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Abstract: The additive hazards model has many applications in high-throughput genomic
data analysis and clinical studies. In this article, we study the weighted Lasso estimator
for the additive hazards model in sparse, high-dimensional settings where the number of
time-dependent covariates is much larger than the sample size. Based on compatibility,
cone invertibility factors, and restricted eigenvalues of the Hessian matrix, we establish some
non-asymptotic oracle inequalities for the weighted Lasso. Under mild conditions, we show
that these quantities are bounded from below by positive constants, thus the compatibility
and cone invertibility factors can be treated as positive constants in the oracle inequalities.
A multistage adaptive method with weights recursively generated from a concave penalty
is presented. We prove a selection consistency theorem and establish an upper bound for

dimension of the weighted Lasso estimator.
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1 Introduction

Censored survival data arises in such fields as epidemiological studies and clinical trials. The
additive hazards (AH) model is an important alternative to the Cox (1972) proportional
hazards model for studying the association between such data and risk factors (Cox and
Oakes (1984)). In a traditional biomedical study, the number of covariates p is usually
relatively small compared to the sample size n. Theoretical properties of the AH model
in the fixed p and large n setting have been well established. For example, Lin and Ying
(1994) proposed a least-squares type estimator of regression parameter in the AH model and
studied its asymptotic properties using martingale techniques; Kulich and Lin (2000) studied
the AH model when covariates are subject to measurement error; Martinussen and Scheike
(2002) proposed an efficient estimation approach in AH regression with current status data.

In recent years, advances in experimental technologies have brought in a wealth of high-
throughput and high-dimensional genomic data, where an important task is to find genetic
risk factors related to clinical outcomes, such as survival and age of disease onset. In such
high-dimensional settings, the standard approach to the AH model is not applicable, since
the number of potential genetic risk factors is typically much larger than the sample size,
and regularized methods that can do variable selection and estimation have been proposed.
Examples include the Lasso (Tibshirani (1996)), SCAD (Fan and Li (2001)) and MCP (Zhang
(2010)). Much of the work on the theoretical properties of these methods has focused on
linear and generalized linear regression models; see Bithlmann and van de Geer (2011), Fan
and Lv (2010), Zhang and Zhang (2012), and the references therein. Several authors have

studied these methods for the Cox regression model in sparse, high-dimensional settings.



In particular, oracle inequalities for the prediction and estimation error of the Lasso in the
Cox model (Kong and Nan (2014); Lemler (2012); Huang et al. (2013)); Bradic, Fan and
Jiang (2011) extended the results of Fan and Li (2002) to a class of concave penalties in the
high-dimensional Cox model under certain sparsity and regularity conditions.

Variable selection for survival data has also been extended to the AH model. In fixed
dimensional settings, Leng and Ma (2007) proposed a weighted Lasso approach, and Mar-
tinussen and Scheike (2009) considered several regularization methods, including the Lasso
and the Dantzig selector. In high-dimensional settings, Gaiffas and Guilloux (2012) consid-
ered a general AH model in a non-asymptotic setting; Lin and Lv (2013) studied a class of
regularization methods for simultaneous variable selection and estimation in this model. In
view of the important role of the AH model in survival analysis and the basic importance
of the Lasso as a regularization method, it is of interest to understand the properties of the
weighted Lasso for this model in the p > n setting.

In this paper we establish the theoretical properties of the weighted Lasso in the high-
dimensional AH model concerning estimation error bounds, selection consistency, and s-
parsity. We obtain some non-asymptotic oracle inequalities for the weighted Lasso in the
high-dimensional AH model, extending the oracle inequalities for the Lasso in Cox regres-
sion (Huang et al. (2013)) to the AH model. Under mild conditions, we prove that the
compatibility and cone invertibility factors, and the corresponding restricted eigenvalue are
greater than a fixed positive constant. We provide sufficient conditions under which the
weighted Lasso is sign consistent in the AH model, generalizing the irrepresentable condition
for the sign consistence of the Lasso in linear regression (Zhao and Yu (2006)). The sparsity

property of the weighted Lasso in AH model is also proved.



The remainder of this article is organized as follows. In Section 2, we describe the AH
model and introduce the weighted Lasso penalty. In Section 3, we establish some oracle
inequalities for the weighted Lasso in the high-dimensional AH model. The compatibility
and cone invertibility factors and the corresponding restricted eigenvalue of the Hessian
matrix are presented. In Section 4, a multistage adaptive method is provided, we give some
sufficient conditions for selection consistency, and provide an upper bound on the dimension
of the weighted Lasso estimator. Section 5 includes some concluding remarks. Proofs are in

the Appendix.

