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Abstract

We establish integral formulas and sharp two-sided bounds for the Ricci curvature,
mean curvature and second fundamental form on a Riemannian manifold with bound-
ary. As applications, sharp gradient and Hessian estimates are derived for the Dirichlet
and Neumann eigenfunctions.
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1 Introduction

Let (M, g) be a d-dimensional complete connected Riemannian manifold with boundary 9M,
and let N be the inward unit normal vector field of OM. We also denote g(u,v) = (u, v) for
two vector fields u,v. For V € C?(M), let L = A+ VV and p(dr) = e"@vol(dz), where
vol is the volume measure. Then L is symmetric in L?*() under the Neumann condition
(N flaar = 0) or the Dirichlet condition (f[srs = 0). We estimate the gradient and Hessian
of the Dirichlet and Neumann eigenfunctions for L by using the following quantities:

e Bakry-Emery curvature on M: Ric” = Ric— Hessy, where Ric is the Ricci curvature.

e Second fundamental form of OM: Iy(u,v) = —(V,N,v), u,v € TOM.

*Supported in part by NNSFC (11771326, 11431014).


http://arxiv.org/abs/1803.04233v4

e Weighted mean curvature of OM: Hy = tr(Isp) — NV = —Lpg on OM, where py is
the Riemannian distance to the boundary M. When V = 0, Hy is the usual mean
curvature of OM.

Let pp be the area measure on OM induced by p. For a nonnegative function f, we
denote

ul(f) = /M Fdu, polf) = / fdgo

We call (A, ¢) € (0,00) x C?(M) an eigenpair of L, if L¢p = —\¢ holds. Let Eigy (L) be

the set of eigenpairs (A, @) with p(¢?) = 1 for the Neumann problem (i.e. N¢|sy = 0),

and let Eig, (L) be that for the Dirichlet eigenproblem (i.e. ¢|sp = 0). We aim to estimate

po(9%), po(IVel?) and pu(||Hessy||%g) for Dirichlet and Neumann eigenfunctions respectively.

Before state our results, we first recall known boundary estimates derived in [II 2].
According to [2], there exists a constant C' > 0 such that

(1.1) pa([Vol?) < CA, (A ¢) € Eigp(A).

When M does not contain any trapped geodesic, i.e. any geodesic starting from a point in
M will eventually go beyond M (it is the case when M is a domain in R?), then there exists
a constant ¢ > 0 such that

(1.2) pa(IVol?) = X, (X, ¢) € Eigy(A).

So, as a general result, the order of A in (1)) is sharp. But, in general, (L2) is not true,
see [2] for counterexamples, which include semi-spheres and cylinders. This indicate that for
boundary estimates of eigenfunctions, a smooth domain in R? may be essentially different
from a Riemannian manifold with boundary.

However, for Neumann eigenfunctions the estimate (LI]) does not hold. According to [1],
when M is a bounded smooth domain in R? and L = A, there exists a constant C' > 0 such
that

(1.3) pa(0?) < OX3, ua(|Ve?) < CA3, (A, ¢) € Eigy(A),

where the order of X in both estimates is sharp for the disc in R2.

In this paper, we aim to derive sharp Hessian estimate for (A, ¢) € Eig, (L), and extend
(L3) to general compact Riemannian manifolds with boundary which, in turn, to imply
sharp Hessian estimates for (A, ¢) € Eigy(L).

We first consider the Hessian estimate for Dirichlet eigenfunctions. We will see that
the following result is a straightforward consequence of ([LT) and the integral formula (22))
proved in the next section.

Theorem 1.1 (Diriclet eigenfunctions). Let M be a d-dimensional connected compact Rie-
mannian manifold with boundary OM. Let K1, K5,01,02 € R be constants such that

Ky < Ric” < Ky, 6 < Hy <.



Then

(14)  Kid+d1pa(IVEI*) < A — p(|[Hessg[l7g) < Ko+ d2p10(IVI*), (A, ¢) € Eigp(L).
Consequently, there exists a constant C' > 0 such that

(1.5) (|| Hessg[7s) — M| < CA, (A, ¢) € Eigp(L).

