Weighted Norm Inequalities for Parametric
Littlewood-Paley Operators

Li Bo
Abstract: In this paper, the author establishes the boundedness of parametric
Littlewood-Paley operators from Musielak-Orlicz Hardy space to Musielak-Orlicz s-
pace, or to weak Musielak-Orlicz space at the critical index. Part of these results are
new even for classical Hardy space of Fefferman and Stein.

1 Introduction

The impact of the theory of Hardy space HP(R™) with p € (0, 1] in the last forty years
has been significant. Hardy space first appeared in the work of Hardy [14] in 1914. Its
study was based on complex methods and its theory was one-dimensional. The higher
dimensional Euclidean theory of Hardy space was developed by Fefferman and Stein [10]
who proved a variety of characterizations for them. Later, the advent of its atomic or
molecular characterizations enabled the extension of HP(R™) to far more general settings
such as space of homogeneous type in the sense of Coifman and Weiss [4]. It is well known
that, when p € (0, 1], Hardy space HP(R") is a good substitate of the Lebesgue space
LP(R™) in the study for the boundedness of operators. For example, when p € (0, 1], the
Riesz transforms are not bounded on LP(R™), however, they are bounded on HP(R").

Recently, Ky [18] introduced a new Musielak-Orlicz Hardy space H¥(R™), which uni-
fies the classical Hardy space, the weighted Hardy space, the Orlicz Hardy space, and the
weighted Orlicz Hardy space, in which the spatial and the time variables may not be sepa-
rable (see, for example, [11, 31, 17, 27]). Apart from interesting theoretical considerations,
the motivation to study H¥(R™) comes from applications to elasticity, fluid dynamics, im-
age processing, nonlinear PDEs and the calculus of variation (see, for example, [6, 7]). More
Musielak-Orlicz-type spaces are referred to [2, 3, 23, 24, 26, 28, 29, 37, 38, 39].

On the other hand, various fields of analysis and differential equations require the theory
of various function space, for examples, Lebesgue space, Hardy space, various forms of
Lipschitz space, BMO space and Sobolev space. From the original definitions of these
spaces, it may not appear that they are very closely related. There exist, however, various
unified approaches to their study. The Littlewood-Paley theory, which arises naturally from
the consideration of the Dirichlet problem, provides one of the most successful unifying
perspectives on these function spaces (see [12] for more details). And, it remains closely
related to the theory of Fourier multipliers (see [13, Chapter 5]).

Suppose that S™~! is the unit sphere in the n-dimensional Euclidean space R" (n > 2).
Let ©Q be a homogeneous function of degree zero on R"™ which is locally integrable and
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satisfies the cancellation condition
(1.1) / Q') do(a') = 0,
Sn—l

where do is the Lebesgue measure and z’ := z/|z| for any  # 0. For a function f on
R”, the parametric Littlewood-Paley operators “6, g and ug”*/\ are, respectively, defined by
setting, for any x € R",

N?z s(f //
ly—z|<t

2
Qy — z) dydt
———f(2)dz| ——
/y z|<t ly — [P (2) tnt2ptl

and

dydt
tnt+2p+1 ’

An 2
P, * ( )
! //Rnﬂ (t—I—]x—y]) /y o<t |y — 2" pf( 2)dz

where p € (0, o) and A € (1, c0). The u&s and ,u’a*/\ were first studied by Sakamoto
and Yabuta [34] in 1999. They showed that if € Lip, (S™~!) with a € (0, 1], then 16, s
and p&*)\ are bounded on LP(R™) with p € (1, co). In 2009, Xue and Ding [35] obtained a
celebrated result that uf, ¢ and pg;’\ are bounded on LE,(R™) with p € (1, oo) under weaker
smoothness condition of {2, where w € A, and A, denotes the Muckenhoupt weight class. As
for their Hardy space boundedness, Ding et al. [8, 9] showed that, if 2 satisfies some weaker
smoothness condition, then /1675 and /‘63 are bounded from H!(R") to L'(R™). More
conclusions of Littlewood-Paley operators are referred to [1, 5, 15, 20, 21, 22, 23, 25, 33, 36].

Motivated by all of the above mentioned facts, a natural and interesting problem arises,
that is to say, whether “6, g and ug’*/\ are bounded from Musielak-Orlicz Hardy space
H?(R"™) to Musielak-Orlicz space L¥(R™). In this paper we shall answer this problem
affirmatively. Not only that, we also discuss boundedness of u& g and ua*)\ from Musielak-
Orlicz Hardy space H¥(R") to weak Musielak-Orlicz space W L¥(R"™) at the critical index.

The present paper is built up as follows. In Section 2, we recall some notions concerning
Muckenhoupt weights, growth functions and Musielak-Orlicz Hardy space H¥(R™). Then
we statement the boundedness of u¢) ¢ and ug" from H?(R") to L¥(R™) or to WL?(R")
(see Theorems 2.5-2.8 below), the proofs of which are given in Sections 3 and 4. In the
process of the proofs of main results, a boundedness criterion of operators from H¥(R") to
L¥?(R™) (see [25, Lemma 3.12]) plays an indispensable role. Motivated by this, a bound-
edness criterion of operators from HY(R") to WL¥(R") (see Lemma 4.7 below) is also
established.

