Global Smooth Solutions for the Zakharov System
with Quantum Effects in Two Space Dimensions*

Zaihui Gan'? T Ting Zhong®? ¥ Boling Guo *
1 Center for Applied Mathematics, Tianjin University
Tianjin, 300072, P. R. China
2 College of Mathematics and Software Science, Sichuan
Normal University, Chengdu, 610068, P. R. China
3 Institute of Applied Physics and Computational
Mathematics, Beijing 100088, P. R. China

Abstract: We consider the Zakharov system with quantum effects in the
framework of the scalar mode in two space dimensions

iE, + AE = nE + TA2E,
n, = —V.V, (Z25Q)
V,=-Vn— |VE2+'VAn,

which is related to quantum corrections to the Zakharov system for Langmuir
waves in plasma. We prove the existence and uniqueness of global smooth so-
lutions to the Cauchy problem for (ZSQ) in the Sobolev space through making
a priori integral esimates and utilizing the so-called continuity method.
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1 Introduction

We deal with in this paper the Zakharov system with quantum effects in the framework

of the scalar model [6]:
iE; + AE =nE + A’E, (1.1)
V;=-Vn—VI|E*>+T'VAn, (1.3)
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where (E,n,V): (t,r) € (RU{0}) x R? - C x R x R? and the initial data are taken
to be:
E(z,0) = E°(z), n(z,0)=n’x), V(z,0)=V°(z). (1.4)

In the recent years, special interest was devoted to quantum corrections to the Za-
kharov equations for Langmuir waves in a plasma [20]. The system (1.1)-(1.3) is related
to the equations that govern the amplitude E of the electric field oscillations and the
number density n

iEy —aV x (VX E)+V(V-E) =nE+TVA(V-E), (VZS—1)

ng — An = A|E[> — TA?n. (VZS —2)

The parameter « is defined as the square ratio of the light speed and the electron Fermi
velocity and I" measures the influence of quantum effects. As mentioned by [6], it may be
suitable to abandon the vector character of the equations (VZS-1)-(VZS-2) for the sake of
preserving a non-zero electric field at the center of the cavity, while keeping the rotational
symmetry necessary for implementing an asymptotic analysis in the spirit of [7, 8]. We
thus consider in this paper the influence of quantum effects in the frame work of the scalar
model (1.1)-(1.3). Since (VZS-2) originates from the hydrodynamic system

ng+ V-V =0,
V,=-Vn—V|E|?+'VAn,

governing the ion sound waves.

The system (1.1)-(1.3) describes the quantum corrections to the Zakharov equations
for Langmuir waves in a plasma [20] and has been studied by many physicists and mathe-
maticians ([12],[15] ). For I' = 0, the system (1.1)-(1.3) was derived by Zakharov in [20] to
model Langmuir wave in plasma. From the mathematical side, there has been considerable
work on local and global well-posedness of solutions with rough data through the works
of Kenig, Ponce and Vega [16], Bourgain and Colliander [4], Ginibre, Tsutsumi and Velo
[13], and Bejenaru, Herr, Holmer and Tataru [2], it was shown in [1, 13, 14, 18] that for
initial data small enough, the solution to the Cauchy problem (1.1)-(1.4) remains smooth
for all time. In two dimensions, the smallest condition reads || Eo||72(g2) < (@722 and
is optimal, where @ is the ground state of the equation Au —u+u® = 0. In three dimen-
sions, it requires that the plasma number N and the Hamiltonian H satisfy N|H| < e
(e £2.6 x 107%) together with HVEOH%Q(RQ) < |H|, where N and H are defined as follows:

N = [ |E]dz, (1.5)
R2

1 1 r
H= {|VE|2 + §n2 + §|Vy2 +n|E]> +T|AE|* + §|Vn|2} dx. (1.6)
R2

Recently, along with the further deep study of physical problems, certain generalized
and useful system of Zakharov equations were proposed. We studied in [9, 10, 11] some
generalized Zakharov system and obtained various conclusions including blow-up, exis-
tence and orbital instability of standing waves as well as the sharp threshold for global
existence.

