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Abstract

A full multigrid method is proposed to solve the semilinear elliptic problem by the finite

element method based on the combination of multilevel correction method and multigrid

method for the linear elliptic problems. In the proposed method, solving the semilinear

problem is decomposed into solutions of the linear elliptic problem by the multigrid method,

and the semilinear problem which is defined in a very low dimension space. With the help

of parallel computing technique, the overfull efficiency can be improved clearly. Further-

more, when the nonlinear term is a polynomial function, an efficient full multigrid method

is designed such that the asymptotically computational work is absolutely optimal. One

numerical example is provided to validate the efficiency of the proposed method in this

paper.
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1. Úó

�©Ì�ïÄ��5ý�¯K�¯�õ­���{. ¯¤±�,õ­�� (multigrid)

�{ÚõY² (multilevel) �{ (�©z [3–6,9,15–17,22]) �±�Ñ¦)�5>�¯K�

�`Âñ�. dù
�{O���Cq)�Ø�.�k��lÑ�nØØ�.�±��

��. C�c5, �
Jp��5ý�¯K�¦)�Ç, é��5ý�¯K�õ­���

{?1
NõïÄ [6, 17,23,24]. 3yk�õ­���{¥, Ï~æ^ÚîS�{ò��5

�§�5z, 
�I���5�����êk.. k'�õ&E, �ë� [10, 17, 23] 9Ù

¥¤Ú^�ë�©z.

Cc5, 3©z [12,13,18,19,21] ¥JÑ
�«äk�Ç�`5��¦)A��¯K

�õY²���{9Ù�A�õ­���{. ù«�{�±ò��5�¦)=z¤IO

�5�§�¦)Ú3��$��m¥�A��¯K�¦), l
¦�¦)A��¯K�

O�þ�¦)�A�5¯K�O�þ��. �©�8�3uJÑ�«ÄuõY²���

{ [18, 19] �¦)��5ý�¯K���õ­���{(full multigrid method). õY²��

�{�Ì�g�´�O��AÏ�$��mò��5¯K�¦)=zIO�5>�¯

K�¦)Úù�AÏ�$��mþ��5¯K�¦). ¿�3z���Ú¥, éuÙ¥

��5ý�¯K¿ØI�°(¦), 
�I�?1�½�õ­��S�Ú. |^ù�#

�õ­���{, ¦)��5ý�¯K�O�þ¿Ø¬'¦)�A��5ý�>�¯K

�O��éõ. �yk���5¯K�õ­���{�', ùp��{=I���5�

3�½��ê¿Âe÷v LipschitzëY^�.��JÑ�«¦)õ�ª/ª���5ý

�¯K�p�õ­���{"|^¤JÑ�p��{, �±¦õ­���{ý���ì

C�`�O�E,Ý, ùA�Ø�6u�§���5"

�©�V�Xe: 31 2!,·�0���5ý�¯K�k���{. ¦)��5ý

�¯K���õ­���{ò31 3 !¥�Ñ. 1 4 !ò�Ñ�«¦)��Ú¥��5
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¯K�¯�S��{�¢y�ª. 1 5 !Jø��ê��~5�yê��{�k�5.

���!�Ñ
�
o(9�U�í2.

2. k��lÑ

3�©¥, i1 C (½ö�kþeI) L«�����º�Ã'�~ê, ¿�3ØÓ

�/��UL«ØÓ���. �
�Bå�, e©¥^L�ª x1 . y1, x2 & y2 Ú x3 ≈ y3

5L« x1 ≤ C1y1, x2 ≥ c2y2 Ú c3x3 ≤ y3 ≤ C3x3. ÎÒ Ω ⊂ Rd (d = 2, 3) L«��ä

k Lipschitz ëY>. ∂Ω � d �«�. ùp·�¦^IO� Sobolev �mÎÒ W s,p(Ω)

±9�A��ê ‖ · ‖s,p,Ω Ú��ê | · |s,p,Ω [1]. � p = 2, ½Â Hs(Ω) = W s,2(Ω) ±9

H1
0 (Ω) = {v ∈ H1(Ω) : v|∂Ω = 0},Ù¥ v|∂Ω = 0´3¼ê,�¿Âen)�. {üå�,�

©¥¦^ ‖ · ‖s,Ω 5L« ‖ · ‖s,2,Ω, V 5L« H1
0 (Ω).

�©�ÄXe/ª���5ý��§: ¦ u ¦�{
−∇ · (A∇u) + f(x, u) = g, 3ΩS,

u = 0, 3∂Ωþ,
(2.1)

Ù¥ A = (ai,j)d×d ´��é¡�½Ý
,�� ai,j ∈W 1,∞(Ω) (i, j = 1, 2, · · · , d), f(x, u)´

'u1��ëê���5¼ê.

��5ý�¯K (6.1) �C©/ª�±£ã�: ¦ u ∈ V , ¦�

a(u, v) + (f(x, u), v) = (g, v), ∀v ∈ V, (2.2)

Ù¥

a(u, v) = (A∇u,∇v). (2.3)

´�a(u, v) 3�m V þ÷vXe�k.5Úrý�5, =

a(u, v) ≤ Ca‖u‖1,Ω‖v‖1,Ω ±9 ca‖u‖21,Ω ≤ a(u, u), ∀u, v ∈ V. (2.4)

dþ¡�r�5�±½Â�ê ‖w‖a,Ω =
√
a(w,w) �÷v ‖w‖a,Ω ≈ ‖w‖1,Ω. Xd·�3

�©¥^ ‖ · ‖a :=
√
a(·, ·) 5�OIO� H1(Ω) þ��ê ‖ · ‖1. Ó��
�¡�nØ©

Û, d Poincarě Ø�ª�±��Xe�Ø�ª

‖w‖0 ≤ Cp‖w‖a, ∀w ∈ V, (2.5)

Ù¥~ê Cp d Poincarě Ø�ª(½.

