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Abstract: In this paper, we investigate the sharp threshold of a three-dimensional
nonlocal nonlinear Schrédinger system. It is a coupled system which provides the
mathematical modeling of the spontaneous generation of a magnetic field in a cold
plasma under the subsonic limit. The main difficulty of the proof lies in exploring
the inner structure of the system due to the fact that the nonlocal effect may
bring some hinderance for establishing the conservation quantities of the mass
and of the energy, constructing the corresponding variationals, and deriving the
key estimates to gain the expected result. To overcome this, we must establish
local well-posedness theory, and set up suitable variational structure depending
crucially on the inner structure of the system under study, which leads us to de-
fine proper functionals and a constrained variational problem. By building up
two invariant manifolds, and then making a priori estimates for these nonlocal
terms, we figure out a sharp threshold of global existence for the system under

consideration.
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1. Introduction

The main purpose of this work is to establish a sharp threshold for the blow-up and global

existence to the Cauchy problem of the following nonlocal nonlinear Schrédinger system in
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R3:
i Ey + AEy + (|E1|* + |E2|* + |Es|?) By

1.1
+A1(E17E27E3)+A2(E17E27E3) :07 ( )
10y + AEy + (|E1|2 -+ |E2|2 + ’E3’2) E (1 2)
+ Bi(Eh1, Es, E3) + By(E1, Ea, E3) =0, '
10 B3 + AEs + (|E1|2 + |E2|2 + ’E3’2) E (1 3)
+ C1(E1, Ea, E3) + Ca(Ey, Eq, E3) =0, '
El(O, .%') = Elo(l’), EQ(O, x) = Egg(l‘), E3(0, I’) = Ego(.%'). (1.4)
Here,
Ai(Ey, By, E3) = —E, F! { GLE= 5 [£183F (B2 E3 — B Es) (1.5)
— (& + &) F(B\Es — B By) + &6 F (B1 B3 — ErE3)] } |
Ay(Ey, Eo, E3) = E3F~! {WL_(; (6283 F (B Ey — E7Es) (1.6)
— (& + &) F(E1E3 — B1E3) + 616 F (B2 B3 — B2 B3) | }
Bi(Ey, Ey, E3) = —E3F ! { GE s [C16&F (E1E3 — B\ E3) (17)
— (63 + &) F(E2E3 — By E3) 4 £1&3F (E1Ey — E1E)| }
By(Ey, B, E3) = EyF ! {KIQ%& (6163 F (B2 E3 — B Es) (18)
— (& + Q) F (BB, — BiB,) + &:6F(B1Es — B\ E3)) }
Ci(Er, Ep, B3) = —E F! = 5 (263 F (E1Ey — E1 o) (1.9)
— (G + &) F(ELE3 — E1E3) + &6 F (B B3 — FaE3)| }
Co(Ey, By, B3) = By F {WL_(; (616 F (E1E3 — E7E3) (1.10)

— (63 + &) F(EaE3 — ExE3) + &16F(E1Ey — E1Ey)] }

F and F~! denote the Fourier transform and the Fourier inverse transform, respectively
(see [19, 23, 24, 25]), n > 0, 6 < 0, (E4, Eq, E3)(t,x) is a pair of complex-valued functions
from R* x R? into C3, and E; (i = 1,2,3) denotes the complex conjugate of E;. Let E =
(E1, Eq, E3) and € = (&1, &2, £3), due to rotational invariance of (1.1)-(1.3), one can recast the

system (1.1)-(1.3) in the form of the following vetor-valued nonlinear Schrédinger equations

iE; + AE + |E|’E +i(EA B) = 0, (1.11)



B(E)=F! (f/\ (EANFEAE)))]. (1.12)

13 |2
Equations (1.11)-(1.12) provides the mathematical modeling of the spontaneous generation
of a magnetic field in a cold plasma under the subsonic limit, E denotes a slowly varying
complex amplitude of the high-frequency electric field, and B the self-generated magnetic
field [7, 17, 35, 36]. The gauge invariance yields that for any w > 0, and for j = 1,2,

Aj(eithl, eithl27 eith?)) — eithj(Eh E127 E3),

Bj(eiz.utE17 €ith2, eithg) — eithj(Elu EQ, Eg),

Cj (ei“’tEl, ei"JtEg, ethEg) = eiwth(El, EQ, Eg)
Hence, it is natural to consider the solutions of the system (1.1)-(1.3) in the form F;(t,z) =
e“tu;(x) (i = 1,2,3) with the initial condition (1.4), w > 0 is a constant called frequency,

and (uy,ug,u3) is a pair of complex-valued functions with respect to z € R? which solves the

following nonlinear elliptic system:

—wup + Aup + (Jur]? + |ug|? + |us|?)uy — ugF 55 F(uytiz — Tpus)]

G
2 2
+ uzf‘l["%fi%)ﬂuluﬁ — uguy)] — ugF [@%fg’g}-(ulw — u1u3)] (1.13)
s P [ F s — )]+ us 2D F 5 — 7))
+usF T [EEE T (uatiz — wzus)] = 0,

—wuz + Aug + (Jur? + |uz|? + |ug|*)uz — usF [ F (arus — )]

s D s~ )] P ISP )
1y F (5455 F gty — T3us)] + un F 2o 2 F (wrmun — w1w3) '
+u F S F (uius — uiwz)] = 0,

—wuz + Aug + (Jur|* + Juz|? + |us|*)us — U1-7:_1[|Z|£22535F(U1@ — Uug)]
+un F N MEED F(rus — wnws)] — nn F (5455 F (uris — r3us)] s
s F [ F(aruy — @) + unF U F (w0 — uaws)] '
+upF T[S F (w3 — Wruz)] = 0.

For the nonlinear Schrédinger equations without nonlocal terms, there have been many
works on the blow-up and global existence for their solutions. Ginibre and Velo [10] estab-
lished the local existence of the Cauchy problem in energy space H'(RY). Glassey [13], Ogawa
and Tsutsumi [29, 30] proved that for some initial data, especially for a class of sufficiently
large data, the solutions to the Cauchy problem blow up in finite time. On the other hand,
the authors proved that, for sufficiently small initial data, the solutions to the Cauchy prob-
lem exist globally for all time (see [11, 12, 14, 15, 16]). Thus in the course of nature, the topic
to explore sharp threshold for global existence and blow-up to the related Cauchy problem



arises, and it was mentioned by Strauss and Cazenave in their monographs [5, 33]. Further-
more, for the nonlinear Schrodinger equations without nonlocal terms, the sharp threshold
of global existence and blow-up has been studied extensively [2, 21, 33, 37, 38].

For the system (1.1)-(1.3), however, the sharp threshold of global existence and blow-up
seems to be elusive. In this paper, we shall investigate the sharp threshold of global existence
and blow-up of solutions to the the Cauchy problem (1.1)-(1.4). The main difficulty of the
proof lies in exploring the inner structure of the system (1.1)-(1.3) due to the fact that the
nonlocal effect may bring some hinderance for establishing the conservation quantities of the
mass and of the energy, constructing the corresponding variational structure, and deriving
the key estimates to gain the expected result. To overcome this, we must establish local
well-posedness theory, and set up a suitable variational structure depending crucially on the
inner structure of the system under study, which requires us to define proper functionals
and a constrained variational problem. Fortunately, by building up two invariant manifolds,
and then making a priori estimates for these nonlocal terms, we finally figure out a sharp
threshold of global existence and blow-up for the system under consideration.

This paper is arranged as follows. In Section 2, we establish some basic facts including
local wellposedness, conservation laws of the mass and of the energy as well as variational
structure. In Section 3, we show the sharp threshold for global existence and blow-up of so-
lutions to the Cauchy problem (1.1)-(1.4). We will give the proof of Lemma 2.3 in Appendix.

For simplicity, we denote any positive constant by C throughout this paper.

2 Preliminaries

In this section, we establish some basic facts including local wellposedness, conservation laws
of the mass and of the energy for the Cauchy problem (1.1)-(1.4), as well as the variational
structure for (1.5)-(1.7).

