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Abstract

By using Malliavin calculus, Bismut type formulas are established for the Lions
derivative of P, f(p) := Ef(X}"), where t > 0, f is a bounded measurable function, and
X/" solves a distribution dependent SDE with initial distribution u. As applications,
explicit estimates are derived for the Lions derivative and the total variational distance
between distributions of solutions with different initial data. Both degenerate and non-
degenerate situations are considered. Due to the lack of the semigroup property and
the invalidity of the formula P, f(u) = [ P, f(2)p(dz), essential difficulties are overcome
in the study.
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1 Introduction

The Bismut formula introduced in [3], also called Bismut-Elworthy-Li formula due to [12],
is a powerful tool in characterising the regularity of distribution for SDEs and SPDEs. A
plenty of results have been derived for this type formulas and applications by using stochastic
analysis and coupling methods, see for instance [24] and references therein.
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On the other hand, because of crucial applications in the study of nonlinear PDEs
and environment dependent financial systems, the distribution dependent SDEs (also called
McKean-Vlasov or mean filed SDEs) have received increasing attentions, see [10, [T, 13} 14]
18] 22] 23] and references therein. Recently, this type SDEs have been applied in [5], 9] 17, 20]
to characterize PDEs involving the Lions derivative (L-derivative for short) introduced by
P.-L. Lions in his lectures [6]. Moreover, Harnack inequality, gradient estimates and expo-
nential ergodicity have been investigated in [27] and [21I]. In this paper, we aim to establish
Bismut type L-derivative formula for distribution dependent SDEs with possibly degenerate
noise.

To introduce our main results, we first recall the L-derivative. Let Z2(R%) be the space
of all probability measures on R?, and let

2u(w) = { € 2@ (1) i= [ JoPulan) <oof.

Then 25(RY) is a Polish space under the Wasserstein distance
%
)= it ([ e yPranan) we 2w
TEL (1) RdxRd

where € (p, v) is the set of couplings for p and v; that is, 7 € €' (u, v) is a probability measure
on R? x R? such that (- x RY) = p and 7(R? x -) = v. We will use 0 to denote vectors with
components 0, or the constant map taking value 0.

Definition 1.1. Let f : Z(R?) — R, and let g : M x Z5(R%) — R for a differentiable
manifold M.

(1) fis called L-differentiable at u € 925(RY), if the functional
LR =R p) 3 ¢ fluo(Id+¢)7)

is Fréchet differentiable at 0 € L*(RY — R? u); that is, there exists (hence, unique)
v € L*(R? — R, ) such that

(1.1) i e (d+9)™) — flp) — p((y, )
p(l4|?)—0 w([6]?)

In this case, we denote D¥ (1) = v and call it the L-derivative of f at pu.

=0.

(2) If the L-derivative DE f(u) exists for all u € P, (R?), then f is called L-differentiable.
If, moreover, for every u € P(R?) there exists a p-version DL f(u)(-) such that
D f()(z) is jointly continuous in (z, p1) € R%x Z5(R%), we denote f € C10) (25 (R%)).

(3) g is called differentiable on M x 25 (R%), if for any (x,pu) € M x P5(RY), g(-, )
is differentiable at x and g(x,-) is L-differentiable at p. If, moreover, Vg(-, u)(z) and
DEg(x,-)(1)(y) are joint continuous in (x,y, ) € M?x P5(RY), where V is the gradient
operator on M, we write g € CHLO (M x 225(R?)).
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As indicated in [20] that for any n > 1, g € CY(R") and hy,--- ,h, € CLH(R?), the
cylindrical function
is in C10 (2, (RY)) with

n

Drg()(x) = > (Big(p(hn), -+, u(hn))) Vi), (2,p1) € R x 25(RY).

i=1

Obviously, if f is L-differentiable at pu, then

Loy g fpo(d+ed)™) — fp)
(1.2)  Dgf(p) = lim -

= p((D f(p), 8)), ¢ € L(R? = RY, pu).

We may call D£ the directional L-derivative along ¢, which was introduced in [?, ?].

When Dq% f(u) is a bounded linear functional of ¢ € L*(RY — R? i), there exists a
unique ¢ € L*(R? — RY, p1) such that D} f(p) = p((€, ¢)) holds for all ¢ € L*(R? — R?, ).
In this case, ¢ — f(po(Id+¢)~!) is Gateaux differentiable at 0, and we say that f is weakly
L-differentiable at u, since the Gateaux differentiability is weaker than the Fréchet one.

By ([I2), for an L-differentiable function f on %2y(R?), we have

(1.3) IDEf ()l = 1D"f () (M2 = sup | Dg f(p)-
n(lo*)<1
For a vector-valued function f = (f;), or a matrix-valued function f = (fi;) with L-

differentiable components, we write

Dy f(p) = (D} fi()), or D f(p) = (DS fi(1), pe€ Pa(R7).

Let W; be a d-dimensional Brownian motion on the natural filtered probability space
(00, Z° {Z0} >0, P). To ensure that for any pu € P, (R?) there exists a random variable X
on R with distribution p, let u° be a probability measure on R? which is equivalent to the
Lebesgue measure, and enlarge the probability space as

(Q, F {F}is0,P) = (Q° x R, F° x B(RY), {7 x BR) V>0, P x ).
Then
Wi(w) == Wi (w?), t>0,w:= (1) €N

is a d-dimensional Brownian motion on (Q, %, {.%;}i>0,P). Let .Z; denote the distribution
of a random variable on the probability space (€2,.%,P). In case different probability spaces
are concerned, we write Zp instead of .Z; to emphasize the reference probability measure
P.

Consider the following distribution dependent SDE on R:

(1.4) dX, = b( Xy, Lx,)dt + 0(Xy, Lx,)AW,, X, € L2(Q — R?, %, P),



where

o :[0,00) x R x 25 (RY) — R b:[0,00) x R? x Zy(R?) — R?

are continuous such that for some increasing function K : [0,00) — [0, 00) there holds

e (2, 1) = 0u(y, V)| + [low(z, 1) = ou(y, V)|

o < K()(je = o] + Wale.0). 12 0.2,y € B, v € ()

and

(1.6) lo¢(0, d0) || + 16+(0, do)| < K(2), ¢ =0,

where and in what follows, for z € R? we denote by §, the Dirac measure at x, and ||- || is the

operator norm. For any ¢t > 0, let L2(Q — R? .%;,P) be the class of .%;-measurable square
integrable random variables on R?. By (ILH) and (L@), for any s > 0 and X, € L*(Q —
RY, Z,,P), (L4) has a unique solution (X, ;);>s with X, , = X, and

(1.7) E[ sup |X8,t|2] < oo, T >s,
te(s,T)

see, for instance [27], where gradient estimates and Harnack inequalities are also derived
for the associated nonlinear semigroup. See also [16] [18] for weaker conditions ensuring the
existence and uniqueness of solutions to (I4). For any € Z5(R?) and s > 0, let (X%,):>s
be the solution to (L4]) with Z%, , = p. Denote

(1.8) Php= Ly, t>spe PR

Let
(L.9) (Psef)(p) = (Py)(f) = » fA(Prp) =Ef(XL,), t=>s,f € B(RY), pe Py(RY).

