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Abstract

In this paper, a cascadic multigrid method is proposed to solve nonsymmetric eigenvalue
problems. Based on the multilevel correction method, the proposed method transforms a non-
symmetric eigenvalue problem solving on the finest finite element space to linear smoothing
steps on a sequence of multilevel finite element spaces and some nonsymmetric eigenvalue prob-
lems solving on a very low dimensional space. Choosing the sequence of finite element spaces
and the number of smoothing steps appropriately, we obtain the optimal convergence rate
with the optimal computing complexity. Some numerical examples are provided to validate
the theoretical results and the efficiency of this proposed scheme.
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1 Introduction

In modern science and industry, eigenvalue problems appear in many fields such as nanosciences
(electronic structure calculations [24, 40]) and engineering (aero-elasticity, chemical engineering [7,
13]) et al. Nonsymmetric eigenvalue problems play important roles in convection-diffusion problems
in fluid mechanics, environmental problems and so on (cf. [5, 12]). The analysis of the stability
for nonlinear partial differential equations always leads to nonsymmetric eigenvalue problems.
However, extensions of the methods for self-adjoint eigenvalue problems to the nonsymmetric ones
are not trivial. A two-level method and multilevel correction methods for nonsymmetric eigenvalue
problems have been proposed in [17] and [23, 35], respectively. In [22; 29], the authors use a
polynomial-preserving gradient recovery (PPR) technique [39] to improve the convergence rate for
both symmetric and nonsymmetric eigenvalue problems. In this paper, we aim to construct a
cascadic multigrid method for nonsymmetric eigenvalue problems.

The cascadic multigrid method, proposed by [3, 8] and analyzed by [26], is a useful method for
solving boundary value problems. It is based on a hierarchy of nested meshes. From the coarsest
level to the finest one, the approximate solution on the previous level acts as the initial value of a
simple iterative solver (a smoother). However, the algebraic error of initial value from the previous
level would accumulate. In cascadic multigrid method, the algebraic error on coarser levels can be
decreased by increasing the number of the iteration steps for the smoothing process. Fortunately,
the smaller dimensions of problems on coarser levels lead to the optimality of this method. For
more information about the cascadic multigrid method, please refer to [6, 27, 28] and the references
cited therein.
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Recently, the multilevel correction method for eigenvalue problems has been proposed in [19,
20, 31] and applied in many useful eigenvalue problems, such as nonlinear eigenvalue problems
[15, 16], biharmonic eigenvalue problem [37], Fredholm integral eigenvalue problems [36], Bose-
Einstein Condensates [33], Kohn-Sham equation [14] and so on. Especially, multilevel method has
been applied to nonsymmetric eigenvalue problem, such as [19], Helmholtz transmission eigenvalue
problems [10, 30], interior transmission eigenvalue problems [32] and Steklov eigenvalue problems
in inverse scattering [38]. Combining multilevel correction scheme and cascadic multigrid method,
Han, Xie and Xu [11] present a cascadic multigrid method for self-adjoint eigenvalue problems.
This type of cascadic multigrid method can obtain the optimal convergence rate with the optimal
scale of computational work.

The purpose of this paper is to construct a cascadic multigrid method to solve the nonsymmetric
eigenvalue problem and its adjoint eigenvalue problem. With this method, solving nonsymmetric
eigenvalue problems will not be much more expensive than solving corresponding source problem-
s. Based on multilevel correction method, the nonsymmetric eigenvalue problem solving can be
reduced to a series of smoothing steps on the sequence of meshes and nonsymmetric eigenvalue
problems solving on a very low dimensional space. Similarly to the cascadic multigrid for the
boundary value problem, we regard the previous eigenpair approximation as the initial value in
each smoothing step and choose suitable numbers of smoothing steps on different levels. Finally,
the optimal convergence rate and the optimal computing complexity of the cascadic multigrid can
be achieved.

An outline of the paper goes as follows. In Section 2, we introduce the finite element method for
nonsymmetric eigenvalue problems. A type of cascadic multigrid method based on the multilevel
correction scheme is presented and analyzed in Section 3. Section 4 is devoted to giving the
estimation of computational work for the proposed method. In Section 5, three numerical examples
are presented to validate the efficiency of the proposed method. Finally, some concluding remarks
are given in the last section.

2 Discretization by finite element method

In this section, we introduce the concerned nonsymmetric eigenvalue problem and its corresponding
finite element method. The standard notation for the Sobolev spaces W*?(Q) and their associated
norms | - ||s,p,0 and seminorms | - |5, 0 will be used (see, e.g. [1, 4]). For p = 2, we denote
H3(Q) = W=23(Q), H}(Q) = {ve HY(Q) : v]|aq = 0}, where v|spn = 0 is in the sense of trace, and
[-lls.2 = || lls,2,0 for simplicity. In this paper, ||-[[1,o and [|-[|o,o are abbreviated to ||-||; and |- [|o,
respectively. In this paper, the letter C' (with or without subscripts) denotes a generic positive
constant which may be different at its different occurrences through the paper. For convenience,
the symbols <, 2 and ~ will be used in this paper. These 1 < y1,%2 2 y2 and z3 = y3, mean

~ o~

that x1 < Cyy1, 22 > Coye and czxz < y3 < Csxs for some constants C4, ¢o, ¢35 and C3 that are
independent of mesh size.

2.1 Nonsymmetric eigenvalue problems

In this paper, we consider the following nonsymmetric eigenvalue problem: Find A € C and u such
that
—V-(AVu)+b-Vu+pu = Au, inQ,
u = 0, ondQ, (2.1)
JolulPdQ = 1,

where Q@ C R? (d = 2,3) is a bounded polygonal domain with boundary 99, A is a uniformly
bounded symmetric positive definite matrix function defined on Q, b € (W1>°(Q))¢ is a bounded
real or complex vector function on Q and p € L>(2) is a bounded function on €.

