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1. Introduction

In the present paper, we study the finite time collapse of the solution to the gener-

alized nonlocal nonlinear Schrédinger equations in R3:

10:FW + AE + (’El‘z + HE2|2 + ’E3’2) Ey
B F s [0 & F (BB — BaBy) — (€3 + ) F (B By - FiEy)

- _ o 1.1
+52§3]:(E1E3 - ElEg)] } + E?,./Tf1 {Wﬁ [ggfgf(ElEQ — ElEg) ( )
— (§§ + &) F(E\E3 — E\E3) + £1&F (EyEs — EyE3)|} =0,
i0:Ey + AEy + (|E1|* + |E2|* + | E3|?) Bz
—E3Ft {\EIQ% (616 F (ELEs — E1E3) — (65 + &) F (B2 E3 — EoE3) (12)

+O&GF(B\Ey — B By)|} + By F! {Wﬁ (€163 F (By B3 — o Es)
—(§ + &)F(E\Es — EAEs) + &&F (E1 B3 — EiF)] } = 0,
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i0,F5 + AFs + (|E1|> + || E2|* + | E5|%) Es
—E F! {mz% (6283 F(ErEa — ErE) — (6§ + &3)F(E1E3 — E\E3)

A - . 1.3
+&1&F (EoFs — EyE3)|} + By F 1 {Ié\?ﬁ (6162 F (B E3 — B\ Es) (3
— (8 + &) F(E2E3 — EoF3) + &1 F (E1Ey — E1E)|} =0,
along with the initial data
Ey(0,2) = Eyo(x), E2(0, ) = Ex(z), £3(0,2) = E3o(z). (1.4)

where F and F~! denote the Fourier transform and the Fourier inverse transform,
respectively (see[10, 11, 12, 13]), n > 0, § > 0, (E1, E2, E3)(t,x) are complex vector-
valued functions from Rt x R? into C3.

Equations (1.1)-(1.3) arise in the infinite ion acoustic speed limit of the self-generated
magnetic field in a cold plasma, (E7, Fa, E3) denote the slowly varying complex ampli-
tudes of the high-frequency electric field [3, 9, 19, 20].

In the case of the nonlinear Schrédinger equation without any nonlocal term

ior + 000 = alplPr o, 9(0,2) = po(z), (S—-1)

where ¢ = @(t,z) : RY x R3 — C, ,a are real parameters and p > 1. Equation
(S-1) may describe the propagation of a narrow electromagnetic beam through a non-
linear medium or electromagnetic (Langmuir) wave in a plasma (see[l]). For (S-1)
there have been many investigations. Ginibre and Velo [6] studied the local and global
existence of the solutions in the energy class. Glassey [7], Ozawa and Tsutsumi [15, 16]
established the finite time collapse properties of the solutions to the Cauchy problem
(S-1). In the study of the Cauchy problem (1.1)-(1.4), we still concentrate our atten-
tions on the finite time collapse property of the solutions. To our best knowledge, for
the nonlocal nonlinear Schrédinger equations, there have been few researches on the
collapse property except in our previous papers [4, 5], we studied the similar prob-
lem for a simplified version for the nonlocal nonlinear Schréodinger equations, in which
E = (E1, E9,0), & = (&,£2,0). The main difficulty for searching for the finite time
collapse property here is to deal with the nonlocal terms in the equations (1.1)-(1.3).
Like the nonlinear Schrodinger equations without any nonlocal term, we must set up
the local wellposedness of the Cauchy problem (1.1)-(1.4), derive the conservation laws

of mass and energy, as well as establish some suitable virial type identities.

2 Preliminaries

In this section, we first establish the local wellposedness for the Cauchy problem

(1.1)-(1.4), and then conclude the conservation identities of mass and energy.