�
�y¯K (2.2) �3��5), ·�b���5� f(·, ·) ÷vXeb�:

b�A: ��5¼ê f(x, ·) ÷vXe�à5Ú Lipschitz ëY^�{
(f(x,w)− f(x, v), w − v) ≥ 0, ∀w ∈ V, ∀v ∈ V,
(f(x,w)− f(x, v), φ) ≤ Cf‖w − v‖0‖φ‖1, ∀w ∈ V, ∀v ∈ V, ∀φ ∈ V.

(2.6)

y3, ·�0���5ý�¯K (2.2) �k���{. Äk3O�«� Ω ⊂ Rd (d =

2, 3) þ�)���K¿©, =r��«�©)¤�K�n�/½o>/ (n�«�©)
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¤o¡N½8¡N) [7, 8]. ^ hK L«ü� K ∈ Th ��», h L«�� Th ¥¤kü��
���». 3¤½Â��� Th þ�E�A��5k���m Vh ⊂ V . {Bå�, ·�^

Vh L«�5k���m:

Vh =
{
vh ∈ C(Ω)

∣∣ vh|K ∈ P1, ∀K ∈ Th
}
∩H1

0 (Ω), (2.7)

ùp P1 L«�gõ�ª�m.

¦)��5ý�¯K (2.2) �k���{�: ¦ ūh ∈ Vh, ¦�

a(ūh, vh) + (f(x, ūh), vh) = (g, vh), ∀vh ∈ Vh. (2.8)

ùp·�^ ūh L«3k���m Vh þ°(�k��%C.

�
�¡�nØ©Û, ½Â�5z�f L : H1
0 (Ω)→ H−1(Ω):

(Lw, v) = (A∇w,∇v), ∀w ∈ V, ∀v ∈ V.

�
�Ñk�Ø��O, ·�½Â ηa(Vh) Xe:

ηa(Vh) = sup
f∈L2(Ω),‖f‖0=1

inf
vh∈Vh

‖L−1f − vh‖a.

´�� h→ 0 �, ηa(Vh)→ 0. (cf. [7, 8]).

�
�Ñk���{�lÑØ�, ·�½Â

δh(u) = inf
vh∈Vh

‖u− vh‖a.

l©z [17] ¥, �±��XeØ��O.

Ún 1. �b�A¤á�, ¯K(2.2) Ú (2.8) Ñ�3��), �XeØ��O¤á

‖u− ūh‖a ≤ (1 + Cfηa(Vh))δh(u), (2.9)

‖u− ūh‖0 ≤ (1 + CfCp)ηa(Vh)‖u− ūh‖a. (2.10)

y². d©z [17] ¥½n 6.1 ��, ¯K (2.2) Ú (2.8) Ñ�3��). y3·�y²

Ø��O. deª½Âk��ÝK�f Ph

a(Phw, vh) = a(w, vh), ∀w ∈ V, ∀vh ∈ Vh.

´� ‖u− Phu‖a = δh(u) Ú ‖u− Phu‖0 ≤ ηa(Vh)‖u− Phu‖a ¤á. ½Â wh = Phu− ūh. d

(2.2), (2.6) Ú (2.8), �±��

a(Phu− ūh, wh) ≤ a(Phu− ūh, wh) + (f(x, Phu)− f(x, ūh), wh)

= a(Phu,wh) + (f(x, Phu), wh)− (g, wh)

= a(Phu− u,wh) + (f(x, Phu)− f(x, u), wh)

= (f(x, Phu)− f(x, u), wh) ≤ Cf‖u− Phu‖0‖wh‖a.

3þª¥�wh = Phu− ūh�±��XeØ�ª¤á

‖Phu− ūh‖a ≤ Cf‖u− Phu‖0 ≤ Cfηa(Vh)‖u− Phu‖a. (2.11)
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(Ü (2.11) Ún�Ø�ª, k

‖u− ūh‖a ≤ ‖u− Phu‖a + ‖Phu− ūh‖a ≤ δh(u) + Cfηa(Vh)‖u− Phu‖a
≤ (1 + Cfηa(Vh))δh(u).

d=¤�y²�(Ø (2.9). d (2.11) Ún�Ø�ª��

‖u− ūh‖0 ≤ ‖u− Phu‖0 + ‖Phu− ūh‖0 ≤ ‖u− Phu‖0 + Cp‖Phu− ūh‖a
≤ ηa(Vh)‖u− Phu‖a + CfCpηa(Vh)‖u− Phu‖a
≤ (1 + CfCp)ηa(Vh)‖u− Phu‖a ≤ (1 + CfCp)ηa(Vh)‖u− ūh‖a.

ùÒ´I�y²�1��(Ø (2.10).

3. ��5ý�¯K���õ­��{

�!0��«ÄuõY²���{ [18, 19] �¦)��5¯K���õ­���{.

ù«�{�Ì�g�´r��5ý�¯K�¦)=z�k���mS�þ�>�¯K

�¦)±93��$��mþ��5¯K�¦). Ó�éu>�¯K, ·�ØI�°(

¦), �I�|^õ­��S�����Cq).

�
¢yù«��õ­��{, ÄkI��E�X�i@k���m. �½���

�º�� H �o�� TH , ¿3ù���þ½Â�A��5k���m VH . ,�|^X

e5Kïái@��S�: é TH ?1Ag��\�����Ð©�� Th1
,,�é Thk−1

?1�g\��� Thk
(z�ü��) βd �#ü�), ��º�÷v

hk =
1

β
hk−1, k = 2, · · · , n, (3.1)

Ù¥ β > 1 L«\��ê, Ï~�¹e β = 2.

�âþã��S�, Ò�±�E�A�k���m:

VH ⊆ Vh1
⊂ Vh2

⊂ · · · ⊂ Vhn
. (3.2)

k���m Vhk
(k = 1, 2, · · · , n) ±9 VH kXe�'X [7, 8]:

ηa(Vhk
) ≈ 1

β
ηa(Vhk−1

), δhk
(u) ≈ 1

β
δhk−1

(u), k = 2, · · · , n. (3.3)

3.1. üÚ���{

�
�O��õ­���{, I�k�O��üÚ���{. b�·�®²��


Cq) u
(`)
hk
∈ Vhk

. y30�üÚ���{5Jp�½�Cq) u
(`)
hk
�°Ý.

