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ABSTRACT. In this short paper we find that the Sobolev inequality

()

(p > 0) is equivalent to the exponential convergence of the Markov diffusion semigroup
(P;) to the invariant measure y, in some ®-entropy. We provide the estimate of the
exponential convergence in total variation and a bounded perturbation result under the
Sobolev inequality. Finally in the one-dimensional case we get some two-sided estimates
of the Sobolev constant by means of the generalized Hardy inequality.
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1. INTRODUCTION

1.1. Centered Sobolev inequality. Let p be a probability measure on some Polish
space E equipped with the Borel o-field B. The main object of this paper is the following
centered version of Sobolev inequality

| (fra) - [ro

where p € [0, +00), £ is a conservative Dirichlet form on L*(E, ;1) with domain D(€) and
Cs(p) is the best constant. This inequality will be denoted by (5,).
When p =1, (1.1) becomes the usual Poincaré inequality

Var, (f) = u(f*) = [u(f)* < Cs(DELS], f€D(E), (1.2)

where p(f) := [, fdu. Thus Cg(1) is exactly the best Poincaré constant Cp.
When p = 2, the left-hand side (LHS in short) of (1.1), understood as the limit when
p — 2, equals to £ H(f?), where

H(f) = p(flog f) — pu(f)log pu(f)
is the entropy of f. So the Sobolev-type inequality (1.1) becomes

H(f?) < 2Cs(2)E[f], 0 < f e D(€) (1.3)

< Cs(p)Elf], 0 < feD(E), (1.1)

the usual log-Sobolev inequality (see [2]). Thus Cs(2) coincides with the best log-Sobolev

constant C'rg.
1
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When p > 2, (S,) is a centered version of the classic defective Sobolev inequality:

2
( / f”du) "< aglfl+B [ Fin 0 < renE) (1.4)
B E
For example, when 4 is the Lebesgue measure on E = R" and £(f) = [, |V f|*dpu, the
above Sobolev inequality holds with B = 0, for p = 2% (n > 2, see Aubin [1]). Notice

that the defective Sobolev inequality with B = 0 fails for probability measure .

The centered Sobolev inequality (S,) was studied by Aubin [1] and Beckner [6] for the
normalized volume measure on the unit sphere S™ in R™*!. They obtained the exact
result: Cg(p) = Cp = 2 if 2 < p < 2 (for n > 3). Bakry and Ledoux [4], using the
diffusion semigroup method, proved the following sharp and general result of (see also
Ledoux [9, Theorem 3.1}):

Theorem 1.1. ([4]) Let L be a Markov diffusion generator satisfying the Bakry-Emery’s
curvature-dimension condition CD(R,n) for some R > 0 and n > 2. Then for every

1 <p< -2 (1.1) holds with Cs(p) < "7

This deep theorem of Bakry-Ledoux generalizes the famous Lichrowicz bound about
Cs(1) = Cp.

When p = 0, the LHS of (1.1), understood as the limit when p — 07, equals to
slu(f?) — et1oe )] Setting f? = e9, we see that (S;) becomes

ple?) — e < 2C5(0)E[e??], g € D(E) N L=(p). (1.5)
Relationship between the Sobolev inequalities for different p is summarized in
Theorem 1.2. (a) For any p € RT = [0,+0), Cs(p) > Cs(1) = Cp.
(b) pCs(p) is nondecreasing in p € RT.

(¢) For any p € (0,2), the Sobolev inequality (S,) is equivalent to the Poincaré inequality,
more precisely

Cs(1)

Cs(1) < Cs(p) < , p€(0,1);

Csv) < G5ty < S pe1.2)

This result is essentially contained in Bakry and Ledoux [4].
In other words this family of Sobolev inequalities for different p has four interesting
cases: (1) p=0;(2)p=1;3)p=2and (4) p> 2.

1.2. Semigroup. Let (FP;) be a Markov semigroup such that uP, = p for all ¢ > 0 (i.e.
g is an invariant measure), strongly continuous on L?(u). Let £ be the generator of (P,),
whose domain in LP(u) := LP(E, B, u) is denoted by D,(£) (1 < p < o0). We always
assume that

(A1) Dy(L) is contained in D(E) and dense in D(E) w.r.t. the norm /u(f?) + E[f]
(i.e. Dy(L) is a form core of €), and

/ F(—LP)dp = ELf), | € Do(L).
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In other words £ is the symmetrized Dirichlet form of £. This assumption holds auto-
matically if £ is self-adjoint (i.e. (P;) is symmetric on L?(p)).

