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Abstract. Lovejoy and Osburn proved formulas for the generating functions for rank
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generating functions for ranks of overpartitions modulo 6 and 10. With these generating
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1 Introduction

The rank of a partition introduced by Dyson [11] is an important statistic in the theory
of partitions. It was defined to be the largest part minus the number of parts. Dyson
[11] conjectured that this partition statistic provided combinatorial interpretations of
Ramanujan’s congruences p(5n +4) = 0 (mod 5) and p(7n + 5) = 0 (mod 7), where
p(n) is the number of partitions of n. More precisely, let N(m,n) denote the number of
partitions of n with rank m and let N(s,¢,n) denote the number of partitions of n with
rank congruent to s modulo ¢. Dyson conjectured
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N (k5,50 +4) :%, 0< k<4, (1.1)
n+5

N(k,7,7n +5) :w, 0<k<6 (1.2)

These two assertions were confirmed by Atkin and Swinnerton-Dyer [5]. In fact, they
established generating functions for every rank difference N(s, ¢, ¢n +d) — N(t, ¢, {n + d)
with £ = 5 or 7 and for 0 < d,s,t < ¢, many of which are in terms of infinite products
and generalized Lambert series. Although Dyson’s rank fails to explain Ramanujan’s



congruence p(1ln + 6) = 0 (mod 11) combinatorially, the generating functions for the
rank differences N(s,¢,{n + d) — N(t,¢,¢n + d) with ¢ = 11 have also been determined
by Atkin and Hussain [4]. Since then, the rank differences modulo other numbers have
been extensively studied, see, for example, Lewis established the rank differences modulo
2 in [20] and the rank differences modulo 9 in [19]. Santa-Gadea [28] obtained generating
functions of ranks of partitions modulo 9 and 12. Recently, Mao [25] established the
generating function of ranks of partitions modulo 10.

Dyson’s rank can be extended to overpartitions in the obvious way. Recall that an
overpartition [10] is a partition in which the first occurrence of a part may be overlined.
The rank of an overpartition is defined to be the largest part of an overpartition minus
its number of parts. Similarly, let N(m,n) denote the number of overpartitions of n with
rank m, and let N(s,¢,n) denote the number of overpartitions of n with rank congruent
to s modulo ¢. Lovejoy [21] gave the following generating function for N(m,n),

N o qqoo > (1—2)1— 2" )(—1)"q”2+"
:Z Z N(m,n)z"q" = Z l—zq 1=t . (1.3)
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Analogous to the rank of a partition, Lovejoy and Osburn [22] studied the rank dif-
ferences N(s,¢,¢n +d) — N(t,{,¢n + d) with £ = 3 or 5 for 0 < d,s,t < £. The rank
differences with ¢ = 7 have been recently determined by Jennings-Shaffer [18]. It has
been shown in [9] that there are no congruences of the form p(¢n + d) = 0 (mod ¢) for
primes ¢ > 3. The generating functions for these rank differences provide a measure of
the extent to which the rank fails to produce a congruence p(¢n—+d) = 0 (mod ¢). On the
other hand, as remarked by Jennings-Shaffer in [18], determining these three difference
formulas is equivalent to determining the 3-dissection of R(exp(2im/3); ), the 5-dissection
of R(exp(2im/5);q) and the 7-dissection of R(exp(2i7/7);q).

In this paper, we establish the generating functions for ranks of overpartitions modulo
6 and 10. To this end, we consider the 3-dissection of R(exp(im/3);q) and the 5-dissection
of R(exp(in/5);q). The main results are summarized in Theorems 1.1, 1.2 and 1.3 below,
which are stated in terms of rank differences for overpartitions. Here and throughout, we
use the notation
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and we require |g| < 1 for absolute convergence.

Theorem 1.1. We have

i(ﬁ(o, 6,n) 4+ N(1,6,n) — N(2,6,n) — N(3,6,n))q"

n=0
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Theorem 1.2. We have
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n=0
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Theorem 1.3. We have

> (N(1,10,n) + N(2,10,n) — N(3,10,n) — N(4,10,n))q"
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Besides the equalities on ranks of partitions, like (1.1) and (1.2), some inequalities
have also been obtained by Andrews [3], Garvan [12], Mao [25], and so on. In particular,
Bringmann and Kane [6] characterized the sign of the rank differences of partitions for
all odd moduli. In this paper, we obtain the following equalities and inequalities between
the ranks of overpartitions modulo 6 and 10 with the aid of the generating functions in
Theorems 1.1, 1.2 and 1.3 together with identities (1.2), (1.3) and (1.4) of [22].