2.1 Local Wellposedness

The Cauchy problem (1.1)-(1.4) can written as the integral equations:

t
Ei(t) = U(t)Eio +z‘/ Ut =) [(IBLP + | B2l + |Es|) Ei + Ki(Ev, By, Ey)] ()t
’ (2.1)
wherei = 1,2,3, U(t) = €' is the unitary semigroup generated by the free Schrédinger
Equation iF; + AE = 0 in H*(R3)(with s € R), K;(FEy, F2, E3) have the following

expressions:

Ki1(En, By, E3)
= —BF (s [0 & F(Bo B — 2B — (& + ) F (B Bz — BA )
+626F (B By — B1By) |} + BsF 4 { ighs (6 F (A B — Er )
— (§ + &) F(E1B3 — B1E3) + &16F (B2 B3 — B2 E3)] }
(K —1)
Ky(E1, B, E3)
= — B3 { gt (& F(BrEs — BiE) — (6 + €) F(BoFs — B Fy)
+& &3 F(E1Ey — E\Eo)| } + Eq F 1 {mzﬁ (6163 F (EoE3 — E3E3)
~(& + Q) F(B\E; — F1Bs) + &6 F (E1 B3 — By E3)]}
(K —2)
K3(E1, B, E3)
= —EF s (06T (B - Bi) — (& + ) F(FiBs — Fy )
+6&F (B — BaBy)|} + BoF 4 { iy (61 F (B1 s — Fr )
— (8 + &) F (B2 — ExFs) + &6 F (E1 By — E1Ey)) } .
(K —3)
Let (E{, Eg, Eg)) (j = 1,2) solve the cauchy problem (1.1)-(1.4). We mainly here
calculate these terms K;(E}, ES, F3) — K;(E?,E3,E32) (i = 1,2,3). We first make a

calculation as follows.

K\(EY, By, Bg) — K (B}, B3, E3)
= —B37 gt |96 F (BYE] - E3EY) - (63 + ) F (BB} — E1E})
+66F (BB} - BLED)| b+ BYF 1 { (s 6067 (BYES - BIEY)
— (& +8&)F(E[E} - EIE}) + 6. F(ELE} - E3EY)| }
—{-B37 {5 |16 F(BRER - BRED) — (¢ + D) F (BT EE - BE})
+660F (BRE} — BPE3)| | + B3F ' { s | oo F (B3B3 - ERE3)
~ (& +&)F(EIE] - BPE}) + 6o F (F3ES — E3ER)| 1}



Now we can check

~EJF [ F(BYE] - BYEY)| - {-E3F 1 [ B84, 7 (B3 EG - E2E§)} }

= (B}~ B)F | {5 F (BB — BYE))| + B3~ { g4 F (B3 — BB}

€17 +0 €17 +0
+ E}(E3 - EY) + (B} - E3)E} + E3(E} - E3)] }
(2.3)
Making the similar estimates to (2.3), we can establish the similar forms for the other
terms of K;(E}, E3, EY) — K;(E?,E3,E3), (i = 1,2,3).

Since by n > 0 and § > 0, 77&%5

we obtain that the solutions of the integral equations (2.1) are local wellposedness in
HY(R3) x HY(R?) x H'(R3) by a standard argument (see, for example, [6, 8, 11, 12,
13, 14, 17]). This result goes as follows.
Proposition 2.1 Let n > 0and § > 0, (E1g, Ea0, E30) € HY(R3) x H(R3) x HL(R3).
Then the integral equation (2.1) has a unique solution (Ej, Eo, E3) € Xiloc ([0, 7)) x
Xi 1oe ([0,T7)) % Xiloc ([0,7)) for some positive time T" = T'(E19, E29, E30), and for any
0 <Ty <71y <T, the mapping

< n, using the contraction mapping principle,

(Ero, B0, Eso) (€ H'(R?) x H'(R®) x H'(R?))