Then for any 0 < s < t, P,; is a linear operator from %,(RY) to %, (P, (RY)).

In this paper, we aim to establish the Bismut type formula for the L-derivative of P, f
for t > s. By considering the SDE for X, := X,.,,¢ > 0, without loss of generality we may
and do assume s = 0. So, for simplicity, below we only establish the derivative formula for
Pif == Py, f,t > 0. More precisely, for any T > 0, u € P5(R?) and ¢ € L*(R? — R?, 1), we
aim to construct an integrable random variable M#? such that

(1.10) Di(Prf)(p) = E[f(X})MP?], f € By(RY),

which in turn implies the L-differentiability of Prf. Note that the derivative formula for
(Prf)(z) == (Prf)(d,) along a vector v € R? is derived in [2], which is the special case of
(LI0) with p = 0, and ¢ = v. Moreover, formulas of the L-derivative and integration by
parts have been presented in [8] for the following de-coupled SDE:

dXPH =b(t, X1, Prp)dt + o(t, X8, Prp)dW,,  XPF =,
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which is different from the original SDE (IL4]) but has important applications in solving
PDEs with Lions’ derivatives, see [B, [I7, 20] and references within.

When the SDE ([.4)) is distribution independent, i.e. by(x, u) = by(x) and oy (z, 1) = oy(x)
do not depend on p, the Bismut type formula

(1.11) VPrf(z) =E[f(X§)M;], = €R% fe B(RY)

has been well studied in the literature, where MZ% is an integrable random variable on R,
which is measurable in z € R? when it varies, see for instance [I], [15, 25| 26, 28] and references
within. Since the coefficients are distribution independent, we have

(112) (Prf)) = [ (Prs)(a) (),

so that Prf is L-differentiable with DY(Prf)(u) = VPrf. Hence, by (LII) and (LI2) we
obtain

DY(Prf) () = n({D*Prf, ) = / CE[J(X5)(MF, ()] u(de)
= E[f(XE)(Mp0, (X0))].

Therefore, (II0) holds for M? = (M0, 6(X1)).
However, when the SDE is distribution dependent, as explained in [27] that in general
(LI2) does not hold, so it is non-trivial to establish the Bismut type formula (L.I0]).

The remainder of the paper is organized as follows. In section 2, we state our main results
on Bismut formulas of D(’;PT f and applications, for both non-degenerate and degenerate
distribution dependent SDEs. To establish the Bismut formula using Malliavin calculus, we
make necessary preparations in Section 3 concerning partial derivatives in the initial value,
and Malliavin derivative for solutions of (L4]). Finally, complete proofs of the main results
are addressed in Section 4.

2 Main results

Let | - | denote the norm in R% and | - | denote the operator norm for matrices or more
generally linear operators. We make the following assumption.

(H) For any t > 0, b;,0, € CHLO(R? x P,(R?)). Moreover, there exists a continuous
function K : [0,00) — [0, 00), such that (@) holds and

max{llVbt(-,u)(a:)ll, 1D by, ) ()], %IIV%(-,M)(I)IIQ,%HDLUt(af,-)(u)IIQ}
<K, t>0,2cRpec PR,

where as in (L3), |[D*f(p)|| = |D* f(1)(-)|| 12(u) for an L-differentiable function f at
L.



Obviously, (H) implies (LH) and (6], so that the SDE (I4]) has a unique solution for any
initial value X, € L*(Q — R4, %, P).

In the following two subsections, we state our main results for non-degenerate and de-
generate cases respectively.

2.1 The non-degenerate case

Due to technical reason, the following result Theorem .11 only works for distribution in-
dependent o;. But some other results (for instance Proposition B.2]) apply to the general
setting. So, in addition to (H) we also assume
(2.1)

oi(z, 1) = oy(z) is invertible with ||o;(z, 1) || < A; for some A € C([0, 00) — (0, 00)).

Let p € P5(R%), and let X; solve (L4 for X, € L?(2 — R4, F,, P) with Ly, = p. Given
¢ € LA(R? — R% 1), consider the following SDE for v{ on R¢:

dvf = {Vufbt(viﬂxt)(Xt) + (E(D iy, ) (L) (X0), vf)) ‘y=Xt}dt

(2.2)
+{ Vo L) (X faW,, o = 0(Xo).

By (H), this linear SDE is well-posed with sup,c( E|v?]2 < Cu(|4|?) for some constant
C =C(T) > 0, see [A2I) below. Denote g, = <Lg, for a differentiable function g of s € R.

Theorem 2.1. Assume (H) and @I). Then for any f € By(RY), p € Po(R?) and T > 0,
Prf is L-differentiable at i such that for any g € C1([0,T]) with go = 0 and gr = 1,

T
(23) DEPA) ) = B\ 106 [ (68, am)]. o€ (RS R,
where Xy solves (LAl) for Lx, = p, and
¢ = (X0 g + (BD by, ) (L) (X0, 908)) |y, | £ € (0,71,

Moreover, the limit

Piuo (1d+e¢)" = Ppu
15

(2.4) Dy Py = 161%1 = P

exists in the total variational norm, where 1 is the unique element in L*(R? — R, Piu) such
that $(Xr) = E( i (¢, dW3)|Xr), and (6PE)(A) == [, bdPip, A € B(RY).

Remark 2.1. When f € C}(R%), [Z3) can be proved as in the distribution independent
case by constructing a proper random variable h on the Cameron-Martin space such that
Dy Xr = VyXp. However, for the L-differentiability of Prf, one has to construct v €
L*(R? — R?, 1) such that (II) holds for Prf replacing f, which is non-trivial.
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Moreover, comparing with the classical case where [Z3)) for f € C}(R?) can be easily
extended to f € %, (R?), there is essential difficulty to do this in the distribution dependent
setting. More precisely, when b, and o; do not depend on the distribution, we have the
semigroup property Prf(p) = P(P,rf)(p) fort € (0,7"), where P, f(x) := P, f(0,) for the
Dirac measure §, at point z. In many cases, we have P, rf € C}(R?) for f € %,(R?). Then
for any f € %,(RY), one may apply the derivative formula Z3) with (P, P, rf) replacing
(Pr, f) to derive a derivative formula for Prf. However, in the distribution dependent case,
due to the lack of (LI2) we no longer have Prf(u) = P(Pirf)(1), so that this argument
becomes invalid. To overcome this difficulty we will make a new approximation argument,
see step (a) in the proof of Theorem 2.1] for details.

As applications of Theorem 2] the following result consists of estimates on the L-
derivative and the total variational distance between distributions of solutions with different
initial data.

Corollary 2.2. Assume (H) and (1)) for some increasing functions K and continuous
function .

(1) For any f € %,(R?) and T > 0,

ID*(Prf)(p)|)? = (lilllp DL (Prf)(w)|?

(2.5)
< {(Prf) (1) )% / L4 ) MRt

(2) For any T > 0,
|Prf(p) — Prf(v)]*

2.6 T 1 2
20 < FIEZ W (p, v)? / (T + Kt) AW, v € Py(RY), f € By (RY).
0

Consequently, for any T > 0 and pu,v € P5(R?),

1P = Prvlf, = sup [(Pru)(A) — (Prv)(A))*
AeB(R®)

27) . [T 1 % 2 8K (1)t
< Wo(u,v) / — 4+ K ) Ae dt.
? 0 (T t) !