In particular, if Ric¥ =0 and Hy = 0, then (LH) holds for C' = 0.

Proof. Since Lo = —\¢, ([IL4]) follows from (2.2]) in the next section. Next, by repeating the
argument in [2], we may prove (L] for Eig, (L) replacing Eig,(A). So, (LI) follows from

TA). 0

By (L4)) and the sharpness of (1) as explained above, the order of A in estimate (L3
is sharp as well.

The situation for the Neumann problem is more complicated. We address the main result
below but leave the proof to Section 3.

Theorem 1.2 (Neumann eigenfunctions). Let M be a d-dimensional connected compact
Riemannian manifold with boundary OM. Let K, Ko, k1, ko € R be constants such that

K, < Ric¥ < Ky, k1 <Iy < k.
Then
(1.6) Kix+ w1pa(|V*) < N — p([[Hessy|lg) < Kod + rapto(|VI*), (A, ¢) € Eigy(L).
Moreover, there exists a constant C' > 0 such that
(1.7) Ho(6%) < OXE, - p1a(|Vof) < CA3, (A, 0) € Bigy (L),
Consequently, there exists a constant C' > 0 such that
(1.8) (| Hessy |[375) — X’ < CAS, (A, ) € Eigy(L).
If in particular RicV =0 and Iy = 0, (L) holds for C' = 0.

By (L6) and the sharpness of (L3)) for the disc in R? as explained in [I], the order of A
in (L])) is sharp as well.

In Section 2, we establish integral formulas and two-sided bounds for the above mentioned
geometry quantities, which will be used in Section 3 to prove Theorem [I.2



2 Integral characterizations of Ric",Iy and Hy

In this section, we assume that M is a Riemannian manifold with boundary which is not
necessarily compact nor connected. Let C§°(M) be the set of smooth functions on M with
compact support. We consider the following two classes of reference functions for the Neu-
mann and Dirichlet problems respectively:

OR(M) = {f € C(M) : Nflon =0}, C5(M):={f € C*(M) : flows = 0}.

By Bochner-Weizenbock and integration by parts formulas, we have the following integral
formulas for Ric"', 1y and Hy .

Theorem 2.1. Let C¥ (M) and C¥ (M) be in above. We have

@1 [ {(L1P ~ Hesss s~ Ric! (V1,90 e = | To(VEVS) duas 1 € OO
M oM

22) [ {01 = Wessylfys = Ric! (VAV} du= [ HoIVSE duo. € CHOD),

oM

Proof. By Bochner-Weizenbock formula,
1 . 0o
(2.3) SLIVIP = [Hesss|lis + (VLS V) + Ric" (V£,Vf), feC*(M).

Next, the integration by parts formula gives

(2.4) - /M (VLY f)du = /6 (LONS o+ /M (Lf)2dp,

1 1
(2.5) 5/ L|Vf|2du:—§/ N\Vf\zdua:—/ Hess; (V f, N)dpup.
M oM oM

Integrating (Z3)) with respect to du and using (Z4)), (Z3]), we arrive at

[ @ = eyl - RicY (V1.9 } an
(2.6) %
= /aM {Hess;(N,Vf) — (Nf)Lf} dpa, [ € C3°(M).

With this formula we are able to prove (21I) and (Z2)) as follows.
Firstly, for f € C(M), we have N f|gonr = 0 and, by [3, the formula after (3.2)],

Hess; (N, V f)lonr = (Vv N,V )lon = 1o(V I, V)lom-

Then (1)) follows from (2.0]).