For the aim of finite element discretization, we define the corresponding variational form for
(2.1) as follows: Find (A, u) € C x V such that |lul]|o = 1 and

a(u,v) = Au,v), Yv eV, (2.2)



where V := H}(Q) and

ald) = /Q (AV6 - V5 + (b- V)T + pd) AL,
@0) = [ gvas

with ¢,1 € V and bar denoting the complex conjugate of a function.

For convenience, we define a H} () inner product as follows
0.(0.0) = [ AV6-TEae,
Q
and the following ellipticity holds

2915 < au(6,0), Vo V. (23)

For the nonsymmetric eigenvalue problem (2.2), there exists the corresponding adjoint eigenvalue
problem (cf. [2]): Find A* € C and v* such that

~V - (AVu*) = V- (bu*) +pu* = Xu*, inQ,
vt = 0, on 012, (2.4)
Jolu*Pd2 = 1.

Here, (2.1) and (2.4) connect with each other according to \* = \. Using the unified notation,
we define the variational form for (2.4) as follows: Find (A, u*) € C x V such that ||u*|o = 1 and

a(v,u) = (v, \*u*) = Av,u"), YveV. (2.5)

In this paper, the conjugate bilinear form a(-,-) is assumed to satisfy (cf. [35])

ja(w, v)] ja(v, w)]

wli < sup ———, and |lwl|;  sup ———,
vev  lvlla vev vl

Yw e V. (2.6)

Furthermore, we suppose af(-,-) is V-elliptic, i.e.
[olff < Re a(v,v), YveV,

where Re denotes the real part of a complex number. We will use Im to denote the imaginary part
of a complex number in the following parts.

For simplicity, we only consider the nondefective eigenvalues (the ascent equals to 1) of the
nonsymmetric eigenvalue problem. Thus, the algebraic multiplicity equals to the geometric mul-
tiplicity and the generalized eigenspace is the same as the eigenspace. More details about the
nonsymmetric eigenvalue problems, please refer to [2, 34, 35].

2.2 Finite element method

Now, we introduce the finite element method (cf. [2, 4]) for the nonsymmetric eigenvalue problem
(2.2) and its corresponding adjoint problem (2.5).

First, we decompose the computing domain  C R? (d = 2,3) into shape-regular triangles or
rectangles for d = 2 (tetrahedrons or hexahedrons for d = 3) and the diameter of a cell K € T,
is denoted by hx. The mesh diameter h describes the maximum diameter of all cells K € Tj,.
Based on the mesh 7}, we construct the conforming finite element space denoted by V;, C V. For
simplicity, we only consider the linear Lagrange conforming finite element space which is defined
as follows

Vi ={vn € C(Q) | vnlx € P1(K), VK € T} N Hy(5), (2.7)



where P;(K) denotes the space of polynomials of degree < 1. From (2.6), the finite element space
V), satisfies the following conditions

Hwh‘lls sSup M and ||wh||1,§, sup w

Ywy, € Vj,. 2.8
A S Toalh 28)

The standard finite element method for (2.2) is to solve the following eigenvalue problem: Find
(An,up) € C x Vi, such that |lup|lo = 1 and
a(uh,vh) = )\h(uh,vh), Yo € Vi (2.9)

We give the discretization of the adjoint problem (2.5) in the same finite element space: Find
(An,uy) € C x V, such that |luj|lo =1 and

a(vp,ur) = A\p(vn,ur,), Yop € Vi, (2.10)

Hereafter, we use the triple (An, up, uj) to denote the approximate eigenpair of the nonsymmetric
eigenvalue problems (2.2) and (2.5).

Let M(A) and M*(\) denote two eigenspaces corresponding to the eigenvalue A of (2.2) and
(2.5), respectively,

M(A) = {u€V:uisan eigenfunction of (2.2) corresponding to A},
M*(A) = {u* €V :u"is an eigenfunction of (2.5) corresponding to A}.

Then, we introduce the following notation for error estimation

on(A) = sup inf |lu—wvpll1,
ueM(N),|lullo=1nEVR

op(N) = sup inf |lu* — w1,
wr €M (A [|uflo=1"nEVh

n(Vn) = sup inf [|Tf —vnl,
FEVIfllo=171EVR

n*(Vh) = sup inf || T%f —vnll1,

FEVIIIfllo=11EVR
where the operators T, T, € L(V') are defined by
a(Tw,v) = (w,v) = a(w, Tyw), Yw,veV.
Since the ascent of the nonsymmetric eigenvalue problem equals to 1, we have the following
error estimates.

Theorem 2.1. ([2, Section 8]) When the mesh size h is small enough, for finite element solution
(An, un) and (X}, uy,), there exist the exact solution (A, u) and (A\*,u*), such that the following error
estimates hold

lu—uplli < Ce1dn(N), (2.11)
[u* —upl < CLL(N), (2.12)
lu—unllo < Ceon™(Va)llu — unlly < CeoCern(Vi)on(A), (2.13)
" —ugllo < Con(Va)llu”™ —uhll < CHCaHN(Vi)dr (), (2.14)

A=l < Cenllu—unllillu” = uplly < CerxCer C5100(A) 33 (N), (2.15)

where Ce1, Cep, CF1, Cky, Cex are constants depending on the eigenvalue distribution but independent
of the mesh size h.