It is well known that the Poincaré inequality (S;) is equivalent to the exponential
convergence of Py to pin L?(p):

Var,[P.f] < e ?/%WVar,[f], t >0, f € L*(u).

And if (P,) is a diffusion semigroup, the log-Sobolev inequality (Ss) is equivalent to the
exponential convergence of P, to u in the relative entropy

H(P,f) < e 2/%@[(f), t>0, 0< f e LY ().

See Bakry [2]. Notice that the later equivalence is false in the jump case (see Wu [10]).

But unlike Poincaré and log-Sobolev, the role of the Sobolev inequality (1.1) for p
different from 1,2 in the exponential convergence of P; is unknown. Our first purpose of
this paper is to fill this gap.

This paper is organized as follows. In the next section we establish the equivalence
between the Sobolev inequality and the exponential convergence of P; to pu, in some
d-entropy sense. Several corollaries and applications are derived for illustrating the use-
fulness of our result, especially for the rate of the exponential convergence of P, to p in
total variation.

In §3 we recall the relationship between the defective Sobolev inequality and centered
Sobolev inequality when p > 2 and present a bounded perturbation result.

In §4 we present some two-sided estimates of the optimal constant Cg(p) of Sobolev
inequality when p > 2 on the real line, by the method in Barthe and Roberto [5].

2. EQUIVALENCE BETWEEN SOBOLEV INEQUALITY AND EXPONENTIAL CONVERGENCE

2.1. Framework. Besides (A1), we assume
(A2) (Existence of the carré-du-champs operator) there is an algebra A con-

tained in Dy(L) and dense in D(E) w.r.t. the norm ||f|l21 = /u(f?) +E[f]. So the

carré-du-champs operator

D7) = LI£(f0) ~ Lo —oL), ¥f.ge A

is well defined. T'(f,g) can be extended as a continuous mapping from D(E) x D(E) —
Lt (p).

(A3) (F,) is a diffusion semigroup, i.e. (P;) is the transition probability semigroup of
a continuous Markov process (X;) valued in E defined on (Q, F;,P,).

Under those assumptions, for every f € Dy(L),

MF) = 506 = 10X0) = [ £
is a L?(IP,)-martingale, and
(M(f), M(g)) =2 / D(f,9)(X,)ds

(this holds at first for f,g € A, then for f € Dy(L) by continuous extension). Consequent-
lyif fi,-, fo € Doo(L) = {f € Do(L); f, Lf € L®(n)} and F : R” — R is infinitely
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differentiable, then by Ito’s formula, we have F(f1,---, f,) € Do(L) and

F(fi,-, Z@F fro s BLE Y 00, F (i, f)T(fis 1) (2.1)
ij=1
We write I'[f] = T'(f, f). For any C*°-function ® on R, integrating (2.1) we have
[¥nLnau= [ Orindu, £ eao) (2.2)
Next (2.1) implies that I" is a derivation,
L(®(f),9) = ' (NT(f,9), f€Du(L), g €Dy(L). (2.3)

2.2. Exponential convergence in the $-entropy.

Definition 2.1. Given a lower bounded convex function ® : R — (—o0,+00|, the ®-
entropy of a function f € L'(n) is defined as

Hy(f) = w(@(f)) — @(u(f))-
The main result of this section is

Theorem 2.2. For the diffusion Markov semigroup (P,) with invariant probability mea-
sure {1 satisfying (A1), (A2) and (A3), the Sobolev inequality (1.1) is equivalent to the
exponential convergence in the ®-entropy

HA(P.f) < e O HL(S), | LM u), (2.4)
where .
—|z|7, if p€(2,+00);
‘x|p7 Zf p€(072);
e’, if p=0.

We begin with a known result (see Chafai [7]).

Lemma 2.3. Let ® be a lower bounded C*-convex function and D be a class of functions
in Do (L), stable for (B;) (i.e. if f € D, P.f € D). The exponential convergence in the
D-entropy

HYy(P.f) < ¢ @@ HY(f), f€D
for some positive constant C(®) is equivalent to

i) < S [ prian, s e (2.