Next, for f € Cy (M), we have flonr = 0. So, V floy = (Nf)N and
(2.7) Hess¢ (N, V f)|onr = (N f)Hessf (N, N)|on-

Let {v;}%=! be orthonormal vector fields in a neighborhood of a point 2 € M, such that
Vu;(z) =0 and (N,v;)(z) = 0. Then

Af(z) = Hess¢(N,N)(z) + iHessf(vi, v;) ().

i=1
Combining this with V f|ons = (N f)N|oa and (v;, N)(z) = 0 = (N, V,,v;)(x), we arrive at

d—1

Af(xz) — Hess; (N, N)( ZHQSSf v, v)(x) = Zvi(Vf, v;) ()

_ Z”M PV, 0} ) = SV H(T0 N, 0}

— —{(N)x(Ip)}(z) = —(HoN f)(z).
This, together with (£7), yields
Hessy (N, V f)lons = (NS)AS + HoN £) = {Ho(Nf)? + (N F)AS }onr
Combining with V f|oa = (N f)N|oar leads to
{Hess (N, V1) = (Nf)Lf How = {HIV £ = (N )TV, 9 1) Hou
— (VA2 (Ho — NV)lowr = Hy V1P|
Substituting into (ZH), we prove (2. O

We now characterize bounds of Ric", Iy and Hy. For a symmetric 2-tensor @), we write
Q>0 (or @ <0)if Q(v,v) <0 (or Q(v,v) <0) holds for all vectors v. For two symmetric
2-tensors @1, Qa, we write Q1 > @y (equivalently, Qs < Q1) if Q1 — Q2 > 0 (equivalently,
Q2 — Q1 <0).

Theorem 2.2. Let () and QQy be continuous symmetric 2-tensors on M and OM respectively,
and let ¢ € C(OM).

(1) Ric¥ > Q and 1y > Qg if and only if

/{Lf |Hesss |5 — Q(V S, Vf) Ydu
(2.8)

oM



(2) RicY <Q and 1y < Qg if and only if

/ [(LF)? — [Messs|3g — Q(V £,V f) by
(2.9) M
< Qo(Vf,V)dus, feCF(M).

oM

(3) RicY > Q and Hy > q if and only if

/ [(LF)? — |Hess/|2s — Q(V £,V f) }dp
(2.10) M

> / AV fPdus, f € CE(M).
oM
(4) Ric < Q and Hy < q if and only if
/M [(LF)? — |Hesss s — Q(V S,V f) by

(2.11)
< / AV fPdus, f € CF(M).
oM

Proof. According to Theorem 2.1l we only need to prove the sufficiency in all assertions.
According to (Z1)) and ([2.2), the inequalities (28] and (2I0) are equivalent to the fol-

lowing ones respectively:

[ AR =@} V1.9 Pan+ [ {1 Qa}(TAT P> 0. 1 € CFOM)
M oM

/M {Ric" = Q}V [,V f)du+ /{)M {(Hy = q)IVfI*}duo > 0, f € CF(M).

By the following Lemma B.2 the first implies Ric” > @ and Iy > Qp, while the second
yields Ric” > @Q and Hy > ¢. Thus, assertions (1) and (3) hold. Similarly, we can prove

assertions (2) and (4).

Lemma 2.3. Let QQ, Qg be continuous symmetric 2-tensors on T'M and TOM respectively,

and let h € C(OM).
(1) @ >0 and Qy > 0 if and only if

(2.12) /M QY1 Y f)du + /a QUL 20, ] € CFOM).

(2) @ >0 and h > 0 if and only if

(2.13) AL /a WSR2 0. f € CHOM,
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Proof. The necessity in these assertions are trivial. Below we prove the sufficiency.
(a) @ > 0. For f € Cg°(M \OM) C C¥(M)NCy (M), we have V f|an = 0 so that each

of (212) and (ZI3) implies
| @vsvhdezo, fecronam.

According to [4, Lemma 2.2] for M \ OM replacing M, this implies @ > 0 in M \ OM. By
the continuity of @), it holds on M.

(b) Qs > 0. Let xy € OM and X, € T,,,0M with | X,| = 1, we aim to prove Qa(Xo, Xo) >
0. To this end, we take the normal coordinates in a neighborhood O(xg) of xy such that

(1) 2o =0 € R, Xy = dism0;
(2) For some constant ry > 0,

d
O(xg) = {(x1,~-~ ;2 e R0 < 2, Z\xlﬁ < ro};

i=1

(3) (OM)NO(zo) = {z = (z*, - ,2%) € O(x) : % = 0}, on which N = 0.