> (E1, B, B)(1) (€ X100 (10, 7)) % X110 (10.T)) x X} 100 ([0,7)))

is continuous. Moreover, there holds either T' = +o00, or T' < 400 and
timn, (1B L71 g+ 1Bl 1ty + 11 Bl ) = oo
Here, for any interval I C R, 0 < % 3(% — %) <1,seR,

X5(I) = (€N L®)(I; H*(R?)) N LI(1; Hi (RY)),
Xj10c(I) ={u; v e X5(J), VJccl},
Hj(R®) = J(LY(R?)), Js=(I—A)73.
g
As a direct consequence of Proposition 2.1, using the ideas in papers [2, 6, 8, 10, 14,
17](see also Chapter 12:Theorem 4.1 in [11]) we obtain the following local wellposedness
theory for the Cauchy problem (1.1)-(1.4).
Proposition 2.2  The Cauchy problem (1.1)-(1.4), forn > 0, § > 0 and (E10, E20, E30) €
H'(R?) x H'(R3) x H'(R?) , has a unique solution

(Er, Bz, E3) € C ([0,T); H'(R?) x H'(R?) x H'(R?))
for some T' € (0, +00) with T'= 400 or T' < 400 and

tim, (11| sy + 1 1 ey + 1 Bsll o y) = +oo.



2.2 Conservation Laws of the Mass and of the Energy

According to the structure of the equations (1.1)-(1.4), we can establish the conser-
vation laws of the total mass and of the total energy.
Lemma 2.1 Let (E1, E2, F3) is a smooth solution of the Cauchy Problem (1.1)—(1.4).

Then the total mass and total energy are conserved:
[ UBP + 1B+ |EsP)de = [ (Bwf +|Baf + [EnP)o, (2.0
R R

H(E1, Es, E3)
= Jas(IVEL? + [VEo|* + |[VE3]*)dz — § [ps(IE1[* + | Eo|* + | E3|!)da
fRs |E1 | Bol? + | B Es|* + | E2f?| B3|?)da
1 fs ML) 7 (B By — BBy

€[> +o 7 e
—3 Jps él;f(? | F(E1E3 — By E3)[*d¢ 2.5)
3 Jo S (Bo B — BBy P |
+Re [ lgf;gf(EQEg — BoBy) F(BAE; — EBy)de
+R€ fR3 |Z|21+35]:(E1E2 — ElEQ)]:(EQEg — E2E3)d§
+Re [ps |Z|22+35]:(E1E3 — B\E3) F(E\Ey — By E»)dg

= H(E10, E20, E30).
Proof. Multiplying (1.1) by Ej, (1.2) by Es and (1.3) by E3, taking the imaginary

part and then integrating with respect to the space variable x € R3, we get

Im s (10, E1 By + 0, EsEo + 10y E3E3)dx
+Im [ (AE1E; + AEyEy + AE3FE3)dx
+Im [ps(|Er]? + | E2|® + |E3[°)(E1Ey + ExEs + E3E3)dx (2.6)
—Im [ps EyArde + Im [ps By Asde — I [ E2Bidx
+Im fRS FEyBodr — Im ng E3Cidx + Im fRS E3Codx =0,

where
Ay = EyF~ { 5 [E16F (B2E3 — EaE3) — (&7 + &) F(E1 By — E\Ey)
+6&8F(E\Es — E1E3) |},
(2.6 —1)
Ay = B3 F~ { 5 [©&F (B1Ey — B\ Es) — (& + &3)F(E1E3 — E1E3)
+&&F(E2Es — EqE3)) )
(2.6 — 2)
By = By { s (66 F (B By — ByBy) — (63 + ) F(Ba By — BaFy)
+&&F(E1Ey — EVE))) )
(2.6 — 3)
By = By\F (g5 (66 F (BB — BaBy) — (6 + ) F(E\Fz — By By)

+&&3F (E1Es — EE3)) },
(2.6 — 4)



C,=EF! { L (&8 F(E1Ey — E1Es) — (6 + &3)F(E\E3 — EyE3)

€2+
+&1&F (B2 Es — EyEs) |},
(2.6 — 5)
Cy=EyF! { L [©1&F (E1Es — ErE3) — (65 + &3)F(E2E3 — FoF3)

GEEm)
+61&F(E\Ey — E1Ey)| }

(2.6 — 6)

By a direct calculation and rearranging these terms in (2.6), one has

_ — 1d
Im [ i6E;E;dx = Re/ O E;Ejdx = / |E;|*dz, (2.7)
R3 R3 2dt Jrs

I fo BT [ 1845 F(By B — )| d

I fs B ERF | B F(By By — By )| da

= Im [p BBy F L [‘gf;_%éf(EEg - EQET,)} dz (2.8)

I s ExERF 1 [I815 F(Bs By — BaBy)| da

—Im {2R€ ng EEQf_l [|Zf;i35f(EE3 — EZFS)] } =0.