2 AH model with the weighted /; penalty

We adopt the counting process framework for the AH model (Lin and Ying (1994)). Consider
a set of n independent subjects such that the counting process {N;(t);t > 0} is the number
of observed events for the ith individual in time interval [0, ¢]. Assume that the intensity

function for N;(t) is given by
dA;(t) = Yi(t){dAo(t) + By Zi(t)dt}, (1)

where By = (Bo1, -, Pop)" is a p-vector of true regression coefficients, Ag(t) = fot Ao(u)du
denotes the cumulative baseline hazard function, Y;(¢) € {0,1} is a predictable at-risk indi-
cator process for the ith individual, and Z(-) = (Z(-),---, Z,(-))’ is a predicable covariate
process. In the p > n setting, let S be any set of indices with S D {j : By; # 0}, with S¢

the complement of S in {1,---,p}. Let dy = |S| be the number of elements in S. Here we

are interested in the case where dy is much smaller than the dimension of 3.



Following Lin and Ying (1994), we introduce the pseudoscore estimating function

Z | 420 -z Havi) - vz,
where Z,(t) = > Yi(0)Z;(t)/ 25, Y;(t), and 7 is the maximum follow-up time. After
some algebra, we can get that U(8) = a — AB with a =n~* Y7 | [[{Z;(t) — Z,(t) }dN;(t)

and

-y /0 Yi{Zit) — Za(t)}t 2)

where ¢®? = cc’ for any vector c¢. For technical convenience, we rewrite the estimating

function U(3) in terms of a martingale, as suggested by Lin and Ying (1994),

Z/ (Z.(t) — Z,(t)}aM(),

where M;(t) fo w){ Ao(u) + By Zi(u)}du is a martingale. By integrating —U(3)
with respective to (3, we obtain a least-squares-type loss function (Martinussen and Scheike

(2009)),

L(B)= HAB -~ ap 8

The gradient of L(8) is L(B8) = dL(8)/08 = AB — a, and the Hessian matrix of L(3) is

L(,@) = A. Here A is free of 3, which is a major difference with the theory for Cox model
(Huang et al. (2013)).

Since A is singular in the p > n setting, it is difficult to derive the estimator for By by

minimizing (3) directly, so we employ the regularized approach. Let w € RP be a (possibly

estimated) weight vector with nonnegative elements w;, 1 < j < p, and W = diag(w). We

consider the weighted ¢;-penalized least-squares-type loss criterion

Q(B; \) = L(B) + AIWS;, (4)
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where A > 0 is a penalty parameter. Hereafter, we use the notation |v|, = {d°7_, |v;|9}1/9
for 1 < ¢ < oo, and |v]o = max;<j<,|v;| for any v € RP. For a given A, the weighted

(1-penalized estimator, or the weighted Lasso estimator is
B() = argmin Q(B; 1). (5)

The weighted Lasso estimator can be characterized by the Karush-Kuhn-Tucker (KKT)

conditions. Since L(3) is convex, a vector 3 = (fBy,--- ,3,)" is a solution to (5) if and only if

Li(B) = —Mijsgn(B;), if B; #0,

1L;(B)| < My, if B; =0,

(6)

where L(8) = (L.(8),- -+, L,(8)) = OL(B)/98 is the gradient of £(B). The (unweighted)

Lasso is a special case of (5), with the choice w; = 1,1 < j <p.

3 Non-asymptotic oracle inequalities

In this section, we establish some non-asymptotic oracle inequalities for the estimation error
of weighted Lasso in the high-dimensional AH model. Let W = diag(w) for a possibly

unknown vector w € RP with elements w; > 0. As in Huang and Zhang (2012), we define

2 = max{|L(Bo)s|oos W5 L(Bo)sc |}

Qo = {UAJ]Sw],VJGS}m{UJJS’LD],VJESC}

Hereafter, for any p-vector v .= (v1,---,v,) and sets A and C, v4 = (v; : j € A), My

denotes the A x C subblock of a matrix M and M4 = My4.