We shall be concerned with in this paper the existence and uniqueness of global smooth
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solutions to the Cauchy problem (1.1)-(1.4). Throughout this paper, we assume that the
solution (E(t,x),n(t,x), V(t,z)) of the Cauchy problem (1.1)-(1.4) and its derivatives
tend to zero as |x| — +oo. In addltlon for simplicity, we shall denote various positive
constants by C' and (f,g) fR2 da: where g( ) denote the complex conjugate
function of g(x).

2 A Priori Estimates

In this section we mainly make some a priori estimates.
Lemma 2.1 Let Ey(x) € H'(R?). Then the solution F(t,x) of the Cauchy problem
(1.1)-(1.4) satisfies

IE(t, @) || 122y = [| Eo(2) ]| L2(r2)- (2.1)

Proof. Taking the inner product of (1.1) with F, one gets
(iEB;+ AE —nE —~TA’E,E) =0.. (2.2)

Noting that
Im(iEy, E) = 14| E| 2252,

Im(AE, E) = ImHVEH%?(R?) =0,
Im(nE, E) = hn(”HEH%?(R?)) =0,

Im(PA’E, E) = ]m(FHAEH%Z’(RZ’)) =0,

we thus obtain (2.1) by (2.2). O
Lemma 2.2 [5] Let [jul|g1r2) < K. Then

ey < € (14 \flog(1 + lullmae) ), w € HAR?), (2:3)
where the constant C' depends only on K. O
Lemma 2.3 [3, 17, 19] Let u € H'(R?). Then
lullZa 22y < Coll VulZege lullz2me), (2.4)
where Cy = W, in which Q(z) is the ground state solution of the equation
L2(R2)
A — o+ = 0. (2.5)
O

Lemma 2.4 Assume that

(i) Eo(x) € H*(R?), mno(z) € H'(R?), Vy(z)e L*(R?);

(i1) [1Eoll2mey < 3Q@)12 g2y,



where () is the ground state solution of (2.5). Then the solution of the Cauchy problem
(1.1)-(1.4) satisfies

IAE|Z oo + IV BTy poe + [l T + 1VRI L2 + IV T2 < By (26)

where the constant F; depends only on || Eyl? 2(R2); [En (r2) and 1Voll7 (R2)"
Proof. Taking the inner product of (1.1) with Et, one has

(iE;+ AE —nE —TA’E, E;) = 0. (2.7)
By a direct calculation, we obtain

R@(iEt, Et) = 07

Re(AE,E;) = _%%HVE”%Q(RQV
Re(nE, E;) = 3 [, nL|E*dz,
Re(TA’E, Ey) = S 4[|AE|7 g2,

which together with (2.7) yield that

< <||VE||%2(R2) " /RQn|E|2dx+F||AEH%2(R2)> = [ ippas 28
Noting that by (1.2) and (1.3)
Jpe | EPPdz = [,(—=V - V)|E|*dz
= [ VVIEdx
= Jo2 V(=Vn+TVAn —V,)dx
= —1 4 [, (n*+|V]2+T|Vn|?) dz
Combining the above identity with (2.8), one concludes
H(t) = IVElLage) + Jee nlEPde + T AE| 72 ge)
+%H”H%2(R2) + %HVH%Q(RQ) + %F”V”H%Q(RQ) (2.9)
= H(0).
By Holder’s inequality, Young’s inequality, Lemma 2.3 and (2.1), one sees that

Jg2 n|EPde < 5 s oo n?de 43 f ) |E|4d:c
< g Jrar?de + 4 IIQH2 e HE0||L2 R2)||VE||L2 R2) (2.10)
< fro o+ |VE e,



(2.9) and (2.10) conclude the estimate (2.6). O
Lemma 2.5 Under the conditions of Lemma 2.4, let

Ey(z) € H*(R?), no(z) € H*(R?), Vo(z) € H'(R?).
Then the solution of the Cauchy problem (1.1)-(1.4) satisfies
IV BN Lo + 180N oo + N Eelli oo + nellZ2s o < B, (2.11)

where the constant Ey depends only on [|Ey||%s gz 70|72 k2 and [[Voll7 ge)-
Proof. Differentiating (1.1) with respect to ¢, and taking the inner product of the resulting
equation with F;, we have