�{ 1. üÚ���{

1. ½ÂXe��5>�¯K: ¦ û
(`+1)
hk

∈ Vhk
, ¦�

a(û
(`+1)
hk

, vhk
) = −(f(x, u

(`)
hk

), vhk
) + (g, vhk

), ∀vhk
∈ Vhk

. (3.4)
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± u
(`)
hk
�Ð�, �1 m Úõ­��S�����CqA�¼êũ(`+1)

hk
∈ Vhk

, �A�

Ø�÷vXeeü'Ç

‖ũ(`+1)
hk

− û(`+1)
hk

‖a ≤ θ‖u(`)
hk
− û(`+1)

hk
‖a, (3.5)

Ù¥ θ < 1 ´� hk Õá�~ê(õ­���{���Âñ5�). ·�rþãL§L

«�:

ũ
(`+1)
hk

= MG(Vhk
,−f(x, u

(`)
hk

) + g, u
(`)
hk
,m), (3.6)

Ù¥ Vhk
L«�1õ­��S���m, −f(x, u

(`)
hk

) + g ´�5�§�mà�, u
(`)
hk
L

«S�Ð�, m L«õ­��S�gê.

2. ½Â��#�k���mVH,hk
= VH ⊕ span{ũ(`+1)

hk
},¦)Xe���5ý�¯K:¦

u
(`+1)
hk

∈ VH,hk
, ¦�

a(u
(`+1)
hk

, vH,hk
) +

(
f(x, u

(`+1)
hk

), vH,hk

)
= (g, vH,hk

), ∀vH,hk
∈ VH,hk

. (3.7)

rþã¯K�) u
(`+1)
hk+1

��ÑÑ.

�
{zÎÒ, rþ¡üÚo(�:

u
(`+1)
hk

= SemilinearMG(VH , u
(`)
hk
, Vhk

).

�â��5¯K�k���{lÑØ��O�±�Ñ�{ 1 �Ø��OXe.

½n 1. b��3~ê C1 ¦��½) u
(`)
hk
kXeØ��O

‖ūhk
− u(`)

hk
‖0 ≤ C1ηa(VH)‖ūhk

− u(`)
hk
‖a. (3.8)

K�1üÚ���{ 1 ��, ¤�Cq) u
(`+1)
hk

kXeØ��O

‖ūhk
− u(`+1)

hk
‖a ≤ γ‖ūhk

− u(`)
hk
‖a, (3.9)

‖ūhk
− u(`+1)

hk
‖0 ≤ (1 + CpCf )ηa(VH)‖ūhk

− u(`+1)
hk

‖a, (3.10)

Ù¥ γ :=
(
θ + (1 + θ)C1Cfηa(VH)

)(
1 + Cfηa(VH)

)
.

y². d (2.6), (2.8) Ú (3.4), k

a(ūhk
− û(`+1)

hk
, vhk

) = (f(x, u
(`)
hk

)− f(x, ūhk
), vhk

) ≤ Cf‖ūhk
− u(`)

hk
‖0‖vhk

‖a
≤ C1Cfηa(VH)‖ūhk

− u(`)
hk
‖a‖vhk

‖a, ∀vhk
∈ Vhk

. (3.11)

(Ü (2.4) Ú (3.11), k

‖ūhk
− û(`+1)

hk
‖a ≤ C1Cfηa(VH)‖ūhk

− u(`)
hk
‖a. (3.12)

é�§(3.4) �1 mÚõ­��S���)ũ(`+1)
hK

. d (3.5) Ú (3.12), Xe�O¤á

‖ũ(`+1)
hk

− ūhk
‖a ≤ ‖ũ(`+1)

hk
− û(`+1)

hk
‖a + ‖û(`+1)

hk
− ūhk

‖a
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≤ θ‖u(`)
hk
− û(`+1)

hk
‖a + ‖û(`+1)

hk
− ūhk

‖a
≤ θ‖u(`)

hk
− ūhk

‖a + θ‖û(`+1)
hk

− ūhk
‖a + ‖û(`+1)

hk
− ūhk

‖a
≤

(
θ + (1 + θ)C1Cfηa(VH)

)
‖ūhk

− u(`)
hk
‖a. (3.13)

5¿���5ý�¯K (3.7) �±w���5ý�¯K (2.8) �k��%C. -PH,hk
:

V → VH,hk
L«Xek��ÝK�f

a(PH,hk
w, vH,hk

) = a(w, vH,hk
), ∀w ∈ V, ∀vH,hk

∈ VH,hk
.

du ũ
(`+1)
hk

∈ VH,hk
Ú VH ⊂ VH,hk

, N´�� ηa(VH,hk
) ≤ ηa(VH) ÚXeØ�ª¤á

‖ūhk
− PH,hk

ūhk
‖a = inf

vH,hk
∈VH,hk

‖ūhk
− vH,hk

‖a ≤ ‖ūhk
− ũ(`+1)

hk
‖a, (3.14)

‖ūhk
− PH,hk

ūhk
‖0 ≤ ηa(VH,hk

)‖ūhk
− PH,hk

ūhk
‖a ≤ ηa(VH)‖ūhk

− PH,hk
ūhk
‖a. (3.15)

·�3y²¥½Â whk
= PH,hk

ūhk
− u(`+1)

hk
∈ VH,hk

. d¯K (2.8) Ú(3.7), KXe�

O¤á

a(PH,hk
ūhk
− u(`+1)

hk
, whk

)

≤ a(PH,hk
ūhk
− u(`+1)

hk
, whk

) + (f(x, PH,hk
ūhk

)− f(x, u
(`+1)
hk

), whk
)

= a(PH,hk
ūhk

, wh) + (f(x, PH,hk
ūhk

), whk
)− (g, whk

)

= a(PH,hk
ūhk
− ūhk

, whk
) + (f(x, PH,hk

ūhk
)− f(x, ūhk

), whk
)

