £.L) \div ((1 _AV- ] Vigol/Tgl - 1] Vo) (1 +1Lo)"".

Il =y +1L)! (

Step 1. Noting that (M, go) satisfies (D) and (GUB), and that (I.1)) holds, (M, g) also satisfies
(D) and (GUB). It follows from [17] that VL~'/? and V.[jal/ 2 are bounded on Li1(M) for all
g€ (1,2).

Since (1 + £.£)~'/2div is the dual operator of V(1 + r£)~'/2, and VL~!/2 is bounded on L” (M),
p’ €(1,2), one has that

|1+ 2.£)7"2div|| <C/VL V> 1.

=[[va+o) 2, <

p—=p

Step 2. We claim that it holds

H(U—A)V - | Vigol/lgl - 1|V0)(1 + 1Ly

For any f € C°(M), let us first show that

< Ct—l/2—e(po—p)/(2p(po+p>)’ Vis 1.
p—p

”((1 —AV (1 + Z‘LO)_lf“p < Ct_l/2_6(1’0_1’)/(21’(”°+p))||f||p,
the other term can be estimated similarly. We write
=AWy + L) ],

1/t
< f 1 = Ay e+ 1 s + f
0 1/

(o9

(T = A)V) e+ 0 ]|, ds.
t

As
-1/2
IVLy llpyspy < C,

one has
-1/2
VL, Pllpesp < €

for any p € (2, pp), and hence for any s > O that
(Gp) Ve L[|, < Cs7V/2

Therefore by using (G,) and that A is bounded, one has the estimate

1

1/t /t
f 1 = AV) e £ ds < € f (Ve s £ ds
0 0
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1/t es
< Cf ds
) \/S—t”f”p

(2.10) < Yl

The estimate of the remaining integrand over (1/z, o) is more involved. By using the boundedness
of V.Eal/z on L”°(M) and [6, Proposition 1.10], we see that, for any p € (2, po) there exist C,y, > 0
such that forall t > 0andy e M

C
2
(GLY,) fM (Vo)xPie, I exp {ypd” (x3)/1] duo(x) < P2Vl Vo1

where P;(x,y) denotes the heat kernel of e Lo, By using (L.I) that g ~ go, we see that (GLY),) is
equivalent to

c
2
fM IV Pi(x I exp{ypd”(x, ) /1) du(x) < 12Vo(y, Vi1

In what follows we shall not distinguish these two estimate.
Let y € (0, yp) to be fixed later. By using the Holder inequality, one sees that

V0] < C [ 9 Palr IO )

1/p

d*(x, -
=¢ (fM VP e, I exp {%} Vo, Vo f o)l du(y))

2 1/p’
x (f,;,[ Vo(y, \/3)—1 exp {_M} d,u(y))

st
yd*(x,y) 1
(2.1D) < C(fM [VPs(x, p)I eXP{ }Vo(y VP~ llf(y)lp)dﬂ@)) .

Above in the last inequality we used the doubling condition to conclude that for any x,y € M and
any r > 0 that

I(M)T W)T
r

Vo(y, ™' < CVo(x, r + d(x,y))”
.

< CVo(x,r)™! (

for some Y > 0, and therefore

2
[ ot Vit xp ALY

st
T 2
< f Vo(x, \/s_t)_] (M) exp {_M} du(y)
M Vst st

2
< fMVO(x’ \/s_t)_l exp {_M} du(y)

st
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< i Vo(x, Vsn™ Vo(x, 2° Vst exp {—c(p. y)2%]
<c
Inequality (2.TT)) gives that
|7 = A)VeLo fHﬁ
<c fM fM (= APV (x. y)P exp {%} Vo(y, VO O du(y) dpa(x).