Theorem 1.4. We have

N(1,6,3n) = N(3,6,3n) forn > 1, (1.7)

N(0,6,3n) > N(2,6,3n) forn > 1, (1.8)

N(1,6,3n+1) = N(3,6,3n + 1) forn >0, (1.9)

N(0,6,3n+1) > N(2,6,3n+1) forn >0, (1.10)

N(0,6,3n +2) < N(2,6,3n +2) forn >0, (1.11)

N(1,6,3n+2) > N(3,6,3n +2) forn > 0. (1.12)

Theorem 1.5. For n > 0, we have

N(0,10,5n) + N(1,10,5n) > N(4,10,5n) + N(5,10, 5n). (1.13)



Computer evidence suggests that the following inequalities hold, but we fail to prove
them and so we leave them in the following two conjectures.

Conjecture 1.6. Forn >0 and 1 < i < 4, we have

N(0,10,5n + i) + N(1,10,5n + i) > N(4,10,5n + i) + N(5, 10, 5n + 7). (1.14)
Conjecture 1.7. Forn > 0 and 0 <1 < 4, we have

N(1,10,5n + i) + N(2,10,5n + i) > N(3,10,5n + i) + N (4,10, 5n + ). (1.15)

Many of the classical mock theta functions can be written in terms of rank differences
of partitions. For example, Andrews and Garvan [1] found that the fifth order mock
theta functions xo(¢q) and x1(q) can be expressed in terms of rank differences of partitions
modulo 5, which was later proved by Hickerson [15]. Subsequently, Hickerson [16] showed
that the seventh order mock theta functions .%,(q), -#1(q) and .%5(q) are related to rank
differences of partitions modulo 7. Recently, Lovejoy [23] has proved that the tenth order
mock theta functions ¢(q) and ¢(q) can be expressed in terms of rank differences of
overpartitions modulo 5. In this paper, we establish a relation between the third order
mock theta functions w(q) and p(q) and the ranks of overpartitions modulo 6.

Theorem 1.8. We have

> (N(0,6,3n+2) + N(1,6,3n + 2) — N(2,6,3n +2) — N(3,6,3n + 2))q"
n=0
4 2

= zw(9) + 30(9); (1.16)

where the third order mock theta functions w(q) and p(q) are defined by [29]:

> 2n(n+1) 2n(n+1)( 4. 42

q q (45 4°)nt1

w(q) = E 5 and p(q) = E .
=0 (¢ ¢*)h 41 0 (4% ¢%)n+1

In light of Theorem 1.2 and Theorem 1.3, we obtain the following relations between the
tenth order mock theta functions ¢(q) and 1 (q) and the ranks of overpartitions modulo
10.

Theorem 1.9. We have

> (N(0,10,5n 4 1) + N(1,10,5n + 1) — N(4,10,5n + 1) — N(5,10,5n + 1))q"

n=0

= —¢(q) + Mi(q), (1.17)
Z(N(L 10,51 + 1) + N(2,10,5n + 1) — N(3,10,5n 4+ 1) — N(4,10,5n + 1))¢"

n=0



= ¢(q) + Ma(q), (1.18)

> (N(1,10,5n + 4) + N(2,10,5n + 4) — N(3,10,5n + 4) — N(4,10,5n + 4))¢"
n=0
= ¢ "P(q) + Ms(q), (1.19)
where the tenth order mock theta functions ¢(q) and 1(q) are defined as [8]:
)= AR, S ) (1.20)
= (4% = (g5 4% )41
and
Mi(g) = J5J10J4,10 49 I3 J0.105,10 2J4,10J§,10Jf’0
1(q) = 222200 19 —
J2,5J2,10 Jo 1002100310 300 Ji2d51073.10
. Jﬁ10=]§,10j54,10 . 31]51,10*]?310*]5,10‘]%0
J15,2J22,10Jf’0 szJzilo ’
 JsJwdao I3 J0.1075.10 8¢} JiyJ5.10
Mz(q)——J 7 —2q = = 6 74 5
2,52,10 Joi0d21003100310  JT2d2107110
8Q2Jf)oJ12,10J5?,10 16Q3J1650J§,10
J19J2,10J3,10 S TE 10030
My(g) = Js5J10J2,10 2J30J0.1075.10 n 8J§0J§,10 4Ji10=]f,10<]55,10
4(q) = _ 1 1 _
J1,5J4,10 J1,10J1,10<]4,10J4,10 J12,2J1,10J4,10 J%Jfl,zjflo
16q2=]180 32q2J160J§,10 32Q3Ji%ojf,1o

+ - )
J2 03 00010 JPTi0ds00  Jiada1073,00
are (explicit) weakly holomorphic modular forms.