= (f(x, PH,hk
ūhk

)− f(x, ūhk
), whk

) ≤ Cf‖ūhk
− PH,hk

ūhk
‖0‖whk

‖a. (3.16)

d (3.15) Ú (3.16), k

‖PH,hk
ūhk
− u(`+1)

hk
‖a ≤ Cf‖ūhk

− PH,hk
ūhk
‖0 ≤ Cfηa(VH)‖ūhk

− PH,hk
ūhk
‖a. (3.17)

(Ü (3.14), (3.17) Ún�Ø�ª, ��

‖ūhk
− u(`+1)

hk
‖a ≤ ‖ūhk

− PH,hk
ūhk
‖a + ‖PH,hk

ūhk
− u(`+1)

hk
‖a

≤ (1 + Cfηa(VH))‖ūhk
− PH,hk

ūhk
‖a

≤ (1 + Cfηa(VH))‖ūhk
− ũ(`+1)

hk
‖a. (3.18)

(Ü(3.13) Ú(3.18) =�y� (3.9). d (3.15), (3.17) , k��ÝK��`5, PoincarěØ�

ªÚn�Ø�ª, ·�kXe�O

‖ūhk
− u(`+1)

hk
‖0 ≤ ‖ūhk

− PH,hk
ūhk
‖0 + ‖PH,hk

ūhk
− u(`+1)

hk
‖0

≤ ‖ūhk
− PH,hk

ūhk
‖0 + Cp‖PH,hk

ūhk
− u(`+1)

hk
‖a

≤ (1 + CpCf )ηa(VH)‖ūhk
− PH,hk

ūhk
‖a

≤ (1 + CpCf )ηa(VH)‖ūhk
− u(`+1)

hk
‖a, (3.19)

ùÒ´¤�y²�(Ø (3.10), y..

5 1. ^�(3.8)¥�~êC1ò¬3e¡0���õ­���{9Ù©Û��ÿ�Ñ,

½n1�Ñ�´?1üÚØ��O�µe.
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½n 1�y²w«
$��m VH,hk
�(�3�{ 1 ¤äk�­��^. ù�AÏ

��m¦k��ÝK PH,hk
QkX (3.14) ª¥�°Ýqk (3.15) ª¥ L2−�ê�éó�

O(Aubin-NitschE|). ù�´õY²���{�'��?.

3.2. ��õ­��{

3��!¥, Äu�{ 1 ¤½Â�üÚ��{, ·��E��¦)��5ý�¯K

���õ­���{. T�{�I�`�O�E,ÝÒ�±���`Âñ�Ý.

�{ 2. ��õ­��{

1. 3 Vh1
¥¦)Xe��5¯K: ¦ uh1

∈ Vh1
, ¦�

a(uh1
, vh1

) + (f(x, uh1
), vh1

) = (g, vh1
), ∀vh1

∈ Vh1
.

2. é k = 2, · · · , n, ?1XeS�:

(a) - u
(0)
hk

= uhk−1
.

(b) é ` = 0, · · · , p− 1, ?1XeS�

u
(`+1)
hk

= SemilinearMG(VH , u
(`)
hk
, Vhk

).

(c) ½Â uhk
= u

(p)
hk

.

������3�[��mS�Cq) uhn
∈ Vhn

.

½n 2. 3o��º� H v
�¦�^� γpβ < 1 ¤á�, �1d�{2½Â���

õ­���{ 2 ¤���Cq) uhn kXeØ��O:

‖ūhn
− uhn

‖a ≤ 2γpβ

1− γpβ
δhn

(u), (3.20)

‖ūhn
− uhn

‖0 ≤ (1 + CpCf )ηa(VH)‖ūhn
− uhn

‖a, (3.21)

Ù¥ γ =
(
θ + (1 + θ)(1 + CpCf )Cfηa(VH)

)(
1 + Cfηa(VH)

)
.

y². �â�{ 2 �1 1 Ú, ·��� uh1 = uh1 . @odÚn 1 Ú½n 1 �y², �

�u(0)
h2
÷vXe�Ø�ª

‖ūh2
− u(0)

h2
‖0 = ‖ūh2

− ūh1
‖0 ≤ (1 + CpCf )ηa(Vh1

)‖ūh2
− ūh1

‖a
= (1 + CpCf )ηa(Vh1)‖ūh2 − u

(0)
h2
‖a ≤ (1 + CpCf )ηa(VH)‖ūh2 − u

(0)
h2
‖a. (3.22)

dd�±��Ø��O‖ūh2
− u(0)

h2
‖0 ÷v^�(3.8) �d�C1 = (1 +CpCf ). Kd½n1 ¥

�(Ø(3.10)948Øy�±��^�(3.8)é?¿k���mVhk
Ú?¿S��I` Ñ¤

á, � C1 = (1 + CpCf ) Ú γ =
(
θ + (1 + θ)(1 + CpCf )Cfηa(VH)

)(
1 + Cfηa(VH)

)
. �θ < 1

�H ¿©���ÿ´�γ < 1.

d�{ 2 �½Â, ½n 1 Ú48Øy�±�����Cq)uhnk±eØ��O

‖ūhn
− uhn

‖a ≤ γp‖ūhn
− u(0)

hn
‖a = γp‖ūhn

− uhn−1
‖a
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≤ γp
(
‖ūhn

− ūhn−1
‖a + ‖ūhn−1

− uhn−1
‖a
)

≤ γp‖ūhn − ūhn−1‖a + γ2p
(
‖ūhn−1 − ūhn−2‖a + ‖ūhn−2 − uhn−2‖a

)
≤

n−1∑
k=1

γkp‖ūhn−k+1
− ūhn−k

‖a

≤
n−1∑
k=1

γkp
(
‖ūhn−k+1

− u‖a + ‖u− ūhn−k
‖a
)

≤ 2
n−1∑
k=1

γkpδhn−k
(u) ≤ 2

n−1∑
k=1

γkpβkδhn(u) ≤ 2γpβ

1− γpβ
δhn(u),

ùÒ´�y²�(Ø (3.20). aqu½n 1 �y²Ó��±�� (3.21), y..