Finally, we make some conventions on notation. Let Z := {1, 2, ...} and N := {0} UZ.
For any 8 := (B1,...,0n) € N, let |B| := B1+ -+ Bn. Throughout this paper the letter C
will denote a positive constant that may vary from line to line but will remain independent
of the main variables. The symbol P < @ stands for the inequality P < CQ. If P < Q < P,
we then write P ~ (). For any sets E/, FF C R", we use EC to denote the set R™ \ E, |E]
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its n-dimensional Lebesgue measure, x g its characteristic function and E + F the algebraic
sum{x+y: x € E,y € F}. For any s € R, |s| denotes the unique integer such that
s —1 < |s] <s. If there are no special instructions, any space X(R") is denoted simply
by X. For instance, L?(R") is simply denoted by L2. For any index ¢ € [1, cc], ¢ denotes
the conjugate index of q, namely, 1/q + 1/¢' = 1. For any set E of R", t € [0, co) and
measurable function ¢, let p(E, t) := [, ¢(x, t)dx and {|f| >t} :={x e R : |f(z)| > t}.
As usual, for any z € R, r € (0, c0) and a € (0, 00), let B(z, r):={y € R" : |z —y| < r}
and aB(z, r) := B(z, ar).

2 Notions and main results

In this section, we first recall the notion concerning the Musielak-Orlicz Hardy space H¥ via
the non-tangential grand maximal function, and then present the boundedness of parametric
Littlewood-Paley operators from Musielak-Orlicz Hardy space to Musielak-Orlicz space, or
to weak Musielak-Orlicz space at the critical index..

Recall that a nonnegative function ¢ on R™ x [0, c0) is called a Musielak-Orlicz function
if, for any € R"™, ¢(z, -) is an Orlicz function on [0, co) and, for any t € [0, 00), ¢(-,t) is
measurable on R™. Here a function ¢ : [0, co) — [0, o) is called an Orlicz function, if it is
nondecreasing, ¢(0) =0, ¢(t) > 0 for any t € (0, 00), and lim;_, ¢(t) = 0.

Given a Musielak-Orlicz function ¢ on R™ x [0, 00), ¢ is said to be of uniformly lower
(resp. upper) type p with p € R, if there exists a positive constant C' := C,, such that, for
any z € R, ¢t € [0, c0) and s € (0, 1] (resp. s € [1, 0)),

o(x, st) < CsPo(x, t).

The critical uniformly lower type index and the critical uniformly upper type index of  are,
respectively, defined by

(2.1) i(p) :=sup{p € R: ¢ is of uniformly lower type p},
and
(2.2) I(p) :=1inf{p € R: ¢ is of uniformly upper type p}.

Observe that i(¢) or I(p) may not be attainable, namely, ¢ may not be of uniformly lower
type i(¢) or of uniformly upper type I(¢) (see [27, p.415] for more details).

Definition 2.1. Let ¢ € [1, c0). A locally integrable function ¢(-,t) : R™ — [0, oo) is said
to satisfy the uniformly Muckenhoupt condition A, denoted by ¢ € A,, if there exists a
positive constant C' such that, for any ball B C R™ and ¢ € (0, c0), when ¢ = 1,

’;/B@(JE’, t)dx { esssup [¢(y, t)}—l} <C

yeB

and, when ¢ € (1, 00),
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For ¢ € A, with ¢ € [1, 00), we have the following properties as the classical Mucken-
houpt weight.

Lemma 2.2. [18, Lemma 4.5] Let ¢ € Ay with q € [1, 0c0). Then the following statements
hold true:

(i) there exists a positive constant C' such that, for any ball B C R™, X\ € (1, 00) and
t € (0, 00),
P(AB, t) < CA"p(B, t).

(ii) if ¢ # 1, there exists a positive constant C such that, for any ball B(xg, r) C R™ and

t € (0, 00),
B
/ 90(‘737 t) dx < C(’O( (330, T)v t)'
Bt |x — xo|™e g
Define Aco := Uye1, 00) Ag- It is well-known that if ¢ € Ag with ¢ € [1, oc], then ¢ € A,

for any € € (0, 1] and ¢" € A, for some n € (1, c0). Also, if ¢ € A, with ¢ € (1, o), then
¢ € A, for any r € (¢, o) and ¢ € Ay for some d € (1, ¢). Thus, the critical weight index
of p € Ay is defined as follows:

(2.3) q(p) :==inf{g e [1, 00): p € Ay}

Observe that, if ¢(¢) € (1, co), then ¢ ¢ A
(see [16] for more details).

a(¢)» and there exists ¢ ¢ Ay such that g(p) =1

Definition 2.3. [18, Definition 2.1] A function ¢ : R™ x [0, co) — [0, c0) is called a growth
function if the following conditions are satisfied:

(i) ¢ is a Musielak-Orlicz function;
(ﬁ) Y € Ay
(iii) ¢ is of uniformly lower type p for some p € (0, 1] and of uniformly upper type 1.

Throughout the paper, we always assume that ¢ is a growth function.
Recall that the Musielak-Orlicz space L? is defined to be the space of all measurable
functions f such that, for some 7 € (0, o),

/ ¢<x’ !f(w)!> dr < oo
n n
equipped with the (quasi-)norm

| fllze := inf{UE (0, 00) : /ng)(x, \fs;c)!) dx < 1}.

Similarly, the weak Musielak-Orlicz space W L¥ is defined to be the space of all measur-
able functions f such that, for some n € (0, c0),

o (05150, 1) <00

te(0, 00)
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equipped with the quasi-norm

| fllwre == inf{n €(0,00): sup ¢ <{|f| > t}, ;) < 1}.

te (0, 00)

In what follows, we denote by S the space of all Schwartz functions and by S’ its dual
space (namely, the space of all tempered distributions). For any m € N, let S,,, be the space
of all ¢ € S such that ||¢||s,, <1, where

[Wlls, == sup  sup (L4 [a))" DD |9%) ().
aeN?, |a|<m+1 zeR™

Then, for any m € N and f € &', the non-tangential grand mazimal function f of f is
defined by setting, for all z € R™,

(2:4) fn(x) = sup sup [ xdu(y)l;

wes'm |y7x|<t7 te(ov OO)

where, for any ¢ € (0, 00), ¥4(-) := t7"%(;). When

oo (5]

we denote f¥ simply by f*, where ¢(¢) and i(¢) are as in (2.3) and (2.1), respectively.