Similarly, we can make some estimates on these term in (2.6) as (2.8). Thus we can
conclude the mass identity (2.4). We next show (2.5).
Multiplying (1.1) by 20,F1, (1.2) by 20;E> and (1.3) by 20;E3, taking the real part

and then integrating with respect to the space variable z € R3, we get

2Re [3 (10 E10, B + 10, B0, s + 10, B30, E3)dx
= 2Re [ps [(—AE1)0Er + (—AE2)0Ey + (—AE3)0,E3 | d
—2Re [ps(|E1]* + |Ea|* + |E3|?) (E10:E1 + E20:F> + E30;Es3)dx (2.9)
+2Re [ps 0,1 Ardx — 2Re [y OF1 Aoda + 2Re [ OpF2 Brda
—2Re fRi” 0y FE2Bodx + 2Re ng 0, FE3C1dx — 2Re ng 0, E3Codx,

where Aj, Ay, By, Ba,C1,Co are the same as (2.6-1)-(2.6-6). We now estimate (2.9)

term by term.
2Re / (10,0, Er + i04 B20, B + 10, E; By )dar = 0, (2.10)
R3

2R€/ [(—AE)OEL + (—AE)0,Fs + (—AE3)04E3 | d
RB

d

== 3(|VE1|2 + |V Es|? + |VE3|?)dz, (2.11)
R

2Re /3 (|B1 >+ | EBa|* + | E3|?) (B10¢ 1 + B2 0y Fo + F30; F3)dx
"

1d d
= 5 LB B + B )da 5 [ (BPIBE + BRI + B BaPie
(2.12)



2Re [y HE By F " | I F(By By — BBy | do

€12 +0
+2Re [ps OB B3 F ! |Zf§i35f(E1FQ—EE2) dz
—2Re [ps O E2EVF ! | IS5 F(Ea s — B2 Ey) | da
—2Re [o3 O B3 By F 1 | I35 F(E\ By — B\ Bs) | da (2.13)

= 4 foo B 7 (BT — BB F(BE — PAEa)e
+id |Z‘521§36}‘(E2E3 — ByE3)F(EVBy — E1E)dé
= %Re I]R3 %?(EQE;; — E2E3)f(E1E2 - ElE?)df'

Making the similar estimates to (2.13) for the rest terms in (2.9) and employing (2.10)-

(2.13), we can conclude energy identity (2.5).
The proof of Lemma 2.1 is complete. |

3 Finite Time Collapse

In this section, we will discuss the blow-up result of the solution to the Cauchy
problem (1.1)-(1.4).

3.1 Main collapse result

Let
Y= {(E1, By, B3) : (|z| By, |z| B, |7 E3) € L*(R?) x L*(R®) x L*(R%)}
NHY(R3) x HY(R3) x HY(R?).

The main results of this paper can be stated as follows:
Theorem 3.1 Let > 0 and § > 0. Assume that
(1) (Elo,Ego,Ego) S Hl(Rg) X HI(RS) X Hl(R3) and

(E1, B, Bs) € C ([0,T); H(R?) x H'(R?) x H'(R?))

is a solution to the Cauchy problem (1.1) — (1.4);

(2)  (|z|E1g, || Eoo, || E30) € L2(R3) x L2(R3) x L?(R?) and one of the following three
conditions holds:

(i)  H(Ero, E2o, E30) < 0;

(ii) H(Eho, E20, E30) =0 and i Im ng (xV Ej)Ejpdz < 0;