Under this local coordinate system, let & = (z*,---, 2% *,0) for = (2',--- , 7). Then there
exist symmetric matrix-valued continuous functions (¢)1<; j<q and (g3 )1<i j<a—1 such that

QIVEVHdu =Y {¢"(9:£)(;f)}(x)dz on O(xo),
(2.14) i’j:dl_l
Qo(Vf.V)duo =Y {a5(0:f)(9;f)}(&)dd on (9M) N O(x)

1

irj
Now, for any n > 1 and = € R?, let

wmwyz{"f’ =1

nx', 2 <4 <d.
Let f € C3°(O(w0)) with N floar = 0, i.e. Ogf|za—o = 0. Then
fo = fodn € C5(O(20)), Oafplyazo =0, n=1.
So, by (2.12)) and (2.14) we obtain
o</ S [0S0, f) e+ [ Z{q (O:1)(8; )} (2) i

i,j=1
d

- [ e s <z S0 0 6 )ON0,)

1,j=2 Jj=2



g o as;l)(alf)?}(x)dx

d—1 d—1
+ /R {nH S (a8 0 o)D) D) + 20*7 D (g 0 671) (00f)(0;1)
i, =2 =2

gl o 6O o)
Multiplying by n?=* and letting n — 0o, we arrive at

0 < g}'(0) / 0.1 (@)d2, | € (M) N C3(Olao)).

Rd-1

Combining this with the second equality in (2I4]) and noting that Xy = 0,|,,, we obtain
Qo(Xo, Xo) > 0.

(c) h > 0. Let g € C§°(0OM) with compact support D C OM. There exist a neighborhood
O in M of D, and a constant 79 > 0, such that py € Cy°(0) and the Fermi coordinates

O>x=(0,r)€ M x[0,rq)

exists, where = (6,7) means @ = expy[rN]. Let v € C5°([0,00)) such that v|,2 =
L, Y|ro,00) = 0. For any n > 1, define

Ful) = {9(9)r7(m’), if = (6,r) € 0,

0, otherwise.
Then f, € C¥ (M) and

IV falPloar = Ploar, |V ful < {1V glloo + N9lloo( +70l17'lloo) } Lgporo/my

where VM is the gradient on M. So, applying ([ZI3)) for f, replacing f we may find out
a constant C' > 0 such that for any n > 1,

/ (he?)dpp > — / QY f, ¥ fu)ds
oM M

>-C {19212, + g (1 + rollyc)? s

{po<ro/n}no

By letting n — oo we arrive at
/ (hg*)dug >0, g€ C°(OM),
oM

which implies h > 0 as g € C§°(0M) is arbitrary. O



3 Proof of Theorem

To prove Theorem [L.2] we present some lemmas.

Lemma 3.1. There exists a constant C' > 0 such that
[T c(x +A ¢2dua), (A ) € Bigy(L).
OM oM

Proof. Let rq > 0 such that py is smooth on 9,,M := {ps < ro} and the Fermi coordinate
system z = (0,7) € IM x [0, 7] exists on My, := {ps < ro}. Under this coordinate system
we have

(3.1) L=a{lopy +VMV}+ 02+ 2,

where o € C®°(OM x [0,1]) is strictly positive with a(-,0) = 1, Ay, and VM are the
Laplacian and gradient on the (d — 1)-dimensional Riemannian manifold OM respectively,

and Z is a C' (hence, bounded) vector field on M. Using the integration by parts formula
on OM, [BJ), and Lo = —A¢, we obtain

| 1w6Rdna == [ of80+ " ous
oM oM

= [ {Hesso (N, ) + 620 - 6L0 o

oM
1
<OH1ZIE) [ Gdua+ g [ [VoPduo+ [ otessy(N, N)duo
oM oM oM

Since A > AY > 0, this implies

4 .
(3.2) / IVo|?dug < 1) P*dpg + 3 ¢Hess, (N, N)dus, (A, ¢) € Eigy (L)
oM oM oM

for some constant ¢; > 0. To estimate [,, ¢Hessy(N, N)dps, we take v € C5°([0, 00)) such
that v|j0,r0/2 = 1, V|j2r0/3,00) = 0. By Lo = —Ap, N|ans = 0 and using integration by parts,
we have