Lemma 1 Let ,é be the weighted Lasso estimator, and € = ,é — Bo. Then in the event €,

(A — 2*)[Wgeese|y < D(B,80) + (A — 2)|[Wgege

1 < (Mwsl|oo + 2%)|€5]1-

Furthermore, for any & > |wg|oo, |Wgc€se|1 < £l€s|i in the event Qon{z* < AM€—|ws|)/(E+
1)}, where D(8,8) = (8 — BY{L(B) — L(B)} = (B — B)A(B — B) is the Bregman diver-

gence(Gaiffas and Guilloux (2012)) and A is defined in (2).

It follows from Lemma 1 that in the event Qg N {z* < A(§ — |ws|xo)/(€ + 1)}, for any

€ > |wg|s, the estimation error & = [:} — B belongs to the cone
O(£,5) ={beR: [Wgebse|s <¢[bs]i}. (7)

To establish some useful oracle inequalities, for the cone in (7) and the Hessian matrix
A in (2), we set

d1/2(b/Ab)1/2
k(& S5A) = 0 7
(€ ) 0£bEO(E,5) |bs|1
as the compatibility factor (van de Geer (2007); van de Geer and Biihlmann (2009)), and

i/ b’ Ab

F (6,5 A) =
o(6, 55 A) O;Abé%(ﬁ,s) |bs|1]b],

(8)

as the weak cone invertibility factor (Ye and Zhang (2010)). The two quantities are closely
related to the restricted eigenvalue (Bickel, Ritov and Tsybakov (2009); Koltchinskii (2009)),

defined as

o (bAD)”
E A = f —
RE(E, 55 A) 0£be0es) bl

According to Ye and Zhang (2010), the compatibility and cone invertibility factors are
greater than the restricted eigenvalue. Therefore, using (£, S; A) and F, (&, S; A) can yield
shaper oracle inequalities than the restricted eigenvalue.
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Theorem 1 If |Z;(t) — Z;(t)|so < K uniformly in {t,i,j} for a finite K >0, and B be the
weighted Lasso estimator as (5), in the event Qg N{z* < A€ — |ws|x)/ (€ + 1)},

5 ENdp(1 + |wsoo)?

Mo+ ws]ec) (€ + min{us.})?
PBB) = (e i A)

) |ﬂ_/80|1 < 4min{w5c}m2(§, S,A)(g—f- 1) ) (9)

s w0

|ﬂ_/80|(1§ Fq(g,S,A) , 4 =2

Remark 1 For w; =1, 1 < 5 < p, the established error bounds for the AH model have the
same form as those for the linear model (Huang et al. (2013)), except for an improved factor

of 4£/(1 + &) > 2 for the ¢; oracle inequality as (9).

The oracle inequalities in Theorem 1 hold only in the event Qo N {2* < A€ —|ws|so)/(§+
1)}, so a probabilistic upper bound for z* is needed. We have Nj(co) < 1 and L(B,) =
—n P30 (A Zi(t) — Z,(t)}dM;(t). Without loss of generality, the martingale difference
generated by {M;(t),t > 0} is bounded by 1. Then by martingale version of the Hoeffding
inequality (Azuma (1967)) and Lemma 3.3 of Huang et al. (2013), we can get that P{z* >

Kz} < 2pe /2,

Theorem 2 Suppose the conditions in Theorem 1 hold. Let & > |wg|oo and A = {(§+1)/(§—

lws|eo) K/ (2/n) log(2p/€) with a small € > 0. Then in the event Qq, for any C, > 0 and

Crq > 0, we have

. E2X2dy(1 + |wg|so)?

Ado(1 + |ws|oo) (€ + min{wge })?
D(B,By) < €+ 12C?

4min{wg}C2(£ + 1) ’

) |/é_ﬂ0|1 S

1/q
Ml +1)

|/8_180|q§ <§+1)CF7Q ) - b

all hold with probability at least P{x(§,S;A) > Cy, Fy(&,S;A) > Cpy} — €.



Remark 2 By Theorem 2, to ensure the error | 8- Bol, is small with high probability, it is

required that p = exp{o(n/dé/q)}. If dy is bounded, then p can be as large as exp(o(n)).

We have established non-asymptotic oracle inequalities expressed in terms of compatibil-
ity and weak cone invertibility factors. As the Hessian matrix is based on the cross-products
of time-dependent covariates in censored risk sets, these quantities are random variables.
We provide some sufficient conditions under which they can be treated as constants, and
since these factors appear in the denominator of the error bounds, it suffices to bound them
from below. To simplify the statement of the results, we use ®(¢,.S; A) to denote any of the

quantities:
D¢, 9;A) = K%(€,5; A), Fy(€,S; A), and RE*(¢,S; A). (11)
If we make a claim about ®(¢,S; A), then the claim holds for any quantity in (11).