Definition 2.4. [18, Definition 2.2] Let ¢ be a growth function as in Definition 2.3. The
Musielak-Orlicz Hardy space H¥ is defined as the space of all f € &’ such that f* € L¥
endowed with the (quasi-)norm

[ fllzre == 1] e

The main results of this paper are as follows, the proofs of which are given in Sections 3
and 4.

Theorem 2.5. Let Q) € Lip, (S™ 1) witha € (0, 1], p € (n/2, o0) and 8 € (0, min{1/2, a, p—
n/2}). Suppose ¢ is a growth function as in Definition 2.3 with p € (n/(n + B), 1]. If
¢ € Ap148/n), then there exists a positive constant C' independent of f such that

[, || < Clfilme

L

Theorem 2.6. Let Q € Lip, (S" 1) witha € (0, 1], p € (n/2, o0) and B € (0, min{1/2, o, p—
n/2}). Suppose ¢ is a growth function as in Definition 2.8 with p := n/(n + () and
I(p) € (0, 1), where I(p) is as in (2.2). If ¢ € Ay, then there exists a positive constant C
independent of f such that

[t sh)] < Clfllae

WL
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Theorem 2.7. Let Q € Lip, (5" 1) with a € (0,1], p € (n/2, ), A € (2, ) and
B € (0, min{1/2, a, p—n/2, (A\—2)n/3}). Suppose ¢ is a growth function as in Definition
2.3 with p € (n/(n+ B), 1]. If ¢ € Apayg/my, then there exists a positive constant C
independent of f such that

]

Theorem 2.8. Let Q € Lip,(S™ ') with a € (0,1], p € (n/2, ), A € (2, o) and
B € (0, min{1/2, o, p—n/2, (A—2)n/3}). Suppose ¢ is a growth function as in Definition
2.8 with p:=n/(n+ B) and I(p) € (0, 1), where I(p) is as in (2.2). If p € Ay, then there
exists a positive constant C independent of f such that

)|

Remark 2.9. (i) Let w be a classic Muckenhoupt weight and ¢ an Orlicz function.

(a) When ¢(z, t) := w(z)é(t) for all (z, t) € R x [0, 0o), we have H¥ = HE. In
this case, Theorems 2.5-2.8 hold true for weighted Orlicz Hardy space. Even when
o(z, t) := ¢(t), the above results are also new.

(b) When ¢(z, t) := w(x)tP for all (z, t) € R" x [0, c0), H? is reduced to weighted
Hardy space HY. In this case, Theorems 2.5-2.8 are new and part of these results
even for Hardy space HP (namely, w = 1) are also new.

L <Clfllas.

< .
1y SCl Sl

(ii) We only prove Theorems 2.5 and 2.8, since the proofs of Theorems 2.6 and 2.7 are
analogous.

3 Proof of Theorem 2.5

To show Theorem 2.5, we need some notions and auxiliary lemmas.
Definition 3.1. [18, Definition 2.4] Let ¢ be a growth function as in Definition 2.3.

(i) A triplet (¢, g, s) is said to be admissible, if ¢ € (q(¢), o] and s € [m(p), co) NN,
where ¢(y) and m(p) are as in (2.3) and (2.5), respectively.

(ii) For an admissible triplet (¢, ¢, s), a measurable function «a is called a (¢, g, s)-atom
if there exists some ball B C R™ such that the following conditions are satisfied:
(a) a is supported in B;

(b) llall o sy < lIxEllze, where

1 / 1/q
sup a(x)|Yo(x, t) dx , q €1, 00),
— ) te(0,00) [@(B, t) B| @)l 1) 11, o0)
”CLHL;{,(B) :

Ha”LOO(B)a q = 00;

(¢) Jgn a(x)z*dz =0 for any o € N with |a| < s.
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Lemma 3.2. Let Q € Lip, (S"!) witha € (0, 1], p € (n/2, c0) and B € (0, min{1/2, a, p—
n/2}). Suppose b is a multiple of a (p, 0o, s)-atom associated with some ball B := B(xy, T).
Then there exists a positive constant C' independent of b such that, for any x € (64B)c,

£ (b Clb "
< 00—
b 5(8)(@) < Ol

Proof. We show this lemma by borrowing some ideas from the proof of [8, Theorem 1]. The
trick of the proof is to find a subtle segmentation. For any x € (64B)E, write

2
Qy — z) dydt
P
975( )( ) ly—z|<t |/ |y—z|<t ‘y_Z’ P ( ) tn2ptl

2
Qy — z dydt
// / (_ n—> b(z) dz nt2ptl
ly—z|<t ly—z|<t ‘y Z’ P 13 P
1
2

M

=

yel6B

+ / ly—z|<t // ly— ac|<t T =L+ +1s.
ye(16B)° ye(16B)°
t<|y—zo|+87 t>|y— m0|+8r

For I, by x € (64B)E, y € 16B and z € B, we know that
1 1
t>|ly—z| > |z — o] — |y — xo| > |x—x0|—1]az—mo\ >§|x—x0| and |y — z| < 32r.