2.2 Stochastic Hamiltonian systems
Con&der the following distribution dependent stochastic Hamiltonian system for X, =

(XM, X on Rmt+d = R™ x Re:

(2.8) {de” — I (X,)dt,

dx? =P (X,, Ly, )dt + o, dW,
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where (W;)i>0 is a d-dimensional Brownian motion as before, and for each ¢ > 0, oy is an
invertible d x d-matrix,

bt _ (bgl), 61(52)) . ]Rm—l—d X (@2(Rm+d) N ]Rm—l—d

is measurable with 0" (z, ;1) = b{" (2) independent of the distribution 1. Let V = (V) V()
be the gradient operator on R™*¢ = R™ x R? where V® is the gradient in the i-th compo-
nent, i = 1,2. Let V2 = VV denote the Hessian operator on R™*¢. We assume

(H1) For every t > 0, b € CZR™ — R™), p{? € CLE0 (R x g2y (R™+d) s RY) and
there exists an increasing function K : [0,00) — [0, 00) such that (L@) and

IVbe(-, 1) (@) + [ DO (2, ) () || + | V2057 (-, ) () || < K ()
hold for all ¢ > 0, (z, 1) € R? x P2y(RY).

Obviously, this assumption implies (H) for the SDE ([2.8). We aim to establish the
derivative formula of type (IL.I0) with P, and P} being defined by (L.8)) and (I.9) for the SDE
(2.8). To follow the line of 28] where the distribution independent model was investigated,
we need the following assumption (H2).

For any s > 0, let { K} s}+>s solve the following linear random ODE on R™®™:

d
(2.9) 3 Kes = (VO (X) K, 825, Koy = L,

where 1., is the m X m-order identity matrix.
(H2) There exists B € %,([0,T] — R™®?) such that
(2.10) (VY — B))Bra,a) > —¢|Bal?, Va €R™

holds for some constant € € [0,1). Moreover, there exists an increasing function 6 €
C([0,T7) with 6; > 0 for t € (0,7 such that

t
(2.11) / S(T — 8)Kp,sBB: K (ds > 0L, € (0,7).
0

Example 2.1. Let
b (2) = AW + B2® |z = (2, z?) e R™H
for some m x m-matrix A and m x d-matrix B. If the Kalman’s rank condition
Rank[B, AB,--- , A*B] =m
holds for some k > 1, then (H2) is satisfied with 6; = ¢rt for some constant c¢r > 0, see the

proof of [28 Theorem 4.2]. In general, (H2) remains true under small perturbations of this
b(l)

P



According to the proof of [28, Theorem 1.1], (H2) implies that the matrices
Q= / ts(T— $) K7, VOV (X,)B: K5 (ds, t € (0,T]
are invertible with 0
1
(2.12) Q] < =26,

For (X;)epo.r) solving ([Z8) with Ly, = p and ¢ = (¢, @) € LHR™F — R, 1)), let

te (0,77

T — t(T —t)Bf K%, (T
o =2 Ly x,) — & - OB K, 02Q Ko™ (Xo)ds
T fTHQdS e 00 7
(2.13) 0
T —
T = OB G Q [ T K T W (X s, e 0.1,
0
and
t
(2.14) ol = K, 00 (Xo) + / Kt,svﬁ;bgn(){s(x))ds, tel0,7).
0 S

Moreover, let (h', wf')co,r] be the unique solution to the random ODEs

dhe ,
= o { Tl (X 20 = (0l?)
(2.15) + (E(DMP (y, ) (Lx) (X0), 0 + wm}y:&}’
dw; / o
% - Vw?bt(-,gXt)(Xt) + (0, O't(h,?) )’ hO =wy = 0.

Let (D*, 2(D*)) be the Malliavin divergence operator associated with the Brownian motion
(Wt>t€[0,T]7 see Subsection 3.2 below for details. Then the main result in this part is the
following.

Theorem 2.3. Assume (H1) and (H2). Then h® € 2(D*) with E|D*(h*)|P < oo for all
p € [1,00). Moreover, for any f € By(R™ ) and T > 0, Prf is L-differentiable at j such
that

(2.16) Dg(Prf)(u) = E[f(Xr) D*(h")].
Consequently:
(1) @A) holds for the unique 1 € L*(R™ — R, Piu) such that ¥(Xr) = E(D*(h*)| X7).

(2) There exists a constant ¢ > 0 such that for any T > 0,

@17 |DHPrf) (i)l < e/ PTG = <PTf>2<u>%, f € ByR™),
@18)  1Pii— Pivlhe < Walu ) Y0 ¢ ),

fOT 02ds



3 Preparations

We first introduce a formula of the L-derivative re-organized from [6l Theorem 6.5] and [9]
Proposition A.2], then investigate the partial derivatives of X in the initial value, and the
Malliavin derivatives of X; with respect to the Brownian motion W;.

3.1 A formula of L-derivative

The following result is essentially due to [6, Theorem 6.5] for f € C0(22(R%)), and [9),
Proposition A.2] for bounded X and Y. We include a complete proof for readers’ convenience.

Proposition 3.1. Let (©2,.%,P) be an atomless probability space, and let X, Y € L*(2 —
RE P) with Lx = p. If either X and Y are bounded and f is L-differentiable at u, or
f € OO (P2 (RY)), then

f(ZLxqey) — f(1)

3.1) jim L) 2T gy x), v,
Consequently,
) | A T IO mipt 00, v) ] < 10550 VBV

Proof. It is easy to see that ([3.2)) follows from (L3) and ([B.)). Indeed, letting ¢ € L*(RY —
R%, 1) such that ¢(X) = E(Y|X), we have

[E(D"f(1)(X),Y)| = [E{D" f(n)(X), 6(X))| = [n({D" f (1), 6))|
< D" ()l - ||¢||L2(u) = [[IDf (| (BIEYX)[*)> < [[Df () IVE .
Below we prove ([B.1) for the stated two situations respectively.

(1) Assume that X and Y are bounded. For any R?valued random variable &, let
F(&) = f(£). Next, let (,.%,P) be an atomless Polish probability space, and let X €

L*(Q — R% P) with ZLxip = i, where Z)p denotes the distribution of a random variable
under P. According to [9, Proposition A. 2(111)] if

F(¥) = f(Zpe). ¥ € 2@~ RLP)
is Fréchet differentiable at X with derivative DF(X) = D¥ f(u)(X), then

(3.3) i ! (Lxtey) — f(ZLx) — eE(DV f(1)(X),Y)
el0 €

=0.

Equivalently, (1) holds. Below we construct the desired X and (€,.7,P) such that
DF(X) = D" f(1)(X).
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A natural choice of (Q,.7,P) is (R?, B(R?), i1), but to ensure the atomless property, we
take (€,.7,P) = (R? x R, (R x R), sn x ), where ) is the standard Gaussian measure on
R. Then (£2,.%,P) is an atomless Polish probability space. Let

X@) ==z @=(z,7) eR!xR.