Lemma 2 Let x%(€,S; A), F,(€,5; A),RE*(¢,S; A) and ®(£,S; A) be defined in (11). De-
note A;; as the elements of A and let B is another nonnegative-definite matriz with elements

B;;, then

YR
(i) for 1 <q<2,

min{x?(£, S; A), (1 + min{wgc}_1€)2/q_1Fq(§, S;A)} > RE*(E,5;A) > Anin(A),

where Apin(+) denotes the smallest eigenvalue,

(ZZ) <I>(§,S, A) > q)(f, S, B) — do(l + min{wgc}_1§)2 maxj<i<;<p |Az] — B2]|;



(iii) if A > B, then ®(&,5;A) > ®(&,S; B), where A > B means A — B is nonnegative

definite.

As in Huang et al. (2013), we can bound the quantities of type ®(&,S; A) from below
in two ways: bound the matrix A from below, or approximate A under the supreme norm
for its elements. Here we choose a suitable truncation of A = L(G,) as a lower bound
of the matrix. This is done by truncating the maximum event time under consideration.
Since L(Bo) = nt 30, [o Yi(t){Zi(t) — Z,(t)}*%dt, then L(By) > A(t*) with A(t*) =
fot* S, (t)dt, where £,(t) = n~ >0 Yi(){Zi(t) — Z,(t)}*?, and t* > 0. Suppose that
{Yi(t), Z;(t),t > 0} are i.i.d. stochastic processes of {Y'(t),Z(t),t > 0}. The population
version of A(t*) is A(t*) = E(fot Y, (t)dt), where X,(t) = n~ 130 Yi(){Zi(t) — p(t)}*?

with u(t) = E{Y(t)Z(t)}/E(Y (t)). Let F,(t) = v/(2/n)logt, then we have the following

results.

Theorem 3 Suppose that {Yi(t), Z;(t),t > 0} are i.i.d. processes as {Y(t),Z(t),t > 0}
with sup, P{|Z;(t) — Z(t)|oc < K} = 1. Ift* be a positive constant and r, = EY (t*), then

(&, 5 L(Bo)) = ®(&, S A(t7)) — do(1 + minfwse} ) K> {F(p(p + 1) /€) + (2/r)t; ..}

with probability at least 1 — 2¢, where t,,. is the solution of p(p + 1)exp{—ntZ /(2 +

n7p76

2tnpe/3)} = €/2.221. Furthermore, for 1 < q¢ <2,

min{x?(£, S; A), (1 + min{wsc}*lg)Q/qleq(f, S;A)}

> RE*(&,S; L(By))

v

Auin(A(1)) = do(1+ min{wse} €K (Falp(p + 1)/6) + (2/r)8,. )

with probability greater than 1 — 2¢, where Apin(+) denotes the smallest eigenvalue.
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Accordingly, the compatibility and cone invertibility factors and the restricted eigenvalue
can be treated as constants in the high-dimensional AH model with time-dependent covari-
ates. Our discussion focuses on the quantities in (&, S; A) for the Hessian matrix A. But,
since L(By +b) = L(By) = A, for any b € R?, Theorem 3 provides lower bounds for these
quantities at any 3. This conclusion is different from those for Cox regression model (Huang
et al. (2013)), which only provide lower bounds for these quantities with 3 not far from 3,
in terms of ¢;-distance.

An earlier result on oracle inequalities for the high-dimensional AH model is due to
Gaiffas and Guilloux (2012), who considered a data-driven ¢; penalization and proved oracle
inequalities for a more general non-parametric AH model. They only focused on the time-
independent covariates case. Lin and Lv (2013) studied the properties of a class of concave
penalties, including the Lasso for the AH model. They obtained ¢, error bounds and asymp-
totic oracle properties for the regression coefficient under different conditions from what we
assumed here. A key assumption in their results is a strong version of the irrepresentable

condition, which is not required in our results on the error bounds.

4 Multistage adaptive method and selection consisten-

cy

In this section, we consider how to choose the weights w; in (4), for j = 1,--- , p. A multistage
adaptive approach is proposed with weights recursively generated from a concave penalty

function, e.g. SCAD (Fan and Li (2001)) and MCP (Zhang (2010a)). Let P\(¢) be a concave

11



penalty with P,\(0+) = A. The maximum concavity of this penalty is

Py(t2) — Py(t
w= sup ‘ )\( 2) )\( 1)|’ (12)
0<t1 <ty to —ty

where Py(t) = (0/0t)Py\(t).

