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Abstract: In this paper, we investigate the sharp threshold of a three-dimensional

nonlocal nonlinear Schrödinger system. It is a coupled system which provides the

mathematical modeling of the spontaneous generation of a magnetic field in a cold

plasma under the subsonic limit. The main difficulty of the proof lies in exploring

the inner structure of the system due to the fact that the nonlocal effect may

bring some hinderance for establishing the conservation quantities of the mass

and of the energy, constructing the corresponding variationals, and deriving the

key estimates to gain the expected result. To overcome this, we must establish

local well-posedness theory, and set up suitable variational structure depending

crucially on the inner structure of the system under study, which leads us to de-

fine proper functionals and a constrained variational problem. By building up

two invariant manifolds, and then making a priori estimates for these nonlocal

terms, we figure out a sharp threshold of global existence for the system under

consideration.
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1. Introduction

The main purpose of this work is to establish a sharp threshold for the blow-up and global
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R3:
i∂tE1 + ∆E1 +

(
|E1|2 + |E2|2 + |E3|2

)
E1

+A1(E1, E2, E3) +A2(E1, E2, E3) = 0,
(1.1)

i∂tE2 + ∆E2 +
(
|E1|2 + |E2|2 + |E3|2

)
E2

+B1(E1, E2, E3) +B2(E1, E2, E3) = 0,
(1.2)

i∂tE3 + ∆E3 +
(
|E1|2 + |E2|2 + |E3|2

)
E3

+ C1(E1, E2, E3) + C2(E1, E2, E3) = 0,
(1.3)

E1(0, x) = E10(x), E2(0, x) = E20(x), E3(0, x) = E30(x). (1.4)

Here,

A1(E1, E2, E3) = −E2F−1
{

η
|ξ|2−δ

[
ξ1ξ3F(E2E3 − E2E3)

− (ξ21 + ξ22)F(E1E2 − E1E2) + ξ2ξ3F(E1E3 − E1E3)
]}
,

(1.5)

A2(E1, E2, E3) = E3F−1
{

η
|ξ|2−δ

[
ξ2ξ3F(E1E2 − E1E2)

− (ξ21 + ξ23)F(E1E3 − E1E3) + ξ1ξ2F(E2E3 − E2E3)
]}
,

(1.6)

B1(E1, E2, E3) = −E3F−1
{

η
|ξ|2−δ

[
ξ1ξ2F(E1E3 − E1E3)

− (ξ22 + ξ23)F(E2E3 − E2E3) + ξ1ξ3F(E1E2 − E1E2)
]}
,

(1.7)

B2(E1, E2, E3) = E1F−1
{

η
|ξ|2−δ

[
ξ1ξ3F(E2E3 − E2E3)

− (ξ21 + ξ22)F(E1E2 − E1E2) + ξ2ξ3F(E1E3 − E1E3)
]}
,

(1.8)

C1(E1, E2, E3) = −E1F−1
{

η
|ξ|2−δ

[
ξ2ξ3F(E1E2 − E1E2)

− (ξ21 + ξ23)F(E1E3 − E1E3) + ξ1ξ2F(E2E3 − E2E3)
]}
,

(1.9)

C2(E1, E2, E3) = E2F−1
{

η
|ξ|2−δ

[
ξ1ξ2F(E1E3 − E1E3)

− (ξ22 + ξ23)F(E2E3 − E2E3) + ξ1ξ3F(E1E2 − E1E2)
]}
,

(1.10)

F and F−1 denote the Fourier transform and the Fourier inverse transform, respectively

(see [19, 23, 24, 25]), η > 0, δ ≤ 0, (E1, E2, E3)(t, x) is a pair of complex-valued functions

from R+ × R3 into C3, and Ei (i = 1, 2, 3) denotes the complex conjugate of Ei. Let E =

(E1, E2, E3) and ξ = (ξ1, ξ2, ξ3), due to rotational invariance of (1.1)-(1.3), one can recast the

system (1.1)-(1.3) in the form of the following vetor-valued nonlinear Schrödinger equations

iEt + ∆E + |E|2E + i(E ∧B) = 0, (1.11)
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B(E) = F−1
[

iη

|ξ|2 − δ
(ξ ∧ (ξ ∧ F(E ∧E)))

]
. (1.12)

Equations (1.11)-(1.12) provides the mathematical modeling of the spontaneous generation

of a magnetic field in a cold plasma under the subsonic limit, E denotes a slowly varying

complex amplitude of the high-frequency electric field, and B the self-generated magnetic

field [7, 17, 35, 36]. The gauge invariance yields that for any ω > 0, and for j = 1, 2,

Aj(e
iωtE1, e

iωtE2, e
iωtE3) = eiωtAj(E1, E2, E3),

Bj(e
iωtE1, e

iωtE2, e
iωtE3) = eiωtBj(E1, E2, E3),

Cj(e
iωtE1, e

iωtE2, e
iωtE3) = eiωtCj(E1, E2, E3).

Hence, it is natural to consider the solutions of the system (1.1)-(1.3) in the form Ei(t, x) =

eiωtui(x) (i = 1, 2, 3) with the initial condition (1.4), ω > 0 is a constant called frequency,

and (u1, u2, u3) is a pair of complex-valued functions with respect to x ∈ R3 which solves the

following nonlinear elliptic system:

−ωu1 + ∆u1 + (|u1|2 + |u2|2 + |u3|2)u1 − u2F−1[ ηξ1ξ3|ξ|2−δF(u2u3 − u2u3)]
+ u2F−1[

η(ξ21+ξ
2
2)

|ξ|2−δ F(u1u2 − u2u1)]− u2F−1[ ηξ2ξ3|ξ|2−δF(u1u3 − u1u3)]
+ u3F−1[ ηξ2ξ3|ξ|2−δF(u1u2 − u1u2)] + u3F−1[

η(ξ21+ξ
2
3)

|ξ|2−δ F(u1u3 − u1u3)]
+ u3F−1[ ηξ1ξ2|ξ|2−δF(u2u3 − u2u3)] = 0,

(1.13)

−ωu2 + ∆u2 + (|u1|2 + |u2|2 + |u3|2)u2 − u3F−1[ ηξ1ξ2|ξ|2−δF(u1u3 − u1u3)]
+ u3F−1[

η(ξ23+ξ
2
2)

|ξ|2−δ F(u2u3 − u2u3)]− u3F−1[ ηξ1ξ3|ξ|2−δF(u1u2 − u1u2)]
+ u1F−1[ ηξ1ξ3|ξ|2−δF(u2u3 − u2u3)] + u1F−1[

η(ξ21+ξ
2
2)

|ξ|2−δ F(u1u2 − u1u2)]
+ u1F−1[ ηξ2ξ3|ξ|2−δF(u1u3 − u1u3)] = 0,

(1.14)

−ωu3 + ∆u3 + (|u1|2 + |u2|2 + |u3|2)u3 − u1F−1[ ηξ2ξ3|ξ|2−δF(u1u2 − u1u2)]
+ u1F−1[

η(ξ21+ξ
2
3)

|ξ|2−δ F(u1u3 − u1u3)]− u1F−1[ ηξ1ξ2|ξ|2−δF(u2u3 − u2u3)]
+ u2F−1[ ηξ1ξ2|ξ|2−δF(u1u3 − u1u3)] + u2F−1[

η(ξ22+ξ
2
3)

|ξ|2−δ F(u2u3 − u2u3)]
+ u2F−1[ ηξ1ξ3|ξ|2−δF(u1u2 − u1u2)] = 0.

(1.15)

For the nonlinear Schrödinger equations without nonlocal terms, there have been many

works on the blow-up and global existence for their solutions. Ginibre and Velo [10] estab-

lished the local existence of the Cauchy problem in energy spaceH1(RN ). Glassey [13], Ogawa

and Tsutsumi [29, 30] proved that for some initial data, especially for a class of sufficiently

large data, the solutions to the Cauchy problem blow up in finite time. On the other hand,

the authors proved that, for sufficiently small initial data, the solutions to the Cauchy prob-

lem exist globally for all time (see [11, 12, 14, 15, 16]). Thus in the course of nature, the topic

to explore sharp threshold for global existence and blow-up to the related Cauchy problem
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arises, and it was mentioned by Strauss and Cazenave in their monographs [5, 33]. Further-

more, for the nonlinear Schrödinger equations without nonlocal terms, the sharp threshold

of global existence and blow-up has been studied extensively [2, 21, 33, 37, 38].

For the system (1.1)-(1.3), however, the sharp threshold of global existence and blow-up

seems to be elusive. In this paper, we shall investigate the sharp threshold of global existence

and blow-up of solutions to the the Cauchy problem (1.1)-(1.4). The main difficulty of the

proof lies in exploring the inner structure of the system (1.1)-(1.3) due to the fact that the

nonlocal effect may bring some hinderance for establishing the conservation quantities of the

mass and of the energy, constructing the corresponding variational structure, and deriving

the key estimates to gain the expected result. To overcome this, we must establish local

well-posedness theory, and set up a suitable variational structure depending crucially on the

inner structure of the system under study, which requires us to define proper functionals

and a constrained variational problem. Fortunately, by building up two invariant manifolds,

and then making a priori estimates for these nonlocal terms, we finally figure out a sharp

threshold of global existence and blow-up for the system under consideration.

This paper is arranged as follows. In Section 2, we establish some basic facts including

local wellposedness, conservation laws of the mass and of the energy as well as variational

structure. In Section 3, we show the sharp threshold for global existence and blow-up of so-

lutions to the Cauchy problem (1.1)-(1.4). We will give the proof of Lemma 2.3 in Appendix.