This paper is organized as follows. In Section 2, we prove Theorem 1.1 by establishing
the 3-dissection of R(exp(im/3);q). In Section 3, we give the proofs of Theorem 1.2
and Theorem 1.3 by investigating the 5-dissection of R(exp(i7/5);q) and using standard
computational techniques from the theory of modular forms. Section 4 is devoted to
establishing some equalities and inequalities on ranks of overpartitions modulo 6 and 10
with the aid of Theorem 1.1, Theorem 1.2 and Theorem 1.3. In Section 5, we show the
relations between the rank differences of overpartitions and mock theta functions as stated
in Theorem 1.8 and Theorem 1.9.

2 Proof of Theorem 1.1

In this section, we will give a proof of Theorem 1.1. To this end, we need to determine
the 3-dissection of R(exp(im/3);q). First, we show that R(exp(im/3);q) can be simplified
as follows.



Lemma 2.1. We have

R(exp(in/3); q) = Z(N(o, 6,n) + N(1,6,n) — N(2,6,n) — N(3,6,n))q"
q’ OO n n 24n
nzz - + q3n . (2.1)

Proof. Replacing z by & = exp (7”) in (1.3), we have

R(exp(in/3); q Z Z N(m,n)

n=0 m=—o0

[e.9]

(QQOO 1_56 1_56 )(
H_X_:OO (1 —&eq" )(1—56 ")

Using the fact that N(s,f,n) = N(E — s,¢,n) in [21], we find that the left-hand side of
(2.2) reduces to

)n n24+n

(2.2)

co 5

R(exp(in/3); q) = ZZ 5,6,n)&5q"

n=0 s=0

8

=D {N(0,6,n) + (& + E)N(L.6,n) +(& +&)N(2,6,n) + EN(3,6.1)} ¢"

n=0
Observe that 1 — & + & = 0 and & = —1, so we have
R(exp(im/3);q) = Y (N(0,6,n) + N(1,6,n) — N(2,6,n) — N(3,6,n))q"
n=0
We proceed to simplify the right-hand side of (2.2). In light of the fact that 1—&;'—&; = 0,
we get

(— Qo = 2—& " —&)(=1)"g" ™"
(q,CJ) (1—56 q" — &q" + )

R(exp(in/3); q) =

quoZ ( n+n
1—q +q2"

qqooz 1)+ (1 + ")

_ (_Q7Q)oo i (_1)nqn2+n N i (_1)nqn2—2n
(D)o |, =, 1+ = 14g™
_ 2( 4 4)oo (=Drg™
as desired. Thus, we complete the proof of Lemma 2.1. |
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We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 2.1, it suffices to show that

q7 oo n n 4n
n; 1 + q3”
0 n n2 n
_ Jiggjg,ls +q Jf8 L qg 2Jf8 B 1 Z M | 2.3
2‘]6‘]??,18 J6J3,18 J6J9718 J9,18 S 1+ q9n+3

First, we split the sum on the left-hand side of (2.3) into three sums according to the
summation index n modulo 3,

0 (_1)nqn2+n B 0 ( 1)71 9In2+3n n 9n2—|—9n+2 & (_1)nq9n2+15n+6
Z 1+ an - Z 1+ q9n B Z 1 + q9n+3 + Z 1+ q9n+6
= S(] - Sl + SQ. (24)
We claim that B
2q.J:
S+ S, = qJ3,18 Sy + 6 3,1&; 9,18 (2.5)

The identity (2.5) can be justified by using the following identity in [22, Lemma 4.1].

0 2y C—Qn C2n+2
2 (-1 (1—z<1qn * 1—z<q")

C(¢%q¢ 2, — ¢
" (G et ¢, —qC Z 1—261
+ (C;QC_ ’C27QC 2,—2,—q2 7q>oo(q’q)°° . (26)

(Z7 qZ_17 ZCv qz_lg_la ZC_IJ QCZ_17 _CJ _qg_l; q)oo
Replacing ¢, z and ¢ in (2.6) by ¢, —¢* and ¢?, we find that

i (—1)ng™Hon IR A

= 1+ q9n 1+ q9n+6

_P(-1,-¢% ) 1)ngn+on (¢*,4%q”)2.(¢% ¢°)%

(—¢3,—35%¢°) 1+q9"+3 (=3, =45 ¢°)3, (=1, —¢°; ¢°)
:2qJ3 18 Z (—1)nq9n +ont2 Jng,lSJ‘ilB