Proof. Since for f € D,
d
s = [ewnenga - [ @i

by (2.2), the equivalence above follows from Gronwall’s lemma. O
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Proof of Theorem 2.2. For the exponential convergence in the ®-entropy we may re-
strict to f € D = {f € Doo(L); Je > 0, f > e}. In that case as ® is C? on (0, +00), we
can apply Lemma 2.3.

At first this equivalence is well known for p = 1,2 as recalled in the Introduction. We
begin with the case p > 2.

By Lemma 2.3, the exponential convergence (2.4) is equivalent to

P p-2
DY = s < Oso)== | 1
Setting h = f/?, (2.7) is equivalent to

HD)E — u(h?) < Cs(p)(p—2) / C[Aldu, 7 < h € Du (L),

2

7 T[fldu, f € D. (2.7)

which is exactly the Sobolev inequality (1.1).
For p € (0,2), by Lemma 2.3, the exponential convergence (2.4) is equivalent to

2

: : 2op
u(f7) = ) < Cs) 5 [ 1
Setting h = f/7, (2.8) is equivalent to

u(h?) — (b))} < Cs(p)(2 — p) / D[y, &7 < h € Do(L),

E

2

VT [fldu, f € D. (2.8)

which is exactly the Sobolev inequality (1.1).
Finally for p = 0, by Lemma 2.3, the exponential convergence (2.4) is equivalent to

Cs(0
plel) — et < %/ e'T(fldp, f €D,
B
which is exactly the Sobolev inequality (1.5) for p = 0. O

2.3. Exponential convergence in Hellinger metric. Now we present an application
to the exponential convergence in the Hellinger metric dy. Recall that for two probability
measures v = gda, it = fda where « is some reference measure,

Bvp) = [ (VG- Vo
In fact dy is independent of the choice of «.

Corollary 2.4. Assume that the adjoint operator L* of L satisfies also (A1), (A2) and
(A3). The Sobolev inequality (1.1) for p =4 is equivalent to

Ay (P} fru, ) < ey (fu,p), >0
for any p-probability density function f.

Recall that the distribution of X; is P/ fyu if the initial distribution of Xy is fp.
Proof. We have for any p-probability density function f,

Byt = [ (VF=1) du=2(1-uV/D).,
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and for the exponential convergence in (2.4) (with p = 4), one may restrict to the functions
f > 0 such that u(f) = 1 by homogeneity. So this corollary follows directly by Theorem
2.2. 0

Remark 2.5. Let ||V — pl[rv := sup s <; [v(f) — u(f)] (the total variation). It is known
that (see Gibbs and Su [8])

dyy(v,p) < lv = pllrv and v — pllry < 2dy(v, p).
So under the Sobolev inequality (1.1) with p = 4, we have

1Py i — plley < 27O dyy (fu, p) < 2726795,
which is an explicit estimate of the exponential convergence in total variation.

2.4. Exponential convergence in total variation. We now generalize the result above
to general p > 2 different from 4.

Corollary 2.6. Assume that L* satisfies (A1), (A2), (A3). If the Sobolev inequality
holds for some p > 2, then for any p-probability density f,

* 1 2\ \ 1/2 I
IP; fr = ullrv < 2py [ —e ”CS@)(l-—AL<fP>> < 2py | ——e /s,
p—2 p—2

Proof. Tt follows from Theorem 2.2 and the lemma below. 0
Lemma 2.7. Let a € (0,1). Then for any f > 0 such that pu(f) =1, we have
1
1-p(s) <5 [ 1 - 1lda (2.9)
E
and )
a(l—a
Ly > U9 (/ If—lldﬂ) | (2.10)
E

Proof. We have
1—p(f)

Ja-rmans [ -

{r<1y
1
<[ a-pian= [ 17w
{f<1} E
that is (2.9).

For (2.10) we may assume that u(f = 1) < 1. Letting A = {f < 1},

7 m(f14) p(f1ac)

f - 1A + 1Ae

pu(4) p(A°)

(which is the conditional expectation of f knowing o(A)), by Jensen’s inequality we have