For simplicity, we denote any positive constant by C throughout this paper.

2 Preliminaries

In this section, we establish some basic facts including local wellposedness, conservation laws

of the mass and of the energy for the Cauchy problem (1.1)-(1.4), as well as the variational

structure for (1.5)-(1.7).

2.1 Local wellposedness

The Cauchy problem (1.1)-(1.4) can be recast in the integral equation below:

Ei(t) = U(t)Ei0 + i

∫ t

0
U(t− t′)

[(
|E1|2 + |E2|2 + |E3|2

)
Ei +Ki(E1, E2, E3)

]
(t
′
)dt
′
, (2.1)
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where i = 1, 2, 3, U(t) = eit4 is the unitary group generated by the free Schrödinger equation

iEt + ∆E = 0 in Hs(R3)(s ∈ R), and Ki(E1, E2, E3) has the following form:

K1(E1, E2, E3)

= −E2F−1
{

η
|ξ|2−δ

[
ξ1ξ3F(E2E3 − E2E3)− (ξ21 + ξ22)F(E1E2 − E1E2)

+ξ2ξ3F(E1E3 − E1E3)
]}

+ E3F−1
{

η
|ξ|2−δ

[
ξ2ξ3F(E1E2 − E1E2)

− (ξ21 + ξ23)F(E1E3 − E1E3) + ξ1ξ2F(E2E3 − E2E3)
]}
,

(K − 1)

K2(E1, E2, E3)

= −E3F−1
{

η
|ξ|2−δ

[
ξ1ξ2F(E1E3 − E1E3)− (ξ22 + ξ23)F(E2E3 − E2E3)

+ξ1ξ3F(E1E2 − E1E2)
]}

+ E1F−1
{

η
|ξ|2−δ

[
ξ1ξ3F(E2E3 − E2E3)

−(ξ21 + ξ22)F(E1E2 − E1E2) + ξ2ξ3F(E1E3 − E1E3)
]}
,

(K − 2)

K3(E1, E2, E3)

= −E1F−1
{

η
|ξ|2−δ

[
ξ2ξ3F(E1E2 − E1E2)− (ξ21 + ξ23)F(E1E3 − E1E3)

+ξ1ξ2F(E2E3 − E2E3)
]}

+ E2F−1
{

η
|ξ|2−δ

[
ξ1ξ2F(E1E3 − E1E3)

− (ξ22 + ξ23)F(E2E3 − E2E3) + ξ1ξ3F(E1E2 − E1E2)
]}
.

(K − 3)

Let (Ej1, E
j
2, E

j
3) (j = 1, 2) solve the Cauchy problem (1.1)-(1.4). We then need to make a

priori estimates for the term Ki(E
1
1 , E

1
2 , E

1
3)−Ki(E

2
1 , E

2
2 , E

2
3) (i = 1, 2, 3). Direct calculation

yields

K1(E
1
1 , E

1
2 , E

1
3)−K1(E

2
1 , E

2
2 , E

2
3)

= −E1
2F−1

{
η

|ξ|2−δ

[
ξ1ξ3F(E1

2E
1
3 − E1

2E
1
3)− (ξ21 + ξ22)F(E1

1E
1
2 − E1

1E
1
2)

+ξ2ξ3F(E1
1E

1
3 − E1

1E
1
3)
]}

+ E1
3F−1

{
η

|ξ|2−δ

[
ξ2ξ3F(E1

1E
1
2 − E1

1E
1
2)

− (ξ21 + ξ23)F(E1
1E

1
3 − E1

1E
1
3) + ξ1ξ2F(E1

2E
1
3 − E1

2E
1
3)
]}

−
{
−E2

2F−1
{

η
|ξ|2−δ

[
ξ1ξ3F(E2

2E
2
3 − E2

2E
2
3)− (ξ21 + ξ22)F(E2

1E
2
2 − E2

1E
2
2)

+ξ2ξ3F(E2
1E

2
3 − E2

1E
2
3)
]}

+ E2
3F−1

{
η

|ξ|2−δ

[
ξ2ξ3F(E2

1E
2
2 − E2

1E
2
2)

− (ξ21 + ξ23)F(E2
1E

2
3 − E2

1E
2
3) + ξ1ξ2F(E2

2E
2
3 − E2

2E
2
3)
]}}

.

(2.2)

It is easy to verify that

−E1
2F−1

[
ηξ1ξ3
|ξ|2−δF(E1

2E
1
3 − E1

2E
1
3)
]
−
{
−E2

2F−1
[
ηξ1ξ3
|ξ|2−δF(E2

2E
2
3 − E2

2E
2
3)
]}

= −(E1
2 − E2

2)F−1
[
ηξ1ξ3
|ξ|2−δF(E1

2E
1
3 − E1

2E
1
3)
]

+E2
2F−1

{
ηξ1ξ3
|ξ|2−δF

[
(E2

2 − E1
2)E2

3 + E1
2(E2

3 − E1
3)

+(E1
2 − E2

2)E1
3 + E2

2(E1
3 − E2

3)
]}

.

(2.3)

Making the similar estimates to (2.3), we can calculate the other terms of Ki(E
1
1 , E

1
2 , E

1
3)−

Ki(E
2
1 , E

2
2 , E

2
3) (i = 1, 2, 3).
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Note that
∣∣∣ ηξiξk|ξ|2−δ

∣∣∣ ≤ η by η > 0 and δ ≤ 0, we obtain by applying the contraction

mapping principle that the solutions to the integral equation (2.1) is local wellposedness in

H1(R3)×H1(R3)×H1(R3) (see [10, 18, 23, 24, 25, 26, 33]). That is, we claim the following.

Proposition 2.1 For η > 0, δ ≤ 0, and (E10, E20, E30) ∈ H1(R3) × H1(R3) × H1(R3),

the Cauchy problem (1.1)-(1.4) admits a unique solution (E1, E2, E3) ∈ X1
4,loc ([0, T )) ×

X1
4,loc ([0, T )) ×X1

4,loc ([0, T )) for some T = T (E10, E20, E30), and for any 0 ≤ T1 < T2 < T ,

the mapping

(E10, E20, E30)
(
∈ H1(R3)×H1(R3)×H1(R3)

)
7→ (E1, E2, E3)(t)

(
∈ X1

4,loc ([0, T ))×X1
4,loc ([0, T ))×X1

4,loc ([0, T ))
)

is continuous. In addition, there holds either T = +∞, or T < +∞ and

lim
t→T

(
‖E1‖H1(R3) + ‖E2‖H1(R3) + ‖E3‖H1(R3)

)
= +∞.

Here, for any interval I ⊂ R, 0 ≤ 2
q = 3(12 −

1
θ ) < 1, s ∈ R,

Xs
θ (I) = (C ∩ L∞)(I;Hs) ∩ Lq(I;Hs

θ ),

Xs
θ,loc(I) = {u; u ∈ Xs

θ (J), ∀ J ⊂⊂ I},
Hs
θ = Js(L

θ), Js = (I −∆)−
s
2 .

Motivated by the works in [5, 10, 18, 19, 26, 33], applying Proposition 2.1 we have

Corollary 2.1 The Cauchy problem (1.1)-(1.4), for η > 0, δ ≤ 0 and (E10, E20, E30) ∈
H1(R3)×H1(R3)×H1(R3), admits a unique solution

(E1, E2, E3) ∈ C
(
[0, T );H1(R3)×H1(R3)×H1(R3)

)
for some T ∈ (0,+∞] with T = +∞ or T < +∞ and

lim
t→T

(
‖E1‖H1(R3) + ‖E2‖H1(R3) + ‖E3‖H1(R3)

)
= +∞. 2

2.2 Conservation Laws of the Mass and of the Energy

According to the structure of the system (1.1)-(1.3), we conclude the conservation laws of

the total mass and of the total energy.

Lemma 2.1 Let (E1, E2, E3) be a smooth solution to the Cauchy problem (1.1) − (1.4).

Then the total mass and the total energy are conserved:∫
R3

(|E1|2 + |E2|2 + |E3|2)dx =

∫
R3

(|E10|2 + |E20|2 + |E30|2)dx, (2.4)
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H(E1, E2, E3)

=

∫
R3

(|∇E1|2 + |∇E2|2 + |∇E3|2)dx

−1
2

∫
R3

(|E1|4 + |E2|4 + |E3|4)dx

−
∫
R3

(|E1|2|E2|2 + |E1|2|E3|2 + |E2|2|E3|2)dx

−1
2

∫
R3

η(ξ21 + ξ22)

|ξ|2 − δ
|F(E1E2 − E1E2)|2dξ

−1
2

∫
R3

η(ξ21 + ξ23)

|ξ|2 − δ
|F(E1E3 − E1E3)|2dξ

−1
2

∫
R3

η(ξ22 + ξ23)

|ξ|2 − δ
|F(E2E3 − E2E3)|2dξ

+Re

∫
R3

ηξ1ξ2
|ξ|2 − δ

F(E2E3 − E2E3)F(E1E3 − E1E3)dξ

+Re

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)F(E2E3 − E2E3)dξ

+Re

∫
R3

ηξ2ξ3
|ξ|2 − δ

F(E1E3 − E1E3)F(E1E2 − E1E2)dξ

= H(E10, E20, E30).