Joas 1 + ¢ t3 2Jis

which gives (2.5), and hence the claim is verified.
Substituting (2.5) into (2.4), we have

i (_l)nqn2+n _ (1 _ 2C_IJ3,18> S+ JgJ§,18J92,18
1+ q3" Jg,18 ! 2J§8 .

n=—oo



Using the identity in [22, Lemma 3.1]
U VT

ET ey 24(¢%, 4", 4" ¢")00 = Jo1s — 2qJ513, (2.7)
it follows that
io: (_1)nqn2+n _ (4 @)oo ‘ S I Jgj??,18<]92,18
L+ g (=4 @)oo o8 2J7%

n=-—oo
Hence it remains to show that

Jgjg,lsjg,ls _ (Q;Q)oo {JfBJQ,ls +q 2st +q2 4‘]138 } (2 8)
J?s (—q;CI)oo J6J3?,18 J6J3,18 J6J9,18

Substituting (2.7) into (2.8), we find that the right-hand side of (2.8) can be simplified as
JisJo 18 2.J3 4.3
Jo e — 20 1879, 18 2 2Jig
(Jo.18 qJs,18) { J6J32,18 + qJ6J3,18 +4q JoTors

J3 1876 J6Jo 18 J318J6 J3.18J6 Js Js

3 72 3
o J18J9,18 q3 J18J3,18
—_ 2 — - .
J3,18<]6 J6<]9,18

Hence (2.8) is equivalent to

JisJ3 15 B 5 Jis 3,18 _ JgJ:?,lngZ,lB (2.9)
I3 1806 JoJo 18 Jis
which can be simplified as follows.
S T35 18
Toas = 86" Jus = = (2.10)
18

This identity can be verified by using the following identity in [5]

i@ )i (yza)iz""q) = iy )i ez ) i(ez " q) — vz (20 (wy; @)d(zy ™5 ).

(2.11)
Letting ¢ — ¢, v = —¢3, y = ¢ and 2z = —1 in (2.11), we obtain
(3. 9\4
3. O\3 3, o3 _ J@q)
I=aq) = g(=1q")" = 55,
( ) ( ) i(=¢*¢°)
which is equivalent to
I3 T Jaisds
28 gyt s = TR RD (2.12)
J3 18 J5 18 Jis
If we multiply both sides of (2.12) by J3 sJ3 15/ Ji5, we obtain (2.10), and hence (2.8) is
verified. Thus, we complete the proof of Theorem 1.1. |



3 Proofs of Theorem 1.2 and Theorem 1.3

To prove Theorem 1.2 and Theorem 1.3, we are required to consider the 5-dissection of
R(exp(im/5); q).

Lemma 3.1. We have

R(exp(im/5);q) = i(N(O, 10,n) 4+ N(1,10,n) — N(4,10,n) — N(5,10,n))q"
+ (&, — €1o)i( N(1,10,n) + N(2,10,n) — N(3,10,n) — N(4,10,n))q"
= Fi(q) + (& — ffo)F2(Q)a (3.1)
where
_ 2449 )'g"
F1(Q) = (q, q)oo n_z_:oo 11 q5” )
_ 2449 g™ (gt 1)
Fy(q) == (q, e n_zoo 15 gn .

Proof. Plugging z = &9 = exp (%’) into (1.3), we have

R(exp(im/5); q Z Z (m, n)&oq"

n=0 m=—o0

n2+n

00001_101_1()
(qq Z §10)(1 — &5 )(=1)"q

1 — &10q" )(1 - 510 q ) (3:2)

n=—oo

Note that N(s,¢,n) = N({—s,¢,n) and &), = —1, we find that the left-hand side of (3.2)

can be simplified as

0o 9
R(exp(im/5);q) = > Y N(t,10,n)&oq"

n=0 t=0

= S {V(0,10,) + (0 — €LV (1, 10,0) + (& — €N (2,10,1)

+(£10 flo) (3 10,n) + (flo 510) (4,10,n) — N(57107n)}qn-

Using the fact that 1 — &9 + &2, — & + &y = 0, we have

[e.e]

R(exp(in/5); q Z (0,10,n) + (1 + &y — E)N(1,10,n) + (65 — )N (2,10, n)
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+( flO) (3,10,n) — (1+€10 510) (4,10,n) — W(E), 10,”)}2’”