Lemma 2.1 ([17]). Assume (A, u) € CxXV and (A\,u*) € CxV satisfy (2.2) and (2.5), respectively,
and suppose ¥, v* €V such that (v,9*) # 0. Let us define

/): _ a(wa w*)

(¥, %)

Then we have following expansion

S_o L el —u et —w) A —ut — )




3 Cascadic multigrid method

In this section, a type of cascadic multigrid method for nonsymmetric eigenvalue problems will be
proposed. At first, we generate a coarse mesh 7y with the mesh size H and the low dimentional
linear finite element space Vyy is defined on Ty. Then, suppose Tx, (produced from 7z by regular
refinements) is given and let 75, be obtained from 7, _, via some regular refinements such that

1 1
Bhkq <hg < Ehkq, (3.1)

where the positive numbers 8 and 31 denote the refinement indices and are larger than 1 (always
equal 2). Based on this sequence of meshes, we construct the corresponding nested linear finite
element spaces by (2.7)

Ve SV, CVhy Co-- C Wy,

For the following symmetric linear boundary value problem
as(wp,vn) = (f,vn), Yvn € Vi,

we introduce a smoothing operator Sy : V;, — V3. For generality, assume the concerned smoother
Sy, satisfies the following estimates

ISpwnln < 255 lwallo,
1SEwalln < llwall, (3.2)
1S (wn +on)lle < (1S wnlls + 1S3 vnll1,

where Cl is a constant independent of h, « is some positive number depending on Sy, m denotes
the number of smoothing steps. It is proved in [9, 25] that the symmetric Gauss-Seidel, the SSOR,
the damped Jacobi and the Richardson iteration are smoothers satisfying (3.2) with « = 1/2 and
the conjugate-gradient iteration is the one with a =1 (cf. [26, 27]).

For simplicity, we denote the smoothing process as
wp = SmOOth(Vha fa gha m, Sh)v
where &, denotes the initial value, m is the number of smoothing steps, S} is the smoother and
wy, is the output of this smoothing process.
3.1 Cascadic multigrid method

We now proceed to give the cascadic multigrid method for nonsymmetric eigenvalue problems.
For simplicity, the desired eigenvalue is assumed to be nondefective (the ascent equals to 1) and
the computing domain is convex. From the error estimate theory of finite element method [4, 21],
there exist constants Cs, Cf, Cy, Cp > 0 such that for k=1,---,n

Oh,, ()\) < Cshy, (5Zk ()\) < C5hy and U(th) < Cnhk7 ’17*<th) < C;hk (3.3)

Then from (3.1) and (3.3), there exist constants Css, Cs5, Cpy, Cy, > 0 such that for k =
1o ,n—1

Oni (A) < Cs580n,4, (A); 05, (A) < G558, (V),

77(th) < Cﬂnﬁn(vhk+1)7 n*(th) < C;nﬂn(vhk+1)' (34)
Furthermore, we have constants Cs,, Cg‘n > 0 such that for k=1,--- ,n
O (A) < Conn(Vi,) and 65, (X) < C5n*(Viy.)- (3.5)

Remark 3.1. The relation (5.4) is reasonable since the lower bound result o, (\) is given in [21].



Assume we have obtained an eigenpair approximation (A, tn,,uj;, ) € C X Vi, X Vi, . Now we
introduce a cascadic type of one correction step to improve the accuracy of current approximation.

Algorithm 3.1. Cascadic Type of One Correction Step

1. Define the following symmetric positive definite linear problems:

Find up, ., € Vi, , such that for any vn, , € Vi,

s (Unpsys Vsr) = Moy Wy Vi) — (b Vg, Vnyyy) — (0l Vhy s )- (3.6)
Find uy, € Vi, such that for any vp,,, € Vi,
s (Onieirs i) = Mg Wng s Thy) + (015 V - (BT,) = (ny PR, )- (3.7)
Solve (3.6) and (3.7) by smoothing process to obtain new eigenfunction approximations
Uhyyyy = Smooth(VhHl,th'ﬁhk —b -V, — pn,, Uny, Mik41, Shipy ),

~ % _ N ~% I ~* —% ~%
Up,,,, = Smooth(Vy,,\, An Uy, + V- (b, ) — Py, Up, s Mkt15 Shyyy )

2. Define two new finite element spaces Vin,., = Vi + span{tn, .} and Vi, == Vu +
span{zl;‘lkﬂ}, and solve following eigenvalue problems:

Find (th+1,17hk+1) € C x Vi, such that ||[tp,, |0 =1 and
A(Whyyyy VH by r) = Mgy Uhg g VB Ry )y YOR By € VE by - (3.8)

Find (Anyyys U, ) €CX Vi, such that |[up, . [lo =1 and

* ~x Y * ~x% * *
AV 1 Uy ) = M Vi Uy ) Y0t ney € Vi n, - (3.9)
Summarize the above two steps by
N ~ ~x . . 5N ~ ~x%
(Misrs Uhiy s s Uh,c+1) = CascadicCorrection(Vi, Vi, Ay Unys Upy, s Mg 15 Shyyy )

Based on this type of one correction step, we can build a cascadic multigrid scheme for nonsym-
metric eigenvalue problem (2.2) and its adjoint eigenvalue problem (2.4) in the next algorithm.

Algorithm 3.2. Cascadic Multigrid Method

1. Solve thee following eigenvalue problems in Vi, to obtain the initial eigenpair approximation:

Find (A, ,Un,) € C X Vi, such that ||un, |jo = 1 and

a(@ny Ohy) = Ay (Unys )y Yon, € Vi,
Find (Xhl,ﬂ*,;l) € C x Vj, such that ||ﬂ’,*11 llo=1 and

a(vpy, @) = Ay (U, W)y Yon, € Vi,

2. Fork=1,---,n—1, do the following iteration

i~ ~ ~x . . N ~ ~%
(Ahgyrs Unyyys Up,,,) = CascadicCorrection(Vi, Vi, s Any, Uny, Why s Mkt1 Sy )-

Finally, we obtain the approzimation (th,ﬂhn,ﬂ;;n) € Cx W, xV, in the finest level of space
Vi, -

n

The error estimate of the above cascadic multigrid method needs some auxiliary results. Hence,
we first propose an auxiliary multilevel correction method in the next subsection and then give the
error estimate of Algorithm 3.2 in subsection 3.3.



3.2 Auxiliary multilevel correction method

In order to analyze the convergence of Algorithm 3.2, we introduce an auxiliary algorithm and
then show its super approximate property in this subsection. Assume we have obtained the ap-

proximation (An, , U, y,’ik) € C X Vi X W, Then define an auxiliary one correction step as
abc
follows.