(ii)  H(Ero, Eso, Es0) > 0, -

N |=

Zlm/ (xV E;) Eipdx < —

2H(E0, Ea, E30) / j|? Z |E; 0’2d$]

i=1



Then there exists 0 < T' < +oo such that
Timn, (B4 71 gty + 1Bl 1ty + 1Bl ) = oo

Furthermore, if the solutions (Ei(t,z), Ea(t,z), Es(t,z)) of the Cauchy problem
(1.1)-(1.4) is radially symmetric, we then obtain another finite time collapse result.
Theorem 3.2 Letn > 0,6 > 0 and (E1, Es, E3) be a classical and radially symmetric
solution to the Cauchy Problem (1 1)-(1.4) with (Eq0, E20, E30) € X. Assume that
(I) H(FE1o, F20, E30) <0 and E Im [ps B0, Eipdz < 0.

Then there exists a finite time T such that
. 2 2 2
lim (IIVE 2 ) + IV Eel Fagsy + [V BslFaqas) ) = +oo.

Remark 3.1 For (E107 Ezo, Eg()) S HI(R3) XHI(R?’)XHl(R3) and (|$|E10, ’JJ|E20, |x\E30) €
L?(R3?) x L?(R3) x L?(R3), there always exists initial data (FE1q, Fag, F39) such that
(1)  H(E10, B2, E30) < 0;

or
3 _
(ZZ) H(El(), Ezo, Ego) =0 and Z Im fR3 (l’VEio)Eiodl‘ < 0;
i=1
or

(1ii)  H(Eh0, Eo, E30) > 0,

Zlm/ (xV Ej)Epdr < —

In fact, let Ey(x) = pi(z) (i = 1,2,3), we can always find some @;(x) # 0 and an
€ > 0 such that

pi(z) € H'(R?),zpi(x) € L*(R?), H(p1(x), p2(x), p3(x)) =0,
3
;Im fR3 (xVi(z))pi(z)dr < —e <0,

1
2
QH(Ew’EQo,Ezo/ |z|? Z|Ez0’ dl‘] :

i=1

where

N

27{((4,01(@,(902( ) C‘;OS ZfRs |$| |Q0@ )|2d$

> R for a fixed ¢ € (0,1). (%)

Thus (ii) holds for such E;y(z) (i = 1,2,3).
Next, let ¢;(z) = Api(z) with A > 1, we get by (2.5)

H(1(2), P2(2), 3(2)) = H(Ap1(2), Apa(), Aps(x)) < 0.

If we choose Fio(x) = Api(z) (i = 1,2,3) with A > 1, then H(E19(z), Eao(z), Eso(x)) <
0 and hence condition (i) is not empty.
Similarly, let ¢;(x) = (p;(x) for the same ¢ in (*), we obtain by (2.5)

H(p1(), p2(x), p3(z)) = H(Cp1(x), (pa(), Cps(x)) > 0.



In this case we may choose Ejo(x) = (p;(x) (i = 1,2,3), then there holds
H(Eo, E20, E30) > 0,
3 3
S Im ng (xVEj(x))Eip(z)dx = > Im fR3 (xVpi(2))Cpi(x)dx
i=1 i=1

1
2

2601 (@) ¢o2(a) Co3(0) X f laPls(o) 2]
< (e <=2 ==

=~ [2H(Fo(o), Enlo), Fun(a) 3 fs o (o) Pt

1
2

Hence such Ejp(x) (i = 1,2, 3) meets condition (iii).
Similar discussion then yields the existence of the initial data which meets (I) and
(IT) in Theorem 3.2. O

3.2 Key Ingredients

Before proving Theorem 3.1 and Theorem 3.2, we first give a key lemma and a
proposition which concerns about the related virial identities, this kind of identity was
found independently by Zakharov and Shabat in [21].