2.1 Local wellposedness

The Cauchy problem (1.1)-(1.4) can be recast in the integral equation below:

E;(t) :U(t)Eio—H'/OtU(t—t') [(|E1)? + |Eo|* + | E3|?) E; + Ki(Er, Ba, B3)] (£)dt', (2.1)



where i =1,2,3, U(t) = e™® is the unitary group generated by the free Schrodinger equation
iE; + AE =0 in H*(R®)(s € R), and K;(FE1, Ea, E3) has the following form:

K1(E4, Ea, E3)
= —ByF s [0 6 F(BaBs — BBy — (3 + Q) F (B Bz — BiBy)

= _ . K -1
+&&3F (B B3 — ErE3)|} + EsF 1 {m%g (6283 F (B By — E1Ey) ( )
— (1 + &) F(E1E3 — E\E3) + &6 F (B2 E3 — ExE3)| }
KQ(E17E27E3)
= -5 s [P F - BE) - @+ DFEBT BB
+&&F (E1Ey — ErEo)|} + By F 1 {mz%(; (6163 F (B2 B3 — B3 Ej)
— (6 + &) F(B1Ey — E1Es) + &6 F (E1E3 — E1E3)| },
K3(E, Es, E3)
— B F gt [06F (BB - BiEy) — (6 + &) F(EiBs — 1 B) K —3)

o1& F (Er B — Bp )]} + Ep {m% [$1&F (ErEs — By B)
— (& + &) F(EaFE3 — ExE3) + 163 F(E1Ey — E1Ey) ]}
Let (E{,E%,Eg) (j = 1,2) solve the Cauchy problem (1.1)-(1.4). We then need to make a
priori estimates for the term K;(Fi, EY, E3) — K;(F?, E3, FE2) (i = 1,2,3). Direct calculation
yields

Kl(E117E%7E%) - Kl(E%E%?E?%)
= —B3F ! { s |06 F(BLE] — EJEY) — (6 + &) F(B{E} - E1E})

€73
+66s F(BLES — BIED)| } + By F ' { s 607 (BLES - EIEY)
— (& + &) F(BIE} - BIE}) + &7 (EYE} - B3} } (2.2)

— {37 { g5 16 F(BEER - BRED) — (¢ + ) F (BT ER - B E})
+66F (BRE; — BT E)| | + B3 { (s | oo F(BF ER - B3 E3)
~ (& +&)F(FE} - EPE}) + 662 F (B3 ES — E3ED)| 1]

It is easy to verify that

~EyF S F(ByEL - B3EY)| - { B3P | F(B3E] - B3ED)) }
= —(B} - B})F ! [ 45 F(E{E} - B3E})]
FERF (ST |(B3 — BB + E}(F} — B)

]2 =0
+(E} - B3)B} + E3(B} - E})| }.

Making the similar estimates to (2.3), we can calculate the other terms of K;(E}, Ed, E3) —



Note that ‘ NSk | < n by n > 0 and § < 0, we obtain by applying the contraction

226
mapping princi!flla that the solutions to the integral equation (2.1) is local wellposedness in
H(R3) x HY(R3) x H'(R?) (see [10, 18, 23, 24, 25, 26, 33]). That is, we claim the following.
Proposition 2.1 For n > 0, § < 0, and (E19, B2, E30) € HY(R?) x HY(R3) x H(R?),
the Cauchy problem (1.1)-(1.4) admits a unique solution (Ei, Eq, E3) € Xiloc([O,T)) X
X4l,loc ([0,T)) x Xiloc ([0,7)) for some T' = T(Eho, E29, E30), and for any 0 < T} < Tp < T,
the mapping

(F10, B0, E30) (€ H'(R?) x H'(R®) x H'(R?))
= (E17 Es, E3)(t> (E Xi,loc ([07 T)) X Xi,loc ([07 T)) X Xi,loc ([07 T)))
is continuous. In addition, there holds either T' = +o00, or T' < 400 and
}LH% (HElHHl(RB) + | Ball g1 sy + HE3HH1(R3)) = +o00.
Here, for any interval I C R, 0 < % = 3(% — %) <1,s€eR,

Xg(I) = (CNL>)(I; H%) N LY(I; Hy),
X5 10e(D) = {u; u € X5(J), VJcclI},
Hy = Js(L%), Jo=(I—A)2.

Motivated by the works in [5, 10, 18, 19, 26, 33|, applying Proposition 2.1 we have
Corollary 2.1  The Cauchy problem (1.1)-(1.4), for n > 0, 6 < 0 and (E10, Fa0, E30) €
H'(R3) x HY(R3) x H'(R?), admits a unique solution

(B, B, E3) € C([0,7); H(R?) x H'(R?) x H'(R?))
for some T' € (0, +o0] with T'= +o0 or T' < 400 and
tim (1 13 e + | Bl sy + 1l ) = -+ =

2.2 Conservation Laws of the Mass and of the Energy

According to the structure of the system (1.1)-(1.3), we conclude the conservation laws of
the total mass and of the total energy.
Lemma 2.1 Let (E, Es, E3) be a smooth solution to the Cauchy problem (1.1) — (1.4).

Then the total mass and the total energy are conserved:

[ UBP + B+ |BaP)do = [ (1Bl + Bnl® + [EwP)da, (2.4
R R



%(ElaEQ,E:S)
:/ (IVEL|? 4+ |[VE,|? + |VE3|?)dx
R3

4 [ (B Bl + Bl
R3
(|E1| | Eaf® + |ELP|Es|® + | EBo || Es)?)da

_%/RS (51 +€2)|f(E1E2—E1E2)| df

€7

4/ ng =] F(BVEs — EyE3)Pde (2.5)
n(& + &

-1 /RS Tgfzg?’)LF(EQEg — Ey E3)[Pd¢

+Re /R . |£’7’21_2 5F(E2E3 — EyE3)F(E1E3 — ErE3)dé

+Re [ | P (BT~ T F (BB — Baba)ie

+R6/3 |§77’§2§ f(ElE?) Elﬁg)f(ElﬁQ—EEg)dﬁ
R

= H(FE10, E20, E3)-

Proof. Multiplying (1.1) by Ej, (1.2) by Es and (1.3) by E3, taking the imaginary part and
then integrating with respect to z € R?, we get

Im (iatE1E + iatEQE + iatE3F3>dx
R3

—i—Im/ (AE1E + AEQFQ + AE3F3)CL’L‘

3

—i—Im/R ‘E1|2 + |E2|2 + |E3’ )(E1E+ E2F2+ Egﬁg)dx

+Im El,EQ,Eg)dLU+Im E1A2 El,EQ,Eg)d (2'6)
-l-Imf El,E27E3)d$+Imf EQBQ(El,EQ,Eg)dx
3
+Im El,EQ,Eg)dI+Imf ECQ(E17E2,E3)d$
R3 R3
:()7

where A; (Ela Es, E3)7 A2(E17 Es, E3)7 Bl(Eh Es, E3)? BQ(Ela Es, E3)? Cl(Eh Es, E3)7 02(E17 Ej, E3)
are defined by (I-1)-(I-6)(see Section 1).

Direct calculation and rearrangement for these terms in (2.6) yield

_ — 1d
Im/ ZatE]EjdiL‘ = Re/ 8tEjEjd.%' = / ’Ej|2dl', (27)
R3 R3 th R3



—Im | BB F! [ ”5153 5I(E2E3,—E2E3)] d

RS €12 -
+Im/ ElEig./_"il "75163 F(EQE—FQEEI) dx
RS '@5_ § ]
-y B BF | ISS8 r(E B — ByEs)| d
m/RS 1B F [|§’2_5f( 2 k3 2 E3) _1‘ 2.8)
+Im / E B, Ft ”5153 F(EyEs — EyB3) | da
RS L1€]2 —6 ]
—Im {2Re E\EyF! [ "gl&” F(EyEs — EQE;),)H
R3 1§12 =0

= 0.