(2.5)

Proof. Multiplying (1.1) by E1, (1.2) by E2 and (1.3) by E3, taking the imaginary part and

then integrating with respect to x ∈ R3, we get

Im

∫
R3

(i∂tE1E1 + i∂tE2E2 + i∂tE3E3)dx

+Im

∫
R3

(∆E1E1 + ∆E2E2 + ∆E3E3)dx

+Im

∫
R3

(|E1|2 + |E2|2 + |E3|2)(E1E1 + E2E2 + E3E3)dx

+Im

∫
R3

E1A1(E1, E2, E3)dx+ Im

∫
R3

E1A2(E1, E2, E3)dx

+Im

∫
R3

E2B1(E1, E2, E3)dx+ Im

∫
R3

E2B2(E1, E2, E3)dx

+Im

∫
R3

E3C1(E1, E2, E3)dx+ Im

∫
R3

E3C2(E1, E2, E3)dx

= 0,

(2.6)

whereA1(E1, E2, E3), A2(E1, E2, E3), B1(E1, E2, E3), B2(E1, E2, E3), C1(E1, E2, E3), C2(E1, E2, E3)

are defined by (I-1)-(I-6)(see Section 1).

Direct calculation and rearrangement for these terms in (2.6) yield

Im

∫
R3

i∂tEjEjdx = Re

∫
R3

∂tEjEjdx =
1

2

d

dt

∫
R3

|Ej |2dx, (2.7)
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−Im
∫
R3

E1E2F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

]
dx

+Im

∫
R3

E1E2F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

]
dx

= Im

∫
R3

E1E2F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

]
dx

+Im

∫
R3

E1E2F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

]
dx

= Im

{
2Re

∫
R3

E1E2F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

]}
= 0.

(2.8)

We can make the similar estimates for the other terms in (2.6) to (2.8). Hence the mass

identity (2.4) follows. We are now in the position to verify the energy identity (2.5).

Multiplying (1.1) by 2∂tE1, (1.2) by 2∂tE2 and (1.3) by 2∂tE3, taking the real part and

then integrating the resulting equations with respect to x ∈ R3, we obtain

2Re

∫
R3

(i∂tE1∂tE1 + i∂tE2∂tE2 + i∂tE3∂tE3)dx

= 2Re

∫
R3

[
(−∆E1)∂tE1 + (−∆E2)∂tE2 + (−∆E3)∂tE3

]
dx

−2Re

∫
R3

(|E1|2 + |E2|2 + |E3|2)(E1∂tE1 + E2∂tE2 + E3∂tE3)dx

−2Re

∫
R3

∂tE1A1(E1, E2, E3)dx− 2Re

∫
R3

∂tE1A2(E1, E2, E3)dx

−2Re

∫
R3

∂tE2B1(E1, E2, E3)dx− 2Re

∫
R3

∂tE2B2(E1, E2, E3)dx

−2Re

∫
R3

∂tE3C1(E1, E2, E3)dx− 2Re

∫
R3

∂tE3C2(E1, E2, E3)dx.

(2.9)

We now calculate (2.9) term by term.

2Re

∫
R3

(i∂tE1∂tE1 + i∂tE2∂tE2 + i∂tE3∂tE3)dx = 0, (2.10)

2Re

∫
R3

[
(−4E1)∂tE1 + (−4E2)∂tE2 + (−4E3)∂tE3

]
dx

= d
dt

∫
R3

(|∇E1|2 + |∇E2|2 + |∇E3|2)dx,
(2.11)

2Re

∫
R3

(|E1|2 + |E2|2 + |E3|2)(E1∂tE1 + E2∂tE2 + E3∂tE3)dx

= 1
2
d
dt

∫
R3

(|E1|4 + |E2|4 + |E3|4)dx

+ d
dt

∫
R3

(|E1|2|E2|2 + |E1|2|E3|2 + |E2|2|E3|2)dx,

(2.12)
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2Re

∫
R3

∂tE1E2F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

]
dx

+2Re

∫
R3

∂tE2E3F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)

]
dx

−2Re

∫
R3

∂tE2E1F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

]
dx

−2Re

∫
R3

∂tE3E2F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)

]
dx

= 1
2
d
dt

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)F(E1E2 − E1E2)dξ

+1
2
d
dt

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)F(E1E2 − E1E2)dξ

= d
dtRe

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)F(E1E2 − E1E2)dξ.

(2.13)

Making the similar estimates to (2.13) for the other terms in (2.9), and employing (2.10)-

(2.13), we conclude the energy identity (2.5).

This finishes the proof of Lemma 2.1. 2

2.3 Variational Structures

Let (u1, u2, u3) ∈ H1(R3) ×H1(R3) ×H1(R3) be a pair of complex-valued functions. We

define two functionals S(u1, u2, u3) and R(u1, u2, u3) as follows:

S(u1, u2, u3)

= 1
2

∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

+ω
2

∫
R3

(|u1|2 + |u2|2 + |u3|2)dx

−1
4

∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

−1
2

∫
R3

(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−1
4

∫
R3

F1(u1, u2, u3)dξ +
1

2
Re

∫
R3

F2(u1, u2, u3)dξ,

(2.14)

R(u1, u2, u3)

=

∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

−3
4

∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

−3
2

∫
R3

(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−3
4

∫
R3

F1(u1, u2, u3)dξ +
1

2
δ

∫
R3

F1(u1, u2, u3)

|ξ|2 − δ
dξ

+3
2Re

∫
R3

F2(u1, u2, u3)dξ − δRe
∫
R3

F2(u1, u2, u3)

|ξ|2 − δ
dξ,

(2.15)
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where
F1(u1, u2, u3)

= η
|ξ|2−δ

[
(ξ21 + ξ22)|F(u1u2 − u1u2)|2

+(ξ21 + ξ23)|F(u1u3 − u1u3)|2

+(ξ22 + ξ23)|F(u2u3 − u2u3)|2
]
,

(2.16)

F2(u1, u2, u3)

= η
|ξ|2−δ

[
ξ1ξ2F(u2u3 − u2u3)F(u1u3 − u1u3)

+ξ1ξ3F(u2u3 − u2u3)F(u1u2 − u1u2)
+ξ2ξ3F(u1u3 − u1u3)F(u1u2 − u1u2)

]
.

(2.17)

A natural attempt to find the nontrivial solutions to the system (1.13)-(1.15) is to solve the

following constrained minimization problem

d := inf
(u1,u2,u3)∈M

S(u1, u2, u3), (2.18)

where the set M is prescribed by

M =
{

(u1, u2, u3) ∈ H1(R3)×H1(R3)×H1(R3) \ {(0, 0, 0)}, R(u1, u2, u3) = 0
}
. (2.19)

From (u1, u2, u3) ∈ H1(R3) × H1(R3) × H1(R3), η > 0, δ ≤ 0, the Sobolev’s embedding

theorem and some properties of Fourier transform, it follows that functionals S(u1, u2, u3)

and R(u1, u2, u3) are both well defined.

For the constrained variational problem (2.18), we claim the following result.

Proposition 2.2 For η > 0 and δ ≤ 0, there holds d > 0.

Proof. (2.14), (2.15) and (2.19) yield for (u1, u2, u3) ∈M ,

S(u1, u2, u3)

= 1
6

∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

+ω
2

∫
R3

(|u1|2 + |u2|2 + |u3|2)dx

− δ
6

∫
R3

F1(u1, u2, u3)

|ξ|2 − δ
dξ +

δ

3
Re

∫
R3

F2(u1, u2, u3)

|ξ|2 − δ
dξ,

(2.20)

where F1(u1, u2, u3) and F2(u1, u2, u3) are given by (2.16) and (2.17), respectively. Noting

that (2.16), (2.17), η > 0, δ ≤ 0 and the inequality Reab ≤ 1
2(a2 + b2), then making some

suitable rearrangement, we obtain for (u1, u2, u3) ∈M

− δ
6

∫
R3

F1(u1, u2, u3)

|ξ|2 − δ
dξ +

δ

3
Re

∫
R3

F2(u1, u2, u3)

|ξ|2 − δ
dξ ≥ 0. (2.21)
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Indeed, recall that F1(u1, u2, u3) and F2(u1, u2, u3) in (2.16) and (2.17). Since

Reξ1ξ2F(u2u3 − u2u3)F(u1u3 − u1u3)
≤ 1

2ξ
2
1 |F(u1u3 − u1u3)|2 + 1

2ξ
2
2 |F(u2u3 − u2u3)|2,

Reξ1ξ3F(u2u3 − u2u3)F(u1u2 − u1u2)
≤ 1

2ξ
2
1 |F(u1u2 − u1u2)|2 + 1

2ξ
2
3 |F(u2u3 − u2u3)|2,

Reξ2ξ3F(u1u3 − u1u3)F(u1u2 − u1u2)
≤ 1

2ξ
2
2 |F(u1u2 − u1u2)|2 + 1

2ξ
2
3 |F(u1u3 − u1u3)|2,

through regrouping and applying some properties of Fourier transform, we conclude that for

η > 0, and δ ≤ 0,

δ
3Re

∫
R3

F2(u1, u2, u3)

|ξ|2 − δ
dξ

≥ δ
6

∫
R3

1

|ξ|2 − δ
· η

|ξ|2 − δ
[
(ξ21 + ξ22)|F(u1u2 − u1u2)|2

(ξ21 + ξ23)|F(u1u3 − u1u3)|2

(ξ22 + ξ23)|F(u2u3 − u2u3)|2
]

= δ
6

∫
R3

F1(u1, u2, u3)

|ξ|2 − δ
dξ.

Hence (2.21) is valid.