Theorem 4 If ¢ > 1, £ > (¢4 1)/(¢ — 1), B is an initial estimator of By, and B is the
weighted Lasso estimator in (5) with weights w; = PA(]B]-\)/)\, forj=1,---,p. Then in the

event Qo N{z* < \/o},

do

B Bl < {|PA(|505|)|1 LTSy —ﬁoll}, (13)

¢

where Py\(+) is a concave penalty, and Fy(€,S; A) is defined in (8) with g = 1.

Thus the weighted Lasso B improves its initial estimator B, and we can repeatedly apply

this procedure with the multistage algorithm (Zhang (2010Db)),

B+ — argmm{ —i—ZPA \ﬂ] } k=0,1,---,

where L([3) is defined in (3).
Define || M||oo = max, <1 |[Mu|s as the lo to o norm of a matrix M. We have the

following results on selection consistency and sparsity for the weighted Lasso estimator B in

(5).

Theorem 5 (i) If B ={B: Bse =0} and Sg = {j: p; # 0}, and if

sup \WSC ASCSBASEWSBsgn(,BSﬁﬂOO < Ko < 1, (14)
BeB;
sup || Wl Ases,Ag) [|oo< (15)
BEBE



hold, then {j : B; # 0} C S in the event
Ql = QO N {Z*(l + /il) < (1 - Iﬁo))\}. (16)

(i1) If By = {B : sgn(B) = sgn(Bo)}, and (14) and (15) hold with B replaced by By,

~

then sgn(3) = sgn(By) in the event
000 { sup 1| A5* e (hislooh + ) < il | (1)
,36%0 ]ES
By Theorem 5 and the probabilistic upper bound for z*, we have the following.

Corollary 1 (i) If By = {B : Bse = 0}, Sg = {j : B; # 0}, A = {(1 + s1)/(1 —

ko) K/ (2/n)log(2p/e) with a small e > 0 (e.g. € =0.01), and (14) and (15) hold, then in
the event Qg, {Jj : Bj # 0} C S hold with at least probability 1 — €.

(i1) If By = {B : sgn(B) = sgn(Bo)}, (14) and (15) hold with B replaced by By, and

min {(1—ro)/(1+K1)A, (Supgess, | As' lloo) ™ minjes |Bjo|—[dslA} = K1/ (2/n) log(2p/e),

~

then sgn(B3) = sgn(By) in the event Qy hold with at least probability 1 — e.

The proof of this corollary is similar to that of Theorem 2, so we omit the details. These
conditions of the Corollary 1 can be regarded as an extension of the irrepresentable condition
for Lasso in the linear regression model (Meinshausen and Biithlmann (2006); Zhao and Yu
(2006)) to the current setting.

We now derive an upper bound for the dimension of B Take

ky(m) = sup {AmaX(WngB) :BNS =g} (18)
|B|l=m
as a restricted upper eigenvalue, where A, (+) denotes the largest eigenvalue, B C {1,--- | p},

A and Wy are the restrictions of the Hessian of (3) and the weight W = diag{w} to R5.

13



Theorem 6 If B is the weighted Lasso estimator (5) and & > |wg|w, then in the event

Qo N{z" < (€ — |ws|w)/(€ + 1A}, we have

. - m EX2dy(1+ s o)
#I 5 #0785 <= mm{m =L T = 2P DR S A>}'

Corollary 2 If B is the weighted Lasso estimator (5), € > |wg|o, and X\ = {(€ +1)/(€ —

[wsloo) HK\/(2/n) log(2p/€) with a small € > 0, then in the event Qq, for any C, > 0, we

have

#{jz@#o,jw}%:mm{mz1: m >’52d0}

ki (m) C3

holds with probability no less than P{k(&,S;A) > C,} —e.

A direct consequence of this corollary is that #{j : Bj # 0} < dy + dy. In particular,

under the condition ki (m) < k% for all m, we have
#{7 By # 0} < (1+ K168 /C)dy.

This is an upper bound for the number of nonzero components of the weighted Lasso in the

high-dimensional AH model.