We can make the similar estimates for the other terms in (2.6) to (2.8). Hence the mass
identity (2.4) follows. We are now in the position to verify the energy identity (2.5).
Multiplying (1.1) by 20,F1, (1.2) by 20;E> and (1.3) by 20, E3, taking the real part and

then integrating the resulting equations with respect to x € R3, we obtain

2Re . (10, ENO By + 10, B30, By + 10 E30,E3)dx
=2Re » [(=AE)OE: + (—AE)0,Es + (—AE3)0,F3 | da
—2Re/ (IE1] + | B2l + | B3 |*)(E\0,Ey + E20¢Es + E30,F3)da
~2Re | OB Av(Ey, By, B)de —2Re | OF\ As(By, Ey, Es)de 29
0,F2B1(Ey, Ea, Es)dx — 2Re/ 8,E2Bo(Ey, By, E3)dx

3

—2Reﬁ
—2R€f 815E301 El,EQ,Eg)d.’IJ—QRef 8tF302(E1,E2,E3)dx.
R3

We now calculate (2.9) term by term.

2Re (thElétEl + ZatEgatEQ + ZatEgatEg)dﬂf =0, (210)

2Re | [(~AE)QE + (~AE:)0Ez + (~AE3)Fs | da

3

(2.11)
dt/ (IVEL|? + |VE|? + |VE3|?)dx
]R3

”%\%\

2R€/5(’E1’2 + ‘EQ‘Q + ‘E3‘2>(E18tE+ EgatE-i- EgatE)dx
R

5 /RB(\EH“ + [ Eof* + | Es[*)da (2.12)

+dh [ BPIESR + BB + o Eof)da
R



2Re | OE EyF ! [ LIS F(EyE3 — EyE3) | dx

RS §1P =6 ]
+2Re /R 3 OBy B F ! |g7élf3 T (B — Er[) | da
—2Re /R OB T - gélf?’ < F(EyEs - EEg)- da
“2ke [ aBmF | IS R R - Bk | ds (213
o /}R3 ‘gélfga]:(Eﬂ?s — By E3)F(E1Ey — ErEs)dé
+3a o ‘gglfgdf(EzE:a — EyE3)F(E1Ey — EqEy)dé
= & Re ] g’?f?’ < F(Ey By — ByEg) F(E\Ey — By Ba)d.

Making the similar estimates to (2.13) for the other terms in (2.9), and employing (2.10)-
(2.13), we conclude the energy identity (2.5).
This finishes the proof of Lemma 2.1. |

2.3 Variational Structures

Let (u1,us,u3) € HY(R3) x H'(R3) x H'(R?) be a pair of complex-valued functions. We

define two functionals S(uq,us,us) and R(ui,us,us) as follows:

S(u,uz,ug)

= % (‘VU1’2 + ‘V'LLQ’Q + ’VUg’Z)dx

(Jua]?® + Juzl® + |us|?)da

s
%3 (2.14)

(lua|* + |uo|* + Jus|*)d
/IR (lua|Pluz|® + [ua|*|us]® + uz|*|us|?)d

3
1
Fy(us, v, ua)d€ + 5 Re [ Fa(un,us,un)d,
R

R(u1,ug,us)

_ /3(]Vu1|2 + [ Vusl? + [Vug|?)dz
R

=3 [l + ol + sl o

2.15
-3 3(|u1|2|u2|2 + [ [*|ug]® + |uz|?|ug|?)da (2:15)
R

1 Fi(u1,ug,us)
Ja e ST, 2, )
/R3 1(U1,U2,U3)d§+ 26/V]R3 ’é:p‘? — 5 df
+§Re/ Fg(ul,uQ,U3)d§—5Re/ Mdf,
R3 rs  [§[*—0

=~



where

Fl(Ul, uz, US)
= |§|;7_5 [(5% + 5%)|~F(u1172 — 171“2)’2 (2.16)
+(& + €3)|F (uawz — Trus)|?
+(83 + &) F (ugtiz — wzus)|?] ,
Fy(ur,uz,u3)
= If\g—é &1&F (ugug — ugus)F (uiuz — uus) 217

+&1&3F (ugiz — ugug) F (u1tiz — Uiug)

+Eaba (s — ua7) F(urls — wuz))

A natural attempt to find the nontrivial solutions to the system (1.13)-(1.15) is to solve the

following constrained minimization problem

d:= inf S(u1,ug,us), (2.18)

(u1,u2,u3)eM

where the set M is prescribed by
M = {(u1,u2,u3) € H'(R?) x H'(R®) x H'(R*)\ {(0,0,0)}, R(u1,us,u3) =0}. (2.19)

From (u1,ug,u3) € HY(R?) x HY(R3) x H'(R3?), n > 0, § < 0, the Sobolev’s embedding
theorem and some properties of Fourier transform, it follows that functionals S(u1,uz,us)
and R(uj,ug,us) are both well defined.

For the constrained variational problem (2.18), we claim the following result.
Proposition 2.2 For > 0 and § < 0, there holds d > 0.

Proof. (2.14), (2.15) and (2.19) yield for (u1,ug,us) € M,

S(’LLl,UQ,Ug)

-1

! /IR X
45 [ (P o+ fuaP + fus )

R

Fi(u1,uz2,u3) ) /F(uluzu)
Fy 1\t1, U2, U3 2 ) y W3

U2, U8) ge 4 O pe [ Z2WUL U2 U3) e

/IR3 §> =6 3 Jrs €206

where F(u1,us,us) and Fy(ui,ug,us) are given by (2.16) and (2.17), respectively. Noting
that (2.16), (2.17), n > 0, § < 0 and the inequality Reab < %(a® 4 b?), then making some

suitable rearrangement, we obtain for (u1,ug,us) € M

|Vup |2 + |Vug |2 4+ |Vus|?)dz
(2.20)

6

Fi(u1,u2,u3) 5 Fy(uy,uz,us)
5 (w1, w2, U3 2 ; y W3
—= ——=—"2( = — =2 d£ > 0. 2.21
oL oo TR e €70 (2.21)

10



Indeed, recall that F(ui,ug2,us3) and Fa(u1,uz,uz) in (2.16) and (2.17). Since

Re& & F (Uqus — uguz) F(uiuz — Uyus)

< ST (w5 — wrus) 2 + $63|F (s — uaws) P,

Re&1&3F (ugtuz — wpus) F (w1t — Uiuz)

< 1| F(uwz — wus) | + 1€3| F (uouiz — Waus)|?,

Re&oés F(utus — uiugz) F(uiuz — uruz)

< 1|F (wiwz — wus) |? + 36| F (wrus — wws) 2,

through regrouping and applying some properties of Fourier transform, we conclude that for
n>0,and § <0,

Fo(ur, ug, us)
———""d
rs [€]? N d <
e R R (G
(& + &)|F (u1uz — uyus)|?

(&5 + &3)|F (uouz — wgus)|?]
5 F1(u1,u2,u3)d£'

[
gRe

C Oms €20
Hence (2.21) is valid.
(2.20) and (2.21) then yield

S(u1,ug,us) > é/3(|vu1‘2 + |Vu2‘2 + \Vu3,2)dx
R

(2.22)
2 2 2
w5 [l + Juaf + s
On the other hand, for j,k = 1,2, 3, one has
3n(E+E) s n(E+ER) _ n(E+ER)
4 |£TZ,§ - §(|£‘J2,51)€2 < 4(‘572,(?) ) 25]51@ < £J2 + 5;% (223)

(2.23) together with R(ui,u2,us) = 0 and Gagliardo-Nirenberg inequality

uill Larsy < ellVaillgegsylluill L2@sy, wi € HU(R?), (i = 1,2,3)

11



yields
/R?)(|Vu1|2 + [Vug|? + |Vus|?)dz

= 2/ (|u1\4 + \uz|4 + ]u3|4)dx
R3

(|U1\ ug|? + Jur *|us|? + ua|?|us|?)dw

Fi(ui,ue,u
/ Fy(uy,us, us d§—§5 31(|£’12 2 3)d§
" _
FQ(U17U27U3)d€

Fy(uy,ug,u3)dé + dRe 5
R3 R3 ‘§| -

<c / (] + fusl* + us|*)de
3
: (2.24)

<ol ([ 1wurar) (/. as)’
+</ ]VuQ|2dx) (/ |us)| dm)
+(/ V| dx> (/ ) da:)

</ (|Vui|* 4 [Vug|? + |Vus| )dx)

1
2
(/ (Jut | + Jus)® + |U3\2)dx> .