Note that p < po. Letting 6 = (po—p)/2,q = (p+po)/2andy € (0,y,) such that 2(p+95)y/p = vy,
we conclude that

2
f [l = APV Py (x, y)IP CXP{M} du(x)
M

) 6/(p+90)
< (fM I = AGOPPHOIS ex { (p + 0)yd“(x, y)} dy(x))

ost
) p/(p+96)
y ( f IV, P )P exp {2(” +Ohyd (x,y )} du(X))
M

pst
C f 5 — gyt %lq
< Il — A(x)|P1Pe~ "5~ (x))
( Sl‘)p/ZVo(y, @)p—p/q ( H
o (s
(SI)P/ZVo(y Vst)P=1 \Vo(y, Vst)
where by (2.8)) one has

o/q
f 1 = AP e 5 du(X)) ,

(s [ - acore o g <x>)6/q
VoG Vs0) g

o/q
Il — A(x)l e d ( ))
< [Ty Jult - 400

bl e—cZZk o/q
S\ v v I~ A d(x)
(kzz; Vo(, Vst) jl;(ylk N K ]

< C(st)™%/%4,

We can therefore conclude that

yd2(x,y) ¢
I = APV Py (x, ) exp § —= ¢ du(x) < ’
fM | OIPIVcPsr(x, y)l eXP{ <t p(x) (st)PI2+€5/2a Y (y, \[st)P~!

and

I — A)Ve™ o f)p
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2
< CL J/:/I [ — A(x)|P|VxPs(x, y)IP exp{@} Vo(, \/E)p—llf(y)lp du(y) du(x)

—IfII5
B C(S[)P/2+66/2q A

We finally get the estimate of the second term by

(o] _ 00 Ce—s _ _
f I = A)Ve™ L0 f||, ds < f eyl ds < CO DAl
1/t 1/t

This together with (2.10) implies that
7=V + Loy 1], < e
By the same proof, one sees that

H(’ Visol/lg] - 1| V0)(1 +1Lo)"!

< Cr1/2-€8/2pg).
p=p

The above two estimates complete the proof of Step 2.
Finally, by combining the estimates from Step 1 and Step 2, we see that

||Iz1”p—>p < Ct—E(PO—P)/(ZP(P0+P))”V(l + IL)_I/ZHP_W,
which completes the proof. O

In Proposition [2.2] there is a loss of integrability, which is somehow nature from the point of
view of comparing arguments; see also [12]. If we strengthen the assumption from (GU B) to two
side bounds of the heat kernel, then by using the open-ended property of the Riesz transform (cf.
[[18]]) we have the end-point estimate.

We say that the heat kernel satisfies Li- Yau estimate if there exist C, ¢ > 0 such that for all # > 0
and all x,y e M.

c! d*(x,y) C { d*(x, y)}
LY _E expi- _c _
0 Vx, V) CXP{ ct Ve Ny P t

By [34] 135} 25], the Li-Yau estimate is equivalent to the fact that (M, g) satisfies (D) and a scale
invariant Poincaré inequality (P[), i.e.,

12
PI) f f = foldu < Cr( f VR dﬂ) .
B(x,r) B(x,r)

As (D) and (PI) are invariant under quasi-isometries, the Li-Yau estimate is invariant under quasi-
isometries.

} < pt(x’y) <
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Proposition 2.3. Assume that (M, go) satisfies (D) and (PI), and that (1.1)) holds. Suppose that
VL(;U 2 is bounded on LP (M) for some pg € (2, 00), and there exists € > 0 such that

f |6ik—gggjk|d,u0§Cr_E,VlSi,kSn, YxeM&VYr>1.
Bo(x,r)

Then there exist C > 0 and a > 0 such that for each t > 1
1 lpg—po < CEANTA + 2Ly -

Proof. Note that, under (D) and (PI), the boundedness of the Riesz transform has an open-ended
character, cf. [[18, Theorem 1.9]. Therefore, there exists 6 > 0 such that V.Ea 172 is bounded on
LPo*9(M), which together with [[18, Theorem 1.6] implies that

C
1Po+0)/2V/(y, \/;)p0+6—1 )