5 Concluding remarks

There exist several directions for research in the future. One reviewer suggests that it
would be useful to consider tests for individual coefficients and error control such as false
discovery rate control in the high-dimensional AH model (Zhong, Hu, and Li (2015)); some
treatments of this topic with the weighted Lasso would be interesting, and have practical
implications. The established results assume that the sequence of penalty parameters is

14



fixed, which is not applicable to the case where the penalty parameters are selected based
on data-driven procedures, such as cross validation. This problem deserves further study,
but is beyond the scope of the current paper. It would be interesting to consider the more
general form of the AH model: dA;(t) = Y;(t){dAo(t) + h(Z;(t))dt}, where h : R — R, is
a nonparametric function. A particular case of interest is when A is an additive function,
dA;(t) = Yi(t){dAo(t) + D F_, hj(Z;(t))dt}. The linear AH model (1) is the parametric case
with h(x) = x’3. We expect that our methods would be useful for studying the properties

of the weighted Lasso in these models.
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Appendix
Here we prove Lemmas 1 - 2, Theorems 1-6, and Corollary 2.

Proof of Lemma 1. Since L(8) is a convex function, and D(3,3y) = &{L(By + &) —
L(Bo)} > 0, the first inequality holds. With é; = Bj for j € S¢,
{L(By+ @) — L(Bo)}
= ) GL(Bo+8);+ > & L(Be+8);+ € (—L(By))

jES*° jES

< Z Bi (= Mijsgn(B;)) + Z &1\ + &g (—L(Bo)se) + €5(—L(Bo)s)
jeSe jES

< —AWgebse|i + A|Wseg|i + (Wgeese)' ( — W5l L(Bo)se) + €5(—L(Bo)s)

S (Z* - )\>|Wscégc

1+ (2" + Mws|so)|€s]1-

The first inequality here requires L(G, +e); = —)\szgn(ﬁj) only in the set S°N{j: Bj # 0},

since é; = Bj — Bo; = 0 when j € S¢ and Bj = 0. This completes the proof of Lemma 1. [J

Proof of Lemma 2. (i) By the Hélder inequality, [bl, < [b|¥* " [bl>~*%. It follows from
bl < (1 + min{wsge}1€)|bg|1 in the cone, and |bg|; < di/?[b|s, that
[bslafbly/dg* < (1+minf{uwse} €)% b [/ /dy'* < (1+ minfwse} 1) b,
Then, since |bg|; < d(l]/2|b|2, (i) holds.

(ii) From |b’Ab — b’Bb| < |b|? max; ; |A;; — B;;| and

[bly < (1 + min{ws}7€)[bs| < (1 + min{ws:}'€)dy /bl

it is easy to obtain the desired result.

(iii) The conclusion immediately follows from (11). This completes the proof of Lemma

2. U
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Proof of Theorem 1. Let € = ,[;' — Bo # 0 and b = é&/|é|;. Because of the convexity of

L(B),

0

27 'D(By + xb, By) = £{L(Bo + 2b) — 2b'L(B0)}

is an increasing function of z. Thus, in the event QN 2* < A€ — |ws|eo)/(§ + 1), by Lemma
1 we have

1+ |ws|so)
§+1

/\(1 + |wS|oo)

A

b'{L(By + xb) — L(By)} + |bs1, (19)

where x € [0,]€]1], and b € O(&,S) which is defined in (7). Then for all nonnegative z, it

follows from zb'{L(By + xb) — L(By)} = x2b'L(B,)b, the definition of (¢, S; A), and (19)

that
vk (€, 9;A)|bs|}/dy < xb'L(Bo)b
5)‘(1 + |w5|00) >‘(1 + |w5|00)
< bgl, — 2 W b
< 11 |bs |1 ) W gebge |y
< A<1+st!oo>(£+min{wsc}),b = Amin{wse H(1 + [ws|oo)
- £+1 S £+1

A(L + [ws]oo) (€ + min{wse})
4min{wge}(§ + 1)

IN

2
|bs]7.

Therefore, for all = satisfying (19), we have

Ad(1 + [ws|o) (€ + minfwse })?

4min{wge}r2(E, S; A)(E+1) (20)

Since L is convex, b'{L(By + b) — L(B,)} is an increasing function of z, the set of all

nonnegative x satisfying(19) is a closed interval [0, ] for some Z. Thus, (20) yields

. -1 o Ado(1 4 [wsloo) (€ + min{wse})?
el < [2] < 4min{wge }k2(€, S;A)(E+1)

which is the second part of (9). Furthermore, by Lemma 1 we have

EA(L + |wslso)[€s
£+1 '

K2(E, S5 A)|es|?/dy < & L(Bo)é = D(B, By) <

17



Thus, the first part of (9) holds.