Lemma 3.1[18]  Let f be a scalar-valued function. If || f and V f belong to L?(R?),
then f is in L?(R3) and satisfies

2 2 2 % 2 2 %
[ ke <3 ([ wspac)” ([ 1ePispac)

The following proposition establishes the key virial identities.
Propositin 3.1  Let (Ej0, Eoo, F30) € ¥ and (E1, E9, E3) € C([0,T); %) be a solution
to the Cauchy Problem (1.1)-(1.4) on [0,T"). Putting

IO = [ lPUBP + Bl + Bl (3.1)

one gets

dilit) =4Im s [(:cVE1)E + (zVE2)Es + (xVE?))@ dz, (3.2)

IO =8 fus (VELP + |VE* + [VE3[?) dz — 6 [ (IE1|* + |Eo|* + |E3|*) do
—12 [gs (|E1|?| E2|? + |E1 || Es|? + | E2|?| E5|?) dv — 6A + 12B + C
= 8H(E10, E20, E30) — 2 Jgs (|E1|* + | Eo|* + |Es|*) da
—4 [gs (|E1?|Ba|® + | E1 | E3|? 4 | B2?| B3|?) dz — 2A + 4B + C
= —4 [os([VEL|* + |VE|* + |V E3|?)dx + 12H(Ero, Es, E30) + C,

(3.3)
where
2 2 _ R
A= [oo ML F (11 By — By By) 2dg
2 2 - PR
+ Jpo B | F (BB — By By |2dg (33—1)
2 _ _
+ Jpo B | F (o By — B By) e,



B = Re [gs 182 F(Fo By — BoE3) F(E1E3 — By E3)dé€

2+
+Re fRf|221+3§]:(E1E2 — EVEs) F(EyE3 — ExE3)dE (3.3-2)
+Re [os I35 F (BB — E1 o) F(E1Es — B E3)dg,
= 46 [ (‘sﬁ;jfg | F(E\Es — B\ E»)|?d¢
+46 [ U;gﬁ% | F(EEs — EyEy)2dé
+46 [z (‘5%1? |F(ExBs — B Bs)2de (333
—88Re [ (‘QQ;(Z;VJT(EQE?) — E2E3)F(E\E3 — E\Es)dé
—80Re [os 7 g'|21+g)2 F(E\Es — E\E2)F(E2E3 — ExEs)de
—80Re [os (25585 F(E1 By — By Bo) F(B1 B3 — By F)de.

Proof of Proposition3.1.  Since (Ejg, Fao, E30) € X, one has (E1, Fa, E3) € ¥ by
Ginibre-Velo [6], where (E1, Eq, E3) € C([0,T);X) is a solution to the Cauchy problem
(1.1)-(1.4). In view of (1.1)-(1.3), (3.1) yields that

= Jgs |z|* [(OLE1 By + Er\OyEr) + (0iE2Ey + E2OiEs) + (0 E3E3 + E30,F3)| da
= 2I'm [gs |x|? (0,1 E) + i0, B2 Ey + 10, E3E3) dx
= 2Im g |2]*(—AE\E1 — AEEy — AE3E3)da
—21m [ [of? (|BA[? + | Eof? + | Baf?) (BuB + EaFly + Es)da
+2Im [os |z|2(E1 Ay — E1Agy + EsBy — EoBs + B30 — E3Cy)dr,
(3.4)
where Aj, Ag, By, By, C1, Cy have the same forms in (2.6-1)-(2.6-6). We further calcu-
late (3.4) term by term.

Im [gs |2[*(~AE\Ey — AEyF> — AF3Es)dx

_ — _ (3.5)
=2Im [gs (xVElEl + 2V EyEy + xVEgEg) dx,
Im/s |z (|E1|* + || Bal? + | E5|*) (EVE1 + ExEa + E3E3)dx = 0, (3.6)
R
Im fy [P B F L | (855 F(Bo B — ByBy) o
+Im ng ‘$|2E2E3./T"_1 _|Z\§21§‘35F(E1E2 — ElEQ)- dx
—Im [gs |22 E1 B F ! _gf;%f(Eﬂg — EpFE3)| dx
—Im [gs |z Es B3 F ! _gfg_%f(ElEZ ~ E1[5y) | dx
= Im [y |2|? By By F ! [Qf;fﬁf F(EsE; — EEg)} dz
+Im fgs |22 E1EsF ! |zf§§35f(E2E3 — EQE,)_ dx (3.7)
+Im [os 2P B2 E3F ! _g%_%f(ElE — EEQ)_ dz
+Im ng ‘$|2E2F3F_1 _|Z\£21§-35’F(EE2 — Elﬁg)_ dx
—2Im {Re Jres |22 By By F L [@f;_ﬁ@f@& - EgEg)] dx
+2Im {Re Jrea |22 By s F L [‘Z%_%J:(ElEg BB dx}