Algorithm 3.3. Auziliary One Correction Step

1. Define the following auziliary source problems:

Find uy, ,, € Vy,,, such that for any vp, ., € Vi,

as(Upy 1 Vhysr) = Mg (U Vhyyr) — (B Vg, vy ) — (P Vg )- (3.10)
Find uj, =~ € Vi, such that for any vn,,, € Vi,

as(Vny s Wy ) = Ay (Wnyr s W) + (W, V- (b0, ) = (Ongpy s DU, )- (3.11)

2. Define two new finite element spaces Vi n,.,, = Vit+span{uy,  Hspan{in, ,} and Vi), =
Vi + span{u;,  }+span{a}, , }, and solve following eigenvalue problems:

Find (Any 1> Uhyiy) € C X Vi, such that ||up,, |0 =1 and
a(Whyyrs U hgsr) = iy Wi Vb )y Y0 bgyy € Vi hyys - (3.12)
Find (Ahkﬂ,g;kﬂ) eCx Yﬁ,hk+1 such that ||,@,*;k+1 llo=1 and
AU by Yhpsr) = Mss Qo iy Ui )y V2 ks € Vi b, - (3.13)
Summarize the above two steps by defining
(Ahysrs Uhpyrs U, ) = AuxiliaryCorrection(Vi, Vi, i, Angs Whys Un,  Unyyys Uy, )-
Algorithm 3.4. Auziliary Multilevel Correction Method

1. Solve the following eigenvalue problems in Vy, :
Find (An,,un,) € C x Vi, such that ||up,|lo =1 and

a(ghlavhl) = 2‘,}7,1 (Ehlavh1)7 Vvhl € Vh1~
Find (An,,uj,,) € C X Vi, such that ||uf, [lo =1 and

a(/Uhl ) @21) = Ahl (Uhl ) %Zl )7 vvhl € Vh1 .

2. Fork=1,--- ,n—1, do the following iteration

* cq s . * - ~ ok
(Msrs Whis s s %hkﬂ) = AuxiliaryCorrection(Vi, Vi, s Ay, Uhy, Wh, > Unyoy s s uhkﬂ).

Finally, Algorithm 3./ output the approzimation (A, ,un,,u), ) € C X Vi, X V.

Remark 3.2. The only aim of introducing Algorithms 3.3 and 3.4 is to analyze the convergence
of Algorithm 3.2. They will not be used for computing.

Before analyzing the convergence of Algorithm 3.2, we show a super approximate property
between the eigenpair approximation obtained by Algorithm 3.4 and the standard finite element
solution.



Theorem 3.1. Assume (A, Un,, U, ) s the output of Algorithm 5.4, (A, un,,uy,, ) is the stan-
dard finite element solution in Vy,,, k=1,--- ,n. If the coarse finite element space Vi satisfies

fork=1,-

Cin* (Vi) <1 and Cin(Vy) <1,

,n, the following estimates hold

Juny = unglli < Cin™ (Vi )0ni (M),

[un, —unillo < CeoCr1n™ (Vi)™ (Vi )On, (A),
[uh, = uhelli < CIn(Viy)dh, (A,

[uhe = Unello < CooCin(Va)n(Va,)dp, (A).

Here, the constants Cy and C{ are defined as follows

where

c, = # and C’f:piik,
1—Cin* (Vi) 1—Cin(Ve)
C1 = CC;Csp% Cr = CC.CHC,
Cr = CrC,,CiBt CF = CC.CuCr,
Cm = max{L,[An,| + [Ipllo,00 + [IBll1,00}
Crn = max{2CeCe1 + 2CexCe1 01 C3p, 2Ceg + 2CenC Ciy b
Cr = max{2C/C 4 202 C Ce1Csp, 2C% + 2CerCor Csn b

and the constant C > 1 is similar to Cey in (2.11).

The estimate between eigenvalue approzimations Ap, and Ap, satisfies

A = M| < Cenllun, — wnllllug, — i, Il

(3.14)

(3.19)

Proof. Actually, eigenvalue problem (3.12) defined in Vy 5, ., is a finite dimensional approximation

of (2.9) in Vj,, . Similarly to Theorem 2.1 (see [2]), there exists a constant C > 1 (similar to Cyy
in (2.11)) such that

||uhk+1 _y:hk+1||1 < C inf ||uhk+1 _QH,hk+1||1
YH by EVH byt

< CHuhk+1 _Hhk+1||l-

Hence, we first estimate |lup,,, —uy, ., [1-

Setting wp,, = Unyy — Up,,, € Viyyy, using (2.9) to minus (3.10), we get

Qs (uhk+1 - Qthrl ) whk+1)
)‘hk+1 (uhk+1 ) whk+1) - (b ’ vuhk+1 ) whk+1) - (puhk+1 ) whk+1)
_Ahk (@hk ) whk+1) =+ (b : Vghk ) whk+1) + (pghk ) whk+1)

((Ahk+1uhk+1 - Ahkghk) - p(uhk+1 - @hk)v whk+1) + (uhk+1 - léhkvv ’ (Bwhk+1))'

Then using the triangle inequality and the Holder inequality, we have

where C,,

IA A

= max{L, [An, | + [[pllo,cc + [|b]

ag (uhk+1 - yhk+1 ) whk+1)
Crn (Mg = Al + unyy — ny llo)lwn, ., 1
Cm(‘)\hk+1 - /\hk| + |)‘h;c - Ahk| + ||uhk+1 — Uhy, llo + ||uhk - %hk|‘0)||whk+l Hl

Cm(‘)‘hk+1 - )\hk| + ||uhk+1 — Uhy, HO + Ehk)||whk+1 H17

Lot and en, = [An, — Ang | + [lun, — un, llo-

(3.20)

(3.21)



Combining the ellipticity (2.3) and (3.21), we have
||uhk+1 —Up, ., ||1 < Cacm(‘)\hk+1 - /\hk| =+ ||uhk+1 — Uhy, HO + 6hk)' (3'22)