5 2. �1d�{ 2½Â���õ­���{¤���Cq) uhn
kØ��O(3.20).

lØ��O (3.20) �±��·��±O� p(O\üÚ���gê)5Jp%C)��ê

°Ý ‖ūhn
− uhn

‖a, =ùp��{�±¦��êØ���Åì°Ý. ù�õ­���{¦

)�5>�¯K�5���.

íØ 1. d�{ 2 �����Cq) uhn
, kXe�O

‖u− uhn
‖a ≤

(
1 + Cfηa(Vhn

) +
2γpβ

1− γpβ

)
δhn

(u), (3.23)

‖u− uhn‖0 ≤
(

(1 + CfCp)ηa(Vhn) + (1 + CpCf )
2γpβ

1− γpβ
ηa(VH)

)
δhn

(u). (3.24)

y². ù´Ún 1 Ú½n 2 ���(Ø.

3.3. O�þ��O

3ù��!,·�5©Û��õ­���{ 2�O�þ. Äk,½Âk���mVhk
�

�ê� Nk := dimVhk
, @okXe�'X

Nk ≈
( 1

β

)d(n−k)

Nn, k = 1, 2, · · · , n. (3.25)

�{ 1�1�ÚI�¦)��5ý�¯K (3.7),Ï~æ^�
��5S��{ (X:

ØÄ:S�{½Newtona.S�{) 5¦)T$���5ý�¯K. �õ­���{¦

)A��¯K [13, 18,19]Ø���´, 3zg��5S�Ú¥ÑI�?1Ý
|C. b�3

z���5S�Ú½¥, k���m VH,hk
(k = 2, · · · , n) þ|CÝ
I��ó�þ�

O(Nk). 3$�´duÝ
|CA�ØI�?1êâ��,¤±ù�Ü©�±éN´/?

1¿1�1.

½n 3. b�3�{ 2 �¦)L§¥¦^
ϑ�O�?§5|CÝ
, 3$��m

VH,hk
(k = 2, · · · , n) ±9 Vh1

þ¦)��5ý�¯KI��ó�þ©O� O(MH) Ú

O(Mh1
), 3z��k���m Vhk

þ�õ­��S� MG(Vhk
,−f(x, u

(`)
hk

) + g, u
(`)
hk
,m) I

��O�þ� O(Nk), Ù¥ k = 2, 3, · · · , n. ^ $ L«¦)��5ý�¯K (3.7) ���

5S�gê. K�{ 2 3z�O�?§þI��O�þ�

Total work = O
((

1 +
$

ϑ

)
Nn +MH logNn +Mh1

)
. (3.26)
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y². - Wk L«31 k �k���m Vhk
þz�?§�O�þ. Kd�{ 2 Úü

Ú���{ 1 �½Â��

Wk = O
(
Nk +MH +$

Nk

ϑ

)
. (3.27)

48/¦^ (3.27), Ó�|^ (3.25), �±íÑ

Total work =
n∑

k=1

Wk = O

(
Mh1

+
n∑

k=2

(
Nk +MH +$

Nk

ϑ

))

= O

(
n∑

k=2

(
1 +

$

ϑ

)
Nk + (n− 1)MH +Mh1

)

= O

(
n∑

k=2

( 1

β

)d(n−k)(
1 +

$

ϑ

)
Nn +MH logNn +Mh1

)
= O

((
1 +

$

ϑ

)
Nn +MH logNn +Mh1

)
. (3.28)

ùÒ´I�y²�(Ø, y..

5 3. du3�{ 1 �1 2 Ú¥·�k��°Ýv
Ð�Ð©)ũ(`+1)
hk

, @o¦)

��5ý�¯K (3.7)  ØI�éõg���5S�. 3ù«�¹e, XJ2k^�

MH � Nn Ú Mh1 ≤ Nn, ��3z�O�?§þ�O�þ�õ� O(Nn). ¯¢þ, éu�

(J���5¯K, æ^¿©õ�¿1O�?§�, 3z�O�?§�O�þ  �Ø

¬�L O(Nn).

4. õ�ª��5¯K�¯��{

�
���ª�O�þ���5rfÃ'ù��ª8I, ���5� f(x, u) ´�

�'u u �õ�ª¼ê��ÿ, ùp·�0��«�±?1¯��1üÚ���{��

{. �
��ß/0��{�E�g�, ·�b���5¼ê´ngõ�ª��/, =

f(x, u) = wu+ ζu3, Ù¥ w ≥ 0 Ú ζ < 0 �Iþ¼ê. ù¿�X�!�¦)Xe���5

�§: ¦ u ÷vXe��§{
−∆u+ wu+ ζu3 = g, in Ω,

u = 0, on ∂Ω.
(4.1)

ù«��5¯K²~Ñy3¦)�|�§¥, ¤±ùp0���{��±A^u�|�

§�¦).

¦)�{ 1 ¥1�Ú���5�§ (3.7) =�¦)Xe���5�§: ¦ u
(`+1)
hk

∈
VH,hk

¦�

(∇u(`+1)
hk

,∇vH,hk
) + (wu

(`+1)
hk

, vH,hk
) + (ζ(u

(`+1)
hk

)3, vH,hk
) = (g, vH,hk

), ∀vH,hk
∈ VH,hk

. (4.2)

�
{üå�,�!·�^ hL« hk,XdÒ�±^ Vh, ũh Ú VH,h = VH +span{ũh}
L« Vhk

, ũ
(`+1)
hk

Ú VH,hk
= VH + span{ũ(`+1)

hk
}. ½Â NH := dimVH Ú Nh := dimVh, ^

{φk,H}1≤k≤NH
L«k���m VH � Lagrange ��Ä¼ê�8Ü.
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ùp�Ä^ØÄ:S� (7���ÿæ^{ZEâ)�{5¦)��5�§ (4.2). Ó

��
Ö��B, ·�r��5�§ (4.2) {�¤Xe�/ª: ¦ uh ∈ VH,h ¦�

(∇uh,∇vH,h) + (wuh, vH,h) + (ζ(uh)3, vH,h) = (g, vH,h), ∀vH,h ∈ VH,h. (4.3)