=0.

10



Making the same estimate as (3.7) to the rest terms in I'm ng, |z|?(E1 A1 — E1Ag +
EyBy — E3By + E3Cy — E3Cs)dz, we can obtain

Im/ ‘I‘|2(EA1 — EAQ + EBl — EBQ + Fgcl — ECQ)d:L‘ =0. (38)
R3

(3.4)-(3.8) thus yield

CL(Jj(t) - 4Im/ [($VE1)E+ (rVEq)Ey + (xVEg)@ dx. (3.9)
¢ s

Differentiating (3.9) with respect to ¢ , after a careful computation and proper group-

ings, we get

EIO  — 4Im [oy 2 [(VEV)OEr + V(0B By da
+4Im [gs @ [(VE2) 0 Ey + V(0 Ea) By | da
+4Im ng T [(VEg)atfg + V(@tEg)@ dx
= —8Im [ps (20, E\V E1 + 20, E2V Es + 10, E3V E3) da
—12Im [ps (E104Ey + E201Ey + E30.E3) dx
= 8Re [ps (210, E\V E1 + 210, E2V Es + 210, E3V E3) da
+12Re [s (E1i0: By + E2id; Es + E3id, Es3) da
= 8Re [ps v (—AE\VE| — AE;VE, — AE3VE3) dx
—8Re [ps @ (|E1|2 + || E2|? + \E3\2) (E1VE + E2VEs + EgVE) dx
+8Re [ps [tVEL (A1 — Ag) + 2V Ey(B1 — By) + aVE3(Cy — Cy)] da
+12Re [p; (—AE1E| — AEEy — AE3E3) da
—12Re [gs (|E1|? + || E2|? + | E5)?) (B1Er + B2Es + B3E3) da
+12Re [ps [E1(A1 — A2) + Eo(B1 — By) + E3(Ch — Cy)] d.
(3.10)
Here, A1, Ag, By, Ba, C1,Cs have the same forms in (2.6-1)-(2.6-6). Using integration
by parts, the parseval identiey and the properties of Fourier transforms, we attain the

following estimates.

Re [ @ (~AE\VE| — AE;VEy — AE3VE3) dx

1 2 2 2 (3.11)
= —3 fR3 (‘VE1| + |VE2’ + ’VEg‘ )dl’,

—Re [s @ (|E1|? + || B2|? + | E3|?) (E\VEL + E2VEs + E3VE3) d
= 2 Jas (1BL* + [Bo|* + | B3|*) da (3.12)
+3 Jus (IELP|B2® + || 1| Es|? + | 2| E3|?) dz,
Re [ys (~AEIVE; — AB;VE, — AE;VE;) do s
= s (IVEL]2 4+ |VE |2 + |V E3]?) da, :
—Re [gs (|E1* + || B2|? + | E3|?) (E\Ey + E2Es + E3Ej3) dx
= — fas (|B1[* + | Bo|* + | B5]") da (3.14)
~2 [s (|B1| B2l + || E1 | B3| 4 | Ea|?| E3|?) du,
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8Re ng, [a:VE(Al — Ag) +aVEy (B, — Bs) + 2V E3(Cy — C’g)] dx
+12Re [os [E1(A1 — A2) + Eo(B1 — By) + E3(Ch — Cs)] da (3.15)
=—6A+12B+C

where A, B, C are the same as (3.3-1)-(3.3-3). By these estimates as above, using (2.5)
we complete the proof of Proposition 3.1. O
Remark 3.2 According to Ginibre-Velo [6], if E;p € H'(R3) and xE;y € L*(R3)
(1 = 1,2,3), we can always obtain that the solution E; (i = 1,2,3) of the Cauchy
problem (1.1)-(1.4) satisfies E; € H'(R?) and xE; € L?(R?), which together with
Proposition 2.1 and Proposition 2.2 guarantees that the virial identity (3.3) holds for
the class of local solutions. a

We now begin to prove Theorem 3.1 and Theorem 3.2.