(iEtt + AEt — (nE)t — FAzEt, Et) = O (212)

Noting that
[m(iEtt, Et) = Re(Etta Et) = %%“Et"%Q(RQ)’

[TTL(AEt, Et) = —ImHVEtH%Q(Rg) = 0,
[TTL((TLE)t, Et) = ]m(ntE, Et) + Im(nEt, Et>
=Im fR2 nEE,dx

Im ( FAZEt, Et) = [mF”AEtHLz(Rz = 07
we thereby obtain

d
TN Billzeez) < 201E o @ llnell 2 | Bl 2 ge2)- (2.13)

Integrating (2.13) with respect to ¢, one knows

12 D emey < B 0l 72 ey

(2.14)
+2 Jy 1B, 7)o ) [0 7) |2 | Bl Tl z2qgoydr.
On the other hand, we take the inner product of (1.1) with AE and then obtain
(iE, + AE —nE —TA*E,AE) =0, (2.15)

where

(i By, AE)| < || Bt L2y | AL L2 (m2),
((AE,AE)| = [[AE|72 g2
(nE,AE)| < ||nE||L2(R2)||AE||L2(Rz)
< Inllpa@2) | Bl @) | AE|| 2 g2
1 1
< ClInl 722y VRl 72 (m2) | AE | L2(R2)
(TAE, AE)| =TV E|22ge)-
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By (2.15), Lemma 2.3 and Lemma 2.4, it follows that
IVPE |22 < C (||Et||i2(R2) + (11) .
In addition, we take the inner product of (1.1) with £, and obtain
(iE, + AE —nE —~TA*E, E) =0,

which yields

1Bl < © (IABlzan |1 Blla) + 0Bl 1 o) + IAF R

Combining (2.14), (2.16) with (2.18), we have by Lemma 2.2 and Lemma 2.4

IVREC, D)2z < O+ Oy 1EC ) ooyl (- 7)oy dr

< C 4 Co [ oo 7) 12 oy

On the other hand, differentiating (1.2) with respect to ¢ and noting (1.3),

ng — An — A|E|> + TA*n = 0.
By taking the inner product of (2.20) with n,, one gets
(ng — An — A|E)? + TA%n, ny) = 0,

Since

1
2
(AIE]2 ng)| 2 (|(AEE, ny)| + I(IVEIQ,nt)I)

(ng — An 4+ T A%n,n,) =

Q.l&
/N

IR gy + el ey + TlAR] 2 ey )

(2.16)

(2.17)

< C.
(2.18)

(2.19)

we have

(2.20)

(2.21)

< 2| | ooy nll 2 @) | A Bl 2(22) + IV E N Loy + Inell 2z

< ClEN @) (Inll L2 ge) + 1AL L2 e2))
+CUVE L@ |AEN g2y + I14ll72 gy

< CllnullZegey + Chs

noting (2.21) and Lemma 2.4, we have

t
||An||%2(R2) + HntH%Q(RQ) <C+ Cl/o Hnt<'77—)||%2(]R2)dT

Let
J(t) = IV°Ell 22y + 1A 22y + Inell 722y + 1
(2.19) and (2.22) conclude

J(t) < C+C’/tJ(7')d7',
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which together with Gronwall’s lemma implies

J(t) < C.

(2.18) and (2.24) thus yield the estimate (2.11).

It is easy to obtain the following conclusion by Lemma 2.2 and Lemma 2.5.