Noting Vi, C Vi, C Vi, CV, from Theorem 2.1 and (3.5), the following inequalities hold

wngr —unlln < e, —ulli + [lu—un, fli < 2Ce1dn, (A), (3.23)
tng —unllo < Ceon™ (Vi )|tnyy, — unilli < 2Ce0Cean™ (Vi )on,, (A), (3.24)
|/\hk+1 — Ahy, ‘ < 20ACe1Cly6p, (/\)(5;‘% N
< 2CnCer1CH O3 (Vi )0n, (M), (3.25)
luny = unillo < Ceon™ (Va,n,)lun, — un, 1
< Ceon"(Vi)llun, — uny |1 (3.26)
luh, —un i < llug, — 'l + llu” —up,
< 2050 (N) <205 C5nm" (Va), (3.27)
A = Ane| < Cealluny, — wnllillug, —ui, I
< 20CHC5n" (Vi) lun, — wnyll1s (3.28)

where we use the following inequality

n*(YH,hk) = sup inf || T f — vl < 0* (V).
FEL2(), |1 fllo=1VEWH 1y,

Combining the definition of e, , (3.26) and (3.28), we have
en, = luny, — wni llo + [An, = Ay | < (Ceo +2CenC5 Cs,)0™ (Vi) |[un,, — wny [|1-
From (3.22), (3.24), (3.25) and the above estimate, the following estimate holds for k =1,--- ,n—1,
lthar = thy 1t < CaConCon (7 (Vi ) () + 07 (Vi) ety — wny ) (3.29)
where C, = max{2C.Ce1 + 2CerCe1C5, Cy, , Ceo + 2CexC C5, ).
Then combining (3.20) and (3.29), we have
[uniss =l < Co(n" (Vi )on, (A) + 0" (Vi) luny, — un, ), (3.30)

where C, = 5Ca0m5m.
According to (2.9) and the first step of Algorithm 3.4, we have up, = up,, An, = Ap,. Together
with (3.30), the following inequality holds

l[tny = wn, Iy < Con™ (Vi )0n, (A)- (3.31)

From (3.4), (3.30), (3.31) and recursive argument, we have following estimates

k
||uhk_1~ihk||1 < CrZ(Crn*(VH))k_jn*(thf1)§hjf1()‘)
Jj=2
< Gy (Cog* (Vi) (CrnyB) 74 (Vi ) (Cs8) 716, (V)
j=2
k o
< crc;ncw(z(cm*(vH)O;nasaﬁ?) j)n*(vméhkm
j=2
C,Cy, Css3?

< (Vi )on, (M. 3.32
Therefore, take Cy = C,.C, Cs53% and Cy = C1/(1—Cin*(Vi)), (3.32) is the desired result (3.15)

under the condition C17*(Vy) < 1. The estimate (3.16) is the direct results of Theorem 2.1 and
(3.15). The estimates (3.17) and (3.18) for the adjoint problem can be proved in the similar way.
Then the desired result (3.19) is the direct of Theorem 2.1, Lemma 2.1 and (3.15)-(3.18). O



Noting Vi n, C Vin, and Vi, C Vi, . we have following estimates which are useful in our
analysis.

Lemma 3.1. ([2, Lemma 3.5]) Under the conditions of Theorem 3.1, the following error estimates
hold fork=1,---,n

[n, —unlli < Colltin, — w1, (3.33)
[dn, —unillo < Ceon™ (Vi) [lin,, — uny 1, (3.34)
lar, —un < Cillag, —ujg, (3.35)
[y, —up,llo < Con(Ve)llug, —un, 1, (3.36)

M = Al < Conllin, — wn [ 1175, — i, Il (3.37)

where Cy = 56’, Cs = é*é*, C >0 and C* > 0 are some constants.

Proof. Combining (3.8), (3.12) and Vi n, C Vi n,, Un, is an approximation of u, . From Theorem
2.1 and the constructions of Vi, and Vi pn, = Vi n, + span{w,, }, similar to (3.20), there exists
a constant C' > 0 such that

fan, —un b <C  inf  ommn, = unh
VH,hy, €VH,hy,
<CC inf omn, —up, < CClltn, — up Il (3.38)

VH,hy, €EVH, by,

which is the desired result (3.33). Furthermore, the estimate (3.34) can be deduced from Theorem
2.1 and the following inequality

7" (Vi n,) = sup inf  [|Tuf —vlli <" (Va).
FEL2(Q), || fllo=1 VEVH hy,

Similarly, we can prove the inequalities (3.35) and (3.36). Then the desired estimate (3.37) can be
obtained from (2.15), Lemma 2.1 and (3.33)-(3.36). O

Now, we are in the position to give error estimates between the outputs of Algorithms 3.2 and
3.4.

Theorem 3.2. Assume the smoothers satisfy the smoothing property (3.2). Under the conditions
of Theorem 3.1, we have following estimates

i, —wnlh < @3 s ) (3.39)
hon YUh, 111 = 4 m% hig—1 ) .
k=2
e . e ()R
uh, —up, [ < Cf Z 37,1511,6_1 (A), (3.40)
=2 Tk
M, = A, < Celltin, —un, I, — w, lli, (3.41)

where the constants Cs, C3, Cy and C} are defined as follows

C3 = 14 2C,Cn (CerC2107(N) + Ceon (Vi)
Cs =1+ 2C,Cp (CerCerdu(N) + Cion(Vi)),
Ci = CoCsCnCip.  Cf = C3CsC o CyB
with
Com = CoCrCr(1+Ci*(Vir)) +2Ce0Cer + CeoCin* (Vir),

C, = Caoméfn(lJFCT??(VH))JFQ c0Ce1 + CooCin(Vir).
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Proof. Define ep, := Up, — un, (kK = 1,---,n). Using (3.33) in Lemma 3.1 and the triangle
inequality, we have

||€hk+1 Hl = ||ﬂhk+1 — Uhj 14 Hl < CQH’&‘hk+1 - yhk_H ||1

CQ(H/&‘hk+1 - ahk+1 ||1 + ||ahk+l - @h;ﬁ_l ||1) (342)

IN

We first estimate the second term of (3.42). Set wp,,, = Un,,, — Uy, , € Vh,,,, using (3.6) to
minus (3.10), we get