ØÄ:S��{¦)�§ (4.3) Ò´zgS���ÿ¦)Xe��5�§: ¦ uj+1
h ¦�

(∇uj+1
h ,∇vH,h) + (wuj+1

h , vH,h) + (ζ(ujh)2uj+1
h , vH,h) = (g, vH,h), ∀vH,h ∈ VH,h. (4.4)

Ù¥þI j L«��5S�gê��I, ujh ∈ VH,h ´®��Ð�.

b�®k�Ð� ujh äkÐmª: ujh = ujH + αj ũh, I�¦)� uj+1
h äkÐmª

uj+1
h = uj+1

H + αj+1ũh. ¦)�§ (4.4) Ò´����#�¼ê uj+1
H ∈ VH Ú��#�ê

� αj+1 ∈ R. - uj+1
H =

∑NH

k=1 u
j+1
k φk,H �½Â�þ uj+1

H � uj+1
H = [uj+1

1 , · · · , uj+1
NH

]T . �

â�m VH,h �(��±���5¯K (4.4) äkXe�Ý
(�(
AH bHh

bTHh ξ

)(
uj+1
H

αj+1

)
=

(
cH

ch

)
, (4.5)

Ù¥uj+1
H ∈ RNH Úαj+1 ∈ R.

du3��5S�L§¥ ũh Ø¬UC, ¤±�þ cH Ú ch 3��5S�L§¥�

Ø¬UC. �´Ý
 AH , �þ bHh ÚIþ ξ 3��5S�L§¥ò¬UC. �!�Ì

��SNÒ´�E��p���{3zg��5S���ÿ5|CÝ
 AH , �þ bHh

ÚIþ ξ. ùp^���Ì�5�´3��5S�L§¥, ½Â3[�� Th þ�¼ê
ũh ò�±ØC. Ó�´�
Ö���B, ·��KÐ� ujh �þI, = ujh �Ðmª�¤

ujh = uH + αũ
(`)
h . dk���m VH,h Ú��5S�¥�5¯K (4.4) �½Â, Ý
 AH k

Xe�Ðmª

(AH)i,j =

∫
Ω

∇φi,H∇φj,HdΩ +

∫
Ω

wφi,Hφj,HdΩ +

∫
Ω

ζ(uH + αj ũh)2φi,Hφj,HdΩ

:= (AH,1)i,j + (AH,2)i,j , (4.6)

Ù¥

(AH,1)i,j =

∫
Ω

∇φi,H∇φj,HdΩ +

∫
Ω

wφi,Hφj,HdΩ (4.7)

Ú

(AH,2)i,j =

∫
Ω

ζ(uH + αũh)2φi,Hφj,HdΩ

=

∫
Ω

ζ
(
(uH)2 + 2αuH ũh + α2(ũh)2

)
φi,Hφj,HdΩ

=

∫
Ω

ζ(uH)2φi,Hφj,HdΩ + 2α

∫
Ω

ζũhuHφi,Hφj,HdΩ + α2

∫
Ω

ζ(ũh)2φi,Hφj,HdΩ

:= (AH,2,1)i,j + 2α(AH,2,2)i,j + α2(AH,2,3)i,j . (4.8)

w,Ý
 AH,2,1 kXe�O��ª

(AH,2,1)i,j =

∫
Ω

ζ(uH)2φi,Hφj,HdΩ, (4.9)
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O��I�3o�� TH þ?1, �A�O�þ� O(NH). ¿�Ý
 AH,1 ÚXe½Â�

Ý
 AH,2,3

(AH,2,3)i,j =

∫
Ω

ζ(ũh)2φi,Hφj,HdΩ (4.10)

3��5S�L§¥Ø¬UC, �I�?1�g|C=�.

Ý
 AH,2,2 kXe�Ðmª

(AH,2,2)i,j =

NH∑
k=1

uk

∫
Ω

ζũhφk,Hφi,Hφj,HdΩ. (4.11)

Ðmª (4.11) J«·��±½Â��Üþ TH Xe

(TH)i,j,k =

∫
Ω

ζũhφk,Hφi,Hφj,HdΩ. (4.12)

½ÂÜþ TH ��, Ý
 AH,2,2 �±kXe�O��ª

AH,2,2 = TH · uH , (4.13)

Ù¥ TH · uH L«Üþ TH Ú�þ uH 'u�����I k �¦È. dÜþ TH �½Â

(4.12) �±��Üþ TH ��ê� RNH×NH×NH , ¿��"����ê� O(NH). dd�

±��Üþ TH ´��DÕÜþ, ¿�Üþ��þ¦È (4.13) �O�þ� O(NH).

y35�Ä�þ bHh �O�. Ó�d�m VH,h Ú¯K (4.4) �½Â, �þ bHh kX

e�Ðmª

(bHh)i =

∫
Ω

∇ũh∇φi,HdΩ +

∫
Ω

wũhφi,HdΩ +

∫
Ω

ζ(uH + αũh)2ũhφi,HdΩ

:= (bHh,1)i + (bHh,2)i, (4.14)

Ù¥

(bHh,1)i =

∫
Ω

∇ũh∇φi,HdΩ +

∫
Ω

wũhφi,HdΩ, (4.15)

Ú

(bHh,2)i =

∫
Ω

ζ(uH + αũh)2ũhφi,HdΩ =

∫
Ω

ζ
(
(uH)2 + 2αũhuH + α2(ũh)2

)
ũhφi,HdΩ

=

∫
Ω

ζ(uH)2ũhφi,HdΩ + 2α

∫
Ω

ζ(ũh)2uHφi,HdΩ + α2

∫
Ω

ζ(ũh)3φi,HdΩ

:= (bHh,2,1)i + 2α(bHh,2,2)i + α2(bHh,2,3)i. (4.16)

�±���þ bHh,1 3��5S��L§¥Ø¬UC, @o�I��Ä�þ bHh,2 �O

�.