Corollary 2.1. There holds

||EHL°°(R2) + HVEHLOO(R?) -+ Hn||Loo(R2) < Ejs,

where the constant E3 depends only on ||E0HH3 R2)) ||no||H2 g2y and Voll% (E2)-

Lemma 2.6 Under the conditions of Lemma 2.4, let
Eo(z) € HY(R?), no(z) € H*(R?), Vo(z) € H*(R?).
Then the solution of the Cauchy problem (1.1)-(1.4) satisfies
1A% B[ G2y poe + IVl Z2u o + [V Ed| 2o + IV Rl[725 e < By

where the constant E,; depends only on || Eyl|? HA(R2)> llmol|? s (r2) and I Voll3, (R2)-

(2.24)

(2.25)

(2.26)

Proof. Differentiating (1.1) with respect to ¢, and then takmg the inner product of the

resulting equation with AFE;, we have
(iEtt + AEt — (nE)t — FA2E,5, AEt) =0.
By a direct calculation one sees

Im(iEtt, AEt) = —

sEIVEN7 g2,
m(ALy, AEy) = Im||AL|Z gy = 0,
Im(—(nE);, AE,) = Im(V(n.E + nE;),VE;)
=Im(VmE+nVE+VnE, +nVE,VE,),

m(—FAZEt, AEt) == ]mPHVSEtH%Q(Rg) =0.

(2.27)



Therefore, (2.27), Corollary 2.1, Lemma 2.5 and Young’s inequality give
LAVE|2agey < (VRE,VE)| + |(nVE, VE,)|

+|(VnEy, VE)| + [(nVE;, VE)|
< B zoo@2) Vel 2 g2) [V B 2 re)

HIVE| Lo 2y ||| 2®2) |V Et || L2 2y

1 1 1 1 (2.28)
+||vn||zz(R2)||A”||22(R2)||Et||z2(R2)||VEt||]2;2(R2)||VEt||L2(R2)
0l oo @)V Eil| 72 g2y
3
< C (IVndlzz@n IV iz + IV Eilliee) + VBl fages, )
< C (IVnl3agey + IVEN ) +1)
On the other hand, taking inner product of (2.20) with An;, we obtain
(ntt — An — A|E|2 + FAzn, Ant) =0. (229)
In view of Corollary 2.1, Lemma 2.4 and Lemma 2.5, the following estimates hold:
1d
(nuw — An+TA%n, Any) = Todt <ant||%2(n§2) + ||An||%2(m2) + FHVB”H%?(W)) )
(=A|E|?, Any) = (VPEE + AEVE +2V*EVE
+ 2VEV?E + VEAE + EV®E, V)
<C (HEHLOO(R2)HV3EHL2(R2) + |AE|| Lar2) || VE|| L4 (r2)
+ [[V2E| page) || VE|| pa®2)) || V|| 22 (z2))
<C (14 IVl -
That is,
4 V|3 + || An||? +I||V3n||3 <C(1+|IVn3 (2.30)
dt tllL2(R) L2(R?) L2(R?) ) = tL2(R?) ) - :
Let
G(t) = antH%Q(RQ) + HVEtH%%R?) + HAnH%m@) + FHV?'”H%%R?) + 1. (2.31)

On account of (1.1), one gets

IA?E|r2mey < C ([ Eellzme) + 1AE]| p2(me) + [INE| r2(2))
1 1
<C+ \|n\|i4(R2)HEHi4(R2) <C.
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Hence, by (2.28), (2.30) and (2.31), we eventually obtain
t

G(t) < C+ C’/ G(r)dr,
0

which together with Gronwall’s inequality yields

IV Eel72g2) + 1VRel 2@y + 1Vl 2@y < C- (2.33)
(2.32) and (2.33) conclude the estimate (2.26). O
Corollary 2.2. The following estimate holds:

[AE| oo ey + [[Vnll Lo @) + |V |2 @) < Es, (2.34)
where the constant Es depends only on [|Ey|| % gz 70|75 g2y and [[Voll7z ge)- O

Lemma 2.7 Under the conditions of Lemma 2.4, let
Eo(z) € H°(R?), no(z) € H*(R?), Vo(z) € H*(R?).
Then the solution of the Cauchy problem (1.1)-(1.4) satisfies
IV B2 poe + 1ALz oo + | AE L2 1o + 1AM L2 oo < E, (2.26)
where the constant Ey depends only on [|Eo||%s g2y, 1701742y and [[Vo[%s ge)-

Proof. Differentiating (1.1) with respect to ¢, and then taking the inner product of the
resulting equation with A?E,, we have