We have %5 = pu. Moreover, let

F(i) = F(i(- x R)), fi € 2o(R? x R).
It is easy to see that the L-differentiability of f at p implies that of f at u x &y with
(3.4) DY x 80)(z,r) = (DX f(p)(x),0), (z,7) € REx R.
Finally, on the probability space (2, .#,P) we have
(3.5) F(Y):=f(%)=f(ZL), Y :=(Y,0) € L*(Q—RxR,.Z, P).
Letting X = (X,0) € L*(Q — T x R,.%,P), by [9, Proposition A.2(iii)], the formula (Z3)

holds for (X, Y, f, u x &) replacing (X,Y, f, i), i.e

lim .f(gf(-i-af’) - f("gf{) - E<DLf(,u X 50)75?>
el0 g
Combining this with (84]) and 1), we prove ([3.3). Therefore, (BI]) holds.
(2) Let f € O (2,5(RY)) and let p € ZP5(R?) and X € L*(Q — RY P) with Zx = p.
For any n > 1, let

= 0.

Ty = ———, z€R"
V1+ntz)?
By (B1) for bounded X and Y, for any n > 1 we have

A o) = 1) = | $oh (B ds

(3.6) !
_ / E(D" f(Lx, 1oy, ) (Xo + 5Y), Ya) ds.
0

Since f € O (P,(RY)), it follows that
sup || D" f(Lx,vsv,)|| < 00, Tim {f(Lxvevn) = F(Zx)E = F(Exper) = F(Lx),

n>1,5€[0,¢]
and for any s € [0, €],

lim E(JX — Xu* + |V = Yal* + |D"f (Lx,per.) (Xo + 5Ya) = D f (L) (X +5Y)[?) = 0.

Then letting n — oo in ([3.6]) we arrive at
BT H( L) = (20 = [ BDM (Lo )(X Y)Y} s, €50,
0
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This implies BI)). More precisely, it is easy to see that {Zx .} is compact in Z,(R?). So,
f € CLO (P, (RY)) implies

(3.8) A= s VEIDEf(Lx sy )(X +sY)]2 = s ID* f(Lxrov )2y i) < 00
s€[0,1 s€[0,1

Combining this with the continuity property of D f on R? x Z2,(R?), we conclude that
11?01 DY f(Lx o) (X +5Y) = DX f(Lx)(X) weakly in L*(Q — R P).

In particular,

(3.9) li E(D™ £ (Lo )(X + 5Y), Y) = E{DHF(25)(X), V).
Moreover, ([B.8) implies

sup E[(D" f(Lx1ov)(X +sY),Y)| < AVE[Y]? < 0.

s€[0,1]
Due to this, (87) and (39), the dominated convergence theorem gives

lim N Zxver) = F(Zx) = lim ! /EE<DLf($X+sY)(X +5Y),Y)ds
0

€l0 € elo €

= E(D"f(Zx)(X).Y).

3.2 Partial derivative in initial value

For any T' > 0, let ¢r = C([0, 7] — R?) be the path space over R? with time interval [0, T,
and let Xo,n € L*(Q — R .Zy,P). For any € > 0, let (XF)>0 solve the SDE

(310) d)(tE = bt(Xta, gxﬁf)dt + O't(Xta, ng)dVVta XS = X() +éen.

Obviously, X; = X} solves (IL4]) with initial value Xj. Consider the following linear SDE for
v on R%:

oy T {Varbils £x)(X0) + (B{D by, ) (L) (X), vD)) |y, ft

3.11

+{ Vol L) () + (B(D 0uly, ) (L) (X), o) |y, bWe, o =,

The main result of this part is the following.

Proposition 3.2. Assume (H). Then for any T > 0, the limit

Xf— X
(3.12) V, X, = lim ———%

te0,7]
el0 £

exists in L?(Q2 — €r,P). Moreover, (v] = Vo Xt)icor) 95 the unique solution to the linear

SDE (FII).
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To prove the existence of V, X, in ([BI2), it suffices to show that when ¢ | 0

XF—X
(3.13) & (t) == % te0,7]
is a Cauchy sequence in L?(2 — %7, P), i.e.
(3.14) lim E[ sup |€°(t) — f‘s(t)|2} =0
€010 | tefo,17]

To this end, we need the following two lemmas.

Lemma 3.3. Assume (H). Then

sup E[ sup |§€(t)\2] < 00.

€€(0,1] te[0,7
Proof. By (H), there exists a constant C'; > 0 such that
X7 - Xif?

= {2(0(XF, Zxz) = bi(Xe, L), X7 = X0) o+ [lon( X7, L) — 0l X, Ly pdt + A,
< CHIXE — X% + Wo(Lys, Lx,)? }dt + dM,,

where

dM, = 2<X§ — Xy, (00X, Zxs) — at(Xt,th))th>
satisfies
(3.15) A(M), < C2{|XE — X,? + Wy (L, Lx,)?Vdt.

Then by the BDG inequality, and noting that Wy(%, .%,)? < E|¢ — n|* for two random
variables &, 7, we may find out a constant C5 > 0 such that

t
(3.16) E{ sup |X§—Xs\2] §62|n|2+201/ E|XE — X,[?ds + CoEr/(M),.
0

s€[0,t]

Noting that W2($X§a$XS)2 < E|X§ - X5|2, (Bjﬂ) yields

2

t
CLEN/ (M), < C1C2E(/ {1X: - X,|? +W2($X§7$XS)2}2dS)
0

¢
< 0102E< sup {|X5 — X, + E|X] — Xs|2}/ {IXD - X, +EIXT - Xs|2}d$)
] 0

s€[0,t

C t
< E[ sup |X§—XS|2] +7‘°’/ E|X? — X,|2ds
0

s€[0,t]

NN
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for some constant C3 > 0. Combining this with (3.I06]) and noting that due to (L)

E[ sup \Xj—Xs|2] < o0,

s€[0,t]

we arrive at

t
IE[ sup |X§—XS|2] < 252|77|2+C'3/ E|X: — X,|*ds, t€[0,7],e>0.
0

s€[0,t]
Therefore, Gronwall’s inequality gives
1
sup E{ sup |§E(t)|2] = sup —2E{ sup |X§—XS|2} < 2e%TEn|? < oo.
£€(0,1] t€[0,T] ee(0,1] € s€[0,T]
!

For any differentiable (real, vector, or matrix valued) function f on R? x 2 (R?), let

Xf,g e) — Xtag t
=5(t) = I xe) = I %) = Ve f (-2 Zx,) (Xe)

g
— {E(D* (g, ) (L) (X0, € (D)}, t€0.T],e>0.