From this, Q € L>®(S"1) (since Q € Lip,(S" 1)) and 8 < p —n/2, it follows that, for any
€ (64B)L,

2
o (]l ]
yeten |7l o<t |y — 2" A
) 1
< L ([ 2] e
t>lo—ao|/2 \Y ly—2l<32r y — 2| ¢
<10 . 1 d ? dydt
32r
S || e </6Bldy /m < t”+2p+1> </S" 1/ u" dudo(z'))
ptn/2
~ ||buLoom S ||b||me,
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which is wished.
For Iy, by z € (64B), y € (16B)¢, z € B and the mean value theorem, we know that

(3.1) ly — 2| ~ |y — xol;
(3.2) ly — ol — 2r < |y — 0| — |0 — 2| < |y — 2| <t < |y — wo| + 8r;
(3.3) |z — 20| < |v—y|+ |y — 20| <+ |y — 0| < 2|y — 20| + 87 < 3|y — 203

r

<
(34) ~ ’y _ m0|n+2p+1 .

1 1
[

From Minkowski’s inequality for integrals, (3.1)-(3.4), @ € L>®(S""!) and 8 < 1/2, we
deduce that, for any = € (64B)C,

2
z) dydt
—=—=b(2)dz| —5—
t
/yhej 1?; |/y z|<t |3/—Z\” P $n+2p+1
t<|y— xo|+8r
3
</wuy// Qy—2) dydt |
< z - i
B z)z fgIB — z[2n=2p ¢n+2p+1
t<|y— $O\+8r
ly—z|<t
1
2
Q=) [ [l g
5/ |b(2’) / 1GB)C Tor — 0 [2n—2p 2p W dy dz
7 L |z— |<3|y o] [y = ol ly—zo|—2r

2y — 2)? r
< b d d
~ /B o) / vesB)® Jy— ao2n=2 [y — morrzert Y |

|z—x0|<3|y—z0]

N

1 r
<
S /B b(2)] / ye(16B)0 [y — wo|P—2P+1 | — |20 +2B dy | dz

|z—x0|<3|y—z0]

n+1/2 o
> HbHLOO‘ TR </S" 1/ e 2ﬁ+1 dudo (y )>

Tn+l/2
~ bl e g 77T~ b

|z — x|+ |z fb‘o’"w7

which is also wished.
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For I3, noticing that ¢ > |y — x| 4 8r, we see that, for any y € (16B)C,
(3.5) Bc{zeR": |z—y| <t}
On the other hand, we claim that, for any y € (1GB)E and z € B,

—2) _ Qy-m)
T Ty

< lz—ml”
TE

(3.6)

Indeed, by the mean value theorem and Q € Lip,(S™ ') with a € (0, 1], we obtain that,
for any y € (16B)° and z € B,

Uy —2)  Qy—x0)
ly —2|"  Jy —xo|nr

—2) Qy — z)
!y—ZI” P Jy —woln P
1 1
PEE TR

=) 2 (=)
ly — xo|n—P ly — 2| ly — o]
|z — o 1 y—z Y-
ly—z| |y — ol
< 1 |z71:0|+ 1 <]zaz0]>a
[y —zo|" P ly —x0| |y —20["" \ |y — 20
|z — xo|*
~ |y — mo|rpte”

—2) Qy — xo)
|3/ - xol” Py —ao[nP

«

™~y —xo[PmPL |y — ao|nP

From (3.5), the vanishing moments of b, Minkowski’s inequality for integrals and (3.6), it
follows that, for any x € (64B)E,

2
Qly — 2 Qly — x dydt
// ly—z|<t / < <y n—)p - (y n()_)p) b(Z) dz n+y2p+1
ye 16B)C y Z|<t ’y_Z’ ’y_‘r()’ t
t>|y—xzo|+8r
1
2
—2) Qy —z0) |* dydt
< p—
- /B o) // ye(16B)¢ \y - ZI" Py —woln | e *
t>max{|y—zxl, [y—zo|+8r, [y—=z[}
1
2
|z — xo|2@ dydt
S C/B |b(z)| ye(lGB)E ’y _ xO‘Zn—2p+2a tn+2p+1 dz
t>max{|y—z|, [y—zo|+8r, ly—z|}
%
|z — xo|2® dydt
< C/ b(2)] // ye(16B)0 ly — ao|2n—20+2a n+20+1 dz
B t>max{\y @, [y—wol+8r, ly—2|}

|z—z0|<2|y—z0|
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* C/B o) // ye(16B)° | dz =1 C(Is1 + Ig2).

t>max{|y—z|, ly—zo|+8r, [y—z|}
|x—x0|>2|y—20|

Below, we will give the estimates of I3; and I3o, respectively.
For I31, by 8 < a, we know that, for any x € (64B)C,

|z — xo]2® dydt
I3 < /B [b(2)] // ye(6B) [y _ g En—2pT2a i 2pt] dz

t>|y x0|
|z—z0| <2|y—20]

=

< [ bl - R VP
~ JB N ye(16B)C |y — x0|2nf2p+2a ly—zo n+2p+1 Y z

L |z—z0]|<2|y—=0|

[N

1
2
1
< o n+ao -
Sl U A et
lz—z0|<2|y—wo|

N[

1 1

d
ye(16B)° |y — wo|P—2P+2a |z — go2n+28 Y
|z —z0|<2|y—=ol

1 :
< 1Bl 7 oo d
N””L|x—xwﬁﬁ<écw—zwﬁwﬁay)

rn—&—a oo 1 1 , %
e
~ ||bHL°°7|x_x0|n+,8 /S”_l /r —=2pTaa U dudo (y )>

pnto ,r.n—i-,B

. Bra -
bl o 7~ Wl s

S [IBllzeer™ ™

For I32, noticing that ¢ > max{|y — x|, |y — zo| + 87, |y — 2|} and |x — zg| > 2|y — xo|, we
see that

1
t>]y—x!2|x—x0|—|y—xo|>§]az—x0].