(GLY pys5) [ WP exp i) doo) <

Using (GLY ) instead of (GLY),) in the proof of Proposition@, we see that there exists @ > 0
such that for each t > 1

WM py—po < CEANVA +£L) 2]y pos
as desired. |

Theorem 2.4. Assume that (M, go) satisfies (D) and (PI), and that (I.1)) holds. Suppose that
VL, 2 is bounded on L? (M) for some p € (2, ), and there exists € > 0 such that

JC |6,~k—gé)jgjk|d,uosCr_E,Vlsi,kSn, YxeM&Vr>1.
Bo(x,r)

Then if V(1 + £)~'2 bounded on LP(M), V.L™'/? is bounded on LP(M).

Proof. The conclusion follows from the same proof of Theorem|[I.2] using Proposition 2.3|instead
of Proposition [2.2] O

We can now finish the proofs for corollaries of Theorem [I.2]

Proof of Corollary Noting that (M, g) has Ricci curvature bounded from below, the local
Riesz transform V(1 + £)~'/? is bounded on L”(M) for all p € (1, c0); see [6]. The conclusion then
follows from Theorem m|

Proof of Corollary[1.4] If g coincides with go outside a compact subset My, then (I.I) holds. By
using (D) together with the connectivity of M, one sees there exists 0 < v < T < oo such that for
anyye MandO <r <R < o

1

2.12) E(’f)v < YoO.B) _ C(R)T;

rl = Vo, r) — r
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see [27] for instance.
Note that it holds

. C .
10 — g g il duo < 10 — g g il duo, Vx € M &N r > 1.
JCBO(x,r) l 02/ Vo, r) JatgnBocer) 02/
Fix xog € My. If By(x,r) N My = 0, then
(2.13) f 16 — g gkl duo = 0.
Bo(x,r)

Otherwise, by using (2.12)), one has

diam(My) \"
Vo(xo, diam(Mo)) < c(%) Vo(xo, 7 + diam(Mo))
diam(My) \" )
< - 2r +2d M,
<C (r T dam (M) Vo(x, 2r + 2diam(M))
diam(Mo) \" (r + diam(Mg)\"
<
<€ (r + diam(Mo) Vol 1),
and therefore,
f |6k — gggjk| dpo
Bo(x,r)
diam(My) \' (r + diam(Mp)\" 1 ij
< . . |6ik — 8¢ & jk| dito-
r + diam(My) r Vo(xo, diam(Mop)) Jy,

This together with (2.13)) implies that for all x € M and all r > 1 it holds

’ c
JC 16 — gg gkl dpo < =,
Bo(x,r) r

where C depends on My.

By applying Theorem @} together with the fact that (M, g) and (M, go) have lower Ricci cur-
vature bounds, we see Vo.ﬁa /2 is bounded on L? (M) for all p € (2, po), if and only if, VL2 s
bounded on L?(M) for all p € (2, pg). O

Proof of Corollary Note that since (M, go) has non-negative Ricci curvature, Vo L, 172 is bound-
ed on LP(M) for all p € (1,0); see [6]. This together with Corollary (1.4 implies that V.L™1/2 is
bounded on L”(M) for all p € (2, ).

Moreover, since (D) and (GU B) hold on (M, go) as a consequence of non-negative Ricci curva-
ture (cf. [31]), (D) and (GUB) hold on (M, g). By [17] we see that V.L~!/? is bounded on L”(M)
for all p € (1,2). O
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3 Degenerate elliptic equations

In this section, we deal with degenerate elliptic equations on Euclidean spaces. Let A(R")
denote the collection of A;-Muckenhoupt weights, and QC(R") denote the collection of all quasi-
conformal weights, i.e., w € QC(R") if there exists a quasi-conformal mapping f : R" — R" such
that w = |J f|1‘2/ ", where J; denotes the determinant of the gradient matrix D’ see [24].