=

This implies

1
L 1
</ ([Vur | + |Vug)? + |VU3|2)dac> </ (Jur | + Jusa® + \U3]2)da:> >C. (2.25)
R3 R3
Combining Young’s inequality with (2.10), (2.23), (2.24), (2.25) claims
S(ul,UQ,U3) >C >0. (2.26)
This finishes the proof. |
We further claim two identities.
Let
Y= {(E1, By, B3) : (|z| By, |z| B, |7 B3) € L*(R?) x L*(R®) x L*(R%)}
NHY(R?) x HY(R?) x H'(R3).
We then have the following Lemma.
Lemma 2.3 Let (Ejg, F20, F30) € ¥ and (E1, Ey, E3) € C([0,7);X) be a solution to the
Cauchy Problem (1.1)-(1.4) on [0,T). Putting
(2.27)

= [ olPUBP + 1Bl + | Euf)da

12



then one gets the following two identities:

S(En, Es, E3) = S(Eh0, E2, E30), (2.28)
d?J(t
IO — sk, B, ). (2:29)

For convenience, we will prove this lemma in Appendix.

3 Sharp Threshold of Global Existence in R?

The goal of this section is to establish a sharp threshold for global existence to the Cauchy
problem (1.1)-(1.4). Motivated by the works [1, 2], our arguments are based on the local
well-posedness theory established in Section 2.1. The main result reads as follows.
Theorem 3.1 For n > 0 and § < 0, suppose that (E1g(z), Eag(x), Eso(x)) € HY(R3) x
H'(R3) x H'(R3) and

S(Eh0, E20, E30) < d, (3.1)
where d is defined by (2.16). Then
(I) Let (|z|Ero, |z| E20, |2| E30) € L2(R3) x L?(R3) x L*(R3) satisfy

R(Elo, FEs, E20) < 0. (32)

Then the solution (Fi(t,z), Fa(t, z), E5(t, z)) to the Cauchy problem (1.1)-(1.4) blows up in
finite time.
(IT) Let
R(E10, oo, Eso) > 0. (3.3)

Then the solution (Ej(t, ), Eax(t, x), E3(t,x)) to the Cauchy problem (1.1)-(1.4) exists glob-
ally on t € [0, +00). In addition, (E1(t,x), Ea(t, x), E3(t, x)) satisfies that for any ¢ € [0, +00)

w (1B 2 gy + 1 B2(8) 22 ms) + I1B(D]122 g )
+1 (\m (D122 a8y + IVE2(0)225) + I VB3 (1) 225, ) (34)
< 2d.

We begin with a Lemma in [34] to prove Theorem 3.1.
Lemma 3.1( [34]) For a scalar-valued function f, let |z|f and V f belong to L?(R?). Then

f € L?(R?) and
2 2 2 % 2 2 %
[ iPas <3 ([ 1vseac)” ([ aispa)

The following two Propositions play an important role in the proof of Theorem 3.1.

Proposition 3.1 For n >0 and J <0, let

K= {(ul,uQ,u;),) S HI(R?)) X HI(R3) X HI(RS),R(ul,Ug,Ug) > O,S(ul,UQ,’LLg) < d},

13



Ky, = {(ul,uQ,U3) e H'(R?) x Hl(R?’) x HY(R3), R(u1,ug,u3) < 0,8 (u,uz, u3) < d}.

Then K; and K> are invariant under the flow generated by the Cauchy problem (1.1)-(1.4).
Proof. Let (Eo, Eao, E30) € K; and (E1(t), E2(t), E5(t)) be the solution to the Cauchy prob-
lem (1.1)-(1.4) with initial data (Ei0(x), E20(x), E3o(z)). With (2.4) and (2.5) we conclude
for t € [0,T)

S(Er(1), E2(t), E3(t)) = S(Er0, E2o, E30). (3.5)

This together with S(E1q, Eag, F30) < d yields
S(E(t), Ex(t), E3(t)) < d. (3.6)
We are now in a position to show for ¢ € [0,T)
R(Eq(t), Ea(t), E3(t)) > 0. (3.7)

This will be shown by contradiction. If (3.7) is not true, by continuity, n > 0, 6 < 0 and
R(Eho, F29, E30) > 0, there would exist a t* € (0,7") such that

R(EL(t7), Eo(t), E5(t")) =0, (Ev(t%), Ex(t"), E3(t")) # (0,0,0). (3.8)
That is, (E1(t*), E2(t*), E3(t*)) € M. On the other hand, (3.6) yields
S(El(t*), Eg(t*), Eg(t*)) <d.

This is impossible by (2.16) and Proposition 2.2. Therefore, K is invariant under the flow
generated by the Cauchy problem (1.1)-(1.4).
Similarly, we can prove that K5 is also invariant under the flow generated by the Cauchy
problem (1.1)-(1.4). O
We further state the following estimate.
Proposition 3.2 For n >0, <0 and A > 0, let u;)(z) = )\%ui()\m) (i =1,2,3), and let
(u1,u2,uz) € HY(R3) x HY(R3) x HY(R3) \ {(0,0,0)} with (u1,us,u3) € Kz (K is defined
by Proposition 3.1). Then there exists 0 < p < 1 such that R(u1y, u2,,us3,) =0, and

1
S(ur, ug, uz) — S(Uipy, Uy, Usy) > §R(U1,U2,U3)- (3.9)

Here, S(u1,us2,us) and R(u1,us,us) are defined by (2.14) and (2.15), respectively.
Proof. By (2.14) and (2.15), it is easy to write down the expressions of S(uyy, u2y, usy) and

R(uiy, ugy, ugy):

S(Ul)\, U2 ), U3)\)

1
— 2>\2/ (|Vu1|? + |Vug|? + |Vus|?)dzx
R3

14



R(uyy,

w
+§ (‘U1’2 + ’UJQ|2 + |U3‘2)dl‘
]R3
1
0 [l + s
R3
1
—2>\3/3(\U1|2|U2!2 + [ua Plug|® + Jug|?|us]?)dz
R
L3 N (& +&3) _ 2
4)\ /RS )\2’6‘2 _5 |f(U1’LL2 ulug)] d§
1og [ A& +&) 2
4/\ /R3 A2[E)2 =6 | F(ugtis — Upus)|"dg
1 N (& + &) L
—3 ANRNY STV _ 24
1 - /\2|£|2 _s |f(U1U3 ’LL1U3)| f
1.3 n\2&& ., _ -
+§/\ Re - m}"(uzu;; — ugu3)F (uuz — uyug)dé
L3 nA2&ls . S
+§)\ Re - m}"(ulug — u1ug)F (w1 — ayug)dé
L3 nA2&&s | _ —
—1—5)\ Re » mu:(ulug — uruz)F (ugtz — Ugusg)dE,
U2>\,U3>\)
)\2{/ (IVu > + |Vug|? + |Vug|?)dx
R3
3
S Cal? e
RS
3
A (Pl Pl + Pl P
RS
3 22
+-ARe A"6162 F(wqus — uouz) F(u1u3 — urus)d

2 r3 N2EI2—0

3 23 __ —
+§)\Re /R3 m?(mm — wyuz)F (uiug — uyug)dé

3 n\*iés _ —
+§/\R6 /RS m?(uu@ U1UQ).F(U21L3 UQU;;)dg

—A\6Re / M}"(Tu — uyw3) F (w13 — wrus)dé
s ORJE)2 — g)27 \2Us — 23 1U3 — Uru3

—A\oRe / Mf(ufu — w@3) Furz — Trus)dé
s O2[g]? — g2 (s — s 1U2 — Uruz

2
—)\5Re/ (77)\5163]:(1““2 — urug)F (uotz — ugus)dE
R?)