(3.17)

Lemma 3.4. Assume (H). For any (real, vector, or matriz valued) C9-function f on
RY x 25(RY) with
(3.18) Kp= sup  (IVfCm) @)+ D" f (@) (1)1 Z2g) < oo

(z,0)€RY x P (RY)

there holds

(3.19) =5(0)|* < 4K (BIE(@0 + 1€5(1)2) and %E\E;(t)f =0, tel0,7]

Proof. Let X{(s) = X; + s(X; — X3), s € [0, 1]. By the chain rule and (B]), we have

fOXE, ZLxs) — f( X, Zx,) 1 /1{ d
0

€ € ds

FXE(), Zxzc0) | ds

= [ {Tew 6 L) (X2 + (BP0 N i) XE ) (0) iy

Combining this with (BI8]) we obtain

Eof<e [

(3.20) + 2/01

vff(t){f(ang(s))(Xte(S)) - f('agXt)(Xt)}rdS

(E(DLf(y, N Lxz)) (X7 (5)), §€(t)>) ‘y:XtS(s)

— (B(D £y, ) (L) (X0, €)1, | 5
< 8K (1€°(1) + Bl (1)),

14



So, the first inequality in (3I9) holds. Moreover, Lemma implies

ImE| sup |X7(s) — X|?| <ImE|X; — X,|* = 0.
e | e <L

Thus, the C19-property of f, Lemma and the first inequality in (3.20) yield that
Z5%(t) — 0 in probability as ¢ — 0. Combining this with the first inequality in ([3.19), Lemma

B3, and using the dominated convergence theorem, we derive lim, g E‘E?(t)f = 0. O

Proof of Proposition (3.4 Let (Z5(t), Ky,) and (Z5(t), K,,) be defined as in (B.17) and (BI8)
for b, and o, replacing f respectively. By (H), there exists a constant C; > 0 such that

sup (Kbt + th) < () < 0.
te[0,7

Then Lemma [B.4] gives

=] + |20 <40(lEw))? +ElE@)?),
lim =)+ =) =0, telo,T).

(3.21)
By BI0), GI3), and @IT) for b, and o, replacing f, we have
0 = [ {=H69+ Vbl Ze) (X + (BD" /(L) 6. €60y, s

[ (50069 + Vel 20060 + (B0, /)06 ) .- V)

for t € [0,T)]. So, for any e, € (0,1], £&5°(t) = £5(t) — £°(t) satisfies

2

P < [ =50 —Ei<s>}2ds+4' [z - =56 ams)

t
+4T/
0

[ (Fecsimte )00 + (BID o, /(L) X)) v, V)

2

Vs bo( L) (X0) + (E(DMb, (g, ) (L) (X,), €7 (5)) |y | ds

2
+4

Combining this with (H) and using the BDG inequality, we find out a constant Cy > 0 such
that

| s ()| < | "B([E5s) - Z) + [2205) - E6) ) ds

s€[0,t]

t
+C’2/ E|¢50(s)[* ds, t € [0,T).
0
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Since Lemma B3 ensures that E|sup,,£°(s)] < 0o, by Gronwall’s lemma this yields

£,0 CoT g —e =5 2 —e ) 2
E[ sup &% (s)] < (Oye™? /0 E( =5 (s) —:b(s)‘ + ‘:0(8) _50(5)‘ )ds.

s€[0,7T

Combining this with (3.21]) and Lemma B3] and applying the dominated convergence theo-
rem, we prove the first assertion in Proposition [3.21

Finally, by B.10), (3.12), 32I) and 3I7) for b, o, replacing f, we conclude that v, :=
V,X; solves the SDE (BI1]). Since this SDE is linear, the uniqueness is trivial. Then the

proof is finished. O

3.3 Malliavin derivative

Consider the Cameron-Martin space
T
H = {h c C([0,T] = RY) : hg = 0, b} exists a.e. t,||h]|F = / |h}|2dt < oo}.
0

Let n € L*(Q — RY .%,,P) with .4, = p, and let pur be the distribution of W :=
{Wi}eepo,m, which is a probability measure (i.e. Wiener measure) on the path space €7 :=
C([0,T) = RY). For F € L*(R? x €p, pu x pr), F(n, Wior) is called Malliavin differentiable
along direction h € H, if the directional derivative

F(na W[O,T} + Eh) - F(77> W[O,T])
€

exists in L*(Q,P). If the map H > h — D,F € L*(Q, ) is bounded, then there exists a
unique DF(n, Wior) € L*(Q — H, P) such that (DF(n, Wo.r)), h)u = D F(n, Wio,71) holds
in L?(Q,P) for all h € H. In this case, we write F(n, Wy.r) € 2(D) and call DF(n, Wiom)
the Malliavin gradient of F(n, Wi 17). It is well known that (D, Z(D)) is a closed linear
operator from L*(Q, %7, P) to L?*(Q — H, %7, P). The adjoint operator (D*, 2(D*)) of
(D, 2(D)) is called Malliavin divergence. For simplicity, in the sequel we denote F'(n, Wy 1)
by F. Then we have the integration by parts formula

(3.22) E(DyF| %) = E(FD*(h)| %), F € 2(D),he 2(D").
It is well known that for adapted h € L*(2 — H, P), one has h € 2(D*) with

DhF(’f], W[O,T]) = lim
e—0

(3.23) D*(h) = / T(h;, dW;).

For more details and applications on Malliavin calculus one may refer to [19] and references
therein.

To calculate the Malliavian derivative of X; with Zx, = u € P(R?), we write X; =
Fy(W.) as a functional of the Brownian motion {W}cpo,q. Then by definition, for an adapted
h e L*(Q — H,P),

F,(W.+¢h.) — F,(W.)

Dy X; = lim L 0<t<T.
el0 g
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On the other hand, by the pathwise uniqueness of (I4), X/ := F,(W.+¢h.) solves the SDE
(3.24) AX7 = b(X[, Ly, )dt + on (X[, Ly ) AW + ehy), X = X,

which is well-posed due to (H) and A’ € L*(Q x [0,T],P x dt). When o;(z, 1) does not
depend (z, ;1), this SDE reduces to a random ODE for Y/ := X" — ¢,W,, which is well-
posed also for non-adapted h like h* in Theorem The main result of this part is the
following which is well known by regarding (4] as the classical SDE, since in (3.24]) the
distribution Z, does not depend on the variable e.

Proposition 3.5. Assume (H). Let h € L*(Q) — H,P), which is adapted if o;(x, 1) depends
on x or . Then the limit

X - X
(3.25) DpX, = lim =— =

tel0,7]
el0 g

exists in L*(Q — 6r,P). Moreover, (w := DpX4)ieo,r) 15 the unique solution to the SDE

- duh :{Vw?at(~,fxt)(Xt)}th
3.26
- { V(s £ (X0) + o, L) (X bt Jt, - w = 0.

4 Proofs of main results

We first present an integration by parts formula for V, X7 with n € L?(Q — R4, %, P),
then prove Theorem 2], Corollary and Theorem respectively.

4.1 An integration by parts formula

Theorem 4.1. Assume (H) and @I)). Then for any f € CH(R?), n € L*(Q — R4, P), and
any 0 <r <T and g € C'([r,T]) with g, =0 and g7 = 1,

¢ = Ut(Xt)_l{QQU? + (E(D"bi(y, ')("gXt)(Xt)7gtvtn>)‘y:Xt}? te€0,T].