For w,wg € A2(R") U QC(R"), denote by

Vix,r) = f wdy, Vo(x,r) = f wody, YxeR"&r > 0.
B(x,r) B(x,r)

For w,wg € A2(R") U QC(R"), the volumes V, V, satisfy the doubling condition, and there are
scale-invariant Poincaré inequality (PI) on the spaces (R, wdx) and (R", wo dx); see [24].

We will assume that C~'w < wy < Cw in what follows. As a consequence of the assumption,
it holds that C~'V(x,r) < Vy(x,r) < CV(x,r) for any x € R” and r > 0, and LP(w) = LP(wy) for
any p > 0. In what follows, we will not distinguish L”(w) and L”(wy), and denote by || - ||, the
operator norm || - [|zr(w)—Lr(w)-

In this section, we use V, div to denote the gradient operator and divergence operator on R".
We use the notation B(x, r) for open ball under usual Euclidean metric of R". The proof of results
in this section is similar to that of Theorem [I.2] thus we only sketch their proofs.

Theorem 3.1. Let A, Ay be n X n matrixes that satisfy uniformly elliptic conditions, and wy,w €
Ar(R™) U QC(R™) with
C'w(x) < wo(x) < Cw(x), a.e.x € R".

Suppose there exists € > 0 such that

1
Vo(r, ) JBy.n

lwo — wl

C
(lA—A0|+ )wodxs -, YyeR'&r> 1.
r

wo

Let £ = —LdivwAV) and Lo = —Ldiv(woAoV). Then if V.Ly"* and V(1 + L)™'/ are bounded

w wo

on LP(w) for some p € (2,00), VL2 is bounded on LP(w).
Proof. Let us begin with the formula that for any ¢ > 0

V(1 +1Ly) " =V + L) = V(1 + L) MLy — LA +1Ly) "L,

and
“12 LT - _1q 4t
VLO -VL _7_r Vid+tLy)y  —(1+tL) ]E
0
+1f VI +1Lo) ™ = (1 + tL)-l]ﬂ.
T ) \/;
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Step 1. By Lemma and our assumptions that VLB” % and V(1 + £)~'/2 are bounded on
LP(wq), we have

<C

p=p

fl VI + 1L — (1 + 1
0 ‘ Vi

Step 2. For the remaining term, by the following Proposition [3.2] and Proposition we see
that there exists @ > 0 such that for any ¢ > 1

(3.1 IVIA + L) = (1 + 2L Nlpep < COIVA + L), .

With this, repeating the same proof after (2.3) in the proof of Theorem [I.2] we conclude that
VL2 is bounded on LP(w). O

Let us prove (3.1) in the following two propositions. Note that

Lo— £ = “div (0w = wo)A = wo(Ao = AYV] = X2 div(woAoV),
w wow
and set
Il =191 + L) (:—Vdiv (10w = wo)A = wo(Ag — A)] V(1 + tLo)“)),
and

w —

M0 ro(1 + rLor‘).
w

17 =V +1L)7! (

Then we have the following representation
« dt 0 dt
V(1 +tLy) " =1+t = = f a! + 1H—.
j]‘ \/; { t t '\/E

Proposition 3.2. Let A, Ay be n X n matrixes that satisfy uniformly elliptic conditions, and wy, w €
Ar(R™) U QC(R™) with
C'w(x) < wo(x) < Cw(x), a.e. x € R".

Suppose there exists € > 0 such that

1 (|W0 - wl
Vo(y, ) JBy.n wo

C
)wodxs -, VyeR'"'&r> 1.
r

Then for each p € (2, ), there exists C > 0 such that for each t > 1 it holds

|y < CESPDPPI (A 4+ 2L,
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Proof Note that (D) and (PI) hold since wy,w € A>(R") U QC(R"), the heat kernels p; (x y),
D; 0(x, y) of e7£, L0 satisfy (LY) estimates by [34] 33, i.e.,

Lo 1 E
pEGLY), PP, y) ~ Ver \ft)e .