From this and 8 < min{«, p — n/2}, it follows that, for any = € (64B)C,

|z — xq|2® dydt
I35 = b d
32 /B\ ()] //> ye(16B)° |y — wo|2n—20+20 gt 2o+ z

max{|y— $| ly—zo|+87, [y—=2|}
|lz—x0|>2|y—20|

2a
T dydt
S/ 1b(2)] //yG(lGB — x| 22020 gt 2t dz
B t>|y— zo|+8r

t>|x—xo0|/2

N

M
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1
< b Oorn+o¢ /
= ” HL (16B)¢ ’y _ xo‘?n—2p+2a

t>|z—x0|/2

S [IBl|eer™ e

t>|ly—=zo| ¢nt+2p+1

1

dt | dy

£2n+2

N[

1
dt

1
/(16B)C ’y _ xO‘Qn—2p+2a

L t>|x—xzo|/2
rta 1 0 1
< e — - -
~ ”bHL T — 1|8 b — xn|2n—2p+2a _ t—nt+2p—206+1
0 (16B)¢ 1Y — Zo ly—zol
1
rnJra 1 2
5 ||b||L°° ’.’E _ xo’n—l—ﬁ (/BG ’y _ xo‘n—i—?a—Qﬂdy)
Tn—l—a o] 1 1 %
n— /
~ ||b|| o< P (/Snl /T i2a=38 " dudo(y )>
pnta B
~ oo —mMmM8M8m ﬁ_a ~ oo
HbHL |x_$0’n+ﬁr ”bHL |x_$0’n+5'

t>|y—zo| ’[13 _ x0’2n+26 nt+2p+1

o

2

dy

11

[ I

Combining the estimates of I;, I, Is; and I3, we obtain the desired inequality. This

finishes the proof of Lemma 3.2.

O

Proof of Theorem 2.5. Obviously, ,u& g 1s a positive sublinear operator and bounded on L?.
Thus, by the boundedness criterions of operators from H?¥ to L? (see [25, Lemma 3.12]),
Theorem 2.5 will be proved by showing that u& ¢ maps all multiple of a (p, oo, s)-atoms
into uniformly bounded elements of L¥, namely, there exists a positive constant C' such
that, for any n € (0, co) and multiple of a (¢, 0o, s)-atom b associated with some ball

B(xp, ) C R™,

/ngp<:17, W) dmgC’go(B,‘

For any n € (0, c0), write

e

p

|b]| .o

).

Wb s ity 5(0)(@) _
77) dr = /64BSD (x, 77> dx+/(64B)'3 o= 1 + 1o,

For 1;, noticing that p > n/(n+ ), we see that ¢ € Ay. From the uniformly upper type
1 property of ¢, the boundedness on L?D(_’t), uniformly in ¢ € (0, c0), of M?z,s with ¢ € Ag
(see [35, Theorem 1 and Remark 2]), and Lemma 2.2(i) with ¢ € Ay, it follows that, for

any 7 € (0, o0),

115/ 1+
64B

5/ 1+
64B

|1, 5(b) ()]

2
Z,
Bl ) 3"(

\M%,s(b)(l‘)F) <x

LT
n

LT
n

©
1117



12 L1 Bo

bll 7o 1 bll 7o
5¢<ma””L)+ i /|%ﬁ@uw¢@ﬂ”L>dx
n 16]]7 00 Jrn n

||b||L<>°> 1 / 2 16| Lo

Sp | 64B + |b(x)] x dx
~ 80 ) SO b

< n Hbll%w B n

§¢<Bywmw).
n

For Is, by Lemma 3.2, the uniformly lower type p property of ¢, and Lemma 2.2(ii) with
© € Ap148/n), we know that, for any n € (0, 00),

bl| 00 nth
12 5/ 90<x’ H HL r +B> da
(64B)C n |z —mxol?

1 6]l Lo [[B]] o0
< p(n+B)p S ENE= ) gr < pB. L=
~! 1éux—mwwwf<* n ) EET Ty

To summarize what we have proved, we obtain the desired inequality. This finishes the
proof of Theorem 2.5. O

4 Proof of Theorem 2.8

To show Theorem 2.8, we first need to establish a boundedness criterion of operators from
H¢? to WL¥ (see Lemma 4.7 below).

The following lemma comes from [2, Lemma 7.13]. When ¢(z, t) := P for all (z, t) €
R™ x [0, o0) with p € (0, 1), it is reduced to the well-known superposition principle of weak
type estimates obtained by Stein et al., [32, Lemma (1.8)] and, independently, by Kalton
[19, Theorem 6.1].

Lemma 4.1. Let ¢ be a growth function as in Definition 2.3 satisfying I(y) € (0, 1), where
I(p) is as in (2.2). Assume that {f;}jcz+ is a sequence of measurable functions such that,

for some n € (0, 00),
> s g (> e ) <

jez+ a€(0,00)

Then there ezists a positive constant C, depending only on p, such that, for any B € (0, o0),

@ Z’fj|>ﬁ ’/767) SCZ sup <p<{|fj\>a},3).

jelt jez+ @€(0,0)

Using the same argument as in the proof of [18, Lemma 4.3|, we can easily carry out the
proof of the following lemma, the details being omitted.

Lemma 4.2. Let ¢ be a growth function as in Definition 2.3. For a given positive constant
C, there exists a positive constant C' such that, for any n € (0, 00),

sup @ ({f| > al, 70;> < C implies that || f|lwre < Cn.
a€(0,00)
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Definition 4.3. [18, p.122] For an admissible triplet (¢, ¢, s), the Musielak-Orlicz atomic
Hardy space H7;?? is defined as the space of all f € &’ which can be represented as a linear
combination of (¢, ¢, s)-atoms, that is, f = Zj b;j in &', where b; for each j is a multiple
of some (¢, ¢, s)-atom supported in some ball B;, with the property

S ¢ (By: Wsllzaga,) < oo
J

For any given sequence of multiples of (¢, ¢, s)-atoms, {b;};, let

b |
Ag({b;};) :==inf ¢ n € (0, 00) : Z¢<Bj ’J”anf)) <1

J
and then the (quasi-)norm of f € S’ is defined by
1f ey« == inf {Aq ({b;}5)}
where the infimum is taken over all admissible decompositions of f as above.