(iBy + AE, — (nE), — TA*E,, A’E,) = 0. (2.36)
It is easy to check
Im(iBy, A’ Ep) = 3 GIAE 7252,
Im(AE, A’Ey) = _||V3Et||%2(m2) =0,
(-TA’E,, A’E,) = ~T| AE 22 e,
(—(nE)y, A’°Ey) = —(nE + nky, A’°E))
= —(A(mE 4+ nE,), A*E})
= —(AnE 4+ 2V VE + nyAE + AnFE;

+2VTLVE15 + nAEt, AEt>



Thus, taking the imaginary part of (2.36), we get from Corollary 2.1, Corollary 2.2, Lemma
2.5 and Lemma 2.6,

NAE 2oy < [(AnE, AE)| +2|(VrVE, AE,)|
+ [(niAE, AE)| + |(AnEy, AE)|
+2 [(VnVE, AE)| + |(nAE,, AE,)|

< Bl e @2 | Ane | 2 g2) | A B | 22 2y
+2HVE||L°°(R2)antHLQ(RQ)HAEt||L2(R2)
HIAE| oo gy 70| 22 | A B || 22y
AR La@2) | Exll s @) | A | 2 g2)
+2[|[Vn|| oo m2) |V || L2 re) | A B || L2 re)
FlInllzeo @) | AE|| 22(re)

< ||E“L°°(R2)HAnt||L2(R2)||AEtHL2(R2) (2.37)
+2||VE“L°°(R2)antHL?(R?)||AEt||L2(R2)
+||AE”1L°°(R2)|Int||L21(R2)||AEt||1L2(R2)
+||An||z2(R2)||V3TLH1§2(R2)”EtHiQ(RQ)||VEt||22(R2)||AEt||L2(R2)
+2anHL°°(R2)HVEtHL?(R?)HAEtHL2(R2)
Hlnllpo @) [ AE|| 22(re)

< C 1Al r2ee) [ AL o) + 1 AE: | L2re) + ||AEt||%2(]R2)>

< C (I An g + DB sy +1)

1
2 R2)

We further obtain through taking inner product of (2.20) with A%n; that
(ny — An — A|E|? +TA%n, A’n,) = 0. (2.38)

According to Corollary 2.1, Corollary 2.2, Lemma 2.4, Lemma 2.5 and Lemma 2.6, the
following estimates hold:

(nu — An +TA%n, A’n,) = %% (IIAmH%z(Rz) + Vo] 2ge) + F||A2n||%z<Rz)) ,
(AIE]?, A%ny) = (A2 B, Any)
= (A’EE + EA’E + AVPEVE + AVEVSE
+2AEAE +4V2EVIE, Any)

< (1Bl w2 | A Bl 122y + |V E | oo ) | VP E || 22
+ [AE| 1o @) [AE] 2 @2) + HV2EH%4(]R2)> [A7 | L2 (@2)

S (C + HV2EHL2(R2)‘|V3EHL2(R2)) ||Ant”L2(R2)

< O+ [[Any |72 ge)-
We thus obtain

d
= (I1AndlEages) + 19032y + TIAMIeee) ) < CO+ [AmilFaeey).  (239)
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Let
J(t) = |AE 22 g2y + A Z2gey + V20722 + TIA* ] 72 ey (2.40)

Combining (2.37) and (2.39) with (2.40), one has
¢
J(t) < C+C/ J(T)dr,
0

which together with Gronwall’s inequality and Lemma 2.6 yields
HAEI?H%Q(]RQ) + HA”tH%%R% + ||V3”H%2(R2) + ||A2n||%2(11e2) <C. (2.41)
On the other hand, from (1.1) it follows that
iVE;, +V?E =V(nE) +TV°E.
Furthermore, Lemma 2.5 and Lemma 2.6 show that
HVSEHL2(R2) S HvEt”LQ(RQ) + |’v3EHL2(R2) + HVTLE”LQ(RQ) + HHVEHL2(R2) S C (242)

Hence (2.35) is valid by (2.41) and (2.42). O
By Lemma 2.2, Lemma 2.7 implies the following estimates:
Corollary 2.3.