= i(ﬁ(o, 10,n) + N(1,10,n) — N(4,10,n) — N(5,10,n))q"

n=0
+ (€5 — &) > _(N(1,10,n) + N(2,10,n) — N(3,10,n) — N(4,10,n))q"
n=0

We now turn to simplify the right-hand side of (3.2). Using the fact that 1 — &9 — &y —
&6 — &, =0, we deduce that

(1= &0g") (1 = &0'd") (1 = g™ (1 = &)1 + ") = 1+ ¢
and
(1= &0)(1 = &) (1 = g™ (1 = &' (1 + ")
= (1 - 5%0 + 5%0) +(=1+ 510 +&10)q" + (§1_01 -1+ 510>q2n +(1— 5%0 + 5?0)93
= (1 - 5%0 + f%o) + (f%o - {?O)q” + (f%o - 5%0)‘1271 + (1 - f%o + §§0>q3n
Hence the right-hand side of (3.2) can be simplified as
E(@Xp(iﬂ/ 5);q)

(GRS i (1= €10)(1 = E:)(1 = Eg") (1 — &3¢ (1 + g7) (= 1)ng+n
(¢ @)0 n=—o0 (1 —&og™)(1 — 51_016]")(1 — fi)’oqn)(l _ 51—03(],1)(1 Py

_ (9 { i (-1)"q (1 +g™) @ ) i ()" (" g =1 q3”)}

(45 @)oo 1+ ¢ L+ g

n=—oo n=—oo

(G | X (D)t & (<)t g
(49w {nz W+ Z qum}"‘(flo o)

=—00 n=-—00 (q’ q)
e —1)" n2+42n e —1)" n2—3n o —1)" n%+4n & —1)" n2—4n
XZ(>q +Z()q— _Z<)q _Z()qf
n=—oo 1 + qu n=—oo 1 + q o n=—oo 1 + q5” n=—oo 1 + q o
n n +n n n +n

2(=¢; @)oo q - 2(-¢; @) q - (1—g")

Z 1+ q5n (510 510 n_Z: 1 + q5n 9
as desired. Thus, we complete the proof of Lemma 3.1. |

Since the coefficients of F(q) and Fy(q) are all integers and [Q(&10) : Q] = 4, we equate
the coefficients of &) on the both side of (3.1) and find the following corollaries are true.

Corollary 3.2. We have

i(ﬁ(o, 10,n) + N(1,10,n) — N(4,10,n) — N(5,10,n))q"

n=0

11



nnJrn

C]qoo
Z 1+q5n . (3.3)

Corollary 3.3. We have

i(ﬁu, 10,n) + N(2,10,n) — N(3,10,n) — N(4,10,n))q"

n=0

QQOO Z nn+n(qn_1). (34)

L+q¢"

Hence it suffices to determine the 5-dissection of right-hand sides of (3.3) and (3.4) in
order to prove Theorem 1.2 and Theorem 1.3.

Lemma 3.4. Let

2 3 4 2
‘]5,50 ‘]10,50 ‘]15,50 <]25,50

U1 =

J50 ’
s e J2 509705015, 5020,50 25,50
2! 79 .
We have
i (—l)nqn2+n _ lUl B q2U2 N <q;q)oo . qG i (_1)nq25n2+25n (3 5)
W Lt 2 (=@ Qoo 250 —  1+g@nH10 '

Proof. First, we split the sum on the left-hand side of (3.5) into five sums according to
the summation index n modulo 5,

o0 (_1>nqn2+n > ( 1)n 25n2+5n n 25n +15n+2 o0 (_l)nq25n2+25n+6
Z 1+qon Z 1+g»n Z 1 _|_ 2+ T Z 1+ g2nt10
n 25n +35n+12 o n 25n +45n+20
- Z 1 + g25nt15 + Z 1 + ¢25n+20
2:P0—P1+P2—P3+P4. (36)
We will establish the two relations,
2¢*J5 50 1
P0+P4: P2+—U1, (37)
J25.50 2
2q.J
P+ py= 205N 2y, (3.8)
J25.50

12



Replacing ¢, z and ¢ in (2.6) by ¢%, —¢'° and ¢'° respectively, we find that

00 —20n 20n+20
Z (—1)" 25n2+25n 4 i q
q 1 + q25n 1 + q25n+20

n=—0oo

(_17 q57 q207 _q25; q25)oo i (_1)nq25n2+25n+10

(4%, =410, g%, —q1%; P)oe = 14 gBntI0
(@, %% ¢%)oo (q'0, g5, g2 ¢2°)?
’ ) o] ) ) ) 0o
(=1, =¢% —¢*, —4%; 4% ) (— ¢, —¢"%; ¢**)2,
_ 2q" 550 i (—1)ng?on+2om+6 J§,5OJ§0,50Jf5,50J225,50
a 1 + ¢25n+10 2 J590 ’