Qs (uhk+1 —Up, > whk+1)

= /\hk (ﬂhk ) whk+1) - (b ) Vﬂhk ) whk+1) - (pﬂhk ) whk+1)
_Ahk (Ehk ) whk+1) + (b : v%hk ) whk+l) + (py/hk ) whk+1)

= ((Ahkﬂhk - Ahk:@hk) - p(ahk - Qhk)7 whk+1) + (ﬁhk - léhk?v : (Bwhk+1))'
Then using the triangle inequality and Holder inequality, we have the following estimate
as(ahk - ghk+17whk+1) < Cm(|)\hk - 2\,hk| + ||ﬂhk — Uhy, HO)||whk+1 Hlv

where C),, = max{1, |An.| + [|pll0,c0 + [|P]l1,00}- Since the ellipticity (2.3) of as(-,), we have

[, = wp,y, I < CaCnl[Any = An| + [[uny, = wnlo)- (3.43)

Similar to the proof of Theorem 3.1, from Theorem 2.1 and Vi 5, C Vi, p, , the following inequalities
hold

i = Anel € CexCr85 (N[, — wny |1,
[, = wnllo < Ceon™ (Var)[un,, — wnyl1-
Then the combination of (3.43) and above inequalties leads to
[Tnier = tny, i < CaCim(CerCid7(A) + Ceon” (Vi) [in, — w1
= CuCp (Cekcgléﬁl()‘) + Ceon*(VH» llen, Il (3.44)

Secondly, we turn to estimate the first term of (3.42). According to (3.6) in Algorithm 3.1, we
obtain

||ahk+l - ﬂhk+1||1 = ”SZ,LCT;I (ahk+1 - ﬂhk)”l‘ (3.45)

From (3.2), (3.44), (3.45) and the triangle inequality, the following estimates hold

||ahk+1 - ahk+1||1 = ||S}2r:j:l (ahk+1 - 17hk)Hl
< ST ey — wne)ll + 1S (an — Tl
< ST ey — s, Ml + IS (i, — wn) e+ gy —
< s — g, I+ 2, — 1 o + n, — Tl
Mgy Mt ’
= s — i+ llen ]+ rriih;u — unllo. (3.46)

From (3.15) and (3.29), we have

||Ehk+1 - Uhk+1H0 < ||@hk+1 - uhk+1H1

CaConCon (1" (Vi ) (N) + " (Vi — e 1)

< CulCrnCon (1+ Co* (Vi) )" (Vi )0, (V). (3.47)

IN

A

Then combining (3.16), (3.24), (3.47) and triangle inequality leads to following inequalities

HﬂthA — Uhy, ||0 < ||uhk+1 — Uhgiq ”0 + ||uhk+1 — Uhpy, ”0 + ||uhk — Uhy, HO
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< Con* (Vi) (N, (3.48)

where C,, = CyCnCo, (1 + 0177*(VH)) +2CCe1 + CooC10* (V).
From (3.48) and (3.46), we have

Csém ﬁ*(vhk)

U — 1 <|u - On, (A).
Huhk+1 Uhpyq ”1 = Huhk+1 ﬂhk+1 ”1 + ||6hk Hl + m,ngl hk+1 hk( )
Together with (3.1) and (3.3), the following estimate holds
o " CsCmCyf
Huhk+1 — Uhyyq Hl < Huhk+1 - uhHl Hl + ||ehk Hl + %5}% ()‘) (349)
Mgt1
Finally, combining (3.42), (3.44) and (3.49), we obtain
Cy
leneilln < Csllen llh + ——0n, (X), k=1,---,n—1, (3.50)
ke+1

where Cj = 02(1 + 20, O (Con 185 (N) + ceon*(vH))) and Cy = CyCsCoCiB.

According to Algorithms 3.2 and 3.4, ep, = up, — up, = 0. Using the inequality (3.50) and
recursive argument, the following estimates hold

C

len, i < Csllen,_y I+ —=0n,_, (A)
mg
04 04
< 2 _—
< (C8)Pllen, ol Ca =, a () + e,y (Y

1
< Gy Z(CS)n_kmfshkfl (A)-
k=2 k

This is the desired result (3.39), and (3.40) can be proved in the similar way. Furthermore, (3.41)
can be obtained similar to (2.15) by Lemma 2.1. O

3.3 Error estimate of cascadic multigrid method

In order to control the error in the final level, from Theorem 3.2 we know that the number of
iterations in coarse spaces should be larger than finer spaces. We assume the number of iterations
my, in each level satisfies the following inequality

(%)CS%SU(%f’ k=2 ,n—1, (3.51)

where 0 > 1 and ¢ > 1 are some appropriate constants.

Theorem 3.3. Assume the coarse mesh size H is small enough such that the conditions (3.1/),
B (14 CsH) < 1 and B1=¢(1+ C:H) < 1 hold with Cs and C% being defined as follows

C5 = 20,Cn (CerC;1C5 + CeoCy),  Cf = 20,0 (CenCer Cs + T2 Cy).

For any given v € (0, 1], we have following error estimates

lun, —tn, |l < 29hn, (3.52)
lup,,, =g, Il < 27ha, (3.53)
M = Al < Carllun, — G, 1 llug, — @5 |1 < 4Ceay?h2, (3.54)
provided the following conditions
Coye Gy . -
My > max{(fy) , (7) } , max {C1Csn* (Va,), C1Cin(Va,)} <7, (3.55)
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where
Ce = CaCsB/(1 = =14+ CsH)),  Cf = C;C58/(1 - B7°(1 + C5 H)).