(2.20) and (2.21) then yield

S(u1, u2, u3) ≥ 1
6

∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

+ω
2

∫
R3

(|u1|2 + |u2|2 + |u3|2)dx.
(2.22)

On the other hand, for j, k = 1, 2, 3, one has

3
4

η(ξ2j+ξ
2
k)

|ξ|2−δ −
δ
2

η(ξ2j+ξ
2
k)

(|ξ|2−δ)2 ≤
5η(ξ2j+ξ

2
k)

4(|ξ|2−δ) , 2ξjξk ≤ ξ2j + ξ2k. (2.23)

(2.23) together with R(u1, u2, u3) = 0 and Gagliardo-Nirenberg inequality

‖ui‖4L4(R3) ≤ c‖∇ui‖
3
L2(R3)‖ui‖L2(R3), ui ∈ H1(R3), (i = 1, 2, 3)
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yields ∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

= 3
4

∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

+3
2

∫
R3

(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

+3
4

∫
R3

F1(u1, u2, u3)dξ −
1

2
δ

∫
R3

F1(u1, u2, u3)

|ξ|2 − δ
dξ

−3
2Re

∫
R3

F2(u1, u2, u3)dξ + δRe

∫
R3

F2(u1, u2, u3)

|ξ|2 − δ
dξ

≤ C
∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

≤ C

{(∫
R3

|∇u1|2dx
) 3

2
(∫

R3

|u1|2dx
) 1

2

+

(∫
R3

|∇u2|2dx
) 3

2
(∫

R3

|u2|2dx
) 1

2

+

(∫
R3

|∇u2|2dx
) 3

2
(∫

R3

|u2|2dx
) 1

2

}

≤ C
(∫

R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx
) 3

2

·
(∫

R3

(|u1|2 + |u2|2 + |u3|2)dx
) 1

2

.

(2.24)

This implies(∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx
) 1

2
(∫

R3

(|u1|2 + |u2|2 + |u3|2)dx
) 1

2

≥ C. (2.25)

Combining Young’s inequality with (2.10), (2.23), (2.24), (2.25) claims

S(u1, u2, u3) ≥ C > 0. (2.26)

This finishes the proof. 2

We further claim two identities.

Let

Σ :=
{

(E1, E2, E3) : (|x|E1, |x|E2, |x|E3) ∈ L2(R3)× L2(R3)× L2(R3)
}

∩H1(R3)×H1(R3)×H1(R3).

We then have the following Lemma.

Lemma 2.3 Let (E10, E20, E30) ∈ Σ and (E1, E2, E3) ∈ C([0, T ); Σ) be a solution to the

Cauchy Problem (1.1)-(1.4) on [0, T ). Putting

J(t) =:

∫
R3

|x|2(|E1|2 + |E2|2 + |E3|2)dx, (2.27)
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then one gets the following two identities:

S(E1, E2, E3) = S(E10, E20, E30), (2.28)

d2J(t)

dt2
= 8R(E1, E2, E3). (2.29)

For convenience, we will prove this lemma in Appendix.

3 Sharp Threshold of Global Existence in R3

The goal of this section is to establish a sharp threshold for global existence to the Cauchy

problem (1.1)-(1.4). Motivated by the works [1, 2], our arguments are based on the local

well-posedness theory established in Section 2.1. The main result reads as follows.

Theorem 3.1 For η > 0 and δ ≤ 0, suppose that (E10(x), E20(x), E30(x)) ∈ H1(R3) ×
H1(R3)×H1(R3) and

S(E10, E20, E30) < d, (3.1)

where d is defined by (2.16). Then

(I) Let (|x|E10, |x|E20, |x|E30) ∈ L2(R3)× L2(R3)× L2(R3) satisfy

R(E10, E20, E20) < 0. (3.2)

Then the solution (E1(t, x), E2(t, x), E3(t, x)) to the Cauchy problem (1.1)-(1.4) blows up in

finite time.

(II) Let

R(E10, E20, E30) > 0. (3.3)

Then the solution (E1(t, x), E2(t, x), E3(t, x)) to the Cauchy problem (1.1)-(1.4) exists glob-

ally on t ∈ [0,+∞). In addition, (E1(t, x), E2(t, x), E3(t, x)) satisfies that for any t ∈ [0,+∞)

ω
(
‖E1(t)‖2L2(R3) + ‖E2(t)‖2L2(R3) + ‖E3(t)‖2L2(R3)

)
+1

3

(
‖∇E1(t)‖2L2(R3) + ‖∇E2(t)‖2L2(R3) + ‖∇E3(t)‖2L2(R3)

)
≤ 2d.

(3.4)

We begin with a Lemma in [34] to prove Theorem 3.1.

Lemma 3.1( [34]) For a scalar-valued function f , let |x|f and ∇f belong to L2(R3). Then

f ∈ L2(R3) and ∫
R3

|f |2dx ≤ 2

3

(∫
R3

|∇f |2dx
) 1

2
(∫

R3

|x|2|f |2dx
) 1

2

.

The following two Propositions play an important role in the proof of Theorem 3.1.

Proposition 3.1 For η > 0 and δ ≤ 0, let

K1 =
{

(u1, u2, u3) ∈ H1(R3)×H1(R3)×H1(R3), R(u1, u2, u3) > 0, S(u1, u2, u3) < d
}
,
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K2 =
{

(u1, u2, u3) ∈ H1(R3)×H1(R3)×H1(R3), R(u1, u2, u3) < 0, S(u1, u2, u3) < d
}
.

Then K1 and K2 are invariant under the flow generated by the Cauchy problem (1.1)-(1.4).

Proof. Let (E10, E20, E30) ∈ K1 and (E1(t), E2(t), E3(t)) be the solution to the Cauchy prob-

lem (1.1)-(1.4) with initial data (E10(x), E20(x), E30(x)). With (2.4) and (2.5) we conclude

for t ∈ [0, T )

S(E1(t), E2(t), E3(t)) = S(E10, E20, E30). (3.5)

This together with S(E10, E20, E30) < d yields

S(E1(t), E2(t), E3(t)) < d. (3.6)

We are now in a position to show for t ∈ [0, T )

R(E1(t), E2(t), E3(t)) > 0. (3.7)

This will be shown by contradiction. If (3.7) is not true, by continuity, η > 0, δ ≤ 0 and

R(E10, E20, E30) > 0, there would exist a t∗ ∈ (0, T ) such that

R(E1(t
∗), E2(t

∗), E3(t
∗)) = 0, (E1(t

∗), E2(t
∗), E3(t

∗)) 6= (0, 0, 0). (3.8)

That is, (E1(t
∗), E2(t

∗), E3(t
∗)) ∈M . On the other hand, (3.6) yields

S(E1(t
∗), E2(t

∗), E3(t
∗)) < d.

This is impossible by (2.16) and Proposition 2.2. Therefore, K1 is invariant under the flow

generated by the Cauchy problem (1.1)-(1.4).

Similarly, we can prove that K2 is also invariant under the flow generated by the Cauchy

problem (1.1)-(1.4). 2

We further state the following estimate.

Proposition 3.2 For η > 0, δ ≤ 0 and λ > 0, let uiλ(x) = λ
3
2ui(λx) (i = 1, 2, 3), and let

(u1, u2, u3) ∈ H1(R3) × H1(R3) × H1(R3) \ {(0, 0, 0)} with (u1, u2, u3) ∈ K2 (K2 is defined

by Proposition 3.1). Then there exists 0 < µ < 1 such that R(u1µ, u2µ, u3µ) = 0, and

S(u1, u2, u3)− S(u1µ, u2µ, u3µ) ≥ 1

2
R(u1, u2, u3). (3.9)

Here, S(u1, u2, u3) and R(u1, u2, u3) are defined by (2.14) and (2.15), respectively.

Proof. By (2.14) and (2.15), it is easy to write down the expressions of S(u1λ, u2λ, u3λ) and

R(u1λ, u2λ, u3λ):

S(u1λ, u2λ, u3λ)

=
1

2
λ2
∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx
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+
ω

2

∫
R3

(|u1|2 + |u2|2 + |u3|2)dx

−1

4
λ3
∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

−1

2
λ3
∫
R3

(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−1

4
λ3
∫
R3

ηλ2(ξ21 + ξ22)

λ2|ξ|2 − δ
|F(u1u2 − u1u2)|2dξ

−1

4
λ3
∫
R3

ηλ2(ξ23 + ξ22)

λ2|ξ|2 − δ
|F(u2u3 − u2u3)|2dξ

−1

4
λ3
∫
R3

ηλ2(ξ21 + ξ23)

λ2|ξ|2 − δ
|F(u1u3 − u1u3)|2dξ

+
1

2
λ3Re

∫
R3

ηλ2ξ1ξ2
λ2|ξ|2 − δ

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ

+
1

2
λ3Re

∫
R3

ηλ2ξ2ξ3
λ2|ξ|2 − δ

F(u1u3 − u1u3)F(u1u2 − u1u2)dξ

+
1

2
λ3Re

∫
R3

ηλ2ξ1ξ3
λ2|ξ|2 − δ

|F(u1u2 − u1u2)F(u2u3 − u2u3)dξ, (3.10)

R(u1λ, u2λ, u3λ)