+

J25,50

which gives (3.7).
Replacing ¢, z and ¢ in (2.6) by ¢*°, —¢'° and ¢® respectively, we have

o0 —10n 10n+10
Z (—1)" 25n2+25n q 4 q
q 1 + q25n+5 1 + q25n+15

— (=1,4",¢", =" ¢* ) i (—1)nq25n2+25n+5
(P =, 0P, = ) 1 4 ¢25n-+10

(@, 4*; %) (", 4%, 4% ¢*)%

+
(=% —q"°, —¢", —¢*°; ¢*°)2,
~ 2J1550 i (—1)nq25n2+25n+6 Jg,so*]fo,mJfl5,5o=]20,50<]25,50
N e L e o

This yields (3.8). Substituting (3.7) and (3.8) into (3.6), we find that

i (_1)nqn2+n _ (1 _ 2qJ1550 X 24" Js 50

1
P+ Ui — ¢*Us.
L+ ¢n ) 2+2 1~ q U

J25,50 J25,50

n=—0oo

Next, by [22, Lemma 3.1]

(@0 _ (¢7:6%)
(0o (—6%¢%)
= Jas.50 — 2¢J15.50 + 2¢* T 50,

o Qq(q157q35’q50;q50)00 + 2q4<q57q45’qSO;qt’)O)oO

we derive that

o0

Z (—1)nqn2+n: (¢;9) o ' P, 1
1+ ¢ (—¢: @) J2550 2

n=—oo

This completes the proof of (3.5).

13
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Lemma 3.5. Let

4 2 3 2
J5,50 J15,50 J20,50 J25,50

Vii=

J30 ’
A T10.50T% =02, 0
V, = 550 10,5015,50+/20,50 25,50
. 7% |
We have
o0 n n2 n . 00 n n2 n
Z M — lv . q3v o (Qa Q)oo ) q4 Z (—1) q25 +25 (3 10)
L+g¢™ 2! ? (=4 @) J2550 Nl 1+ g?n+20 :

Proof. First, split the sum on the left-hand side of (3.10) into five sums according to the
summation index n modulo 5,
e n ,25n2+30n+8

o0 (_1)nqn2+2n _ 0 (_1)nq25n2+10n n 25n +20n+3 (_1) q
Z 1+¢m Z 1+ ¢2n - Z 1 _|_ g2nts T Z 1 + ¢25n+10

o0 _1\n,25n2+40n+15 > _ 1\n 2512 4+50n+24
S (=1)"¢ i (=1)"¢
1+q25n+15 1+q25n+20
=Ty — Ty +Tp — T3 + Ty (3.11)

We will establish the two relations,

2qJ 1
Ty — Ty = — L2507 4~y (3.12)
J25.50 2
2.
T+ Ty = L5507, B, (3.13)
25,50

These two relations can be verified by using the following identity

[e’e] 2 C-anQn q—1C2TL+2
> (=g -
1+2¢1¢" 14 2z(g" !

(—1,—q,(% ‘1,qQC ,q - gr
(¢ Gt Z 1+Zq
. (¢ a¢" 2027 7C2 P @)oo (43 D)5 , (3.14)

<_Z) _qz_17 _ga _qc_17 _ZC_la _qu_la _qu_l» _QQC_lz_l; q)oo

which follows by setting r = 1,s = 3 and replacing a; = —bs = 2z, by = —2("!, by =
—2(q ! respectively in [7, Theorem 2.1],

(a1,q/ar, ... ar, q/ar; @)oo(q; Q)%
(b17Q/b17 s 7b57Q/bs;Q)oo

14



(al/bh qbl/ah - ar/bl qbl/ar, ~ —r)n (s rin(n+1)/2 ap- - arbi_r_l n
= Z
(ba/b1,qb1/ba, ... bs/b1,qb1/bs; @)oo 1—blq by -+ by
+ idem(by; b, ..., bs).
Here we use the notation

F(bl,bg,"' ,bm) +Zd6m(b1,b2, ,bm)
= F(b17b27"' 7bm)+F(b2ab17b37'” abm)++F(bm7b27 7bm—17b1)-