(4.1) E((Vf(Xr),V, X1)| 7,) = E(f(XT) [ (. amy

holds for

Proof. Having Propositions and in hands, the proof is more or less standard. For v}
solving (B.I1]), we take

t
(4.2) hy :/ l{sZr}CS ds, te€ [O,T].
t

Ar
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By (H), 1), and that h € L*(2 — H, P) is adapted, Proposition BBl applies. Let @; = gyv
for t € [r,T]. Then (BII)) and (A2) imply

45, = {vﬁtbt(-,gxt)(xt) + (E(D by, )(Lx)(X0), 50))], o, + 9401 }dt
+ {vﬁto—t(~,zxt)(xt)}dwt
- {vﬁtbt(-,gxt)(xt) + at(Xt,ciﬂXt)h;}dt + {vﬁto—t(xt)}dwt, t>r 5 =0

So, (0¢)t>, solves the SDE (3.:20) with 0, = 0. On the other hand, by ([£2) we have h, = 0
for ¢ < r, so that the solution to [B20) with w} = 0 satisfies w” = 0. So, the uniqueness of
this SDE from time r implies 9, = w? for all ¢ > r. Combining this with Propositions

and 3.5 we obtain
anT = Ugw = gTUgw = ’(~JT = U)élw = DhXT.

Thus, by the chain rule and the integration by parts formula ([322]), for any bounded .%,-
measurable G' € Z(D), we have

E(G(Vf(Xr), Vo Xr)) = E(G(Vf(Xr), DpX1) ) = E(GDsf(X7))

= E(Di{Gf(Xr)} — f(X7)DpG) = E(Gf(X7)D*(h)),
where in the last step we have used DhG = 0 since G is .#,-measurable but h; = 0 for t < r.
Noting that the class of bounded .Z,-measurable G € (D) is dense in L*(,.%,,P), this

implies

E((Vf(Xz), VyX1)|F;) = E(f(X7)D*(h)|.7,).
Combining this with . .
() = [ wamy = [ (cram)
due to ([B.23) and (£2]), we prove ([4.T]). O

4.2 Proof of Theorem [2.7]

Let u € 25(RY). We first establish [23)) for f € %,(RY), then construct v € L*(RY — R?, 1)
such that

i Prf)(pe (d+¢)7) — (Prf)(p) — p((¢,7)]
u(|62)—0 u(|o[?)

which, by definition, implies that Prf is L-differentiable at p with DLPrf(p) =
(a) Proof of (IQ:{I) for f € %(RY). When f € CLRY), @3J) follows from (IEI]) for
= ¢(Xy). Below we extend the formula to f € %,(R?). For s € [0,1], let X{* solve (4]
for X® = X + s¢(X,). We have p®* := oiﬂxga,s = po (Id + s¢)~t, and by the definition of

(4.3) =0,
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V,Xr for n = ¢(Xo),

d

(Prf) (%) = (Pef) () = B OGE) - 1060)] = [ 2B E)ds
(4.4) 0

= [ BT o X s, 1 € GRS,

Next, let (v{"*);e0.77 solve BII) for = ¢(X,) and X replacing X, i.e.

) Ao = {9 buls Lp ) (XP) + (BID buly, ) (L) (XP), 00))] e el
+ {va,sat(Xt‘z”s)}th, 0 = 6(Xo).

Let

G = (X g+ (BAD by, ) (L) (7). 900 ))| o} 1€ 0.7)

Then (£4) and ([T imply
48) (P - (Prie) = [ E[r0e) [ am] as, g e e,

By a standard approximation argument, we may extend this formula to all f € %,(RY).
Indeed, let

v.(A) = /0 EE{lA(X?S) /0 ' (¢, th>} ds, A ZBRY).

Then v, is a finite signed measure on R? with

€ T
[ ra. - /0 E[f(X?’s) /0 (o, th>} ds, fe By(RY).

So, (6) is equivalent to

(4.7) [ rariee = [ papn= [ i fecim)

Since vr. := Piu®® + Piu + |v.| is a finite measure on RY, C}(R?) is dense in L'(RY, vp.).
Hence, [7) holds for all f € %, (R?Y) C L'(RY vr.). Consequently, (G) holds for all
f € B,(RY). Thus,

(4.8) (PTf)(M¢’€)€— (Prf)(p) _ %

/OaE{f(X%S) /OT <Ct¢,s’ th}} ds, f € By(RY).

It is easy to see from (H) that

lim sup E(\Xf’s — X + o - Uﬂz) =0.
S_)OtE[O,T]
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So,

(4.9) lim * ’ / (¢ = ¢ dWy)| =

el0 €

Combining this with (Z8), we see that ([Z3) for f € %,(R?) follows from

(4.10) | (02 - 700} [ (ctam)] =0, 7 e e

To prove this equality, we denote

:/T<gf,dwt>, r e (0,7).
0

Applying @I with g, = +
C(T,r) > 0 such that

[r,T] and using (H), we may find out a constant

[E[L{f(Xg7) — }—’ [ / (VF(XE), V¢<XO>X?S)dS}
/06 E((VF(XP*), Vax X1)| #)ds }

o 5 r :
< S5 | E[IL«\(/T \vt’Sth) ]ds, f € ChrA).

By the argument extending ([@LG) from f € C}(RY) to f € %,(R?), we conclude from this
that for any r € (0,7,

lim sup [B[L{f(X7) — f(X7)}]| = 0.

0 £l
Therefore,
limsup sup IE[{f(Xd)€ }/ <Ct,th>H
el [[flle<1
(a.11) ~tmeup s [B[{706) — 06y [ (6t
el0 [[flle<1 r

T 3
§2<E/ |§f’|2dt) , 7€ (0,7).

By letting r T T we prove (EI0).
b) For any f € %,(R?), we intend to find out v € L?(R? — R?, 11) such that
( y gl 1

(112 [t [ (¢tam)| = uto. . 0 e RS
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When f € Cy(R?), in step (c) we will deduce from this and 23] that v = DLPpf(n). To
construct the desired ~, consider the SDE

AX] = bi(X], Lyo)dt + on(X)AWs, X = X + 6(Xo),

and let v solve (Z2). Since ([Z2) is a linear equation for v{ with initial value ¢(X,) €
L*(Q — R4, %, P), the functional

P(RY R4 ) 3 00 Lo = B[ (Xr) [ e am)]

is linear, and by (H) and (21]), there exists a constant C'(7") > 0 such that
Lo|* < C(T) Elp(Xo)* = C(T) u(|6), ¢ € L (R? = R, p).

Then L is a bounded linear functional on the Hilbert space L*(R? — R% p). By Riesz’s
representation theorem, there exists a unique v € L?(R?Y — RY, ) such that

Lo =p((7,9)), ¢ € L*(R" =R p).

Therefore, (12) holds.
(c) Now, for f € %, (R?), we intend to verify [@3) for v in [@IJ), so that Prf is L-
differentiable with D*(Prf)(u) = . By [8) for € = 1, we have

113 (e - (e = [ B[ [ aw). 1 e,
For R? random variables X, v, let
N, 0) = () g+ (BAD uly, ) (LX), 00)],_ }. £ € 0.7]

Then (* = Ny(X%, v%%) and ¢ = N,(X;,v?). Combining this with (ZI2) and {@I3), and
noting that u' = po (Id + ¢)™1), we arrive at

(4.14) |[(Prf)(po (d+¢)™") — (Prf)(r) — p({¢,7))]

< e1(9) +e2(9) +es3(9),

p(lol)
where
19) 1= s | () - s0e) [ amfas
£9(¢h) = \/’% OlE /OT (N(XP® 0%) — Ny( Xy, 0%), dW;) |ds,
£3(¢) = \)% 01E /OT (N(XP® %) — Ny(XP*,0?), dW, ) |ds.
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It is easy to deduce from (H) that for any p > 2 there exists a constant ¢(p) > 0 such
that

(4.15) sup  E(JX° = X, P + [0)° | o) < c(p)|d(Xo) P
te€[0,77],s€[0,1]

Combining this with the continuity of o;(z) in x uniformly in ¢ € [0, T], we conclude that

(4.16) lim e9(¢) = 0.