Proof. According to (3.1), (3.3), (3.39) and (3.51), we have

n

_ 1
[tn, —un, i < Ci) (C3)" kmfg%k_l()\)
k=2
i _ 1 hk —¢
< n k}i v
< G (@) s () (Copm)
- o pn—ry1—
< 040652(03)71467&“ R)1=0)
k=2 M
hn n—2 - X
= CiCsB o> (B17¢Cs)" (3.56)
" k=0

From the definition in Theorem 3.2 and the error estimate (3.3), the following estimate for Cj
holds

Cs

1+ 2C'acvrn (CeAcéklé;{()\) + Ceon*(VH))
1+ 2C,Crn (CorCCEH + CugCiH)
1+ C5H, (3.57)

IN

where Cs = 2C,Cy,(CenC C5 +CeoCyr). Hence combining (3.56) and (3.57) leads to the following
inequality

_ ho =2
Tn, —un, |1 < 0405552(51 C(1+CsH)) . (3.58)

n k=0
When H is small enough such that 8'=¢(1 + CsH) < 1, (3.58) leads to the following inequality

_ hn 1 Ce
_ < _ = — .
Iiin., = o Ol T+ Col) g™ (3:59)

where C¢ = C4,C58/(1 — B*=¢(1 + C5H)).

Then from the condition (3.55) and (3.59), we have the estimate |@p, — un, ||1 < vhn. Since
H satisfies the condition (3.14), the estimate (3.15) holds. Then combing (3.15) and the condition
(3.55), we have the following inequalities

lun, —un, |1 + llun, —tn, |1
Yhy 4+ Yhy = 27hy,

lun, —tn, |1 <
<

which is the desired result (3.52), and (3.53) can be derived in the similar way. Finally, the desired
estimate (3.54) is the direct result of (2.15), (3.52) and (3.53). O

Combining Theorems 2.1 and 3.3, the final error estimate of Algorithm 3.2 is presented in the
following theorem.

Theorem 3.4. Under the conditions of Theorem 3.3, we have following error estimates for Algo-

rithm 3.2
||u_ﬁhn||1 < (06106 +2'7)hn7
lu—uh, i < (CHLCS + 27)hn,
A=A, | < Ca(CearCHC5CE + 492)h2.
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4 Estimate of computational work

In order to estimate the computational work for Algorithm 3.2, we denote the dimension of V3, as
Ni, k=1,--- ,n. According to (3.1), the following property holds

e () ez ()

Now, we give the complexity analysis for Algorithm 3.2.

No, k=1,---,n. (4.1)

Theorem 4.1. Assume the computational work of solving eigenvalue problems in the coarse spaces
Vi and Vi, are My and My, , respectively.

(a) If {/a < d, the total computational work of Algorithm 3.2 can be bounded by O(Ny,, + My, +
My In(Ny,)), and furthermore O(N,,) provided My < N,, and My, < Ny;

(b) If (/o = d, the total computational work can be bounded by O(N,, In(Ny,)+Mp, + My In(N,,)).
Similarly, if My < N, and My, < N,, the total computational work will be O(N,, In(N,,)).

Proof. Let W denote the whole computational work of Algorithm 3.2, Wy be the work on the k-th
level for kK =1,--- ,n. Based on Algorithms 3.1 and 3.2,

W1 = 2Mh17 Wk = 2(mka +MH)7 k = 2’ M.
Therefore, together with (3.1), (3.51) and (4.1), we have
W= > Wi <My, +> mpNy+nMy
k=1 k=2

My, + kaNk +logg, (Nn) My
k=2

AN

1\ (n=k)(d—¢/a)

S Mi o+ My In(Ny) - mao N S () |
1

k=2

Then when d — {/a > 0,
W < My, + My In(N,) + Ny,
and when d — (/a =0,
W < My, + Mg In(N,) + N, In(N,,).

Hence, W can be bounded by O(N,,) and O(N, In(N,,)), respectively, provided My < N,, and
My, < N,. U

Remark 4.1. If we choose the conjugate gradient method as the smoother, then a = 1 and the
complexity of Algorithm 3.2 can be O(Ny, + My, + My In(N,,)) or O(N,,) provided My < N,, and
My, < N, for bothd=2,3 with 1 < { <d.

When the symmetric Gauss-Seidel, SSOR, damped Jacobi or Richardson iteration is chosen,
the o = 1/2. Then the complexity of Algorithm 3.2 can be O(N,, + My, + My In(N,)) (O(N,)
provided My < N,, and My, < N, ) only for d =3 with 1 < { < 3/2. In the case of d = 2, we can
only choose ( =1 and obtain the error estimates |un, — Un, |1 S halIn(hy)| and |luj;  —aj (1 S
hn|In(hy,)|. The computational work only be O(N, In(N,) + My, + My In(N,)) (O(N, In(N,))
provided My < Ny, and My, < N, ).
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5 Numerical results

In this section, three numerical examples are presented to illustrate the efficiency of the cascadic
multigrid method for nonsymmetric eigenvalue problems. Here, we consider the following nonsym-
metric eigenvalue problem

—Au+b-Vu = Jdu, in €,
{ u = 0, on 09, (5.1)
with b = [by,be]T € C? being a constant vector in . We solve the nonsymmetric eigenvalue

problem on a unit square Q = (0,1) x (0,1) in the first two examples, and choose a real constant
vector b = [1,1/2]7 in the first example and a complex constant vector b = [1 + 2i,1/2 — 1i]T
in the second example. The case with L-shape domain Q = (—1,1) x (—1,1)/[0,1) x (—1,0] and
b = [1,1/2]7 will be considered in the third example. These examples come from [12, 35] and they
are in the nondefective case.

Typically, when the computing domain 2 is a unit square (0,1) x (0,1) and b is a constant

vector, the exact solutions of both the nonsymmetric eigenvalue problem and its adjoint problem
can be described as follows (cf. [12, 35])

b? + b3
e = 11 2+ (K + %),
b b
Uk = exp(%) sin(kmzq ) sin(frxs),
by. by
up, = exp( — W) sin(kmxy ) sin(bras),

where k,¢ € N'T. All through the example, we choose the conjugate-gradient iteration as the
smoothing operator (o« = 1) and define the number of iteration steps by

my = [208°"F)] fork=2,---,n

with o = 2, ( = 1.01 and [r] denoting the smallest integer larger than 7.