¢Hessy (N, N)dps = ON(v(pa)V pa, Vo)duy
oM oM

(33 = [ {=0L600)V00.¥6) + (L6)390) V0. V)
= [ éblp0)Voa. L) i

where [Y(ps)Vpa, L] := (7(pa)Vps) L — L(v(pa)Vps) is a continuous second order differential
operator on the compact set {py < 7o}. Combining this with [,, ¢*dp = 1, we derive

(3.4) PpHessy (N, N)dug| < 02(/ (0% + |Vo|* + ||Hess¢H§{S)d,u) '
M

‘8M

9



for some constant ¢, > 0. Combining with [B2)), u(¢?) = 1 and u(|V¢|*) = A, we arrive at

4
(3.5) / IVo|?duy < c1 ) ¢*dpp + —e <1 + A+ / ||Hess¢||qudu) :
oM oM 3 oM

But by (I.6]) we have
[ Hessolfsdn < +eah+ [ Vofn,
oM oM

for some constant ¢z > 0, (83) implies the desired estimate for some constant C' > 0. O

Lemma 3.2. There exists a constant C' > 0 such that
¢*dpg < CN5, (X, ¢) € Eigy(L).
OM

We first prove a priori estimate then make improvement. To this end, we introduce some
notation.

For any r > 0, let 0,M = {py = r} and p} be the area measure on it induced by p. For
0<r <y, let

My, ={r1 < po <o}, py " = Lo, iy + Lo, Mty

Obviously, oM = OM, pf = .
Let 0 > 0 such that py € C;°(Mos), and the Fermi coordinate system (0, r) € 0M x [0, J]
gives a diffeomorphism between M, s and M x [0, d]. Under this coordinate system we have

(3.6) w(dl,dr) = (0, r)pus(d0)dr

for some strictly positive function ¢ € Cp°(0M x [0, d]). In particular, there exists a constant
co > 0 such that

(3.7) / (0, 7)Pro(d0)dr < e, / P, f e BOM),
M x[0,5) M

Lemma 3.3. There exists a constant ¢ > 0 such that

¢*dupy < C\/X/ ¢*du, (X, ¢) € Eig(L) := Eigy(L) UEigp (L), € [0,4].
or M M

Proof. By the symmetry, we only prove the inequality for r € [0,d/2]. For r € [0, /2], define

d—r s—r)mw

v(s) = Sin((é—r ), s € [r,0].

™

Then |V7(ps)| <1 and

™ 2T
sup | Ly(pa)| < sup |Lps| + - < sup|Lpg| + 5 =i <00
Mr,& Mr,& -r Mr',é

10



Let N be the inward normal unit vector field of M, 5. Then
Ny(po)lont,s = 7' () Lipo=ry = 7V (6) Lipo=ry = Lon, ;-
So, by integration by parts, there exists a constant ¢ > 0 such that for any (¢, ) € Eig(L),

¢*dup + ¢*dpg = / & Nvy(po)dpg’
arM 8(5M aMr,J

_ /M {&* L (po) + (V(p), V™) }du

< [ (@ + 1ol IVol)de < ¢+ VRGRITOP = ¢+ VA

U
Combining (LL€) with Lemmas Bl and B3] we conclude that
(3:8) ([ Hessy[Frg) = N < A2, (. 0) € Bigy(L).
Lemma 3.4. For any (¢, \) € Eigy (L), under the Fermi coordinates (0, \) € OM x [0, 0] let
1
(3.9) h(r) =< &*(0,7)ua(dd), r€10,4].
A Jom

Then there ezists a constant C' > 0 depending only on Mys and L such that for r € [0, 0]

with h'(r) > 0,

|7 (r)|”
h(r)

Proof. (1) Obviously, we have #'(r) = % [, ¢0,¢dus and

R (r) > - C.