L= p(f™) > 1= (), /E|f—1ldu=2/{f<1}(1—f)duszlf—lldu-

So it is enough to prove (2.10) for f = f, a two-valued function. Let x < y be the two
values of f (so 0 <z <1< y), and

a=p(f=z)=1-p(f=y)=1-p



Since pu(f) =ax+ py =1,y = I_BM, consider

hz) =1 —p(f*) =1 —[ox® + By"],

we have h(1) = W/(1) = 0 and [|f — 1|du = 2a(1 — z). Hence for (2.10), by Taylor’s
formula we have only to show that

zre%% R’ (z) > a(l — a)a?. (2.11)
Notice that
() = ~ala ~ Dale"* + Zy"),
W) = ~ala = 1)(a = 2afe" ~ (5"

and A (x) > 0 for all z € (0,1). We now divide our discussion into two cases.
Case 1. «a < 1/2. In this case, /(1) < 0, then A"”(x) < 0 for all z € (0,1),
consequently

1
R"(z) > h"(1) = a(1 — a)oz2—6 > 4a(1 — a)a?,
«
which implies (2.11).

Case 2. « > 1/2. Since lim,_,o, h"'(x) = —oo and h"'(1) > 0, there is a unique z, € (0, 1)

: ae a o o/8)(@=1/(a=3)
such that K”(zo) = 0, ie. 2§~ = (af B (yo = 15520) or wg = 1@ TD

Consequently
2(a—2)
in W) = W (zo) = a(l—a)a? [ 2+ 2 (2) 7 Jae2 > 1—a)a?
xre%ﬂ] (x) = h"(z9) = a(l — a)a St 7 \a xy = >a(l —a)a
for xS‘z > 1. The last bound is optimal because it becomes equality if & — 1. That
completes the proof of (2.11). O

3. DEFECTIVE SOBOLEV INEQUALITY IMPLIES CENTERED SOBOLEV INEQUALITY AND
A BOUNDED PERTURBATION RESULT

3.1. Defective Sobolev inequality implies Sobolev inequality.

Theorem 3.1. ([3]) If the defective Sobolev inequality (1.4) holds with some positive
constants A, B for some p > 2, and the Poincaré inequality (1.2) holds with the best
constant C'p > 0, then we have

2
(/ Iflpdu> —/ frdp < ((p—1)A+ Cp[(p — 1)B = 1]7) E[]. (3.1)
E E
The above theorem 3.1 is a direct consequence of the following lemma.

Lemma 3.2. Letp > 2 and f : E — R be a square integrable function on a probability
space (E, ). Then for all a € R, we have

(/E !f|pd/~t)2 - /Ef2du <(p-1) (/E|f —a|pd,u)§ - /E(f_ a)2d. (3.2)
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This lemma is also contained in [3] and will be used in the next section.

Notice that if the defective Sobolev inequality holds for some p > 2, then P,(z,dy) =
pe(z, y)p(dy) with the density p;(z,y) bounded ([4]). That implies P, is a Hilbert-Schmidt
operator, then compact on L?(u): in particular the Poincaré inequality holds true.

3.2. Bounded perturbation. It is well known that ®-entropy Hj(f) defined in defini-
tion 2.1 has the following variational form:

Hy(f) = (@(f)) — (u(f)) = inf /E O(f) = ®(c) = ¥ ()(f = c)dp (3.3)

ceR

for all f € L'(u). The following proposition shows that the Sobolev inequality (1.1) is
stable by bounded transformation of the probability measure .

Proposition 3.3. Assume that the Dirichlet form E[f] = [T[f]du for some carré-
du-champs operator I' which is a derivation, i.e. T'(®(f),g9) = P (f)I'(f,g) for all
f,g € DE)NL®(u) and ® € CY(R). Assume that the probability measure p satisfies
Sobolev inequality (1.1) with the best constant Cs(p) for p > 0. Let ji be the probability
measure defined by dji = eV @ du such that Osc(V) = sup, ,ep |V (z) — V(y)] < 400,
where Z > 0 is the normalization constant. Then i satisfies Sobolev inequality
1 ;

- [( [ rai) - | deﬂ] < OCy(p) [ Tifldn 0% 1 € DEY N L),

p— E E
Proof. By the proof of Theorem 2.2, the Sobolev inequality (1.1) is equivalent to

Hg(f) < Cszfp) [Ecb”(f)l“(f)du, feD:={geDE); >0, c<g<1/e},

where ®(z) is the same in (2.5). We have by (3.3),

1) = inf [ 19(7) = 8(0) = V() = el el

ceR

< e (~ L)) 50

zel

— Lo (—;ggvm) cs) [ o)z di

<lew (supwx) - gg]gwx)) Cs) [ @(Or(an

zelR

= 50 Cstp) [ @ PE(

which implies the result. 0

3.3. Reflected Brownian motion. Given a domain Q of R%, let W1?(Q) be the Sobolev

space of the functions on Q with the norm | f|lwis@) = ([o,(IVf]P + |f|p)dx)% Recall
the extension theorem on Sobolev space:

Theorem 3.4. Suppose that Q C R? is a bounded domain with Lipschitz boundary. Then
there exist a bounded linear operator L : W'P(Q) 3 u — v € W'P(R?) and a constant
C > 0 such that



(1) v(z) = u(z) for a.e. x € §;
(2) ||U||W1«P(]Rd) < CHUHWLP(Q),

According to the well known Sobolev inequality on R?, we have the following corollary.

Corollary 3.5. For any bounded domain Q@ € R? (d > 2) with Lipschitz boundary, the

Sobolev inequality (1.1) holds for uw € W12(Q) with the normalized Lebesque measure
pu(dxr) = #fm on Q for any p € (2, 2%] (this last quantity is interpreted as +oo if

d=2).
Proof. By Theorem 3.4, we have for all u € W%(Q),

( / |u|pda:>p < ( / |v|pdas)” < C(dp) / Voltdr < C(d, p)C / (7 + [uf?)de,
Q R4 R4 Q

where v = Lu, C(d, p) is the best Sobolev constant. Then the defective Sobolev inequality
(1.4) holds with A = B = C(d,p)C. The result follows by Theorem 3.1. O

4. SOBOLEV INEQUALITY IN DIMENSION ONE

In [5], F. Barthe and C. Roberto provide the estimate of the optimal constant of Sobolev
inequality when 1 < p < 2 on the real line. In this section we generalize the estimate of
the optimal constant to the case p > 2 on the real line (i.e. £ = R) by the method in [5].

Theorem 4.1. Let p > 2 and p, v (non-negative) be Borel measures on R with u(R) =1
and dv(z) = n(x)dx, where n(x)dx is the absolutely continuous component of v. Let m
be a median of . Let C' > 0 be the optimal constant satisfying:

( / |frpdu)’2’ - [ ranzc [ ra (4.1)

for every smooth function f: R — R.

b = sup (o +oo)) | (145t ) T =] [y

S
|
M)

b_(p) = sup{p((—o0, z])

| —
7 N
—_
+
DO
=
|
—
3
8
~ —— ~—
*|
|
ILII—I
N
3
3
SH
QL
~
na

B (9) = sup{ulo, +o0) | (1+ H =07 g 1| [
B () = sup(u((~o0,) | (1+ %) v 1| [

We will use the following Proposition and Lemmas to prove Theorem 4.1.

Proposition 4.2. (See [5]) Let p, v (non-negative) be Borel measures on [m,00), where
m is a median of p and dv(x) = n(x)dx, where n(x)dx is the absolutely continuous
component of v. Let G be a family of non-negative Borel measurable functions on [m, 0o).



10 LINGYAN CHENG AND LIMING WU

We set ¢(f) = sup,eq f:: fgdu for any measurable function f. Let A be the smallest
constant such that for every smooth function f with f(m) =0, we have

oAl
Then B < A < 4B, where

Todt
B = 11z oo .
sup o1 >>/m n ()

Lemma 4.3. Let ¢ be a non-negative integrable function on a probability space (E, ).
Let A >0 and a > 1 be some constants, then we have

Alu()] — plep) = sup {/gogdu; g>—1and /(g +1)aTdp < Aail}

§sup{/gogdu; g >0 and /(g+1)aaldu§Aaa1 —1—1}.
Proof. For any Borel measurable function A > 0, by Hoélder’s inequality, we have
(™))" = Sup{/sohdu; h >0 and /haaldu < 1}.
Hence
A [,u(gp“)]é = sup {/ whdp; h >0 and /haald,u < Aaal} : (4.2)

Using (4.2), we have

a

<supq [ pglg>odp; g > —1 and /(9 +1)aTdp < Aal}

Ssup{/gpgdu; g >0 and /(g+1)aald,u§Aaa1 +1}.
The last inequality is derived by
/(glgzl +1)eTdp = /(9 +1)e T Lgsodp + p(g < 0) < A= 41,
]

Lemma 4.4. Let a > 1, u be a finite measure on X. Let A C X be a measurable subset
with p(A) > 0 and K be a constant with K > pu(X). Then we have