= λ2
{∫

R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

−3

4
λ

∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

−3

2
λ

∫
R3

(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

+
3

2
λRe

∫
R3

ηλ2ξ1ξ2
λ2|ξ|2 − δ

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ

+
3

2
λRe

∫
R3

ηλ2ξ2ξ3
λ2|ξ|2 − δ

F(u1u3 − u1u3)F(u1u2 − u1u2)dξ

+
3

2
λRe

∫
R3

ηλ2ξ1ξ3
λ2|ξ|2 − δ

F(u1u2 − u1u2)F(u2u3 − u2u3)dξ

−λδRe
∫
R3

ηλ2ξ1ξ2
(λ2|ξ|2 − δ)2

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ

−λδRe
∫
R3

ηλ2ξ2ξ
2
3

(λ2|ξ|2 − δ)2
F(u1u3 − u1u3)F(u1u2 − u1u2)dξ

−λδRe
∫
R3

ηλ2ξ1ξ3
(λ2|ξ|2 − δ)2

F(u1u2 − u1u2)F(u2u3 − u2u3)dξ

−3

4
λ

∫
R3

ηλ2(ξ21 + ξ22)

λ2|ξ|2 − δ
|F(u1u2 − u1u2)|2dξ

−3

4
λ

∫
R3

ηλ2(ξ23 + ξ22)

λ2|ξ|2 − δ
|F(u2u3 − u2u3)|2dξ
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−3

4
λ

∫
R3

ηλ2(ξ21 + ξ23)

λ2|ξ|2 − δ
|F(u1u3 − u1u3)|2dξ

+
δ

2
λ

∫
R3

ηλ2(ξ21 + ξ22)

(λ2|ξ|2 − δ)2
|F(u1u2 − u1u2)|2dξ

+
δ

2
λ

∫
R3

ηλ2(ξ23 + ξ22)

(λ2|ξ|2 − δ)2
|F(u2u3 − u2u3)|2dξ

+
δ

2
λ

∫
R3

ηλ2(ξ21 + ξ23)

(λ2|ξ|2 − δ)2
|F(u1u3 − u1u3)|2dξ

}
= λ2Qλ(u1, u2, u3). (3.11)

From (u1, u2, u3) ∈ H1(R3) ×H1(R3) ×H1(R3) \ {(0, 0, 0)} and (u1, u2, u3) ∈ K2, it follows

that

Qλ(u1, u2, u3) > 0 as λ→ 0 and Qλ(u1, u2, u3) < 0 as λ→ 1.

By continuity, there exists 0 < µ < 1 such that Qµ(u1, u2, u3) = 0, which together with (3.11)

implies for 0 < µ < 1

R(u1µ, u2µ, u3µ) = 0. (3.12)

On the other hand, combining (2.14) with (3.10), (3.11) and (3.12) yield

S(u1, u2, u3)− S(u1µ, u2µ, u3µ)

=
1

2

∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

−1

4

∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

−1

2

∫
R3

(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−1

4

∫
R3

F1(u1, u2, u3)dξ +
1

2
Re

∫
R3

F2(u1, u2, u3)dξ

−µ
2

2

∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

+
µ3

4

∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

+
u3

2

∫
R3

(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−1

2
µ3Re

∫
R3

ηµ2ξ1ξ2
µ2|ξ|2 − δ

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ

−1

2
µ3Re

∫
R3

ηµ2ξ2ξ3
µ2|ξ|2 − δ

F(u1u3 − u1u3)F(u1u2 − u1u2)dξ

−1

2
µ3Re

∫
R3

ηµ2ξ1ξ3
µ2|ξ|2 − δ

|F(u1u2 − u1u2)F(u2u3 − u2u3)dξ

+
1

4
µ3
∫
R3

ηµ2(ξ21 + ξ22)

µ2|ξ|2 − δ
|F(u1u2 − u1u2)|2dξ
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+
1

4
µ3
∫
R3

ηµ2(ξ23 + ξ22)

µ2|ξ|2 − δ
|F(u2u3 − u2u3)|2dξ

+
1

4
µ3
∫
R3

ηµ2(ξ21 + ξ23)

µ2|ξ|2 − δ
|F(u1u3 − u1u3)|2dξ

=
1

2

∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

−1

4

∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

−1

2

∫
R3

(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−1

4

∫
R3

F1(u1, u2, u3)dξ +
1

2
Re

∫
R3

F2(u1, u2, u3)dξ

+(
3

4
− 1

2
)µ3Re

∫
R3

ηµ2ξ1ξ2
µ2|ξ|2 − δ

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ

+(
3

4
− 1

2
)µ3Re

∫
R3

ηµ2ξ2ξ3
u2|ξ|2 − δ

F(u1u3 − u1u3)F(u1u2 − u1u2)dξ

+(
3

4
− 1

2
)µ3Re

∫
R3

ηµ2ξ1ξ3
µ2|ξ|2 − δ

F(u1u2 − u1u2)F(u2u3 − u2u3)dξ

−µ
3δ

2
Re

∫
R3

ηµ2ξ1ξ3
(µ2|ξ|2 − δ)2

F(u2u3 − u2u3)F(u1u2 − u1u2)dξ

−µ
3δ

2
Re

∫
R3

ηµ2ξ1ξ2
(µ2|ξ|2 − δ)2

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ

−µ
3δ

2
Re

∫
R3

ηµ2ξ2ξ3
(µ2|ξ|2 − δ)2

F(u1u2 − u1u2)F(u2u3 − u2u3)dξ

−(
3

8
− 1

4
)µ3

∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

−(
3

4
− 1

2
)µ3

∫
R3

(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−(
3

8
− 1

4
)µ3

∫
R3

ηµ2(ξ21 + ξ22)

µ2|ξ|2 − δ
|F(u1u2 − u1u2)|2dξ

−(
3

8
− 1

4
)µ3

∫
R3

ηµ2(ξ22 + ξ23)

|µ2ξ|2 − δ
|F(u2u3 − u2u3)|2dξ

−(
3

8
− 1

4
)µ3

∫
R3

ηµ2(ξ21 + ξ23)

µ2|ξ|2 − δ
|F(u1u3 − u1u3)|2dξ

+
µ3δ

4

∫
R3

ηµ2(ξ21 + ξ22)

(µ2|ξ|2 − δ)2
|F(u1u2 − u1u2)|2dξ

+
µ3δ

4

∫
R3

ηµ2(ξ22 + ξ23)

(µ2|ξ|2 − δ)2
|F(u2u3 − u2u3)|2dξ

+
µ3δ

4

∫
R3

ηµ2(ξ21 + ξ23)

(µ2|ξ|2 − δ)2
|F(u1u3 − u1u3)|2dξ

≥ 1

2

∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx
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−3

8

∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

−3

4

∫
R3

(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−1

4

∫
R3

F1(u1, u2, u3)dξ +
1

2
Re

∫
R3

F2(u1, u2, u3)dξ

−1

8
µ3
∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

−1

8
µ3
∫
R3

(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−1

8
µ3
∫
R3

ηµ2(ξ21 + ξ22)

µ2|ξ|2 − δ
|F(u1u2 − u1u2)|2dξ

−1

8
µ3
∫
R3

ηµ2(ξ21 + ξ23)

|µ2ξ|2 − δ
|F(u1u3 − u1u3)|2dξ

−1

8
µ3
∫
R3

ηµ2(ξ22 + ξ23)

µ2|ξ|2 − δ
|F(u2u3 − u2u3)|2dξ

+
µ3δ

4

∫
R3

ηµ2(ξ21 + ξ22)

(µ2|ξ|2 − δ)2
|F(u1u2 − u1u2)|2dξ

+
µ3δ

4

∫
R3

ηµ2(ξ22 + ξ23)

(µ2|ξ|2 − δ)2
|F(u2u3 − u2u3)|2dξ

+
µ3δ

4

∫
R3

ηµ2(ξ21 + ξ23)

(µ2|ξ|2 − δ)2
|F(u1u3 − u1u3)|2dξ

+
1

4
µ3Re

∫
R3

ηµ2ξ1ξ2
µ2|ξ|2 − δ

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ

+
1

4
µ3Re

∫
R3

ηµ2ξ2ξ3
µ2|ξ|2 − δ

F(u1u3 − u1u3)F(u1u2 − u1u2)dξ

+
1

4
µ3Re

∫
R3

ηµ2ξ1ξ3
µ2|ξ|2 − δ

F(u1u2 − u1u2)F(u2u3 − u2u3)dξ

−µ
3δ

2
Re

∫
R3

ηµ2ξ1ξ3
(µ2|ξ|2 − δ)2

F(u2u3 − u2u3)F(u1u2 − u1u2)dξ

−µ
3δ

2
Re

∫
R3

ηµ2ξ1ξ2
(µ2|ξ|2 − δ)2

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ

−µ
3δ

2
Re

∫
R3

ηµ2ξ2ξ3
(µ2|ξ|2 − δ)2

F(u1u2 − u1u2)F(u2u3 − u2u3)dξ. (3.13)

Let for j, k = 1, 2, 3

G1(µ) =
ηµ5(ξ2j + ξ2k)

µ2|ξ|2 − δ
, G2(µ) =

ηµ5(ξ2j + ξ2k)

(µ2|ξ|2 − δ)2
.

Then

G
′
1(µ) =

ηµ4(ξ2j + ξ2k)(3µ2|ξ|2 − 5δ)

(µ2|ξ|2 − δ)2
,

which together with δ ≤ 0 and η > 0 implies G
′
1(µ) ≥ 0 for µ > 0. That is, G1(µ) is an

increasing function of µ. Similarly, we can check G2(µ) is also an increasing function with
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respect to µ. Hence, Young’s inequality and (3.13) tell us for µ ∈ (0, 1)

S(u1, u2, u3)− S(u1u, u2u, u3u)

≥ 1
2

∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

−3
8

∫
R3

(|u1|4 + |u2|4 + |u3|4)dx

−3
4

∫
R3

(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−3
8

∫
R3

F1(u1, u2, u3)dξ +
3

4
Re

∫
R3

F2(u1, u2, u3)dξ

+ δ
4

∫
R3

F1(u1, u2, u3)

(|ξ|2 − δ)
dξ − δ

2
Re

∫
R3

F2(u1, u2, u3)

(|ξ|2 − δ)
dξ

= 1
2R(u1, u2, u3).