Using this, and the assumption that
1 [wo — w|
Vo, ) Jepy  Wo

C
wodx<F, VyeR'&r>1,

we follow the proof of Proposition [2.1]to see that

< Ct_f(p_l)/ZP‘
p—-p

”(1 T

w

This, together with the estimate
1£o(1 + 1.L0)llp—p < C/1
for all # > 1, implies
Iy < COPORPIN (L + 0720,
]

Proposition 3.3. Let A, Ay be n X n matrixes that satisfy uniformly elliptic conditions, and wy, w €
Ar(R™) U QC(R™) with
C'w(x) < wo(x) < Cw(x), a.e. x € R".

Suppose there exists € > 0 such that
1
Vo(y, ) B(y,r)

Let L = —%div(wAV) and Ly = —Wlodiv(woAOV). Then if VL, 12 is bounded LP(w) for some
p € (2,00), there exist C, a > 0 such that for any t > 1

lwo — wl
wo

c
(lA—Ao|+ )Wode - VyeR'&r> 1.
r

1My p < CEAIVA + 2L 72,

Proof. Recall that
1=V +1L)7! ( —divw [((1 - —)A - —(AO —A))V(l +1Loy)” ])

Step 1. Since (1 + L)~V 2%divw is the dual operator of V(1 + t£)~12 and VL~1/? is bounded
on L” (w), one has that

H(1+uj)—1/21divw = Vva+wo™?|| . </
w p=p p=r
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Step 2. As wog,w € Ay(R") U QC(R"™), (D) and (PI) hold. By [18 Theorem 1.6 & Theorem
1.9], we see that there exists pg > p such that VLS 172 is bounded on L0 (w) and

C
GLY V.pi (x, y)IP d*(x,y)/1 dx < ’
(GLY,,) WlnuwlmM(HWWWyxme%wwl

Using this together with the assumption

1

lwo — wl
|A — Aol
Vo(y, 1) JByr) (

C
wodx < —, VyeR'"&r>1,
rE

we follow the proof of Proposition[2.2]and Proposition [2.3]to conclude that there exists & > 0 such
that

<crifre

‘M——A——%—MWHM@
p—=p

The above two steps give the desired estimates. O

Finally by using Theorem [3.1] and the result of [12] we can finish the proof of Corollary [I.6]
Note that L”-boundedness of the Riesz transform on L?(R") for p € (1,2) is always true if the
operator is uniformly elliptic; see [17].

Proof of Corollary By [12], if the matrix A is uniformly continuous on R", then every solution
to Lu = 0on B(x,r), r <1, satisfies

1/q C
(JC [Vul? dy) < — JC |u| dy
B(x,r/2) r JB(x,r)

for any ¢ < co. This implies the local Riesz operator V(1 + £)~!/? is L9-bounded for any ¢ < oo;

see [6, [19]]. The same holds for £,. The conclusion then follows from Theorem 3.1} |

For the homogenized elliptic operator £y = —divAV (cf. [2]]), it was known by [2] that VL(; 12

is bounded on LP(R") for all p € (1, ). Therefore, if £ = —divBV with B uniformly continuous
and satisfying

C
JC [A-Bldx<—, VyeR'&Vr>1,
B(y.r) re

for some € > 0, then Corollaryimplies that VL7172 is bounded on LP(R") for all p € (1,00).

4 Examples

In this section, we discuss the counter-examples regarding unboundedness of the Riesz operator.
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4.1 Conic Laplace operator

Let us start from the Meyer’s example; see [[7], and also [33]] for general asymptotically conic
elliptic operators.
On the plane. Consider £ = —divAV, where

BB+2) ( 2 —xlxz)

W2 o o

Ax)=1+

where 8 € (—1, ). Then f(x) = |xlPx; is a (weak-)solution to £ f =0on R2. In particular, for
B € (-1,0), Vf(x) is not locally L? integrable around the origin for any p > 2/|5|. This implies the
Riesz operator VL2 can not be bounded on L?(R?) for any p > 2/|6l; see [36, 18]