(3.10) W) =3 [ {007 + 0020} r)dua. 7€ 0.6

Let No, be the inward unit normal vector field of OM,, = {ps = 0} U{ps = r}. Noting that
Oy @lr=0 = N|oyr = 0, and Lo = —A¢ implies

oY~ (0r, Lo = (L)™' 0,6 — oy~ L(0,9),

where [0,., L] :== 0,.L — LJ, is a continuous second order differential operator on the compact
set {py < 0}, by ([B.0) and the integration by parts formula, we have

§/BM ({waﬁb}(,r) + {¢N2¢}('70>)dﬂa _ ;/@M {¢¢_1No,r8r¢} d,ug”

2 B ) 5 ) T
B X AJO,T (¢w 1L(8r¢> - {L(¢w 1)}8¢¢)d,u + X LTM(8T¢)8T(¢¢ l)d,ua
(3.11) > g <¢¢—1[L’ Ol — ¢(ar¢)LQ/J_1 —2(V¢, V@b_l)@rgb)du
A Mo, r
2 —
3 ATMw(aT¢)aT(¢w Hdua
= ]1 + IQ.

11



By (B4) and (3:8]), we obtain

(3.12)

2‘
- <o

| {oN"9}(0) ) dny

for some constant a; > 0. Next, since [0,, L] is a continuous second order differential
operator on the compact domain M s, 1u(¢?) = 1, u(|V¢|?) = X and (B:8) holds, we may find
out constants as, oz > 0 such that

(3.13) 1< 5 [ {199 +161(176] + [Hessollus) b < a.
M

Moreover, obviously

— 2 2 g -1 r
L= /a (@ i+ / (000)0

Combining this with BI1))-(BI3]), we we arrive at =
4 2

(3.14) W'(r) = —/ (0:0)*dpp — a1 + —/ (60,0)(0,¢~")dpp, 1 € [0,0].
A Jom A Jom

Since h/(r) = % Jonr @0rddpig, by Cauchy-Schwarz inequality we obtain

4 2 W (1)
X/aM(arQS) dpg > )

This together with (3.14]) implies

wE_ 2 / (60,0)(D,0")dup, € [0,4].
orM

(3.15) HOREs =

(2) Since N¢?|gnr = 0, =1 € Cp°(My5), and

(3.16) / (IL6?| + V7)) < 4+ 2VA,
oM

by the integration by parts formula, there exist constants as, ag > 0 such that

2

5 | eaoouan =5 [ (o - dot Y,

2 _
> _X/ |L(¢*0,407 1) |dp — ash(r) > —ag — ash(r).
MO,'r

This and BI5) yield

h”(?”) Z h(r>



So, it suffices to find out a constant ¢ > 0 depending only on L and M;s such that
(3.17) h(r) <e, relo,d].

By (B7) and pu(¢?) = 1, we have

200

5
2
/ h(r)dr = —/ ¢*(0,7)* po(do)dr < ==,
0 A Jonrx[o,4] A
So, there exists 1 € [0, 0] such that
(3.18) h(rg) < — < =«i,

where \; is the first non-trivial Neumann eigenvalue of L on M. On the other hand, by
Integration by parts formula and noting that 0,¢(6,r) = 0 for r = 0, for r € [0, 6] we have

1 :
~3 [ @i
OMo,

1
=3 [ @ean
1

-1 2 -1 2
<3, (7L 00 Iean

Combining this with (3I6]), we find out a constant ¢y > 0 such that
|W'(r)| < e, 7 €10,4].
This together with (BI8]) implies (B.I7) for ¢ = ¢; 4 dco. Then the proof is finished. O

Proof of Lemmal3.2. Due to Lemma [3:4] this result can be proved by modifying the argu-
ment in [IL Proof of Proposition 2.4]. Let C' be the constant in Lemma 341
(1) We first prove that for large enough A > 0,