Replacing ¢, z and ¢ in (3.14) by ¢**, ¢** and ¢*° respectively, we find that

i (_1)71 052 qIOn B q40n+15
q 1 + q25n 1 + q25n+15

n=—oo

n 25n +50n+25

( 1 q 7q 7 oo Z
U 76125 1+q25"+2°

(4", 4" %) (2, 4%, % ¢%) %

+
(=1, —¢" —¢", —¢*; ¢*) o (—¢°, —¢*; ¢*°)%
_ _ 2qJ15,50 i (—1)"q25n2+50n+24 J§,50J125,50J§0,50J225,50
J25,50 1 4 g?5n+20 2J5, 7

which gives (3.12).
Replacing ¢, z and ¢ in (3.14) by ¢?*, ¢** and ¢'° respectively, we have

io: (_1)71 052 q20n B q30n+5
q 1 + q25n+5 1 + q25n+10
(=1,¢%, ¢, —¢%: ¢®)oe 00 (_1)nq25n2+50n+25
- (g0, —¢10, ¢'5, —g'5; ¢%5) Z 1+ gn+20
(@', 4% %) oo (%, 420, 425 ¢25)?
(—¢° —q'°, —¢'°, —¢%°; ¢®)%,

_2qJ5’50 i (‘1)nq25n2+50"+24 I Jé,soJ10,50Jf’5,5oj220750=]25,50
Jasso = 14 P J '
This yields (3.13). Substituting (3.12) and (3.13) into (3.11), we have
e D 2¢J1550 | 24" 5,50 1 3
=|1- — + ’ Ty + Vi —q°Va. 3.15
n:z:oo L+q¢™ Jas5 50 J25.50 tTonTa (3.15)

Substituting (3.9) into (3.15), and noting that
> (_1)n 25n24+25n+4

o0 (_1)nq25n2+50n+24 o0 (_l)nq25n2+25n+4(1 + q25n+20 _ 1) q
Z 1+ g2nt20 - Z 1+ g2ont20 - Z 1+ g2nt20
we obtain (3.10). Thus, we complete the proof of Lemma 3.5. |
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The following two lemmas will be of key importance in proofs of Theorem 1.2 and
Theorem 1.3.

Lemma 3.6. Recall that Uy and Us are defined in Lemma 3.4. The following identity
holds.

1 1 q)oo
—U1 o q2U2 — (q q)

where Ag, Ay, As, Az, Ay are defined in Theorem 1.2.

{Ao+ A1q+ Asq® + Asq® + Aug*} (3.16)

Lemma 3.7. Recall that Uy and Uy are defined in Lemma 3.4 and Vi and Vs are defined
in Lemma 3.5. The following identity holds.

(45 @)oo
(=4 @)

where By, B1, By, B3, By are defined in Theorem 1.3.

1 1
§V1 - §U1 + Uy — ¢*Va = {Bo+ Big+ B>¢" + B3¢’ + Bug'},  (3.17)

Before verifying Lemma 3.6 and Lemma 3.7, we will show Theorem 1.2 and Theorem
1.3 based on Lemma 3.6 and Lemma 3.7. We begin with Theorem 1.2.

Proof of Theorem 1.2. Substituting (3.5) into (3.3), we find that

o0

> (N(0,10,n) + N(1,10,n) — N(4,10,n) — N(5,10,n))q"
n=0
2(—¢: q) oo (1 ) > 240 ©© (_1)nq25n2+25n
=——\ U1 —q¢Uy | + . 3.18
(q, q)oo 2 ! %2 J25750 nz— 1 + q25n+10 ( )
Substituting (3.16) into (3.18), we obtain (1.5), and so Theorem 1.2 is verified. ]

We now turn to prove Theorem 1.3 by using Lemma 3.7.

Proof of Theorem 1.3. Substituting (3.5) and (3.10) into (3.4), we have

> (N(1,10,n) + N(2,10,n) — N(3,10,n) — N(4,10,n))q"
n=0
92— Qoo 1 204 0 —1)" 25n24+25n
- ( .C] 0 <_V1 —q3V2> - Z = q25 20
(¢ 9)oo 2 J25 50 L L+qg>n
2—q:q)s [ 1 206 L. (—1)ng25n°+25n
e (_Ul_quz) + = Z s q25 10
(49 2 J25.50 = 1+ gt
2(—¢; 9o

1 1
= TN (5‘/1 - §U1 +¢°Uz — q3V2>
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0 (_1)nq25n2+25n 2q6 o0 (_l)nq25n2+25n

2q4
J25.50 nz 1 4 ¢25n+20 J25 50 nz 1 4 ¢25n+10

(3.19)