IVPE || oo 2y + | AR Lo 2) + | Etll oo g2) + (1126 oo 2y < B,

(2.43)
[14t]| 22y < Eg,
where F7 and Eg depend only on || Eo||%sgay, |70l 342y and [[Voll3s ge)- O
Lemma 2.8 Under the conditions of Lemma 2.4, let
Eo(z) € H™B3(R?),  no(z) € H™(R?),  Vo(z) € H™(R?).
Then the solution of the Cauchy problem (1.1)-(1.4) satisfies
IV EllTeypoe + IV |72y oo + IV EN T2y

(2.44)

HIVT20l[ley o + IV L2y oo < B,

where the constant Ey depends only on [|Ey||Zmsgzys [170]7rmr2me) and [[Vol|Fmegay.
Proof. We shall show this lemma by induction on m.

For m = 0,1, (2.44) follows from Lemma 2.5 and Lemma 2.6.

For m = 2, (2.44) is also true by Lemma 2.7.

Now, we suppose that the estimate (2.44) is true for m = k > 2, that is,

IVEE T2 poe + IVE 22y poe + VP B2y
(2.45)
HIVF2n[ ey oo + IVMV T2y o < Eo.

In the following, we show the estimate (2.44) is also true for m = k + 1.
Differentiating (1.1) with respect to ¢, and then taking the inner product of the re-
sulting equation with A**1E,, we have

(iEy + AE, — (nE), — TA?E,, A" E,) = 0. (2.46)
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By a direct calculation, one has

Im(iBy, AR Ey) = L(—1)k+14 ||Vk+1Et||L2 .
m(AE;, AME) = Im(—1)* ||Vk+2Et||L2 g2y = 0,
m(—TA2E,, AME) = Im(—1)% 1||V’“+?’Et||L2 g2y = 0.
(2.46) immediately thereby yields that

st IV B ey < [(nE), AME))|
= |(mE + nEy, AFEy)|
< (VY (nE + nEy), VFE)|
<C (HV’““Etllg g2y T [ VE (B[ 72 ey + HV’““(nEt)II%z(Rz)>
< ClIVEE 22 ey + ClE | oo e | V¥ 722y + CIVFEN T oy 172l 2
+C|n| oo re) |V Eg[| 22 g2y + CIVFF 0T ooy [ Bl Fa e

+C 3 NV E| @) IV 174 g2y

i+j=k+1

+C X Hvin”L"o(RQ)ijEt”%‘l(Rz)’

i+j=k+
(2.47)
in which i, j € Z*.
Whereas, (2.45) and Lemma 2.2 conclude that for i < k+ 1, j <k,
||ViEHLoo(R2) + ijnl|Loo(R2) S El(). (248)

Combining (2.45) with (2.47) and (2.48), noting that Lemma 2.4-Lemma 2.7, Corollary
2.1-Corollary 2.3, one gets

d
Z IV B[ < OO+ [V B o)), (2.49)
which together with Gronwall’s inequality yields
IV E |2 g2y < C. (2.50)
On the other hand, we take inner product of (2.21) with A*"!n;, and then obtain

(ny — An — A|E]? + TA%*n, A" n,) =0, (2.51)
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which manifests

i (175 gy I 20y + 1940
_ (vk;—l—i&‘EP7 Vk—l—lnt)
< VB e 9 ey

< O (IVE1BR ey + IVl )

(2.52)
< C (IV* Bl a1 Bl
+ X VB IV El e + IV [7, R2)>
i JEL+itj=k+3
< C (14 IV Bl + 195 e ) -
Similarly, on account of (1.1), we can show
IV LBy < C (IVFElZaqea) + IV 2Bl
+||E||2°0 (R2) ||vkn||L2 R2) + ||n||L°°(R2 HvkE’HL2 R2) (253)
+ > ||V”||%2(R2)||VjE||L4(R2)) )
i JEL i+j=k
which together with (2.45) concludes
VM E| 22 g2y < C. (2.54)
Combining (2.52) with (2.54), it is easy to check that
i [Hvk“ntHiz(Rz) + IVl ey + V017 e
(2.55)
<C (1 + ‘|Vk+1ntH%2(R2)> .
Let
H(t) = 1+ IV el ooy + IV 20l T2 ge) + IVl ga)- (2.56)
Gronwall’s inequality manifests that
H(t) <C. (2.57)
(2.50), (2.54), (2.56) and (2.57) thereby conclude the estimate:
IV Bl o ge) + 1V el Eezey + IV E 22 e
(2.58)