(3.19) r € [0,26/3] with A'(r) > 0 implies |h'(7)|? < 4Ch(r).
If the assertion is not true, then there exists ry € [0,24/3] such that A'(rg) > 0 and |h/(rq)|* >
A4Ch(ro)(1 + h(rg)). Then by Lemma B4

d !/ / " /

5{|h (r)]* — ZLC’h(r)}‘T:T,O = 2K (ro)h" (ro) — 4CH (1)

21 (1))’
= i)

So, there exists € € (0,0—rg) such that 2/(r) > 0 and |W/(r)|*> > 4Ch(r) hold for r € [rg, ro+c].
By a continuity argument we conclude that

(3.20)
— 60}1/(7’0) = QCh/(’Fo) > 4C'/ Ch(’f’o) > 0.

(3.21) B (r) >0, |[W(r)|]> > 4Ch(r), r € [ro,d].

13



Indeed, if not then
ri = inf{r € [ro, 8] : |[W'(7)|* < 4Ch(r)} € [ro +¢,0] C (r0,6].

We have 1/(r) > 0 for r € [ro,71] and |I/(ry)|* = 4Ch(r;), so that [3.20) holds for | replacing
ro. Thus, due to continuity, there exists 1o € [rg, 1) such that

ORI~ ACh()} >0, 1 € [ra,ri].

Since by the definition of r; we have |h/(ry)|> — 4Ch(ry) > 0, this implies

\B'(r))|* = 4Ch(r)) = sup {|W'(r)|* —4Ch(r)} >0,

re(ra,ri]

which contradicts to |I/(ry)|? = 4Ch(7°1). So, (3:2I)) holds and thus,

—\/ > \/7 ’l“(), ]

This implies h(r) > C(r — ro)? for r € [rg, ], and hence, by [B.1),
0(5—— <C'/ r—10)*dr
< hrdr§—0/¢2du:—0

[ rar<® [ gan=4

which is impossible for large enough A. The contradiction means that for large enough A > 0,

(3I9) holds.

(2) We then prove that for large A > 0,
(3.22) |W (r)|> < 5Ch(r), r€][0,256/3].

By the Neumann condition we have h/(0) = 0, so that the inequality in ([B:22)) holds in a
neighborhood of 0. Thus, if (3:22]) does not hold, then

= inf {r € [0,26/3] : ['(r)|* > 5Ch(r)} € (0,25/3]

exists, and
W (r2)[* = 5Ch(ra), —{|h’ ~5Ch(r)}],_,, > 0.
Combining this with (8I9]), we obtain A'(ry) < 0 and
0= _{W 2= 5Ch(r)}|,_, =20 (rs)h" (ra) — 5CH/(r2) = Qh'(rz)(h”(rg) — %)

So, B (ry) < 2. But by Lemma B4l and |I/(r2)|* = 5Ch(r) we have

" ‘h,(r2)‘2
> — p—
W' (rs) > — o C =40,
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which is a contradiction. Therefore, ([8:222) has to be true.
(3) By (322), when A > 0 is large enough we have

d W) \BCh(r) V5O .
- h(r)_g h(r)z 72% = 5= € [0,26/3].

, A/ h(r) > \/h(0) — \/cr holds for r € [0,20/3]. Let M = 1\/00 , where ¢g is in (B7). If
h(O > M A 23 we Would have
>\—1/3

V() 2 VI = 1) 2 2

where we take A > 0 large enough such that A~'/3/2 < 2§/3. Combining this with (3.7) and
B3), we arrive at

VMe, re [0,)\_1/3/2],

A1/3/2
%o o f— < / b <5 [ o0 Pua(ds)ar
0 OM x[0,0]

for large enough A > 0, which is however impossible. This means that when A > 0 is large
enough we have h(0) < McA=2/3 equivalently,

¢2d:u8 < MC)\1/37
oM

which completes the proof. O
We are now ready to prove Theorem L2

Proof of Theorem[L2 Since Ly = —A¢, estimate (LG) follows from (2.1). Moreover, esti-
mates in (7)) are included in Lemma B.J] and Lemma B2l Combining (L6) with (L7) we

prove (L). O
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