Lemma 4.4. [18, Theorem 3.1] Let (¢, q, s) be an admissible triplet as in Definition 3.1.

Then
HQO — H;Dtv q,s
with equivalent (quasi-)norms.
Recall that a quasi-Banach space B is a linear space endowed with a quasi-norm || - |5

which is nonnegative, non-degenerate (i.e., ||f||z = 0 if and only if f = 0), homogeneous,
and obeys the quasi-triangle inequality, i.e., there exists a constant K no less than 1 such
that, for any f,g € B, |[f +gls < K (|| fllz + llgll5)-

Lemma 4.5. Let B be a quasi-Banach space equipped with the quasi-norm || - ||g. For any
{fx}rez, C B and f € B, szlgglo | fx — fllg =0, then

1 . .
72 1115 < iming | il < timsup | fills < K 1£ ]

where K is a constant associated with B as above.
Proof. The proof of this lemma is not particularly difficult and so is omitted. O

Remark 4.6. In the process of the proof of this lemma, if we use Aoki-Rolewicz theorem
(see [30]), the result of Lemma 4.5 would be better. Precisely, under the same assumptions
of Lemma 4.5, we can get limy_, || fx|lg = || f|lz- However, Lemma 4.5 is just enough for
later use.

The following lemma gives a boundedness criterion of operators from H¥ to W L¥.
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Lemma 4.7. Let ¢ be a growth function as in Definition 2.3 satisfying I(¢) € (0, 1), where
I(p) is as in (2.2). Suppose that a linear or a positive sublinear operator T is bounded on
L2. If there exists a positive constant C such that, for any n € (0, oo) and multiple of a
(¢, q, s)-atom b associated with some ball B C R™,

b

1) w o (110> a), @) <0p (B, ED)
a€e(0,00) n n

then T extends uniquely to a bounded operator from H¥ to W L¥.

Proof. We first assume that f € H? N L?. By the well known Calderén reproducing formula
(see also [23, Theorem 2.14]), we know that there exists a sequence of multiples of (¢, g, s)-
atoms {b;}jcz, associated with balls {B;} ez, such that

k
(4.2) f = Jlim ; bj = lim fi in S’ and also in L2

From the assumption that the linear or positive sublinear operator 7" is bounded on L? and
(4.2), it follows that

T T(f) = T (fi)ll2 < Jim |7 (F = fi)llge S Jim 1 = fill ~0,

which, together with Riesz’s theorem, implies that
k ')
T(f)= lim T <1 T(b;) = T (b;) almost here.
(f) = Jim T (fy) < lim Z (by) Z_j (b;) almost everywhere

By this, Lemma 4.1 and (4.1), we obtain that, for any a € (0, 00),

o (11> ok 57 ) < IR B vy

- a

< E sup <p< T | >a ,>
21 a€(0,00) tEG)[> af Ag({b5}5)
- HijLq(B-)

< E B, NLeBi) |} 4

~ SD ? ~ 9
= ( 7 A ({bi}))

which, together with Lemma 4.2, further implies that

IT(H)llwee < Aqg({bs}5)-

Taking infimum for all admissible decompositions of f as above and using Lemma 4.4, we
obtain that, for any f € H? N L?,

(4.3) 1T wee S N Fllgas ~ (1 fllme.
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Next, suppose f € H?. By the fact that H¥ N L? is dense in H? (see [37, Remark 4.1.4]),
we know that there exists a sequence of {f;}ez, C H¥ N L? such that f; — f as j — o0
in H?. Therefore, {f;}jcz. is a Cauchy sequence in H¥. From this and (4.3), we deduce
that, for any j, k € Z4,

IT(f;) — Tl e < NT5 = felllwre S — fell g -

By this, we know that {T'(f;)};ez, is also a Cauchy sequence in WL? and hence there
exists some g € WL¥ such that T(f;) — g as j — oo in WL¥. Consequently, define
T(f) := g. Below, we claim that T'(f) is well defined. Indeed, for any other sequence
{fi}jez, C H¥N L? satisfying fi— fasj—ooin H?, by (4.3), we have

|T(f7) = Ty o S NTED = TUD |y o +1T7) = 9l e
ST = Il e + 1T () = 9l e
S = Fill o F 1T () = 9l e
S = Fllge + 15 = Fillge +1T(5) = gllype — 0 as j — oo,

which is wished. From this, Lemma 4.5 and (4.3), it follows that

IT(lwre = lgllwre S liminf [ T(f;)[lwre S limsup || fillze S 1Lf ]|z
J—o0 j—00

This finishes the proof of Lemma 4.7. O

Lemma 4.8. Let 2 € Lip,(S™ 1) with a € (0, 1], p € (n/2, ), A € (2, ) and 8 €
(0, min{1/2, o, p—n/2, (A=2)n/3}). Suppose b is a multiple of a (¢, 0o, s)-atom associated
with some ball B := B(xg, r). Then there exists a positive constant C' independent of b such
that, for any x € (64B)E,

p s
(b < Obl|poe ———————=.
5 0)(a) < ol T
Proof. We show this lemma by borrowing some ideas from the proof of [9, Theorem 1.1].
By Lemma 3.2, we know that, for any x € (64B)E,

13 (b) () = _ / /R » (H’;_y’yn /y Mb(z) dzz dydt

tn+2p+1

—z|<t |y - z‘n—p

[NIES

[ An 2
Oy —
T ) VT
ly—a|<t \t+ |7 —y] y—z|<t [y — 2|"7F tntee
) 1
t An Qy — 2) ’ dydt i
I )l o]
ly—z|>t t+|x_y| ly—z|<t ‘y_z|n P tnrep