This completes the proof of Proposition 3.2. 2

We are now in a position to give the proof of Theorem 3.1.

Proof of Theorem 3.1. We first show (I) by contradiction. Suppose that the maximal

existence time T of the solution (E1(t), E2(t), E3(t)) to the Cauchy Problem (1.1)-(1.4) is

infinity. Then from Proposition 3.1, (3.1) and (3.2) it follows that

R(E1(t), E2(t), E3(t)) < 0, S(E1(t), E2(t), E3(t)) < d. (3.14)

On the other hand, for i = 1, 2, 3, |x|Ei0 ∈ L2(R3) yields |x|Ei ∈ L2(R3) (see [10]),then

Lemma 2.3 yields

d2

dt2

∫
R3

|x2|(|E1|2 + |E2|2 + |E3|2)dx = 8R(E1, E2, E3). (3.15)

Let µ > 0 be such that

R(E1µ, E2µ, E3µ) = 0, (3.16)

where (E1µ, E2µ, E3µ) is defined by Proposition 3.2. R(E1, E2, E3) < 0 implies 0 < µ < 1

from Proposition 3.2. In addition, by (2.15), (2.16), (3.5), (3.16) and Proposition 2.2 we have

S(E1, E2, E3) = S(E10, E20, E30), S(E1µ, E2µ, E3µ) ≥ d, (3.17)

which together with Proposition 3.2 and (3.14) leads to

R(E1, E2, E3) ≤ 2[S(E10, E20, E30)− d] < 0. (3.18)

Let

β = 2[S(E10, E20, E30)− d] < 0, (3.19)

and

J(t) =

∫
R3

|x|2(|E1|2 + |E2|2 + |E3|2)dx. (3.20)
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We then observe by (3.15) and (3.18) that

d2J(t)
dt2

= 8R(E1, E2, E3) ≤ 8β < 0, (3.21)

Intergrating (3.21) twice with respect to t, we obtain

J(t) ≤ 8βt2 + J
′
(0)t+ J(0). (3.22)

Hence for (E1, E2, E3) remains in H1(R3)×H1(R3)×H1(R3), there must exist a T ∗ < +∞
such that

lim
t→T ∗

∫
R3

|x|2(|E1|2 + |E2|2 + |E3|2)dx = 0. (3.23)

On the other hand, (2.4) and Lemma 3.1 yield∫
R3

(|E10|2 + |E20|2 + |E30|2)dx

=

∫
R3

(|E1|2 + |E2|2 + |E3|2)dx

≤ 4
3

(∫
R3

(|∇E1|2 + |∇E2|2 + |∇E3|2)dx
) 1

2

·
(∫

R3

|x2|(|E1|2 + |E2|2 + |E3|2)dx
) 1

2

,

(3.24)

which together with (3.23) concludes

lim
t→T ∗

∫
R3

(|∇E1|2 + |∇E2|2 + |∇E3|2)dx = +∞.

This completes the proof of (I) of Theorem 3.1.

We are now in a position to give the proof of (II) of Theorem 3.1. Since (E10, E20, E30) ∈
K1 from (3.1) and (3.3), we have by Proposition 3.1

(E1(t), E2(t), E3(t)) ∈ K1, for all t ∈ [0, T ), (3.25)

where (E1(t), E2(t), E3(t)) is the solution to the Cauchy problem (1.1)-(1.4). In other words,

R(E1(t), E2(t), E3(t)) > 0, S(E1(t), E2(t), E3(t)) < d. (3.26)

(2.4) and (2.5) then concludes

ω

∫
R3

(|E1|2 + |E2|2 + |E3|2)dx

+
1

3

∫
R3

(|∇E1|2 + |∇E2|2 + |∇E3|2)dx

−δ
3

∫
R3

η(ξ21 + ξ22)

(|ξ|2 − δ)2
|F(u1u2 − u1u2)|2dξ
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−δ
3

∫
R3

η(ξ22 + ξ23)

(|ξ|2 − δ)2
|F(u2u3 − u2u3)|2dξ

−δ
3

∫
R3

η(ξ21 + ξ23)

(|ξ|2 − δ)2
|F(u1u3 − u1u3)|2dξ

+
2δ

3
Re

∫
R3

ηξ1ξ2
(|ξ|2 − δ)2

F(u2u3 − u3u2)F(u1u3 − u1u3)dξ

+
2δ

3
Re

∫
R3

ηξ2ξ3
(|ξ|2 − δ)2

F(u1u3 − u1u3)F(u1u2 − u1u2)dξ

+
2δ

3
Re

∫
R3

ηξ1ξ3
(|ξ|2 − δ)2

F(u1u2 − u1u2)F(u2u3 − u2u3)dξ

< 2d. (3.27)

As η > 0 and δ 6 0, by Young’s inequality we have

ω

∫
R3

(|E1|2 + |E2|2 + |E3|2)dx

+1
3

∫
R3

(|∇E1|2 + |∇E2|2 + |∇E3|2)dx

< 2d.

(3.28)

This leads to the boundedness of (E1(t), E2(t), E3(t)) in H1(R3) × H1(R3) × H1(R3) for

any t ∈ [0, T ). In particular, there must be T = +∞ by the continuity argument. There-

fore, the solution (E1(t), E2(t), E3(t)) to the Cauchy Problem (1.1)− (1.4) exsits globally on

t ∈ [0,+∞), and the estimate (3.4) follows immediately from (3.28).

This finishes the proof of (II) of Theorem 3.1. 2
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Appendix

In this section, we give the detailed proof of Lemma 2.3.

Proof of Lemma 2.3

According to (2.4) and (2.5), noting the expression of functional S ((2.14)), (2.16)-(2.17),

we can establish easily the identity (2.28).

We are now in the position to check (2.29).

Since (E10, E20, E30) ∈ Σ, one has (E1, E2, E3) ∈ Σ by Ginibre-Velo [10], where (E1, E2, E3) ∈
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C([0, T ); Σ) is a solution to the Cauchy problem (1.1)-(1.4). In view of (1.1)-(1.3), (2.27),

one has

dJ(t)
dt =

∫
R3

|x|2
[
(∂tE1E1 + E1∂tE1) + (∂tE2E2 + E2∂tE2) + (∂tE3E3 + E3∂tE3)

]
dx

= 2Im

∫
R3

|x|2
(
i∂tE1E1 + i∂tE2E2 + i∂tE3E3

)
dx

= 2Im

∫
R3

|x|2(−∆E1E1 −∆E2E2 −∆E3E3)dx

−2Im

∫
R3

|x|2
(
|E1|2 + |E2|2 + |E3|2

)
(E1E1 + E2E2 + E3E3)dx

−2Im

∫
R3

|x|2(E1A1 + E1A2 + E2B1 + E2B2 + E3C1 + E3C2)dx,

(A− 1)

where A1, A2, B1, B2, C1, C2 have the same forms in (1.5)-(1.10). We now need to calculate

these terms in (A-1) carefully.

Im

∫
R3

|x|2(−∆E1E1 −∆E2E2 −∆E3E3)dx

= 2Im

∫
R3

(
x∇E1E1 + x∇E2E2 + x∇E3E3

)
dx,

(A− 2)

Im

∫
R3

|x|2
(
|E1|2 + ||E2|2 + |E3|2

)
(E1E1 + E2E2 + E3E3)dx = 0, (A− 3)

Im

∫
R3

|x|2E1E2F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

]
dx

+Im

∫
R3

|x|2E2E3F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)

]
dx

−Im
∫
R3

|x|2E1E2F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

]
dx

−Im
∫
R3

|x|2E2E3F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)

]
dx

= Im

∫
R3

|x|2E1E2F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

]
dx

+Im

∫
R3

|x|2E1E2F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

]
dx

+Im

∫
R3

|x|2E2E3F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)

]
dx

+Im

∫
R3

|x|2E2E3F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)

]
dx

= 2Im

{
Re

∫
R3

|x|2E1E2F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

]
dx

}
+2Im

{
Re

∫
R3

|x|2E2E3F−1
[
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)

]
dx

}
= 0. (A− 4)
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Making the same estimate as (A-4) to the rest terms in −Im
∫
R3

|x|2(E1A1 +E1A2 +E2B1 +

E2B2 + E3C1 + E3C2)dx, we can obtain

−Im
∫
R3

|x|2(E1A1 + E1A2 + E2B1 + E2B2 + E3C1 + E3C2)dx = 0. (A− 5)

Combining (A-1)-(A-5) together leads to

dJ(t)

dt
= 4Im

∫
R3

[
(x∇E1)E1 + (x∇E2)E2 + (x∇E3)E3

]
dx. (A− 6)