HIVEEn[[Toze) + IV Vg < C.
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(2.44) hence is true for m =k + 1.
This completes the proof of Lemma 2.8. 0

3 Existence and Uniqueness of Global Smooth solu-
tions

In this section, we shall consider the existence and uniqueness of global smooth solutions
to the Cauchy problem (1.1)-(1.4) by using those estimates obtained in Section 2.
Theorem 3.1 Under the conditions of Lemma 2.4, let

Eo(x) € H™3(R?), no(z) € H™(R?), Vo(z) € H™™(R?), m > 0.

The Cauchy problem (1.1)-(1.4) then admits a global smooth solution such that

E(x,t) € L™ (0,T; H™(R?)), E(z,t) € L* (0,T; H™(R?)),
n(z,t) € L>*(0,T; H™"*(R?)), ni(x,t) € L= (0,T; H™(R?)), (3.1)
V(z,t) € L= (0,T; H"(R?)), Vi(z,t) € L™ (0,T; H"(R?)).

Theorem 3.2 The global smooth solution of the Cauchy problem (1.1)-(1.4) is unique.
We now begin to prove Theorem 3.1 and Theorem 3.2.

Proof of Theorem 3.1.
By using Galerkin method, we choose the basic periodic functions ws(z) as follows:

_Aws(x) = )\sws(w), w5<$> c Hm+3(Q)’ S = 1’27 e ,l_

Then the approximate solution of problem (1.1)-(1.4) can be written as

El(.fE,t) — zl: Oésl(t)wS(x)>

where

Vi(z,t) = (Vi (z,t), Vio(w, 1)),

781(‘%7 t) = (%ll (.13, t)? Vsi2 ('Ta t))?

and € is a two-dimensional cube with 2R in each direction, that is,

Q= {2 =(r1,22): || <2R, i=1,2}.
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The above undetermined coefficients ay, By and 74 need to satisfy the following initial
value problem:

i(Elt,ws) + (AEI, ws) — (nlEl,ws) — F(A2El, ws) = 0,

(Vi, ws) + (Vng, ws) + (VIE?, ws) — T(VAn, w,) = 0,
Ey(x,0) = B)(z), m(z,0) =nj(z), Vi(z,0)=V](2),
where Vz<m o> = <w1<x,o>,w2<x 0) = (Vi) Vi(a)) = VR@). s = 1 L
= Jou@)v(z)dz, Vig(x,t) = 2 van(tyws(e), k=12, Vi|? = ,;1 |Vik|*.
Suppose that as [ — oo,

(
(ne +V - V5, w,) =0, (
(
(

E)(x) — E%x), n)(z) —n’(z), V)(z)— V°(z) in H™(Q). (3.8)

Making the similar estimates to Lemma 2.4-Lemma 2.8 and Corollary 2.1-Corollary
2.3, we establish the following estimates for the solution (Ej(z,t),ni(z,t), V,(z,t)) of the
Cauchy problem (3.4)-(3.7):

Osup [HEZ(:L‘ t)||Hm+3(Q + ||7’Ll(l‘ t)||Hm+2 )+ ||Vl(ZL‘ t)HHerl(Q)} < Ella (39)
s 1B (2, )| @) + e, ) [[rm ) + [ Vie(@, )] mire)] < Bha, (3.10)
<t<Top

where Ty depends only on || EP(z)||gm+s),  [|nf(2)|gm+2),  [[VE (@) pmer), B and
E5 are independent of [ and R.