(55 )

sup{/ lagdp; g >0 and /(g—l—l)aald,uSK}:,u(A)
X X
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Proof. Simply, we denote by S the left hand side of the above equality. Without loss of
generality, we can assume g = 0 on A° hence

S:sup{/gdu; g >0 and /(g+1)a21du+u(AC)§K}.
A A

For any g > 0 and [,(g+ DaTdu + pu(A€) < K, by Jensen’s inequality, we have

(e [ots) ™ = (feosts) ™ < Jooity

_E—p(A) | K- p(X)
p(A) p(A)
Hence
K —p(X)\*
gdp < (A (1+—> -1 4.3
/A W p(A) 3
a—1
We take g = (1 + K;&g?) * —1, then equality in (4.3) holds. Hence
a—1
K —p(X )> -
S =u(A (1 + —— -1,
W ey
which is the desired result. O]

Now we prove Theorem 4.1.

Proof of Theorem 4.1. Step 1. We estimate the upper bound of C. For any smooth
function f: R = R, let F' = f — f(m), F\ = Flun o) and F_ = F1_ ). It is easy to
see they are all continuous and F? = F? + F? | |F|P = |F, [P + |F_|P when p > 2. We set
A=p—-1>0anda=1%>1, then % = 1%2. By Lemma 3.2 and Lemma 4.3, we have

(/ \f!pdu)z - [ pa
<o-v([1- f<m>!f"du)2 - [t = m)Pan
~o-u(/ |F|pdu)’2’ - [
— 1) (/|F+|pdu)i - [P+ o) (/!F—Ipduf - [ P

Ssup{/Figdu; g >0 and /(g+1)p%dug (p_l)p’}_i_l}

+sup{/FEgdu; g >0 and /(g—i—l)zﬂ%dug(p—l)zf?%—l}‘
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Now we deal with F;. Since F'y = 0 on (—o0,m], by Proposition 4.2 we have

(b-1) ( / !F+|pdu)’2’ - [ Fia

< sup {/Fﬁgd,u; g > 0 and /(g +1)redp < (p—1)7= + 1} < 4B+(p)/Fde,

where
B, (p) = sup [sup {/ Lw.00)gdpt; g > 0 and /(g +1)72du < (p—1)77 + 1} /m %t)dt} .
By Lemma 4.4, we have
B (s) = supule, +o0) | (1+ %) v 1| [ i = B
Similarly, we have
B () = sup (u((~o0,1) | (1+ %) v 1| [

Since F'2 + F? = f” on R\{m}, we obtain

( / |f|Pd,u>p — / f2du < 4B (p) / F?dv +4B_(p) / F?dy

< 4max{B,(p), B_(p)} ( / F2dv + / F’_Qdy)
= 4max{B, (p (p)} / fdv.

Hence C' < 4max{B(p), B_(p)}.

Step 2. We estimate the lower bound of C'. At first, we suppose that f is a continuous
function which vanishes on (—oo,m] and is smooth on [m,oc0). By approximation, f
satisfies (4 1). Noting that in order to approach the supremum, the test function g = —1
on (—oo, m]. By Lemma 4.3, we have

(/ Ifl”du) /deuzsup{/ FPgdp; g>—1and [ (g+1)72dp < 1}
R m m

Zsup{/ fng,u;gannd/ (g+1)r2 2du§1}

m

Since p([m,00)) < %, we have frzo(g + 1)P%2d,u < 1 for many non-negative functions g.
By (4.1), for such functions f with f(m) = 0, we have

sup{/ f29d#;920and/ (g—}—l)p%dugl}gc/ F2dw.

m m
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By Proposition 4.2, we have

o0 oo » xX 1
C > sup {sup {/ li00)gdps; g > 0 and / (g+ 1)r2dp < 1}/ —dt} .
r>m m m m 'I’L(t)

Since yu([m, 0)) < 1, using Lemma 4.4, we get
p—2

¢z suplulln +o0)| (14 5 ) T =] [ =

r>m T, +00 m n(t)
Then we suppose that f is a continuous function which vanishes on [m, co) and is smooth
on (—oo,m|. Similarly, we have

p—2

b-(p) = 2g£{u((—w,x}) [(1 + m> . 1] /m %dt}.
Hence C' > max{b(p),b_(p)}. The proof is completed. O
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