Differentiating (A-6) with respect to t , after a careful computation and proper groupings,

we proceed as follows

d2J(t)

dt2
= 4Im

∫
R3

x
[
(∇E1)∂tE1 +∇(∂tE1)E1

]
dx

+4Im

∫
R3

x
[
(∇E2)∂tE2 +∇(∂tE2)E2

]
dx

+4Im

∫
R3

x
[
(∇E3)∂tE3 +∇(∂tE3)E3

]
dx

= −8Im

∫
R3

(
x∂tE1∇E1 + x∂tE2∇E2 + x∂tE3∇E3

)
dx

−12Im

∫
R3

(
E1∂tE1 + E2∂tE2 + E3∂tE3

)
dx

= 8Re

∫
R3

(
xi∂tE1∇E1 + xi∂tE2∇E2 + xi∂tE3∇E3

)
dx

+12Re

∫
R3

(
E1i∂tE1 + E2i∂tE2 + E3i∂tE3

)
dx

= 8Re

∫
R3

x
(
−∆E1∇E1 −∆E2∇E2 −∆E3∇E3

)
dx

−8Re

∫
R3

x
(
|E1|2 + ||E2|2 + |E3|2

) (
E1∇E1 + E2∇E2 + E3∇E3

)
dx

+8Re

∫
R3

[
x∇E1(−A1 −A2) + x∇E2(−B1 −B2) + x∇E3(−C1 − C2)

]
dx

+12Re

∫
R3

(
−∆E1E1 −∆E2E2 −∆E3E3

)
dx

−12Re

∫
R3

(
|E1|2 + ||E2|2 + |E3|2

) (
E1E1 + E2E2 + E3E3

)
dx

+12Re

∫
R3

[
E1(−A1 −A2) + E2(−B1 −B2) + E3(−C1 − C2)

]
dx. (A− 7)

Here, A1, A2, B1, B2, C1, C2 have the same forms in (1.5)-(1.10). Using integration by part-

s, the parseval identiey and the properties of Fourier transforms, we attain the following

estimates.

Re

∫
R3

x
(
−∆E1∇E1 −∆E2∇E2 −∆E3∇E3

)
dx
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= −1

2

∫
R3

(
|∇E1|2 + |∇E2|2 + |∇E3|2

)
dx, (A− 8)

−Re
∫
R3

x
(
|E1|2 + |E2|2 + |E3|2

) (
E1∇E1 + E2∇E2 + E3∇E3

)
dx

= 3
4

∫
R3

(
|E1|4 + |E2|4 + |E3|4

)
dx

+3
2

∫
R3

(
|E1|2|E2|2 + |E1|2|E3|2 + |E2|2|E3|2

)
dx,

(A− 9)

Re

∫
R3

(
−∆E1∇E1 −∆E2∇E2 −∆E3∇E3

)
dx

=

∫
R3

(
|∇E1|2 + |∇E2|2 + |∇E3|2

)
dx,

(A− 10)

−Re
∫
R3

(
|E1|2 + |E2|2 + |E3|2

) (
E1E1 + E2E2 + E3E3

)
dx

= −
∫
R3

(
|E1|4 + |E2|4 + |E3|4

)
dx

−2

∫
R3

(
|E1|2|E2|2 + |E1|2|E3|2 + |E2|2|E3|2

)
dx,

(A− 11)

8Re

∫
R3

[
x∇E1(−A1 −A2) + x∇E2(−B1 −B2) + x∇E3(−C1 − C2)

]
dx

+12Re

∫
R3

[
E1(−A1 −A2) + E2(−B1 −B2) + E3(−C1 − C2)

]
dx

= −6

∫
R3

F1(E1, E2, E3)dx+ 12Re

∫
R3

F2(E1, E2, E3)dx

+4δ

∫
R3

F1(E1, E2, E3)

|ξ|2 − δ
dx− 8δ

∫
R3

F2(E1, E2, E3)

|ξ|2 − δ
dx.

(A− 12)

where A1, A2, B1, B2, C1, C2 have the forms in (1.5)-(1.10), and F1, F2 are defined by (2.16)

and (2.17).

Before we show (A-12) one by one, we mention several key identities.

Lemma A.1 For i, j, k, l, s, p = 1, 2, 3, the following identities hold:∫
R3

x∇EiEjF−1
[
ηξkξl
|ξ|2 − δ

F(EsEp)

]
dx

=

∫
R3

F(x∇EiEj)
ηξkξl
|ξ|2 − δ

F(EsEp)dξ,

(A− 13)

Re

∫
R3

F(EiEj − EiEj)
ηξkξl
|ξ|2 − δ

F(EsEi − EsEi)dξ

= Re

∫
R3

F(EsEi)
ηξkξl
|ξ|2 − δ

F(EiEj − EiEj)dξ

+Re

∫
R3

F(EiEj)
ηξkξl
|ξ|2 − δ

F(EsEi − EsEi)dξ.
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Re

∫
R3

F(EsEj)
ηξkξl
|ξ|2 − δ

ξ · ∂ξF(EiEj − EiEj)dξ

+Re

∫
R3

F(EiEj)
ηξkξl
|ξ|2 − δ

ξ · ∂ξF(EsEi − EsEi)dξ

= Re

∫
R3

ξ · ∂ξF(EsEj)
ηξkξl
|ξ|2 − δ

F(EiEj − EiEj)dξ

+Re

∫
R3

ξ · ∂ξF(EiEj)
ηξkξl
|ξ|2 − δ

F(EsEi − EsEi)dξ.

(A− 14)

We now calculate (A-12) term by term. From (1.5)-(1.10) it follows that

Re

∫
R3

[
E1(−A1 −A2) + E2(−B1 −B2) + E3(−C1 − C2)

]
dx

= Re

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E1E2)F(E2E3 − E2E3)dξ

−Re
∫
R3

η(ξ21 + ξ22)

|ξ|2 − δ
F(E1E2)F(E1E2 − E1E2)dξ

−Re
∫
R3

ηξ2ξ3
|ξ|2 − δ

F(E1E2)F(E1E3 − E1E3)dξ

+Re

∫
R3

ηξ2ξ3
|ξ|2 − δ

F(E1E3)F(E1E2 − E1E2)dξ

+Re

∫
R3

η(ξ21 + ξ23)

|ξ|2 − δ
F(E1E3)F(E1E3 − E1E3)dξ

+Re

∫
R3

ηξ1ξ2
|ξ|2 − δ

F(E1E3)F(E2E3 − E2E3)dξ

+Re

∫
R3

ηξ1ξ2
|ξ|2 − δ

F(E2E3)F(E1E3 − E1E3)dξ

+Re

∫
R3

η(ξ22 + ξ23)

|ξ|2 − δ
F(E2E3)F(E2E3 − E2E3)dξ

+Re

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E2E3)F(E1E2 − E1E2)dξ

+Re

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E1E2)F(E2E3 − E2E3)dξ

+Re

∫
R3

η(ξ21 + ξ22)

|ξ|2 − δ
F(E1E2)F(E1E2 − E1E2)dξ

+Re

∫
R3

ηξ2ξ3
|ξ|2 − δ

F(E1E2)F(E1E3 − E1E3)dξ

+Re

∫
R3

ηξ2ξ3
|ξ|2 − δ

F(E1E3)F(E1E2 − E1E2)dξ

+Re

∫
R3

η(ξ21 + ξ23)

|ξ|2 − δ
F(E1E3)F(E1E3 − E1E3)dξ
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+Re

∫
R3

ηξ1ξ2
|ξ|2 − δ

F(E1E3)F(E2E3 − E2E3)dξ

+Re

∫
R3

ηξ1ξ2
|ξ|2 − δ

F(E2E3)F(E1E3 − E1E3)dξ

+Re

∫
R3

η(ξ22 + ξ23)

|ξ|2 − δ
F(E2E3)F(E2E3 − E2E3)dξ

+Re

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E2E3)F(E1E2 − E1E2)dξ. (A− 15)

Direct calculation and rearrangement for these terms in (A-15) yield

(A− 15) = −
∫
R3

F1(E1, E2, E3)dξ + 2Re

∫
R3

F2(E1, E2, E3)dξ, (A− 16)

where F1(E1, E2, E3) and F2(E1, E2, E3) are defined by (2.16) and (2.17).

We continue to calculate the other terms in (A-12).

Re

∫
R3

[
x∇E1(−A1 −A2) + x∇E2(−B1 −B2) + x∇E3(−C1 − C2)

]
dx

= Re

∫
R3

x∇E1E2F−1
{

ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

}
dx

−Re
∫
R3

x∇E1E2F−1
{
η(ξ21 + ξ22)

|ξ|2 − δ
F(E1E2 − E1E2)

}
dx

+Re

∫
R3

x∇E1E2F−1
{

ηξ2ξ3
|ξ|2 − δ

F(E1E3 − E1E3)

}
dx

+Re

∫
R3

x∇E1E3F−1
{

ηξ2ξ3
|ξ|2 − δ

F(E1E2 − E1E2)

}
dx

−Re
∫
R3

x∇E1E3F−1
{
η(ξ21 + ξ23)

|ξ|2 − δ
F(E1E3 − E1E3)

}
dx

+Re

∫
R3

x∇E1E3F−1
{

ηξ1ξ2
|ξ|2 − δ

F(E2E3 − E2E3)

}
dx

+Re

∫
R3

x∇E2E3F−1
{

ηξ1ξ2
|ξ|2 − δ

F(E1E3 − E1E3)

}
dx

−Re
∫
R3

x∇E2E3F−1
{
η(ξ22 + ξ23)

|ξ|2 − δ
F(E2E3 − E2E3)

}
dx

+Re

∫
R3

x∇E2E3F−1
{

ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)

}
dx

+Re

∫
R3

x∇E2E1F−1
{

ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

}
dx

−Re
∫
R3

x∇E2E1F−1
{
η(ξ21 + ξ22)

|ξ|2 − δ
F(E1E2 − E1E2)