By utilizing the Galerkin method, and making the similar procedures to that in [21],
the periodic boundary value problem of the system (1.1)-(1.4) admits a local smooth
solution

E(x,t) € L*(0,To; H™ (), Ey(w,t) € L (0,To; H™(Q))
n(z,t) € L% (0, To; H™2(Q)),  nmu(x,t) € L= (0,To; H™(Q)),

V(x,t) € L* (0, To; H"(Q)), Vy(z,t) € L= (0, Ty; H" ().

Therefore, by the uniform boundedness of the initial data in the relative Hilbert spaces,
and the independence of the estimates for the approximate solution with respect to R,
letting R — oo, we get the existence of local smooth solution for the Cauchy problem
(1.1)-(1.4). In addition, noting that Lemma 2.1-Lemma 2.8 and by using continuity
argument, we obtain the global existence of a smooth solution to the Cauchy problem
(1.1)-(1.4).
This completes the proof of Theorem 3.1. 0
We then prove Theorem 3.2.
Proof of Theorem 3.2. Suppose that {E;(z,t), ni(z,t), Vi(z,t),} (i =1,2) is the
global solution to the Cauchy problem (1.1)-(1.4). Set

W(x,t) = Ey(x,t) — Ey(x,t),
o(x,t) =ny(z,t) — nao(z, t), (3.11)
®(z,t) = Vi(x,t) — Va(x, t).
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(1, ¢, ®) then solves the following Cauchy problem according to (1.1)-(1.4):

i¢t + Aw = n1E1 — TZQEQ + FAQ@Z), (312)
®, = —Vo — (V|E|* = V|Ey[*) + VA, (3.14)
¥(@,0) =0, @(z,0)=0, ®(z,0)=0. (3.15)

Differentiating (3.12) with respect to ¢, and then taking the inner product of the resulting
equation with ;, we have

(ihy + Ay — (N1 By — noBy); — DA%y, ahy) = 0. (3.16)
Taking the imaginary part for (3.16), one gets
il Tagey = Im((mBy — n2Es)e, )
= Im ((mv + pEs)i, ¢y) (3.17)

= Im ((ney) + niYy + i By + ©Eoy, Yy)

In addition, the following estimates hold immediately through a direct calculation:

[ Im (naty, )| < [T [o ma |y |2d| = 0,
[ Im (nyap, )| = [Im [ge nagibydal
< [[naell Lo @2y 191 22y |90 || L2 2y

< Cl1Yll ey Vel L2 re),

(3.18)
[Im (1B, )| < || Eall oo g2y |06 2wy 1906 ]| L2 re)
< Cllgdllz @) l1vel Lo 2y,
[Im (@ Ea, )| < CHEQtHLoo(R?)”90”L2(R2)|Wt”L2(R2)
< Cliell2@) 191l 222
(3.17) and (3.18) thereby conclude
d
ey < € (1130w + It Eaqeey + ellEages ) - (3.19)
Similarly, (3.12) manifests
(it + Aoy — (1 By — ngEy) — TA*Y,4p) = 0. (3.20)
Take the imaginary part of (3.20), it is easy to obtain
d
1) < € (Il + 12 ) - (3:21)
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On the other hand, (3.13) and (3.14) yield
(0u — A — (A|E > — A|Ey*) + TA%p, 0,) = 0 (3.22)
which implies

d
= (leulee + 1Vl E2qee) + AN E2qes) )

< C (el + 18 122qge) + lotl 2 ) (3.23)

It is easy to check
EllelFome < 2lellellelees

(3.24)
< l2 e + 01132 g0
Thus, (3.19), (3.21), (3.23) and (3.24) conclude
G (e ) R [N
IV m) + 1810w, + 1913202
(3.25)

< O (Iil3ages) + 012 ey + pel B

IVl ey + 180120 w2 + 101225 )
Gronwall’s inequality together with the zero initial data conditions (3.15) deduces that

Y=p=p; =1y =V =0. (3.26)

It is also easy to check that ® = 0 by V.® = 0, &, = 0 and ®(0,2) = 0. Furthermore,
(3.26) and (3.27) conclude the uniqueness of global smooth solution to the Cauchy problem
(1.1)-(1.4). O
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