< g, 5(b) ()
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ST

2
Qy — dydt
// ( ) an_)b(z) dz n+y2 T1
ly—z|>t t+ |l‘ - y| ly—z|<t ‘y - z’ P t r
< CO||bl| oo —————
ol
1
n 2 bl
t Qy — dydt
[ e (T eSS
ly—z|>t t+ |1: - y| ly—z|<t ‘y - Z| P t r
Pt
=: C||b||poc —————= + J.
bl s
Thus, to show Lemma 4.8, it suffices to prove that, for any = € (64B)E,
< Tn-l—ﬂ
J b|| oo .
S Wl s
For any = € (64B)C, write
) 1
2
t An Qy — z) dydt
> n— b(z) dz n+2p+1
‘ngégt t+ ’x - y| ly—z|<t ‘y - Z‘ p t r

2

//y o2t //|y :c|>t el =i+ Jo + Js.

ye( 163 ye( 16B
t<|y— a:g|+87“ t>|y— on—ST’

For J1, by x € (643)[:7 y € 16B and z € B, we know that

1 1
|y—:c|2\x—xo\—\y—xo\>\x—xg\—jx—mo]>§]a:—x0]and ly — z| < 32r.

From this, Minkowski’s inequality for integrals, f < min{(A — 2)n/3, p — n/2}, Q €

L°(S™ 1) and |y — x| ~ |z — 0| with z € (64B)C and y € 16B, it follows that, for any
€ (64B)L,

1
2 2

z) dydt
= SR g WY
= // |Z€1z6%t (t+ |z — ?/|> /'y z|<t ]y — z|" P (2) dz nt2p+1

ly—a|>z—o|/2 2l <s2r

n B 2
< / |b(2)] // ly—a|>t < ‘ ) 2l 252|2 nc-indL dz
B yE16B t+ [z —yl A R

ly—z|>|z—z0|/2
ly—z|<32r, ly—z|<t
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¢ 2p—n—20
S bz // 6B <>
/B’ )l |Zi|zt ly — 2|

ly—z|>|z—20|/2
ly—z|<32r, ly—z|<t

=

2n+38 2 2
t Qy — dydt
( > 2y — 2)I* _dy ] N

|.’E _ CL‘0| |y _ Z‘2n72p $n+2p+1

< /B |b(2)] [/Iy—2|<327“ |z — $0‘2n+316‘y — 2|28 </0|y_x tﬁ_ldt) dy] dz
1
N /B e </yz|<32r |z — 9502’3+3’BTf— Z|n725 dy) | *
1
- |z — ;O”Jrﬁ /B o=)1 (/|y<32r ’y\"l %dy) 2 az
1
Sl s ([ [ dudotw))

pntB
|z — o[t

N

~ 6] Lo

which is wished.
For Jo, write

n . 2
// ly—al2t (M)A /y Q(_yzn_)pb(z)dz

ye( 163 —z|<t ‘y
t<|y— zo|+8r
|z—20]>3|y—0

N

dydt
tn+2p+1

Jo

IA

+ // ly—al>¢ ‘/y » \y—zyn )pb( )dZQ

ye(16B)L
t<|y—zo|+8r
|z—0]| <3|y —zo|

N

dydt
nt2p+1

=:Jo1 + Joo.

The estimate of Joo is quite similar to that given earlier for the estimate of Is in Lemma
3.2 and so is omitted. We are now turning to the estimate of Jo.

For Jo1, by z € (64B)C, y € (16B)Y, z € B, |z — 0| > 3|y — 0| and the mean value
theorem, we know that

(4.4) [y — 2| ~ |y — xol;
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(4.5) ly —xo| — 2r < |y — o] — w0 — 2| < |y — 2 <t < |y — @0 + 8r;
1
(4.6) |z —y| > |z — 20| — [y — 2o >§\w—wo\;
1 1
(4.7) — < " .
(ly — zo| — 2r)2p~ =28 (|ly — wo| + 8r)2~ =28 ™ |y — xo|2p—n—26+1

From Minkowski’s inequality for integrals, § < min{(A — 2)n/3, 1/2} < (A — 2)n/2,
(4.4)-(4.7) and Q € L>°(5™ 1), it follows that, for any z € (64B)C,

" An
T = // ly-ol2t <t+!x—y!>

163
t<|y (E()H-S?"
|z—z0|>3|ly—20|

N

dydt
tn+2p+1

2
/y Q(_yz_‘nz_)p b(z)dz

—z|<t ‘y

t MOy — )2 dydt
< b L d
< /B 1b(2)] // ly— z|>t (t flo— y|> ly — z|2n=2p grt2p+1 z

ye( 16B
t<|y— a:0|+8r
|z—z0]|>3ly—=z0l
L ly—z|<t J

2n+28 2
§/ 1b(2)] // €(16B)¢ ( ! ) [y 22)|2 dyzdtl dz
B v ) |z — | |y — zo|?n—2p 2ot

lz—y|>|z—z0|/2
ly—zo|—2r<t<|y—zo|+8r

N

NI

1
)2 ly—zo0|+8r 2
§1n+5/’b(2)‘ / Ly jﬂz / 2f:lf25+1 dy| dz
|z — o B ye(16B)° |y — ol AN o
r’ 1 r 2
< ||b]| oo d
s () I TR )

n+1/2 .
~ |16l Lo o~ zoiP (/S / e QBH dudo(y ))

,r,n+1/2
HbHL Wrﬁ /2 ||bHLoo

|x_$0|n+/5’

which is also wished.
For J3, noticing that t > |y — x| + 8, we see that, for any y € (16B)C,

(4.8) Bc{zeR": |z—y| <t}
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and
(4.9) t+|z—y| >t+ |z — x| — |y — 20| > | — 20| + 8" > |2 — 20].