}
dx

+Re

∫
R3

x∇E2E1F−1
{

ηξ2ξ3
|ξ|2 − δ

F(E1E3 − E1E3)

}
dx

+Re

∫
R3

x∇E3E1F−1
{

ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)

}
dx
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−Re
∫
R3

x∇E3E1F−1
{
η(ξ21 + ξ23)

|ξ|2 − δ
F(E1E3 − E1E3)

}
dx

+Re

∫
R3

x∇E3E1F−1
{

ηξ1ξ2
|ξ|2 − δ

F(E2E3 − E2E3)

}
dx

+Re

∫
R3

x∇E3E2F−1
{

ηξ1ξ2
|ξ|2 − δ

F(E1E3 − E1E3)

}
dx

−Re
∫
R3

x∇E3E2F−1
{
η(ξ22 + ξ23)

|ξ|2 − δ
F(E2E3 − E2E3)

}
dx

+Re

∫
R3

x∇E3E2F−1
{

ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)

}
dx

= Re

∫
R3

F(x∇E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

−Re
∫
R3

F(x∇E1E2)
η(ξ21 + ξ22)

|ξ|2 − δ
F(E1E2 − E1E2)dξ

+Re

∫
R3

F(x∇E1E2)
ηξ2ξ3
|ξ|2 − δ

F(E1E3 − E1E3)dξ

+Re

∫
R3

F(x∇E1E3)
ηξ2ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

−Re
∫
R3

F(x∇E1E3)
η(ξ21 + ξ23)

|ξ|2 − δ
F(E1E3 − E1E3)dξ

+Re

∫
R3

F(x∇E1E3)
ηξ1ξ2
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+Re

∫
R3

F(x∇E2E3)
ηξ1ξ2
|ξ|2 − δ

F(E1E3 − E1E3)dξ

−Re
∫
R3

F(x∇E2E3)
η(ξ22 + ξ23)

|ξ|2 − δ
F(E2E3 − E2E3)dξ

+Re

∫
R3

F(x∇E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

+Re

∫
R3

F(x∇E2E1)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

−Re
∫
R3

F(x∇E2E1)
η(ξ21 + ξ22)

|ξ|2 − δ
F(E1E2 − E1E2)dξ

+Re

∫
R3

F(x∇E2E1)
ηξ2ξ3
|ξ|2 − δ

F(E1E3 − E1E3)dξ

+Re

∫
R3

F(x∇E3E1)
ηξ2ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

−Re
∫
R3

F(x∇E3E1)
η(ξ21 + ξ23)

|ξ|2 − δ
F(E1E3 − E1E3)dξ

+Re

∫
R3

F(x∇E3E1)
ηξ1ξ2
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+Re

∫
R3

F(x∇E3E2)
ηξ1ξ2
|ξ|2 − δ

F(E1E3 − E1E3)dξ
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−Re
∫
R3

F(x∇E3E2)
η(ξ22 + ξ23)

|ξ|2 − δ
F(E2E3 − E2E3)dξ

+Re

∫
R3

F(x∇E3E2)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ. (A− 17)

We first consider these terms including ηξ1ξ3
|ξ|2−δ . Using integration by parts, the Parseval

identity, and some properties of Fourier transforms, we derive that

Re

∫
R3

F(x∇E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+Re

∫
R3

F(x∇E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

+Re

∫
R3

F(x∇E2E1)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+Re

∫
R3

F(x∇E3E2)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

= Re

∫
R3

−i∂ξF(∇E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+Re

∫
R3

−i∂ξF(∇E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

+Re

∫
R3

−i∂ξF(∇E2E1)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+Re

∫
R3

−i∂ξF(∇E3E2)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

= Re

∫
R3

i∂ξF(∇E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+Re

∫
R3

i∂ξF(∇E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

+Re

∫
R3

i∂ξF(∇E2E1)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+Re

∫
R3

i∂ξF(∇E3E2)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

=
i

2

∫
R3

∂ξF(∇E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+
i

2

∫
R3

∂ξF(∇E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+
i

2

∫
R3

∂ξF(∇E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

+
i

2

∫
R3

∂ξF(∇E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

+
i

2

∫
R3

∂ξF(∇E2E1)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+
i

2

∫
R3

∂ξF(∇E2E1)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ
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+
i

2

∫
R3

∂ξF(∇E3E2)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

+
i

2

∫
R3

∂ξF(∇E3E2)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ. (A− 18)

By rearranging these terms in (A-18), we get

(A− 18) =
i

2

∫
R3

(
∂ξF(∇E1E2) + ∂ξF(∇E2E1)

) ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+
i

2

∫
R3

(
∂ξF(∇E1E2) + ∂ξF(E1∇E2)

) ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+
i

2

∫
R3

(
∂ξF(∇E2E3) + ∂ξF(E2∇E3)

) ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

+
i

2

∫
R3

(
∂ξF(∇E2E3) + ∂ξF(E2∇E3)

) ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

=
i

2

∫
R3

∂ξF(∇(E1E2))
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+
i

2

∫
R3

∂ξF(∇(E1E2))
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+
i

2

∫
R3

∂ξF(∇(E2E3))
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

+
i

2

∫
R3

∂ξF(∇(E2E3))
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

= −1

2

∫
R3

∂ξ ·
[
ξF(E1E2)

] ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

−1

2

∫
R3

∂ξ ·
[
ξF(E1E2)

] ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

−1

2

∫
R3

∂ξ ·
[
ξF(E2E3)

] ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

−1

2

∫
R3

∂ξ ·
[
ξF(E2E3)

] ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

= −3

2

∫
R3

F(E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

−1

2

∫
R3

ξ · ∂ξF(E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

−3

2

∫
R3

F(E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

−1

2

∫
R3

ξ · ∂ξF(E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

−3

2

∫
R3

F(E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

−1

2

∫
R3

ξ · ∂ξF(E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

−3

2

∫
R3

F(E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

29



−1

2

∫
R3

ξ · ∂ξF(E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

= −3Re

∫
R3

F(E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

−3Re

∫
R3

F(E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

−Re
∫
R3

ξ · ∂ξF(E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

−Re
∫
R3

ξ · ∂ξF(E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ. (A− 19)

Let

G = −Re
∫
R3

ξ · ∂ξF(E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

−Re
∫
R3

ξ · ∂ξF(E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ. (A− 20)

Then

G = Re

∫
R3

F(E1E2)∂ξ ·
(
ξ
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)

)
dξ

+Re

∫
R3

F(E2E3)∂ξ ·
(
ξ
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)

)
dξ

= 3Re

∫
R3

F(E1E2)
ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)dξ

+3Re

∫
R3

F(E2E3)
ηξ1ξ3
|ξ|2 − δ

F(E1E2 − E1E2)dξ

−2δRe

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E1E2)F(E2E3 − E2E3)dξ

−2δRe

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E2E3)F(E1E2 − E1E2)dξ

+Re

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E1E2)ξ · ∂ξF(E2E3 − E2E3)dξ

+Re

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E2E3)ξ · ∂ξF(E1E2 − E1E2)dξ. (A− 21)

In view of (A-13)-(A-14), we conclude

2G = 3Re

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)F(E1E2 − E1E2)dξ

−2δRe

∫
R3

ηξ1ξ3
(|ξ|2 − δ)2

F(E2E3 − E2E3)F(E1E2 − E1E2)dξ,

which then gives

G =
3

2
Re

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)F(E1E2 − E1E2)dξ
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−δRe
∫
R3

ηξ1ξ3
(|ξ|2 − δ)2

F(E2E3 − E2E3)F(E1E2 − E1E2)dξ. (A− 22)

Note that (A-19), we thus obtain

(A− 18) = −3

2
Re

∫
R3

ηξ1ξ3
|ξ|2 − δ

F(E2E3 − E2E3)F(E1E2 − E1E2)dξ

−δRe
∫
R3

ηξ1ξ3
(|ξ|2 − δ)2

F(E2E3 − E2E3)F(E1E2 − E1E2)dξ. (A− 23)

Making the similar calculation for the other terms in (A-17) to that in the proof of (A-18),

we get

(A− 17) =
3

4

∫
R3

F1(E1, E2, E3)dξ −
3

2
Re

∫
R3

F2(E1, E2, E3)dξ

+
δ

2

∫
R3

F1(E1, E2, E3)

|ξ|2 − δ
dξ − δRe

∫
R3

F2(E1, E2, E3)

|ξ|2 − δ
dξ. (A− 24)

From (A-7)-(A-12), (A-16), (A-24), it follows that

d2J(t)

dt2
= 8

∫
R3

(
|∇E1|2 + |∇E2|2 + |∇E3|2

)
dx− 6

∫
R3

(
|E1|4 + |E2|4 + |E3|4

)
dx

−12

∫
R3

(
|E1|2|E2|2 + |E1|2|E3|2 + |E2|2|E3|2

)
dx

−6

∫
R3

F1(E1, E2, E3)dξ + 12Re

∫
R3

F2(E1, E2, E3)dξ

+4δ

∫
R3

F1(E1, E2, E3)

|ξ|2 − δ
dξ − 8δRe

∫
R3

F2(E1, E2, E3)

|ξ|2 − δ
dξ

= 8R(E1, E2, E3).

This completes the proof of Lemma 2.3. 2
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diens nonlinéaires daus de plan. C. R. Acad. Sci. Paris. Serie. Serie I 297, 307-310

(1983)

[2] Berestycki, H., Cazenave, T. Instabilité des états stationnaires dans les équations
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