A2[E[* = 6)?

3 N (& + &) — 2
_4>\/RS m‘;(ﬂluz — u1u2)| dé-
3 NN\ (&3 + &) 2

4A/RS m‘}—(lmu?, U2U3)| d§

15

(3.10)



gA Rggﬁéﬁ*”%QUXUﬂ@-ﬂuugﬁdg
+§/'K$$+%Qﬂww—mwn@
+5)\/Rg qum - u1U3)\2d§}
0 (). (3.11)

From (up,ug,u3) € H'(R3) x HY(R3) x HY(R3)\ {(0,0,0)} and (u1,uz,u3) € Ko, it follows
that
Qx(u1,uz,uz) >0as A — 0 and Qx(u1,uz,uz) <0as A — 1.
By continuity, there exists 0 < 1 < 1 such that @, (u1, u2,u3) = 0, which together with (3.11)
implies for 0 < pu < 1
R(w1p, uoy, usy,) = 0. (3.12)

On the other hand, combining (2.14) with (3.10), (3.11) and (3.12) yield

S(ur,ug,uz) — S(Uip, Uy, usy)
1

:2/(WWP+WWP+WWWM

5 Ll b+ o

1

2/ (lua [Pluz]® + ur [*|us|® + |uz|?|ug|*)dz

1
/ ula“?au?n d£+ Re/ FQ('LLl,’LLQ,Ug)d&
1 s

/;/ ’VU1|2 + ’VU2|2 + |VU3|2)dl’
M 4 4 4
[ (ual*+ ol sl

3
5 G L (Pl s s+ o Pl )

2
—*,u 3Re / &1526]:(72’&3 - UQTg)f(ulfg - uil’LLg)df
R

2 s p?[€]2 —
L3 nutéls ., _ —
—5H Re /RS m}"(ulu;g — uyuz)F(utug — uug)dé
L3 nur&iés _ —
_§N Re /RB W’f(ull@ - uluQ)f(uQU3 - ’U,QU3)d€
1 +
+4M3/‘ W!}'(mw — Wyug) ¢
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|]:(UQE3 — ﬂgUg)‘Qdf

+1u3/ (€5 +&3)

4 plE? =0
20¢2 4 ¢2
3 [t (§1 +85) e
1 / e =0 | F(urtg — wyus)| dE
1

2/ (Vur? + [Vusl? + |Vuus|2)da

/ (] + fual* + us|*)de

/ (lua [Pluz)® + ur [*|us|® + |uz|?|ug|*)dz

2

1/ Fi(u1,u2,u3)dé + Re/RS Fy(uy,uz,us)d§
+(Z - §)M3Re /R3 lz;f;él@}"(mu;; — ugu3)F (u1us — uyug)dé
—i—(% — %),unge /R3 z%gzis}"(mug — u1ug)F(uiug — arug)dé
—I—(% — %)ugRe /}1&3 mi’:(muz — w1 Ug)F (ugliz — Ugus)dé

Y e Smf(ww—mW)f(mw—mw)dﬁ

—;(SR o J@%F(ww — uguz) F(u1uz — urus)dé
—M;)(;Re/ (277|/;|2§2€3)]:(U1UQ — uuz)F (ugtz — ugug)dé
=t [l + al? + fusl o
~G =50 [ Pl + o Plusf? + s o
~G - e [ T g —

3 1 (& +8 S
~Gop /R3 W\F(uwz’a — Tizuy)|*dg

~G - [ T, i —
+ui’5 (& +&3)

4 Jrs (p2E? = 9)?
+ﬁ nu* (€3 + £3)
4 Jgs (L2[€]* = 0)?
P [ ot (€ +6)

T o Lo

/3(\Vu1]2 + |Vug|? + |Vus|?)dz
R

| F (w1 — Trug)|*dé
| F(ugtiz — aus)|2dE

| F (i3 — wrug)|*dé

DN =
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e
<
=
~

+ ‘U2’4 + IU3‘4>dx

w

%\%\

(lua|Puzl® + [wr|*|us]® + uz|*|us|?)dz

1
Fl(ul, ug, Us)df + 2R6/

Fo(ui,ug,uz)dé
RS

R3
[ Gl + sl + e
R

w

=

[ (uPuf? 4 Pl + s Pl P
R

20¢2 | (2
5 [ e+ &) 2
o [, e Do -

2(¢2 2
w’ /}R3 H?MQ(?PJ:&;) | F (uy iz — Uug)|*dé

2(¢2 2
I /R3 nzz‘(gfzt%) | F (ugtiz — Uus)|*dE
+ui5 (&7 +&3)
4 Jrs (n2[€]? - 0)?
pPo [ onpt (€3 +€3)
4 Jgs (u2[€? = 0)?
LS [ (] + &)
4 Jgs (u2[€* = 0)?

1 2
+M3Re/ L&&}"(uﬁug — uguz)F (u1uz — urus)dé
R

|~ Ol Ol |l |l K| &|w |l w

| F (w1t — Trug)|?dé
| F(ugtiz — aus)|[2dE

| F(u1ug — Urug)|*dé

4 s p2Ef? =6
—I-iu?’Re /R3 /%ﬁf(mu;; — uyu3z)F (urtz — Ugug)dE
—I—i,u?’Re /}R3 /%glisf(mug — urug)F (uelz — Ugus)dE
—‘?Re » mf (ugtiz — ugus) F(uruz — urug)ds
—’?Re ” (M;}|Z|2§1_§26)2F(UQU3 — ugu3)F (uyuz — uyug)dé
1136 nu*&ats

2 rs (W2[E]* —0)?

Let for j,k=1,2,3

.F(uTuQ — ultTg).F(thTg — TQUg)df (3.13)

(6 +&7)

(65 + &¢)
Gi(p) = NG = )

= Lo

Th
. , (€2 + €2)(32[€ 2 — 56)
Gl(:“) = (M2‘§’2 — 5)2 ’

which together with § < 0 and 7 > 0 implies G (1) > 0 for g > 0. That is, G1(x) is an

increasing function of p. Similarly, we can check Ga(p) is also an increasing function with

18



respect to u. Hence, Young’s inequality and (3.13) tell us for u € (0,1)

S(“la uz, u3) - S(Ulu, U2, u3u)

(’VU1|2 + |VUQ|2 + |VU3‘2)d£U

1
>3
3

T

3(!“1!4 + Jug|* + [us|*)d

3
8
3 3(!“1!2\u2!2 + Jun Pus|® + |uz|?|us|?)da

ool

3
Fi(un, s un)dé + Re | Pofur,ua,ua)de
R3 3

R

F 1) F:
+g/1Wwwwﬂ%__% Bo(w,u,ug) o
R

(1€1* = 9) 2 Jrs (520

= %R(ul,UQ,u;),).

This completes the proof of Proposition 3.2. |
We are now in a position to give the proof of Theorem 3.1.