Lastly, from the definition of F,(¢,5; A) and Lemma 1, we can derive that

o, < WeAe  d"D(ByteBo) _ dy (Nl + =)
T lesh (6 SiA)  leshFy(E S5 A) T F(§SA)
so (10) holds. This completes the proof of Theorem 1. U

Proof of Theorem 2. Let x = A& — |w|oo)/{K (€ + 1)} = v/(2/n)log(2p/e) in the prob-
ability bound P{z* > Kz} < 2pe*”12/ 2 then it can be verified that the probability of the
event z* > (£ — |w|x)/(§+ 1)\ is at most €. Then it follows from Theorem 1 that the desired

results hold. This completes the proof of Theorem 2. [l
Proof of Theorem 3. By the definition of A(¢*) and Lemma 2 (iii), we have
(&, 5: L(Bo)) = (&, S5 A(1")). (21)

From the definition of ¥,(¢) and %, (t), we have

Sa(t) = Sa(t) + 07" Z Yi(t){Znu(t) — p(t)}**.

Thus,
At) = / £, (1)dt — / WY Vi Zalt) — l0)} . (22)

Take Y, (t) = n~' 300, Yi(t) and I(t) = Ya(t){Za(t) — p(t)} = n~' 300, Yi(t){ Zi(t) —
wp(t)}. Since Y;(t) is a non-increasing function in ¢, we have

[ Te(t)dt

0< / VL0 Zult) = w(t)) e < 00 (23)

Because Y, (t*) is an average of i.i.d. random variables taking values 0 or 1 and EY,,(t*) = r.,

by the Hoeffding (1963) inequality, we have

P{Y,(t*) <r./2} < e 2,

18



Since '(¢) is an average of i.i.d. mean-zero random vectors, (n? fg ['®2(t)dt); ; is a degenerate
V-statistic for each (i, ), and the summands of these V-statistic are all bounded by K?t*,

by Lemma 4.2 of Huang et al. (2013), we have

P {:I: </Ot F®2(t)dt) 7 (K2t*)t2} < 2.221 exp (ITZ?%) .

By (22), (23), the two above probability bounds and Lemma 2 (ii), we can derive that

(€, S; A(tY)) > ®(¢€, S; /Ot Y, (t)dt) — do(1 + min{wsc}*1§)2K2t*(2/7’*)153171076 (24)

—nr2/2

with at least probability 1 — e — €.
Moreover, since fot Y, (t)dt is an average of ii.d. matrices with mean A(t*) and the

summands of ( fot 3, (t)dt); ; are uniformly bounded by K?t*, thus by the Hoeffding (1963)

inequality, we get

Then, it follows from (21), (24), the above inequality with ¢ = F,,(p(p + 1)/¢), and Lemma

> K2t*t} < p(p+1)e 72,

2 (i) that

(&, 8 L(By) > B(E,S; /Ot Y (t)dt) — do(1 —i—mim{wsc}’15)2K2t*(2/7”*)2524,76

v

O(&, S; A(t")) — do(1 + minfwse} &) KA { Fu(p(p + 1) /€) + (2/r2)t5 .0}

with at least probability 1 — e™nri/2 _ 9¢.

From Lemma 2 that
D(&, S A(t) > RE*(E,5; A(t")) = Amin(A(tY)),

and the desired results follow. This completes the proof of Theorem 3. O

19



Proof of Theorem 4. Let & = B — By, w; = ;. Since || < 1, we have

s o+l
A=zt TA-3 ¢-1

<<

Thus, from the KKT condition (6) and the proof of Lemma 1, we can show that &€ € ©(¢&, S)

and D(8B, By) < |és|1(|ws| + |L(Bo)s|1). By the definition of Fy(£,5; A) in (8), we get that
dy ' Fi (€, S; A)lesliley < D(B, Bo) < |és|s(libs] +L(Bo)s|1)-
Since |ég|; = 0 implies € = 0 for € € O(¢, S),
dy ' Fi(€, 5 A)lefy < [ish + |L(Bo)sli- (25)
It follows from ;A = Py(|5;]) < Pr(|Bj0]) + @ - |3 — Bl that
[bshA < |[Pr(1Bos)h + @18 — Bols- (26)