#(l[*)—0

Next, by the argument deducing [23)) from (LJ)), it is easy to see that ([LIH) implies

(4.17) lim e1(¢) = 0.

n(|412)—0
Moreover, by the SDEs for v* and v we have
d(vf”s — vf’) = {At(vf’s — vf) + fltvt ’s}dt + {Bt(vf’s — vf’) + Btvf’}th,
where for a square integrable random variable v on R?,
At'U = vvbt('> gXt)(Xt) + (E<Dth(y> ')(gXt)(Xt% U)) ‘y:Xt’
Atv = vvbt('> gvas)(Xt(b7S) + (E<Dth(ya ')("%Xf’s)(X?7s)> U)) ‘y:Xf's
- vvbt('v gXt)(Xt) - (E<Dth(yv ')(D%Xt>(Xt>v U)) ‘
Bt’U = VUO't(Xt), BtU = Vvat(Xf)’s) - VUO't(Xt).

y=X¢’

Combining this with (£I5]) and (H), there exists a constant ¢ > 0 such that
(4.18) dfof" —vf[* < o —of Pdtte ([ A+ 1 B:|1*) (lof " P+[of ) dt+d My, Jog*—vg| =0
holds for some martingale M;, and that

(4.19) JAP + | Bel> < e, lim  (JJA)? + [|Bel?) =0, t€[0,T],s€0,1].
u(|8[2)—0

By ([@I8) and (@IH) for p = 4, there exists a constant ¢ > 0 such that
E(|of" —vf[*|F0)

t T
= / E(juf* — of[2| Fo)dr + 2¢ / VEA + 1B Z0) - B}t + [of 1].20) i
0 0

t
= C/ E(Jvf® — vl [P|Fo)dr + de(9)[o(Xo) |, s € [0, 1]t € [0, 71,
0

«0)i= [ VROAN+ 1B 7 .
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Then Gronwall’s lemma and (Z19) yield
sup E(Jvf* — of )| Fo) < deTe(9)]6(Xo)I,
s€[0,T

lim Ee = 0.
1(|912)—=0 ()

Combining this with the definition of £5(¢), (H), and Jensen’s inequality for the conditional
expectation E(-|.%;), we may find out constants C, Cy > 0 depending on || f||o and 7" such
that

. . y /1 ( /T )5
1 < lim —2 [ E _ofPRdt) d
(|¢1|£r)1_>0€3(¢)_“(‘¢1‘£n_>0\/w ) 1 wl ’
I AR
i Ts / (/ (1o — 0P| %) ) .

Jim T = / (16(X0) | V/Z(8))ds
e T B0
G W(loP) (B0 2V B

This, together with (EI4)), (EI6) and ([EIT), implies (L3)). Therefore, Prf is L-differentiable
at pu with D*(Prf)(u) = 7.
(d) Finally, (23) and (4.8) imply

‘Pz’i,u o(Id +e¢)™t —
5

_ '(PTf)(,Ud)’E) -

€
<l [
€ 0

- %‘E{{f(X?’E) — [(X1)} /0 ' <cf’,th>] ds

Combining this with (@3] and ([@I0) we prove (2.4]).

P;iu(f) _ (qu;iu)(f)‘
(Prf)(m) o {f(XT) /0T<<?, th>} '

T
/0 (€ — 2w

ds

4.3 Proof of Corollary
Proof of (1). By (H) and (22), there exists a martingale M; such that

(4.20) dlof* < 4G [of|(Jof] + Efof [)dt +dM;, [of]* = |¢(Xo) P,

where K (t) is increasing in ¢ > 0. Then
t t
Efof|? < E|¢(Xo)[? + 4K, / (B[ + ([E|o?])?}ds < u(|6P) + 8K, / EJo?%ds.
0 0
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By Gronwall’s inequality this implies
(4.21) Elvf[* < e u(|g?), te[0,T].
Next, since E fOT <£f’ , dW,) =0, Z3) is equivalent to

DE(Prf)(p [{fXT Prf(u }/ <gt,th>}

Combining this with (£21]) and using Jensen’s inequality, when p(|¢|?) < 1 we have
DAL < (P00 — (s} [ BIG

< {(Prf2) () — (Prf()?) / (1)) + K (8)|gi])*N2eSt e

for any g € C'([0,7]) with go = 0 and gr = 1. Taking g, = &, t € [0,7], we prove the
estimate (2.5)). O

Proof of (2). Let f € %,(R?) with ||f|lc < 1. By Theorem 2 Prf is L-differentiable.
Moreover, by Theorem ET], Prf is Lipschitz continuous on &, (R%). Indeed, for any pi, o €
322(]Rd)’ let Xl,Xg € Lz(Q — Rd,go,]?) such that "gX@' = M, 1 S 1 S 2, and E|X1 — X2|2 =
Wy (p1, 12)? Let X7 be the solution to (L4) with X, = X; + s(Xy — X;),s € [0,1]. Then

Theorem [4.] implies
/ s ds
o ds r
2

< R Xy — X2 = W (1, 112)?

\Prf(un) — Prf(u2))? = [Ef(XD) —Ef(XH)? =

1
/ E<vf(X%)a VXZ_XIX’%>dS
0

for some constant ¢ > 0.
To apply Proposition Bl we take {ji,, v fns1 € Po(R?) which have compact supports
and are absolutely continuous with respect to the Lebesgue measure, such that

(4.22) Tim {Ws(p, pn) + Wa(v,v,)} = 0.

According to [4], see also [0, Theorem 5.8], for any n > 1 there exists a unique map ¢, €
L*(RY — R4, ) such that

(4.23) Vn = fin 0 (Id + ¢n)_1a W (fin, Vn)2 = Un(|¢n|2)
Let X,, € L2(2 — R? %, P) such that Zx, = p,. By Proposition B} (Z5) and ([E23)), we

obtain

(Prf) o) = (PrH)) = | [ 5P (L)
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2

= | [ E(D (P (s 4 50000000 s

0

< Mol _ IS 1E W lhn, vn)?

T e s [T e

By the continuity of Prf and ([d.22), by letting n — oo we prove

— v 2 W2(,U/7 V)2
[(Prf)(p) — (Prf)(v)|* < fOTAt—Ze_&thdt

Therefore, (28) and (Z1) hold. O

, v € P(RY), f€BRY,|fllo < 1.

4.4 Proof of Theorem

Let T > r > 0, € P5(R™?) and let X; solve [Z8) with #x, = p. To realize the procedure
in the proof of Theorem 2.1l for the present degenerate setting, we first extend Theorem [4.1]
using D*(hy}.) to replace fTT(Ct" ,dW,), where for a C([r, T] — R™¢)-valued random variable

a. = (a.(l), oz.(z)), let (hg;, wy;)ierr) be the unique solutio to the random ODEs

dh;, _
=L = 7 Vb (X0, Z3) — (@Y
(4.24) + (B(D b (y, ) (Lx) (X0), a0 + wiy)) }y:xt}v
dwfft o \/ o e}
dt’ = vmg,tbt('v D%Xt)(Xt) + (07 Ut(hr,t) )7 h'Tﬂ“ - 0’ Wy = 0.