Äk'u�þ bHh,2,1 �O��±æ^Xe��1�ª

(bHh,2,1)i =

∫
Ω

( NH∑
j=1

ujφj,H

)2

ũhφi,HdΩ =

NH∑
j=1

NH∑
k=1

ujuk

∫
Ω

ũhφj,Hφk,Hφi,HdΩ. (4.17)
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|^Üþ TH , �þ bHh,2,1 �±æ^Xe�Üþ��þ�¦È5O�

bHh,2,1 = (TH · uH) · uH = AH,2,2uH , (4.18)

Ù¥ (TH ·uH) ·uH L«Üþ TH ��þ uH 'u��ü��I k Ú j �¦È.aq/, Ü

þ��þ�¦È (4.18) �=I O(NH) �O�þ.

,��±^Xe��ª5)¤�þ bHh,2,2

(bHh,2,2)i =

NH∑
j=1

uj

∫
Ω

ζ(ũh)2φj,Hφi,HdΩ = (AH,2,3uH)i. (4.19)

��, Xe½Â��þ bHh,2,3

(bHh,2,3)i =

∫
Ω

ζ(ũh)3φi,HdΩ, (4.20)

3��5S��L§¥�òØ¬UC.

y3·�5�ÄIþ ξ �O�. w,Iþ ξ äkXe�Ðm/ª

ξ =

∫
Ω

|∇ũh|2dΩ +

∫
Ω

w(ũh)2dΩ +

∫
Ω

ζ(uH + αũh)2(ũh)2dΩ

=

∫
Ω

(
|∇ũh|2 + w(ũh)2

)
dΩ +

∫
Ω

ζ
(
(uH)2 + 2αuH ũh + α2(ũh)2

)
(ũh)2dΩ

:= d1 + d2, (4.21)

Ù¥

d1 =

∫
Ω

(
|∇ũh|2 + w(ũh)2

)
dΩ, (4.22)

Ú

d2 =

NH∑
i=1

NH∑
j=1

uiuj

∫
Ω

ζ(ũh)2φi,Hφj,HdΩ + 2α

NH∑
i=1

ui

∫
Ω

ζ(ũh)3φi,HdΩ + α2

∫
Ω

ζ(ũh)4dΩ

= uT
HAH,2,3uH + 2αuT

HbHh,2,3 + α2ξh. (4.23)

Ù¥�Iþ ξh æ^Xe�O��ª

ξh =

∫
Ω

ζ(ũh)4dΩ. (4.24)

ÏL±þ�?Ø, ·��±½ÂXe���5S��{5¦)�{ 1 ¥1�Ú��

�5ý��§ (3.7).

�{ 3. ¦)¯K(3.7)���5S��{

1. ��5S�L§�O�: ÄkUì (4.12) ��ªO�Üþ TH , ,�d (4.7) Ú (4.10)

O��þ AH,1 Ú AH,2,3. Uì (4.15) Ú (4.20) ��ªO��þ bHh,1 Ú bHh,2,3, Ó�

Uì (4.22) Ú (4.24) ��ªO�Iþ d1 Ú ξh.

2. ��5S� (S��I�j):
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(a) Uì (4.9) Ú (4.13) ��ªO�Ý
 AH,2,1 Ú AH,2,2, ,�O� AH = AH,1 +

AH,2,1 + 2αAH,2,2 + α2AH,2,3 5��Ý
 AH .

(b) �ì (4.18) Ú (4.19) ��ª5���þ bHh,2,1 Ú bHh,2,2, ,�O��þ bHh =

bHh,1 + bHh,2,1 + 2αbHh,2,2 + α2bHh,2,3.

(c) Uì (4.23) ��ªO���Iþ d2, ,�O�Iþ ξ � ξ = d1 + d2.

(d) ¦)�5�§| (4.5) ��) (uj+1
H , αj+1).

(e) XJ��5S�÷v°Ý�¦,K��5S�Ê�,ÄKUY?1��5S�±

��°Ý�¦.

3. ����k��¼ê uj+1
h = uj+1

H + αj+1ũh =
∑NH

i=1 u
j+1
i φi,H + αj+1ũh ��ÑÑ.

5 4. 3�{ 3¥�1�Ú|CÜþ!Ý
!�þÚIþI��O�þ� O(Nh). �

´3z�g��5S�¥ (�{3 ¥�1�Ú) �I� O(MH) �O�þ. ùp MH L«

¦)�5�§ (4.5) �O�þ�Ï~ MH ≥ NH . b�I�?1 $ g���5S�, K�

{ 3 ¤I��O�þ� O(Nh +$MH).

Äu�!c¡�?Ø, ·��±|^�{ 3 �1�{ 1 ¥�1�Ú, l
�±½Â

�«p����õ­���{Xe:

�{ 4. p����õ­���{

1. �E÷v^� (3.2) Ú (3.3) �i@k���mS� VH , Vh1 , Vh2 , . . . , Vhn .

2. 3 Vh1
¥¦)Xe��5¯K: ¦ uh1

∈ Vh1
, ¦�

(∇uh1 ,∇vh1) + (wuh1 , vh1) + (ζ(uh1)3, vh1) = (g, vh1), ∀vh1 ∈ Vh1 .

3. ék = 2, · · · , n?1Xe�S�

(a) - u
(0)
hk

= uhk−1
.

(b) é ` = 0, · · · , p− 1, |^�{ 3 5¦)�{ 1 ¥���5¯K (3.7), �?1Xe

�S�:

u
(`+1)
hk

= SemilinearMG(VH , u
(`)
hk
, Vhk

).

(c) ½Â uhk
= u

(p)
hk

.

������Cq) uhn
∈ Vhn

.

�
Ny�{ 4 ��Ç`³, ·�5�Ä�{ 4 �O�þ.