Proof of Theorem 3.1 We show this theorem by contradiction. Assume that the
maximal existence time T of the solution to the Cauchy Problem (1.1)-(1.4) is infinity.
Thanks to Young’s inequality, Proposition 3.1 implies

d?J(t)
dt?

< 8H(E0, E20, E30). (3.15)
Integrating (3.15) with respect to ¢, one has
J(t) < 8H(E10, Bz, E3o)t* + J'(0)t + J(0). (3.16)

Under the hypothesis (i),(ii) or (iii), (3.2) and (3.16) yield that if (Ei, E2, E3) €
H'(R3) x HY(R3) x H'(R3), then there is a T* < co such that

lim / |z [2(|E1)? + | B2 + | E3|*)dz = 0. (3.17)
R3

t—T*

On the other hand, by Lemma 3.1 and (2.4) one gets

Jes(IE1w0|* + [Exol? + | Eso|*)dx = [pa(|E1|* + | E2|? + | E3|?)da
1 1 1
<3 (foo IVEPdn)? (Jgo [o1E1 ) 43 (Jgo [VEafdr)
U [P Bo ) + 2 (Jy (Vs (oo o2 )
1
<2 [[ps (IVELP + [VEo? +|VE3|?) da]? [ [gs 2> (|E1|* + | B2l + | E3]?) dx]

NI

which together with (3.17) thus concludes that
lim [ ([VEi|]* + |VEs* + |VEs|*)dx = 4. (3.18)

t—=T* Jr3

(3.18) then implies that the maximal existence time 71,4, < 7™ and hence is a contra-
diction.
The proof of Proposition 3.1 is complete. a

We next prove Theorem 3.2.
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Proof of Theorem 3.2
Let

P(t)=—Im rE10,E1dx — Im rE90, Eodx — Im/ rE30, Esdx. (3.19)
R3 R3 R3

From assumption (II) in Theorem 3.2 and (3.3), it follows that P(0) > 0 by Proposition
3.1, and
dF(t 1
di) = /3(\VE1|2 + |VEy |2 4 |VE3%)dx — 3H(F10, Ex, E3o) — € (3.20)
R
where C' is the same as (3.3-3). By n > 0, § > 0 and assumption (I) in Theorem 3.2,
we get
dP(t
p(t) > / (IVEL|]? + |VE2|? + |VE3|?)d. (3.21)
dt R3
Since P(0) > 0, (3.19) implies that P(¢) > 0 whenever (E1, Eq, E3) exists. On the other

hand, from (3.21) it follows that

d

o r2(|E1? + | E2|? + |E3|?)dx = —4P(t) < 0, (3.22)
R3

which yields that

/3T2(\El\2+|E2!2+|E3|2)dx = /3 r?(|Ewo|* +| Bzl +|Eso|*)dx = C§ < 400, (3.23)
R R

1
2

IP(t)] = P(t) < C. (Il VEL Bags) + | VB2 [3agas) + 1| VEs [3s))* - (3:24)
(3.21) and (3.24) imply that

dP(t) _ P2(t)
dt — C2

with  P(0) > 0. (3.25)

(3.25) reads that

C2(P(0) C?
Pt)> "—+, te|0,—).
0> e o <0 pw)
Hence we obtain
tim (Il VE sy + | VE2 [ags) + | VB [32(zs)) = +o0,

c?

P(0)"

So far, the proof of Theorem 3.2 is complete. |

for some T' < Ty < +o0, Ty =
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