Proof of Theorem 3.1. We first show (I) by contradiction. Suppose that the maximal

existence time T of the solution (FE1(t), Fa(t), E5(t)) to the Cauchy Problem (1.1)-(1.4) is

infinity. Then from Proposition 3.1, (3.1) and (3.2) it follows that

R(El(t)vEQ(t)7E3(t)) <0, S(El(t)aE2(t)7E3(t)) <d. (314)
On the other hand, for i = 1,2,3, |x|E;p € L*(R3) yields |x|E; € L*(R3) (see [10]),then

Lemma 2.3 yields

& /3 22((|EL|? + | B|? + | Bs|?)dz = SR(E, By, Bs). (3.15)
R

Let p > 0 be such that
R<E1,u7 E2,ua ES;L) = 0: (3.16)

where (E1,, Fay,, E3,,) is defined by Proposition 3.2. R(Ep, Ez, E3) < 0 implies 0 < p < 1
from Proposition 3.2. In addition, by (2.15), (2.16), (3.5), (3.16) and Proposition 2.2 we have

S(E1, Ea, E3) = S(E10, E20, E30),  S(E1y, Eoy, E3,) > d, (3.17)

which together with Proposition 3.2 and (3.14) leads to

R(E1, Eq, E3) < 2[S(Eh, Ego, Esp) — d] < 0. (3.18)
Let
B = 2[S(En0, E2o, E30) — d] <0, (3.19)
and
J(t) :/ lz|2(|EL | + | Ea|? + | Es|?)dz. (3.20)
RS
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We then observe by (3.15) and (3.18) that

d?J(t)

a2 = SR(EDEQ)ES) S 8/8 < 07 (321)

Intergrating (3.21) twice with respect to t, we obtain
J(t) < 88t + J (0)t + J(0). (3.22)

Hence for (Ey, By, E3) remains in HY(R3) x H'(R?) x H'(R?), there must exist a T* < +o0
such that
lim / |2[2(|E1)? + | B2 + | E3|*)dz = 0. (3.23)
t—=T* JR3

On the other hand, (2.4) and Lemma 3.1 yield

/3(“5’10|2 + |Exl? + | E3o|*)da
R

:/3(\E1\2+|E2|2+|E3|2)dx
R
1 (3.24)

IN

$([0vEP + 9B + VB
(L 10EE 4 15 4 EPye)

which together with (3.23) concludes
Jimy R3(|VE1\2 + |VE2|? + |VE3})da = +oo.

This completes the proof of (I) of Theorem 3.1.
We are now in a position to give the proof of (II) of Theorem 3.1. Since (E1o, 20, E30) €
K, from (3.1) and (3.3), we have by Proposition 3.1

(El(t),EQ(t), Eg(t)) € Ky, forallt € [O,T), (325)
where (E1(t), Ea(t), E3(t)) is the solution to the Cauchy problem (1.1)-(1.4). In other words,
R(E1(t), E2(1), E5(t)) >0,  S(E1(t), Ex(t), Es(t)) < d. (3.26)

(2.4) and (2.5) then concludes

o [ (B + B + B o
R

1
+/ (IVEL|? + |VE,|? + |V Es3|})dx
RS

3
5 2 2
o [ s -
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5/ M|f(ugﬁg—@U3)!2d§
R3

3 Js (1€ —4)?
5 [ D s — ) g
+2;Re . m}“(mug — Ugug) F(uitug — wyusz)dé
+?Re » (|£7|72§2—£35)2f (urug — wiuz) F(urtg — wrug)dg
+2;Re - (|€7’7§1_£36)Q}“(mu2 — uiUg)F (ugtz — Ugug)dE
< 2d. (3.27)

Asn >0 and § <0, by Young’s inequality we have

w/ (B + | Bof? + |Bs)de
R?)
+1 /3(|VE1|2 + |VEy |2 + |VE3|?)dx (3.28)
R

< 2d.

This leads to the boundedness of (Ei(t), Ea(t), E5(t)) in HY(R3?) x HY(R3) x HY(R3) for
any t € [0,7). In particular, there must be T = +oco by the continuity argument. There-
fore, the solution (E1(t), E2(t), E3(t)) to the Cauchy Problem (1.1) — (1.4) exsits globally on
t € [0,400), and the estimate (3.4) follows immediately from (3.28).

This finishes the proof of (II) of Theorem 3.1. O
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Appendix

In this section, we give the detailed proof of Lemma 2.3.
Proof of Lemma 2.3
According to (2.4) and (2.5), noting the expression of functional S ((2.14)), (2.16)-(2.17),
we can establish easily the identity (2.28).
We are now in the position to check (2.29).
Since (E1g, E29, E30) € ¥, one has (E1, Es, E3) € ¥ by Ginibre-Velo [10], where (E1, Ea, E3) €
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C([0,T); %) is a solution to the Cauchy problem (1.1)-(1.4). In view of (1.1)-(1.3), (2.27),
one has

SO /3 |z (0 Er\Ey + E\O0iEr) + (01E2 By + E20,Fy) + (0, E3Es + E30,Es3)] da
R

— 2Im / (ol (i0,E1 By + i0,EsFs + i0,EsF3) do
3
= 2Im/R |z|2(~AE Ey — AByEy — AF3E3)da
R3
—QIm/ |2|? (|Er|? + |E2|* + |Es|?) (E1EYy + E2Es + E3Es)dx
3

—2Im ‘$|2(EA1 -l-EAg +F231 +F2.BQ +F301 +F302)da?,
R3

(A-1)
where Aj, A, By, Ba, C1,Cy have the same forms in (1.5)-(1.10). We now need to calculate
these terms in (A-1) carefully.

Im | |z|>(~AE\E| — AE;Ey — AF3E3)dx

© _ _ _ (4-2)
=2Im / (zVELE| + xVEyEy + 2V E3E3) du,
R3
Im / 2 (|E1]* + || B2” + | Es|*) (EvEy + BB + EsEs)dx =0, (4-3)
R

Im / |22 By By F L [ ’7§153 F(BsEs — BoBs)| da
R3 €2 =0

|£7|§1§3 ~F(E\E; — EiBy) | de

—Im / 2> By By F ”§153 F(BEyE3 — EyF3)| da
R3 L[€]* =0

—Im / 2|2 By B3 F ! ”§1€3 F(E\Ey — F1Ey)| da
R §1P =6

+Im / |2|* By B3 F !
R3

:Im/ 2| EL By F ! [|g§1£35F(E2&—£?2E3) da
R3 -

+Im/ |£C‘2E1F2f71 |;7|§1§35.F(E2E3—E2E13) dx
R3 L -

st [ PR F | (BT~ B | da
R3 L - i

|£7|§1535JT"(E‘1E2 — ElEig) dl‘

=2Im {Re/ |z|? By By F ! [‘g§1€35./."(E2E|3_E2E3):| da;}
R3 -

12Im {Re / |2|*Ey B3 F ngl&” ST (BB - ElE2)] dx}
]RIS -

—0. (A—4)

+Im / |22 By B3 F !
R3
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Making the same estimate as (A-4) to the rest terms in —Im/ \x]Q(EAl +E1As+ EoBy +
_ . . R3
EsBs + E3Cy + E3C9)dz, we can obtain

—Im/ ‘$|2(EA1 + EAQ +F231 +F2.BQ +F301 +F3C'2)dl’ =0. (A — 5)
R3

Combining (A-1)-(A-5) together leads to

d{f) =4Im | [(«VE)Ey + (2VE) By + (2V E3) Es] do. (A—6)
R3

Differentiating (A-6) with respect to t , after a careful computation and proper groupings,

we proceed as follows

d?J(t) —
T = 4Im @ [(VE1)OEL + V(0,E1)Er] da
R

R3

R3

=—8Im | (20,E\VE\ + 28, E;VEy + 20, E3V E3) dx
R3

—12Im g (ErO:Ey + ExOrEy + E30.E3) dx
= 8Re /R ) (2i0y AV Ey + xi0,E;V Ey + 2i0; E3sV E3) du
+12Re /R . (E1ioyEy + E2i0 Ey + F3i0yE3) da
= 8Re /Rg z (~AE\VE| — AE;VEy — AE3VE3) da
—8Re /RB z (|1 + || E2|* + | B5|?) (E\VE| + ExVE; + EsVE3) dx
+8Re /R3 [xVE(fAl — Ay) +aVEy(—B1 — By) + 2VE3(—Cy — 02)] dx
+12Re /R , (-~AE\E| — AEyE; — AE3E3) dx
_12Re /}W (B? + ||Eol? + |EsP?) (EvEr + ExFy + EsE3) do
+12Re - [Ey(=Ay — A2) + E3(—B1 — By) + E3(—C1 — o) dz. (A—7)

Here, A1, Ay, By, B2, C1,Co have the same forms in (1.5)-(1.10). Using integration by part-
s, the parseval identiey and the properties of Fourier transforms, we attain the following

estimates.