To see the geometric meaning of L, let us rewrite £ in the polar coordinates. First let 4 =
BB+ 2)+ 1, and write

2 2 _ 1 2 pl 42 _
A =1+P82D( % xlzxz): — (MR e S| T0 xlfz).
> \-xax o oxy > \x1x2 x5 x> \=xixe —x;
Set 5
1 X5 xX1x
- 1
Al(x) |x|2 (x]xz x% )
and As(x) = A(x) — A;(x). Then in the polar coordinates, the operator £; = —divA;V has the
representation
10( df
Lif = _;G_r(rg)’
and £, = —divA,V can be represented as
1 0°f
R
This means 5
Lo of L0 f
Lr= r or (ré?r) r2 062"

It is easy to see that f(x) = f(r,0) = r1*P cos 0 satisfies £ f=0o0n R? (in the weak sense).

On RY, N > 3. It is straight to generalize the above operator to higher dimension as

_Ef = I 9 (I‘N_la—f) — iASN—l s

72

where Aqnv-1 is the spherical Laplacian operator, and 4 > 0. In the Euclidean coordinates, the
operator has the form Lf = —divAV f, where

1 A
A = —AyN + A - —Ayp,
(x) P N P N
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where Ay = {xin}lgi,jSN and A € (0, oo)
Then functions fi(x) = |x}Px;, where 8 > —1 satisfying

N2 N N 2
B = \/T+/1(N—1)—N+1——= \/(5—1) +AN-=1),

2

1 <i< N, satisfy Lf; = 0on R,
In particular, if A € (0, 1), then 8 € (—1, 0) and the gradient V f; does not belong to L’foc (RM) for

any
N N N 2
P2 = [5_\/(5—1)“(1\7—1)

This implies that the Riesz transform V.£~'/? can not be bounded on LP(RY) for p > N/|Bl; see
(36, [18].

Viewing A(N — 1) as the lowest non-zero eigenvalue of the operator AAg~-1, this range coincides
with Lin [33] of the conical elliptic operators, and also Li [30] on general conic manifolds.

As 8 € (—1,0), the above generalization of conic Laplacian operator to higher dimensions gives
counter-example of failure of the boundedness of the Riesz transform for any p > N.

-1

For the counter-example regarding the case p € (2, N], let us consider the operator £ = —divAV
given by the matrix

x% —x1xp 0--- 0

—X1X2 x% 0---0

BBXDL 57 g 0.0

2 2 ’
xXp+ x5

Ax) =1+

0 0 0---0

where 8 € (—1,0). The functions fi(x) = (x? + x2)f/%x1, fo(x) = (x} + x3)P/%x, are weak solutions
to Lu = 0 on RN, However, the gradients V f;, V£, do not belong to L’;OC (RN) for any

>2
P=ar

This shows the corresponding Riesz transform can not bounded on L? (RN) for any p > 2/|6l.

4.2 Uniformly elliptic operator with smooth coefficients

The previous examples show that on RN, N > 2, for any p > 2, there are uniformly elliptic
operators such that the Riesz transform is not LP-bounded. However, these operators are not
smooth at the origin. We next provide a uniformly elliptic operator with smooth coefficients such
that the Riesz transform is not LP-bounded, for any given p > 2. The idea of the construction
comes from the study of asymptotically conic elliptic operators in [33] and the homogenization
theory (cf. [3}4]]).
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Theorem 4.1. For any given matrix A(x) with measurable coefficients satisfying uniformly ellip-
tic conditions, there exists a smooth matrix B(x) satisfying uniformly elliptic conditions, whose
derivatives of any order are bounded, and a sequence {ry}jen, rr — 0o, such that B(ryx) — A(x)

a.e. on R

Proof. Let 0 <y € C*(R") be a mollifier, i.e. suppy c B(0, 1) and fRn vdx =1.
Choose an increasing sequence {ry}ren, 1 < r — oo, such that

rk<r,%<2r,%< Tewl — 1

for any k € N.
Set
. A(x/rp), if x € Ugen B0,2r2) \ BO, r — 1),
B(x) := k
Lisn, other x.