From (25) and (26), 18 Auls < s {12 (Busl) s + [L(B)sly + 13 — ol } . Moreover,
IL(Bo)sly < z* < ¢/\ and |S| = dy lead to the desired results. This ends the proof of

Theorem 4. O

Proof of Theorem 5. (i) Let a = a — A3y and X be fixed. Take

B(A,t)_argmm{ B'AB — B (ta+ ABy) +tAij|ﬁ|j 556_0}

7=1

as an artificial path for 0 < ¢ < 1. Then for each ¢, the KKT conditions for B()\, t) are:

= sgn(3;(\ 1), if B;(A\ 1) #0,

€ [_171]7 if BJ()Ht) :07

gS<)\7 t) = t)\WS,uS()\? t)a /1’]()\7 t)

where g(\,t) = —AB(\, t) + A + ta.

20



Let S; = {j : Bj()\,t) # 0}. By applying differentiation D = (9/0t) to the KKT

conditions, it follows that almost everywhere in ¢,

(Dg)s,(A\ 1) = s, — Ag {(DB)s,(\, 1)} = AW, i, (A, 1)
Then we have
(DB)s, (M 1) = Ag!{as, — AW, s, (A, 1)}, (27)
An application of the chain rule leads to
(Dg)se (A t) = age — Ages, Ag'{as, — AW, s, (A, 1)}

As g(A, t) is almost differentiable and B(), 0+) = By, we have g(X, 04) = 0 and gge (A, 1—) =
Jolase — Ages, Ag!{as, — AW, s, (A, 1) }]dt. Thus, by (14) and (15), [Wglgse(A, 1-)]o <
(W 5lage|oo + F1lase|oe + KoAls, (M t)|oo, which is smaller than A in the event (16). Then
B(A,1—) is the unique solution of the KKT condition (6) for 8. This ends the proof of part
().

(ii) We note that (17) implies that S = {j : Bjo0 # 0}. Because B()\,0+) = By, there

exists t1 > 0, us(A,t) = sgn(Bos) for 0 < t < t;. By (27) and (17), for 0 < ¢ < t; and some

e > 0, we have
(DB)s(A\,)]oo <II A5 lloo 185 — Asgn(Bos) Wiloo < min |o;| — €.

Due to B(X, 04), |Bs(A, t)— Bosloe < minjeg |foj|—¢, for all 0 < ¢ < min{t;, 1}. Furthermore,
by the continuity of B()\,t) in ¢, we know that sgn(B(A,t)) = sgn(fy) for 0 < t < 1. Then,
(14) and (15) are only needed for the smaller B in the proof of (i). Thus, B(\,1) = 8. This
completes the proof of Theorem 5. O
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Proof of Theorem 6. Let & = B — By, then it follows from (3) that Aé = L(8) — L(8,).

By the KKT conditions (6), we have
[(A&);] = |(L(B) — L(Bo));| = oA — |L(Bo);| = wj(A = 27) >0, j¢S.
If BC{j¢S:pB;#0} with |B| < dy, (18) implies that

max [(W ™ AY2u)5)2 = Apax(W52Ag) < w4 (dy).

[ul2=1

Thus,
(A= =218 < |(W A&)sf2 < k4 (d)&/ A6 = 1, (d) D(By + &, Bo).

From the predication bound in Theorem 2, we get

Fiq (d1)E2N2do(1 + |ws|so)?

k4 (d)D(Bo + &, Bo)
1B| < (A — 29)2(£ + 1)2K2(€, S; A)

(A — 2)2

All subsets B C {j ¢ S : 3; # 0} with |B| < dy satisfy |B| < dy, so #{j ¢ S : B; # 0} < di.

This completes the proof of Theorem 6. 0J

Proof of Corollary 2. For B C {j ¢ S : f; # 0} with |B| < dy, since A — 2* > (Jwg|oo +

1)/(€ + 1)\, similar to (28), we get

fa(d)D(Bo +€,80) _ #(d)ENdo(1 + [ws|)”
(N — )2 (A= 2)2(E+1)%R2(E, S5 A)

18] <

< d. (29)

Let z = M€ — |w|oo)/{K (€ + 1)} = \/(2/n)log(2p/e). By the probability bound P{z* >
Kz} < 2pe™™/2 we see that the probability of the event z* > (£ — |w|s)/(€ + 1)\ is at
most €. Thus, by replacing x(&,S;A) in (29) with C, , we have the desired result. This
completes the proof of Corollary 2. O
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