Re/ z (~AE\VE| — AE;VE; — AE3VE3) dx
R3
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(IVE1|? + |[VEo|* + |VE3)?) da, (A—28)
x

- _1/
2 Jgs
—Re /Rd (|E1]?> + |E2* + |E5|%) (EAVEL + EsVEs + E3VE;3) da
:EA;Q&ﬁ+U%ﬁ+U%de (4-9)
+35 Jos (1 E1PBal? + [ B[P |Es|* + | Eof*| E3|?) da,
Re /Rg (-AE\VE, — AE;VE; — AE3VE3) dx

(A —10)
= | (IVEi]> + |VEy* + |VE;|) da,
RB

~Re [ (B + 1Bl 4 |BSP) (BT + BoF + ByT) o
R

(|E1|* + | Eo|* + | E5|") da

R3

(A—11)
=2 | (BIPIBf + |1 ol + | o B5f?) da
8Re /RS [#VE | (—A; — A3) + aVEs(—By — By) + 2VE3(—Cy — Cy)] dx
+12Re . [E(—A1 — Ag) + E3(—B1 — Bs) + E3(—C1 — C9)] dx
(A—12)
=6 /RB F\(E\, Ey, Es)dz + 12Re /RB Fy(E\, Ey, E3)dx

Fi(E, By, B
vy 1(E1, Eq, E3)

dr — 85 F>(E1, Es, E3)
rs |2 =96

re [P0

where Aj, Ag, By, By, C1,Cy have the forms in (1.5)-(1.10), and Fy, F5 are defined by (2.16)
and (2.17).

dz.

Before we show (A-12) one by one, we mention several key identities

Lemma A.1 For 4,7, k,[,s,p =1, 2,3, the following identities hold:

/ VEEF | TR r5E )| de
RS €12 =6

[ moem o k& —
=/ .F(xVEZEJ)KP ST (EEy)de,

(A—13)

R3 -

= Re .F(FSEZ) ngk& I(EZEJ — EZE])df
RS €17 o

+Re /R F(EiL) | gg’f’ SF(BuE; — EoEi)de.
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Re /11@3 }-(EsEj)Knékfléf -0 F(EiEj — EEj)d¢

+Re / F(EE)) "g’“& ¢ O F(BsE; — B.B;)de
RS €]
(A—14)
_ S
= Re/R ¢- agf(E E )’5‘2 = 6.7:(E1EJ ElE])dg

nék&l
€2 —

We now calculate (A-12) term by term. From (1.5)-(1.10) it follows that

+Re / & 0eF (BiEy) 15— s F(EaE: — EEy)de.

Re /RS [E1(—A1 — A2) + Eo(—By — By) + E3(—Cy — Co)] da

=Re | ’gglf?’d}'(ElEQ)]:(EgEg — BoE3)de
—Re /R 3 UE‘%;;%%)}'(ElEQ)]:(ElEQ — B\ By)de
—Re /R 3 |g’é2§3 < F(E\Eo) F(E\Es — By B3)d
+Re /]R 3 |£”|§2f3 SF(EVE3) F(E By — ByEa)d
+Re /R 3 "Tg‘%2+5§)f(ElE3)f(ElE3 B Es)de
e | ’gélf? 5@f@21@3 — ByE)de
1 Re /R 3 |g§1f25]-“(E2Eg)}"(E1E3 — B\Es)d¢
+Re /R 3 ”Tg‘%tf)f(Eﬂg)JT(EQEg — By Es)de
+Re /]R 3 |£77|§1§3 S F(ExEs) F(E\y — B Ep)d
+Re /R 3 ’gglf?’émf(&& — ByE3)d¢
+Re /R 3 ng‘itgg)}"(ElEg)}"(ElEg —EBy)de
+Re / |g77\§2£3 F(E1By) F(E\Es — By Es)dé
+Re /R 3 ’;7‘5253 < F(E\Bs) F(EEy — By By)d
+Re /]R 3 UTE‘%thE)f(ElEg)I(ElEg N ONY
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e /RS |5n|§1§25f(E1Es)f(E2E3 ByBy)de

+Re /R3 ’gglfz(s]:(EQEff)}—(ElE?) — B\ E3)d¢

2 2y ——
H?/M%H@ﬂ&&ﬁwﬂrﬂﬂwg
R3 ’f‘ -9

né1€3
g3 [§]2 — 4

Direct calculation and rearrangement for these terms in (A-15) yield

+Re f(EQEg)J—"(ElEQ — Elﬁg)df.

(A— 15) = —/ Fl(El,EQ,Eg)df-l-QRe/ Fg(El,Eg,Eg)df,
R3 R3

where Fy(E1, Ea, E3) and Fa(E1, Es, E3) are defined by (2.16) and (2.17).

We continue to calculate the other terms in (A-12).

Re/ [wVE1(—A1 - Ag) + QZVEQ(—Bl - BQ) + a:VFg(—Cl - CQ)] dx
R3

né1€3
€2 =0
n(& + &)

—Re/ CCVE]_EQ.F_I {2F(E1E2—E1E2)}d1)
R3 &> =6

= Re/ xVElEQ.F_l { .F(EQE?, - E2E3)} dx
R3

—|—Re/ aVE FyF 1
R3

—I—Re/ 2VE EsF!
R3

—Re/ a:VFlEg}‘*I )F(ElEg - ElEg)} dx
R3

617 =6

+R€/ xVElEg.F_l F(EQE?, — E2E3)} dx
R3

+R6/ :L'VEQE:J,]:_I ]:(ElEg — ElEg)} dx
R3

+R€/ .Z‘VEgEg.F_l f(E1E2 — ElEQ)} dx
R3

+R€/ :CVEQEl.F_I .F(EQEQ, - E2E3)} dx
R3

2 2
—Re/ xVEQEl.F_l MF(ElEQ — ElEg)} dx
R3

617 =0

+R€/ ZEVEQElj:_I .7:(E1E3 — ElEg)} dx
R3

{
{
{
{
{ 2, ¢2
—Re /R i aVE,E3F ! {Mf(EgEg — E2E3)} dx
{
{
{
{
{

+Re / aVEsFE F!

(A —15)

(A - 16)



?7(5% + ’E?%)I(EQE?’ . EQEg)} de

e F(E1Ep - ElEg)} da

Re | W|Q§153 < F (BB — B2 B3)dS

~Re | WUT§%2tgf)f(E1EQ —EB)de
R

e | ]-"(:NElEg)’g’?ES < F(E1\Bs — By Es)d

+Re . W&ﬂﬂ@ — B Ey)d¢

—Re .F(l’VElEg)

R3 €12 =0
+Re f(xVElEg)éﬁlfQéf(EgEd — ByE5)de
RS

+Re | F(xVEyE3)—= =5
R? €]

— VE>E
Re RB}—(:U 2 3) |€‘2_5

+Re | .mw|g§1f3 < F(E\Es — B1By)dg

e | J‘C(:NEgmgélf?’ < F(E2Bs — B> Es)dS

—ke | f(fCVEzEl)ngitgf)f(ElEz — EEg)d¢
R

Re | .7-"(:NEgEl)’g‘§2§35.F(E1E3 — E\F5)d¢

+Re | .F(a:VEg,El)|gé2§3 < F(E\Es — E1By)dg

“Re | W"Eit?ﬂ&& _ B Ey)de
R

tRe [ F@VBsE) -T2 F (B, By — Fyky)de

R3 §* =6

+Re | F(xVE3E»)