Then B satisfies the uniformly elliptic conditions. Let
B(x) := B * y(x).

Then B is a C* matrix satisfying uniform ellipticity and any order of its gradients is bounded.
Note that for x € B(0,rx) \ B(0, 1/ +/rx), for all m > k it holds that

FmX € B(O, riry) \ B(rm/ \re) € B(0, r2) \ B(\/rm).
By the choice of B, we see that it holds for all m > k that
B(rnx) = fR AQ T (rmx = y) dy = T fR AGW(rm(x = y)) dy.
Letting m — oo yields that for a.e. x € B(0, r¢) \ B(0, 1/ 4/ry) it holds
nlglgo B(r,x) = A(x).
Therefore, we see that for a.e. x € R”, it holds

lim B(r,x) = A(x).

We can now finish the proof of Proposition [I.1]

Proof of Proposition[I.1} From previous subsection, for any p > 2 on R”, n > 2, we may find a
uniformly elliptic operator £ = —divAV such that there exists a solution « to Lu = 0 on R" and

Vu is not L? integrable near the origin.

By Theorem 4.1, we may find a smooth matrix B(x) satisfying the uniform ellipticity and a

positive sequence {ry}xen, 'z — 0, such that B(rix) — A(x) a.e. on R”,
We claim that for £y = —divBV the Riesz transform V.L, 172 is not bounded on L? R™M).
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Let us argue by contradiction. Assume that V.£;'/* is bounded on LP(R"). Then by [36, [I8],
one sees that there exists C > 0 such that for any ball B(x, 2r) and any Ly-harmonic function v on
B(x,2r), it holds

1/p C
(RH)) (J[ [Vv|P dy) < _J[ [v| dy.
B(x,r) r JB(x2r)

For any k € N consider
—divB(r¢)Vvg = 0, on B(0, 1),
Vi = U, on 0B(0, 1).

Then there exists a subsequence, still denoted by {vi}ren, such that v, converges weakly to i in
W2(B(0,1)). Moreover, by using the G-convergence (cf. [8]), there exists a limit operator Z,
such that £ is a uniformly elliptic operator and £ii = 0. By the construction of B, one can infer
that £ = £ and i = u. Moreover, the boundary condition implies that

Villwi2cgo,1)) < Cllullwi2p0,1y)-

Note that vi(x/ry) € W2(B(0, ry)) satisfies —divBVv(-/r) = 0. By using (RH,), one has

_ ¢ C
( f r Vv ol dy) <— f e(y/roldy < — f i(x)] dx,
B(0,r/2) Tk JBO,r) Tk JB,1)

and hence,

1/p
(JC [Vvi(x)|? dx) < CJE (0l dx < Cllullyr2(p0,1y)-
B(0,1/2) B(0,1)

By applying Poincaré inequality, one has vy € LP(B(0, 1/2)) with

Villro,1/2)) < Cllullwr250,1))-

These imply that {v;}ren is a bounded sequence in WLP(B(0, 1/2)), and there exists a subsequence
{vkj} jen such that Vk; converges weakly to ug in WLP(B(0, 1/2)).

This further implies u = uy € WLP(B(0,1/2)). This contradicts with the fact Vu is not LP-
integrable around the origin. Therefore, our claim holds, i.e., the Riesz transform VL(; 172 is not
bounded on L”(R"), where Ly = —divBV. m|

A Appendix

In this appendix, we provide some basic fact of functional calculus. These estimates are more or
less well-known (see the proofs in [[16]] for instance), we include them for completeness. Note that
(D) or (GUB) is not required in this appendix. Let X be a locally compact, separable, metrisable,
and connected space equipped with a Borel measure y that is finite on compact sets and strictly
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positive on non-empty open sets. Consider a strongly local and regular Dirichlet form & with the
domain Z on LZ(X, w); see [23L 18] for precise definitions. Such a form can be written as

&ﬁ@iﬁﬁm@=£Wﬁwwﬂ
forall f,g € 9.