Theorem 4.2. Assume (H1). Let T > r > 0, n € L*(Q — R™ %, P), and let X,
solve Z8) with Lx, = p € Po(R™). If there exists a C([r,T] — R™")-valued random
variable o. = (oz.(l), a@) such that oo, =V, X, ar =0,

(4.25) (") = Vo, by (X0), € [T,
and he. € P(D*), then for any f € C}(R™?),
(4.26) E((Vf(X7),V,X7)|.Z) = E(f(X7) D*(he)|Z,).

Proof. Letting w; = wy; 1.y, Proposition implies that w; = Dpe Xy, t € [0,T]. By

(E24), we have

th/t {szbs(-,.ﬁfxs)(Xs)Jr (o,o—s(hgs)'}ds, telo,T).

AT

Extending a; with oy := V, X, for t € [0,7), and letting v; = w; + o for any ¢t € 0,77, we
obtain
t

(o T / { Vbl 2)(X0) + (0, (E(D"HE (5, ) (L )(X,), 0))],_y. )

+ (0, US(h?)/ - (E<Dng2) (v, )(ZLx)(Xs), ws + O‘S>) }y:Xs) — Va,bs(, ng)(XS>}d3-
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By (#23), t
/ Vo bV (L5 ) (Xo) ds = Tya (o) — v, X)),
tATr

while the definition of i, implies

/t {ou(2) = (B(D 2 (5, ) (L) (Xo), s + a) |,y = Vab@ (L) (X,) fds

AT N

t
= _/ (O‘gZ))ldS = 1{t>r} (Vangz) - 04152))-
t

Ar
Combining these with (£.27) and Proposition B.2 leads to

t

0= VXt [ {Tub )00 + (0, (B 0 (L) (X)), ) s

tAr

:n+/0t{vmbs(.,$xs)(xs)+(o, (B(DH2 (y, ) (L) (Xo), )|, ) Js, ¢ € (0,7

That is, v; solves ([BI1]) so that by Proposition we obtain vy := w; + oy = V, X;. Since
ar = 0, this implies Do X7 = V, X7. Thus, for any bounded .%,-measurable G € Z(D),

E[G(Vf(Xr),V,Xr)] = E[GDns f(Xr)]

(4.28) _ E[Dhg’_{Gf(XT)} — f(XT)Dh;{.G} = E[Gf(XT)D*(hg,.)},

where in the last step we have used the integration by parts formula ([3.22) and Dje G =0
since (G is .%,-measurable but

Dy G = /0 (h,‘fi,)’(s) A(DG).}(s)ds = 0,

(hy.)'(s) = 0 for s < r. Noting that the class of bounded .#,-measurable functions G € (D)
is dense in L?(2, %, P), (E28) implies (Z.20]). O

Proof of Theorem[2.3. With Theorem in hands, the proof is completely similar to that
of Theorem 211 Let

vf = ()Y, () P) = (Vex X1, Vo X)) = Ve Xiy t € [0,T).

For any 0 <r < T, let

O 9@ _ (t —r)(T —t)B/ KT,

@ _-
Qg T—T(Ut fOTHEdS

T
[ s e
t
w1 [T =5 @5(1) 2)
—(t—=r)(T —1t)B KT,tQT T Kr V907 (X)W (Xo)ds, te[r,T],

s
0

(4.29)
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and
t
(4.30) ol = Kip(v])) + / K V000 (X (@) ds, ¢ € [T,

(1)

2)
Tt s

Then a,,. := (« af,t) satisfies

Qpr = Vd)(Xo)er Qp T = 07
and by (Z9) and Duhamel’s formula, (£30) implies

(@DY(t) = Vo, bV (X)), te[rT).

Ty

Moreover, let h;"" be defined in [24) for . replacing a. Noting that (H1) and (H2)
imply [28, (H)] for I; = Iy = 0, the proof of [28, Theorem 1.1] with ¢(s) := (s —r)(T — s)
for s € [r,T] ensures that h;” € 2(D*) with D*(h."") € LP(P) for all p € (1,00). So, by
Theorem 2.3 with n = ¢(X) we obtain

(431)  E((V(Xr), Voo X1)| ) = E(f(Xr)D*(hpo)| 7). f € Cy(RY),r € [0,7).
In particular, taking » = 0 we obtain D*(h) € LP(P) for all p € (1, 00) and
(4.32)  DgPrf(p) = E(V(Xr), Vo Xr)) = E(f(Xr)D*(h")|F,), f € Cj(RY).

Basing on these two formulas, by repeating the proof of Theorem 2 Ilwith I, := E(D*(h*)|#,),
we prove (216) and the L-differentiability of Prf for f € %,(R™*9). Finally, the estimates
(217 and [2I8) follows from (2.I6) as in the proof of Theorem 211 together with the cor-
responding estimate on E|D*(h®)|? as in the proof of 28, Theorem 1.1]. For instance, below
we outline the proof of (210]).

Firstly, for s € (0,1) let X7 solve Z8) with X{* = X + s¢(Xy), let pés = oiﬂxg,s =
po (Id+ ¢)~*, and let ozfi * be defined as a,; with X replacing X;. Then as in (@) and

(@), [@32) implics

Prf) ")~ (Prf) o) = | CE((VF)(XE7), Vg XE°) ds
(4.33) 0

_ /05 E[f(X?s)D*(haé’s)}, f c C,;(]Rm+d)7

b,
by ad! )
where h®"" := h,"" satisfies

(4.34) lim E|D*(h*"") — D*(h)|* = 0.
S—

By the argument leading to (4.8)), ([£.33) yields

(PTf)(:U’d)’a)E_ (Prf)(u) _ %/aE[f(X?S)D*(hws)} ds, f e By(R™Y).
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Combining this with ([£34]), we prove (ZIG) provided

€

(4.35) i~ [ BIUOG) = £} D ()] ds =

For any r € (0,7, let I, = E(D*(h®)|-%,). By ([@33) we obtain
E[{f(X97) — f(X2)},] = B[LE(f(X3) — f(X1)|7,)]
= E[JT /0 E((Vf(X3%), VX[ F) ds} = E[J, /0 E(f(X3*)D*(hew )| ;) ds

= [ Bl 0] s, £ € R

Combining this with the argument extending [8) from f € CL(RY) to f € %, (RY),
obtain
B[{f(X2%) - F(Xr)}E] = [ B[LFOGOD ()] ds, f € BB
0
Consequently,

mE[{f(X7°) = f(X2)}L] =0, f € By(RY),r € (0,T).

Then for any r € (0,7,

imsup = [ B[00 — FOX)}D" ) ds
€l0 € Jo
= timsup | [ E[(70X) = F(0)} {07 (%) = 1}] ds

< 2| flloc B D" (h%) — E(D*(h)|F:)].

Letting r 1 T" we derive ([30), and hence prove ([2.I6) as explained above.

we

O
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