22 F(E\E3 — ErE3)d¢
RS €% =6
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n(& +&3)

—Re .F(ZI)VEgEQ) .F(EgEg - Egﬁg)df

R3 €% =6
=~ 1618 = -
+Re ]:(.%’VE;;EQ) |£‘2 5]:(E1E2 - ElEg)df. (A - 17)
R3 -

We first consider these terms including |Z\§21£36' Using integration by parts, the Parseval

identity, and some properties of Fourier transforms, we derive that

= 16183
Fi1FEy)—2—>—
Re RS]—"(Q;V 1 2)|€|2—5

= 16183
R EyF
+Re . F(xV Es 3)’§‘2 —5

= 16183
R F(xVESE
the | TVEE

+Re | FaVEsEy)- 118

RS €12 =0
né1€3
€2 =4
né1€3
€12 =0
YIS
€2 =6
né1€3
€120

f(EgEg — E2E3)d§

F(E1Ey — E1Es)d¢

f(EgEg — EQFg)df

F(E1Ey — E1E5)de

= Re/ —iagf(VElﬁg) .F(EgEg - EQEg)df
R3

+R€/ —Z'ag}—(VEQE;;) .F(E1E2 — ElEg)df
R3

+R€/ —Z'agf(VEQEl) f(EQEg — EQFg)df
R3

+R6’/ —i@g}"(Vngg) ./T"(ElEQ — Elﬁg)df
R3

= Re / i0c F(VE, Ey) é’él&’ ST (B2l — EpE3)dg
R3 -
+Re / i06F (VELE) £7|§1§35_7-'(E1E2 By de
R3 -
+Re / i0e F(VE,Ey) ’g'gl&” < F(EyEs — B2B3)dS
R3 -
+Re / i8: F(VE3Ey) ’gél&” SF (1B — By I5)de
R3 -
== / agf(vEEQ)@f(EgEg — FyEs)d¢
2 Jgs €2 =0
+2 [ 0F(VE Ey) USLE F(EyEs — EyEs)d¢
2 Jrs €12 =0

n&183
€12~ 6
UISTE!
€2 — 0
né183
€12~ 6
UISTE!
€2 — 0

F(E1Ey — E1Eq)dE

+2 | 0. F(VE,Es)
2 ]R3

F(E1Ey — E1Ey)dE

+2 OeF(VEyE3)
2 Jps

F(EyE3 — EoF3)dé

+2 | B F(VEE)
2 ]R3

.F(EQE;; — EQFg)d§

+2 | B F(VEE))
2 Jps
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UISTS]
€2 —0
n&183
€12~ 6

By rearranging these terms in (A-18), we get

5 [ OF(VEsEr) 5" F(E Ey — Fr Ep)de
R3

+2 | 9. F(VEsES)
2 ]R3

F(E1Ey — E1Es)d¢. (A—18)

né1€3
€2 —¢
né1€3
€2~
né1€3
€2~ ¢
né1&3
€2~

F(EoEs — By E3)dE

(A — 18) = ;/]R3 (85F(VE1E2) + 85?(VE2E1))

4 F(E2E3 — EoE3)d

/R (OF(VENE) + 0F(EyVE)

+ /3 (8€f(VE2E3) + agf(EQVEg)) .F(ElEQ - Elﬁg)dé.
R

+ F(E1Ey — E1Ep)d¢

IR IR OIS

/R (0cF(VESFy) + 0 F (> VEy))

_ = né1€3
= 5 |, 0F (VBB 5

+2 /R 0¢F(V(E1E2)) |§nélf‘°’5f<EZE3 — B2 Es)d¢

né1€3
€12 =0
YIS
€2~ 6
UISTS)
€2 —0
YIS
€2 — ¢
SIS
€2~
né1€3
€2~ 6

f(EgEg — E2E3)d€

F(EqEs — ExE3)déE

+5 [ 0F(V(EaEy))
R3

+5 [ OF(V(E:Ey))
R3

F(E1Ey — E1E»)de

.F(E1E2 — ElEg)df

= —% Oe - [EF(ELEy))
R3

5 [ o [ (B F)
R3

—% e - [EF(EqEs))
R3

F(EoEs — EyE3)dE

F(EyE3 — E9F3)d¢

f(ElEQ — Elﬁg)df

-5 |, 0 (€7 (BT

_ 3 ol né1és
2 ) FEnE) §1P =6

1 il == —
-5 /RJ ¢ - 0cF (ELEa) ‘ gglfgéf(EZEg  BoBy)de

3 -\ Nn61&3
_§ » ]:(ElEQ) |£|2 3

1 = N€1&s3
3

-3, P
1 = né1€3
—2/]1%35'55]:(]52]53)5‘2_5
3 n&is
2 Jrs §7 =0

F(E1Ey — E1Es)d¢

F(E2E3 — EgEg)df

F(EyE3 — EoFE3)dé

.F(El E2 — Elﬁg)dg

F(E1Ey — E1Ey)de

— = .F(EQE;J,) }-(Elfz — ElEQ)df
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! /R 3§~8§f(E2E3) SIS F(E\Ey — E1BEs)d¢

2 €12 =0
= —3Re As f(ElEQ) ‘551535,7(17}21?3 - E2E3)d§
—3Re | F(EoE3) |£77|§153 SF(BrEy — EYE2)de
R3 -
~Re [ € 0F(BrB) 5 F(Baba — BaBu)e
R3 €2 =0
= né1§ = =
—Re /RS ¢ - 0. F(EyEBs) |£‘21_35F(E1E2 — E\Ey)dE.
Let
G = —Re s f . 8§f<E1E2) |g§1§35f(E2E3 — EQEg)d§
—Re R3 f : 6£-F(E2E3) gélfgéf(ElEQ — Elﬁg)df
Then

G = Re /R3 I(ElEg)ag . <§2|§1§55./_"(E2E3 - E2E3)> df

+Re /R3 F(E2E3)0 - <§‘£7|§1§35]-'(E1E2 - EIEQ)) d¢

= 3Re .F(ElEg) 775163 .F(EQE:; — EQEg)df

R3 12 =0
+3R€ /R3 f(EQEg) |£”7|§1§35 ]:(ElEQ — E1E2)d§
—26Re /R 3 |€77’§1§3 < F(E\By) F(ExBs — By E3)d
—20Re /R3 |€17’§1§35.F(E2E3)f(E1E2 - Elﬁg)dg
+Re - ‘g’glfgéf(ElEQ)& . 85.7:(EQE3 — EgEg)d£
+Re | |£7|§1€3 5T (B2E3)6 - 0 F (ErEy — ErBa)dt.

In view of (A-13)-(A-14), we conclude

929G = 3Re / |€77|§153 ST (ByEs — BBy F(E\ By — E1By)de
R3 -

—25R6/ 775153 F(EQE?) — E2E3>]:(E1E2 — ElEg)df,
R3

(5> = 0)?

which then gives

G =5 [ S BBy ~ Baba) F(EE: ~ BaEa)d
R3 B
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_SRe /R 3 (|§7|72§1_£35)2}"(E2E3 BBy F(E1Es — EyEg)dE. (A—22)

Note that (A-19), we thus obtain

3 _ S
(A—18) = =S Re /R3 ’gglf?’(s}"(EgEg — BoE3) F(E By — B Ey)d¢

&1 S =
_6Re /RS M@%WI(EQELO, — EyE3)F(E\Ey — B Ey)dE. (A —23)

Making the similar calculation for the other terms in (A-17) to that in the proof of (A-18),

we get
3 3
(A—-17) = / Fi(Ey, Ey, E3)d¢ — Re/ Fy(Ey, Ey, E3)dE
4 R3 2 R3

0 F\(E1, Es, E3) / F>(Eh, By, E3)
+— — =7 df —dRe —— =’ 7 dE. A—24
T L T T (4-24)

From (A-7)-(A-12), (A-16), (A-24), it follows that

d?J(t
- 5 ) _ 8/ (IVEL|* + |VEy|* + |VE3]?) dz — 6/ (|E1|* + | Ba|* + | E5|*) dx
t R3 R3

~12 [ (B PIES +EPIES + B Ef?) do
R

—6/ Fl(El,EQ,Eg)df—i-lQRe/ FQ(El,EQ,Eg)df
R3 R3

F\(E1, B9, E3) F5(E1, Eo, E3)

+45 | FREL T2 B ge Q§Re | SR TR e

R [P0 R [P0
= 8R(E1,E2,E3).
This completes the proof of Lemma 2.3. a
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