Corresponding to such a Dirichlet form &, there exists an operator denoted by £, acting on a
dense domain 2(L) in L*(X, n1), 2(L) € 2, such that for all f € (L) and each g € 2,

[ oz dun = 617

X

The heat semigroup further satisfies for any g € [1, oo] and 7 > O that
lle™llgmq < 1,

where we denote the operator norm || - ||2»(x,u)— 17 (X BY Il - |, p. This implies for any s, > O that

00 00 1
(A1) (s + L) Mgy < f lle™" 6+, dr < f e dr < ~.
0 0 S
and
(A2) |MH0”%wscf|vm@n ‘f <
0 \f x/' s

Lemma A.1. Let (X,u, &) be a Dirichlet metric measure space. If the local Riesz transform
V(1 + £)~'2| is bounded on LP (X, u) for some p € (2, ), then the operator

! dt
VA +tL)7 N —
f0|(+t) IW

is bounded on LP (X, ).

Proof. Note that

(1+L)‘1/2—f(1+t£)‘ f[(l+t+t£)‘ —(1+tL)” ]—+f (1+z+z£)——

! Vi Vi
1

-— | -1 -1 -1 4t f 1 ‘1—.

fo (l+t+tL)y (1 +tL) \/;+ 1 A+t+tL) N

From this and using (A.T)), (A.2) and the condition that [V(1 + £)~!/?| is bounded on L’ (X, u), we
deduce that

f |-Vt + ¢+ )7 +2L)” ||,Hp \[
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f v+ 2720+ 020+ e o™ Vi

fC\/_||(t+t£)l/2(l+t+t£) (1+1L)” 1||pﬁp 7

< [lefasrs o, @
0
<C,

and

f ||V<1+t+z1:>—1||,,ﬁ,,f—; < f V(L4 2721+ 02 + 1410
1 t 1

<|s

. dt
gf C||(t+t£)l/2(1+t+t.£)_1||p_>p7
1
dt

gf C||(1+t+t£)_1/2||p_,pt

1
<[ -2 _<c
1 V(1 +1)
The above two estimates imply that

1
dt
VA + L)~ —

0

Hip—p

<C+CIVU1+ L7 ),, < C.

O

Lemma A.2. Let (X, u, &) be a Dirichlet metric measure space. Suppose that for some p € (2, ),
V(1 + £)"?| is bounded on LP(X, u). Assume for some v € [0, 1/2), it holds for any t > 1 that

(A3) V(1L + L) ey < CE
Then for any t > 1 it holds
V(L + L)), < CE.

Proof. The boundedness of |V(1 + £)~'/2| on LP(X, ) implies that for any r > 0

.
(A.4) Ve Elllpmp < IV + L) 2o pllr + L) 2e 0L, S < 0V 2e,

=

Write

L[ d
V(e + L) =V +1L)7 < = f [ — e IVe™ £ 2
T Jo \/E
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1/t 00
:f +f N EYIA
0 1/t

For the term 1, by using (A.4)) and the fact |e™*" — ¢™| < Cst for any ¢ > 1 and s < 1/, one has

ds< Ut Cstest ds< C
Vs T Jo st Vs T Nt

1/t
Mp—p < C\[o CstlIVe "l
For the term /1, one has via (A.3)) that
® - _ ds
e L I
1/t Vs

0 ds
< f IV + 1L I+ stL)e
1

/t %
o0 ds
< e ¥(styV— < Cr”,
ﬁ/r \/E

where v € [0, 1/2). The estimates of / and // imply that

IVCL+ L) 2 sy < IV + L) V2 sy + VI + L7V = (14 2L 72
<cr'?icrv<cr.
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