From (4.8), the vanishing moments of b, Minkowski’s inequality for integrals, (4.9), (3.6)
and f < min{a, p —n/2, (A —2)n/3} < (A —2)n/2, it follows that, for any = € (64B)L,

2

L An Qy — 2) 2 dydt
// ly— a:|>t <t> / 7n_pb(z) dz pre s
ye(16B)C + [z =yl ly—z|<t [y — 2]
t>ly— Io|+8T
' 14
A
< | |n( t "Qy-2)  Qy-wo) [P dydt |
> ‘ 2)‘ ly— ac|>t t+\x—y\ |y_2‘n—p \y—xg\"—P fmr2ptl z
B ye( 16B
t>|y— .Z’0|+8’!’
ly—z|<t
L th|e—y[>|z—zl |

</b(2)| // <t+‘x_y‘>2nm< : )M
~ g ly=al2t |z — o] t+ |z —y

ye( 1GB
t>|y— zo|+8r
ly—z|<t
L tt|z—y|>|z—0|

1
|z — zo|2® dydt 1?2 d
X ‘y _ $O|2n72p+2a tn+2p+1

ro t)\n
< -
~ ‘l'—.%'(]‘n—hg /B |b(2)’ // ly— x\>t t+ |.%'—y|)>‘n_2n_2ﬁ

ye(lGB
t>|y—xo|+87
ly—z|<t
L t+|z—y|>|z—=o|
1
1 dydt ]2d
z
|y _ :L’o’Zn 2p+2a gn+2p+1

(6%
S r/ |b // C 2 2p+2 dedtQ 1 dz
‘:L' —xo‘”+6 B yEB ‘y x()‘ n—2p+2a t—n+2p—206+

t>‘ 7$0‘

1
n+a 1 00 dt 2
o [ T — / / R
|2 — xo|" P | e ly — w22 ly—zo| t—n+2p-28+1

1

) rn-l—oc 1 d 2
~ ”LOOW e [y — ao|r2a—28Y
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1
TnJra o] 1 1 , 3
rts

7,n—l—oz 8
—Q
L L

~ ||bl| ;00 _
ol e

Combining the estimates of J1, Jo and J3, we obtain the desired inequality. This finishes
the proof of Lemma 4.8. O

Proof of Theorem 2.8. Obviously, M?i*,\ is a positive sublinear operator and bounded on

L?. Thus, by the boundedness criterions of operators from H¥ to WL¥ (see Lemma 4.7),
Theorem 2.8 will be proved by showing that ,u?z’:; maps all multiple of (¢, oo, s)-atoms
into uniformly bounded elements of W L¥, namely, there exists a positive constant C' such
that, for any n € (0, co) and multiple of a (¢, 0o, s)-atom b associated with some ball
B(zg, r) C R",

* « bl| 7 co
sup ¢ ({u’g’i,A(b) > a}, n) < Cyp (B, | U;L > :

a€e(0,00)

For any n € (0, c0), write

P, * o
sup @ | 1HG A (D) > a >
a€(0,00) <{ 2 } n
o

< sup ¢ <{x € 64B : p '\ (b)(z) > a}, >
a€(0,00) ’ n

+ sup ¢ ({x € (64B)° : 15\ (b) (z) > a}, oz) =1 +Io.
a€e(0,00) ’ n

For 11, by the uniformly upper type 1 property of ¢, the boundedness on Li(. " uniformly

in ¢ € (0, 00), of uf;”, with ¢ € Ay (see [35, Theorem 1 and Remark 2]), and Lemma 2.2(i)
with ¢ € Ay, it follows that, for any n € (0, c0),

Qo
I, = sup / % (a:, ) dx
a€(0,00) {$664B: pga(b)(z)>a} n
D () (x
- / ¢<x, “m”()) "
64B n
2 (p) ()] 2 bll 7o
S,/ 14 g 5 (0)(@)] w(x, 16]|1, ) i
648 [0]] oo n
P * W) (x 2 bll 7o
5/ 14 ’MQ,A(;( )l <p<x, 6]l ) du
64B Hb”Loo n

bl oo 1 . B[ oo
<o (o M=) b [ m@e (o M) 0
1) T e n
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Hb|L°O> 1 / 2 16 2o~
<Sp|64B + |b(x)] x dx
P ) P\
< U I6ll7 /5 U
bl| e
<o, 1)
n

For Iy, from Lemma 4.8, Lemma 2.2(i) with ¢ € A, and the uniformly lower type p
property of ¢, we deduce that, for any n € (0, c0),

Ib S sup o <{x € (64B)E : Hb|’L007 } >
a€(0,00) ’ ‘n-i—ﬁ n
@
n

|| Lo
S sup @({xEBC: z — x|n+ﬁ<HHLn+ﬁ} )
a€(0,00) a

b oo n+p
~ sup ¢ meR”:rS]m—xo\<(H HL g
a€(0, 00) 77

b|| o
sup go({xeR": |z — xo| < <|| HL } 04)
a€(0, [bl| o) "
1
b oo | 4B
- ap e [H I } 5 a)
a€(0, [bl] o) a U
bl e \?
sup (II [ ) @(B’ a)
ac(0, bllzoe) \ O U
b \? b b|| Lo
sup (II 72 ) ( a ) so(B, 6]l )
ag(0, [bllee) \ O 16 2o U
o <B’ HbHLoo)
"

To summarize what we have proved, we obtain the desired inequality. This finishes the
proof of Theorem 2.8. O
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