For the last example, the conjugate-gradient iteration is also adopted as the smoother (o = 1)
and the number of iteration steps is defined by

my = [20 x 1.450=R/d] =9 ...y (5.2)
with ¢ = 2 and ¢ = 1.01.

5.1 Nonsymmetric eigenvalue problem with real constant vector b

In the first example, we choose b = [1,1/2]7 and Q = (0,1) x (0,1). The sequence of linear finite
element spaces are constructed on the series of meshes which are produced by regular refinement
(connecting the midpoints of each edge) with § = 8 = 2 from an initial mesh. Figure 1 shows the
initial mesh Ty which is generated by Delaunay method.

For comparison, we also use the direct method to solve this nonsymmetric eigenvalue problem.
Figure 2 gives the corresponding numerical results for the first eigenvalue A = 5/16 + 272, the
corresponding right eigenfunction u and left one v*. From Figure 2, we find that the proposed
cascadic multigrid scheme can obtain the optimal error estimates as the direct finite element
method, which is in consistent with Theorem 3.3. While, the computational work of Algorithm
3.2 is optimal.

Furthermore, we also check the efficiency of our cascadic multigrid scheme for several eigenvalues.
The first six eigenvalues: 5/16+[272, 572, 572, 872, 1072, 1072] are investigated. The corresponding
numerical results are shown in Figure 3 which also exhibits the optimal convergence rate of the
cascadic multigrid scheme.

Remark 5.1. Although in the theoretical analysis, the desired eigenvalue is assumed to be nonde-
fective, we find that the proposed cascadic multigrid method can also compute multiple eigenvalues.
For more details, please refer to [32].
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Figure 1: The initial mesh for the unit square
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Figure 2: The errors for the first eigenvalue A and its corresponding right eigenfunction u and left one
u* with © = (0,1) x (0,1) and b = [1,1/2]7, where (A, Un,u}) is the solution of Algorithm 3.2 and
(An, un,uj) is the solution of the direct eigenvalue solving method
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Ajh,j =1,---,6 are solutions of Algorithm 3.2 and Ajn,j = 1,--- , 6 are solutions of the direct eigenvalue
solving method
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5.2 Nonsymmetric eigenvalue problem with complex constant vector b

In this subsection, the nonsymmetric term is assumed to be a complex constant vector b = [1 +
2i,1/2 — 1i]T and we solve the nonsymmetric eigenvalue problems (5.1) on the unit square 2 =
(0,1) x (0,1). The initial mesh is shown in Figure 1

In this example, we first present numerical results for the first eigenpair in Figure 4 which also
confirms the results in Theorem 3.3.

Errors by cascadic multigrid method
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- = slope=-1/2
== slope=-1
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Figure 4: The errors for the first eigenvalue A and its corresponding right eigenfunction u and left one u”
with Q@ = (0,1) x (0,1) and b = [1 +2i,1/2 — 1i]T, where (A, @n, u},) is the solution of Algorithm 3.2 and
(An, un,uj) is the solution of the direct eigenvalue solving method

Similarly, we also check the efficiency of the cascadic multigrid method for the first six eigenval-
ues. Figure 5 gives the corresponding numerical results which also shows the optimal convergence
rate of the cascadic scheme. Furthermore, this example shows that the cascadic scheme also works
well for the nonsymmetric eigenvalue problem with the complex vector.
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Figure 5: The errors for the first six eigenvalues with Q = (0,1) x (0,1) and b = [1+2i,1/2 — 1i]”, where
Aj.hyJ = 1,---,6 are the solutions of Algorithm 3.2 and Ajx,j = 1,---,6 are the solutions of the direct
eigenvalue solving method

5.3 Nonsymmetric eigenvalue problem on L-shape domain
In the last example, we consider the nonsymmetric eigenvalue problem (5.1) defined on the L-

shape domain Q = (—1,1) x (=1,1)/[0,1) x (=1,0] with b = [1,1/2]*. The re-entrant corner on
causes the singularity of the first eigenfunction. Consequently, the convergence order for the first
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eigenvalue approximation is less than 2 by the linear finite element method which is the one for
regular eigenfunctions. Since the exact eigenvalue is unknown, we choose an adequately accurate
approximation A = 9.95240442893276 obtained by extrapolation method [18] as the exact first
eigenvalue for our numerical tests.

Initial Mesh Mesh after 14 iterations

Figure 6: The initial mesh (left) and the one after 14 adaptive iterations (right) for the L-shape domain

For this singular example, we choose the a posteriori error estimator given in [34] and the
Dérfler’s marking strategy with index § = 0.4. The number of iteration my, is defined in (5.2). The
initial mesh and the one after 14 adaptive iterations are shown in Figure 6.

Figure 7 presents the corresponding numerical results which also shows the optimal convergence
rate of the cascadic multigrid scheme. Furthermore, this example reveals that our cascadic multi-
grid method also works well on the adaptively refined meshes if the number of iteration of the
smoothing is well selected.

Errors by cascadic multigrid method
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Figure 7: The errors for the first eigenvalue with Q = (=1,1) x (=1,1)/[0,1) x (=1,0] and b = [1,1/2]%,
where )\, is the solution of Algorithm 3.2 and Ay is the solution of the direct eigenvalue solving method

Remark 5.2. In this example, since the computational domain is concave, Theorems 3.1-3.4 don’t
work here. However, the aim of this example is to show the algorithms in this paper can also work
on the sequence of adaptively refined meshes.

6 Concluding remarks

In this paper, a type of cascadic multigrid method is designed to solve nonsymmetric eigenvalue
problems based on the cascadic multigrid for boundary value problems and the multilevel correction
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scheme for eigenvalue problems. Furthermore, when the number of smoothing steps is chosen
appropriately, our method can reach the optimal convergence rate with the optimal computing
complexity. Three numerical experiments validate the optimality and show that the proposed
algorithms can also compute multiple eigenvalues and solve the eigenvalue problems with complex
vector. In the future, we will extend our approach to the first-principle calculations, such as the
Kohn-Sham equation, Hartree-Fock equation and so on.
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