½n 4. b�3�{ 4 �¦)L§¥�¦^ 1 �O�!:, 3$��m VH,hk
(k =

2, · · · , n) ±9 Vh1
þ¦)��5ý�¯KI��ó�þ©O� O(MH) Ú O(Mh1

), 3z

��k���m Vhk
þ�õ­��S� MG(Vhk

,−f(x, u
(`)
hk

) + g, u
(`)
hk
,m) I��O�þ�

O(Nk), Ù¥ k = 2, 3, · · · , n. ^ $ L«¦)��5ý�¯K (3.7) ���5S�gê. K

�{ 4 ¤I��O�þ�

Total work = O
(
Nn +$MH logNn +$Mh1

)
. (4.25)
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y². y²�{��þ�½n3�y²�{��. - Wk L«31 k �k���m

Vhk
�O�þ. Kd�{ 4!üÚ���{ 1Ú�{3 �½Â��

Wk = O (Nk +$MH) . (4.26)

48/¦^ (4.26), Ó�|^'Xª (3.25), �±íÑ

Total work =
n∑

k=1

Wk = O

(
$Mh1

+
n∑

k=2

(
Nk +$MH

))

= O
( n∑

k=2

Nk + (n− 1)$MH +$Mh1

)
= O

(
n∑

k=2

( 1

β

)d(n−k)

Nn +$MH logNn +$Mh1

)
= O

(
Nn +$MH logNn +$Mh1

)
.

ùÒ´¤I�y²�(Ø (3.26).

5 5. |^�{ 3?1��5S�, �±��O�þ��O�O
(
Nn + $MH logNn +

$Mh1

)
. �Ò´`��5S�gê $ éO�þ�K�´ÏL� MH Ú Mh1 �¦���.

·���3¢SO�L§¥ MH � Nhn Ú Mh1 � Nhn ¤á, Xd�±��o�O

�þA�ØÉ��5S�gê�K�, ½ö`O�þäkýéìC�`�5�.

5. ê��~

�!^��ê��~5�y3�{ 2 Ú4 ¥½Â�õ­���{�k�5"ùp§

·�'%�{ 2Ú4éuØÓ ζ �õ�ª��5¯K (4.1) �O��m(±¦�ü ). �

�5¿�´ζ���L«
¯K���5rf. �
�y�{4�O�þ�O(4.25)�Ün

5, ùp�3G1Åìþé�{ 2 Ú 4 ?1
ÿÁ.

~ 1. �~¥¦)õ�ª.��5ý�¯K (4.1), O�«� Ω �ü ��/«�

(0, 1) × (0, 1), Ù¥ w = 1, À�Ü·�mà� g ¦�°()� u = sinπx sinπy, ��5X

ê ζ ©O� 1, 10, 20 Ú 30, ¿éO��m?1é'.

lÐ©�� TH Ñu, æ^ β = 2 (ë��>¥:) ���\��E�X�i@��

Úk���mS�. 3�~¥, o�� TH Xã 1 ¤«, 1���� Th1 �lÐ©��

\� 3g�����.3z���þ¦)�5�§(3.4)´¦^
 1g�õ­��S�(=

m = 1), zgõ­��S��c�1w�æ^ 1 g��ÝFÝÚ.

ùp·�ÿÁ
�{ 2 Ú 4 éØÓ���5Xê ζ � CPU O��m(¦). ã 2 Ð

«
ü«�{� CPU O��m. lã 2 �±wÑ, �O�5�v
��, �{ 4 ¥��

�5S�L§�O�þ��u�©�{ 2 ¥��5S�L§�O�þ. d½n 3 ��,

�{ 2 �oNO�þ�lÑ5��k�5'X, �ù«�5'X�6u¯K���5r

Ý(ζÚ$���). ¯¤±�,� ζ ����,¯K 4.1���5�r,¤I����5S�

gê�õ($ ��). ã 2 �(JL², �O�5�v
��, �{ 4 �O�þA�Ø�6

u¯K (4.1) ���5rf, �Ò´ìCO�þ��
ýé��`(���5S�gêÃ

'), ù��y
½n 4 ¥'uO�þ��Oª (4.25).
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6. o(

�©�âõY²���g�JÑ
�«¦)é��5ý�¯K�¯���õ­�

��{9Ù�A�p�¢y�{. Äu��5S�#�¢y�{, ¦)��5¯K�ì

CO�þ�^õ­���{¦)�A��5>�¯K�ìCO�þÄ��Ó, A���

�5rfÃ'. Ó��ÏLê��~�y
T�{�k�5, �«
ìCO�þ(¢�

��5S�gêÃ'.

�©�g�Ú�{��±í2�Ù¦äkõ�ª��5�¯K, X Navier-Stokes �

§Ú�
�|�.�. d	, ·���±|^ùp��{5�O����5¯KÚ��

5A��¯K�ý`f. 'X¦)Xe��/ª���5¯K:{
−∇ · (A∇u) + f(x, u) = g, 3ΩS,

u = 0, 3∂Ωþ,
(6.1)

·���NewtonS��{´Äué��5¯K���õ�ª�Cq, äN/ªXe{
−∇ · (A∇u) + ∂f

∂u (x, u0)(u− u0) = g − f(x, u0), 3ΩS,

u = 0, 3∂Ωþ.
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ÏL©¥é�{ 4 �O�þ©Û�±��éuõ�ª/ª���5¯K��±��O

�þìC�`�§Ý, =¦)ù«/ª���5¯K�¦)�5¯K�O�þ��. g

,/·��±^p�õ�ª���5¯K5������5¯K�S��ª, ½ö`^

�¦)��5¯K�ý^��{. 'Xn�õ�ªý^��ª�±½Â�Xe�/ª:
−∇ · (A∇u) + ∂f

∂u (x, u0)(u− u0) + 1
2
∂2f
∂u2 (x, u0)(u− u0)2

+ 1
6
∂3f
∂u3 (x, u0)(u− u0)3 = g − f(x, u0) 3ΩS,

u = 0, 3∂Ωþ,

Ù¥u0´®��Ð©). |^�©¤0���{ 4 ¦)þ¡õ�ª/ª���5¯K�

I�ìC�`�O�þ, =��ÚNewtonS��ª�O�þ��. �du¦^�´p�

õ�ª�%C, ù����5S��Âñ�Ýò¬�¯uNewtonS�l
¦�ª�O�

þk�ÌÝ�eü. �5·�¬òù«g�A^u�õ���5¯K�¦).
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