Then we obtain (1.6) after substituting (3.17) into (3.19). Thus, we complete the proof
of Theorem 1.3. 1

We conclude this section by giving proofs of Lemma 3.6 and Lemma 3.7 with the aid
of standard computational techniques from the theory of modular forms. Recall that the
Dedekind n-function is defined by

1(7) = 471 (¢; ¢) oo,

where 7 € H := {r € C : Im7 > 0} and ¢ = €™, and the generalized Dedekind
n-function is defined to be

Mag(r) =" T a-¢» [ a-av, (3.20)

n>0 n>0
n=g (mod §) n=—g (mod §)

where g,6 € Z* and 0 < g < 4, P(t) = {t}* — {t} + # is the second Bernoulli function,
and {t} :=t — [t] is the fractional part of ¢, so

5

15.0(7) = 12 (¢°; ¢°)2,

and

_5 , 9
15,5(7) = 47 21(q%; 0%

Let N be a fixed positive integer. A generalized Dedekind n-product of level N has

the form
f@) =TT ik (),
SIN
0<g<d
where

17 ifg=0or g=4/2,
Tsg € )
7,  otherwise.

Suppose f is a modular function with respect to the congruence subgroup I" of T'g(1).
For A € T'y(1) we have a cusp given by ( = A loo. If

f(A_lT> = f: bmqm/N

m=mg

and b,, # 0, then we say my is the order of f at ¢ with respect to I' and we denote this
value by ORD(f,(,T).

In [27], Robins determined the sufficient conditions on which a generalized 7-product
is a modular function on I'y (V) and the order of a generalized n-product at the cusps.

17



By the valence formula for modular functions and note that any generalized Dedekind
n-product has weight £ = 0 and has no zeros and no poles on the upper-half plane H,
Garvan and Liang [13] established the following sufficient and necessary condition to
prove generalized n-quotient identities. This theorem is based on the valence formula for
modular functions, along with the fact that a generalized n-quotient has no zeros nor
poles in the upper-half plane.

Theorem 3.8 (Garvan-Liang). Let fi(7), fa(T), ..., fu(T) be generalized n-products that
are modular functions on T'1(N). Let Sy be a set of inequivalent cusps for T'1(N). Define
the constant

B =" min({ORD(f;, 5, T1(N)) : 1< j <n}U{0}), (3.21)
s
and consider
g(1) = aq f1(7) + anfo(T) + - - + an fu(T) + 1, (3.22)
where each o; € C. Then
g(t) =0
if and only if
ORD(g(T),i00,I'1(N)) > —B. (3.23)

We are now in a position to prove Lemmas 3.6 and 3.7 with the aid of Theorem 3.8.
We begin with Lemma 3.6.

Proof of Lemma 3.6. 1t is equivalent to show that

2 3 4 2 3 2 4
1J5,50J10750J15,50J25,50 2 J5,50J10,50J15,50J20750J25,50

9 q 9
2 J50 J50
. 2 2 4 3
_ (4 Voo {J10,50J15,50J25,50 10 J5,50750
- : 3 3 2
(=4 9o 2J5,10J20,50J5o J5,10J20,50
4 3 4 73 4 4 2 3
( J20,50J25 5050 B 5 J5,50/20,50/25,50 o 15 J10,50J15,50J25,50<]50)
4 72 5 72 3 475
J5,10710,50/15,50 J310710,50750 J5,10420,50
3 73 5 5 7 2 3
L (J5,50J20,50J25,5o 0 Jos0/2s50050 16q10J5’50J15’50J50>
5 72 3 4 3 74 4
J5 1071050750 J5J5,10J5 5020,50 J5,10720,50
4 5 4 3 3 2 3
T (2J10,50J15,50J25,50 5 410,50 435 5050 _ 5 J15,50425,50 /50
5 3 3 4 72 4
J5.1075,50J30 50750 J5,10720,50 J5,10720,50
3 3
10 J5,50J20,50J25,50J50
T
5,10¢10,50+'15,50

18



4 6 3 4 3 3 3
+ 4 (4‘]10,50‘]15,50‘]25,50 . J10,50‘]25,50‘]50 1 q5 ‘]15,50‘]50

5 3 3 4 2 4
JS,IO J5,50J20,50J50 J5,10 J5,50J20,50 J5,10J20,50

_ 8q5 J325J550 ) } .
J5<]5710<]10,50
If we multiply both sides of above identity by 2.J.J;, §0J5?50J1})%50J2’5?50, we find that
the obtained identity can be expressed in terms of the generalized n-product as follows.

1— 2150,5(7) 150,20 (T) _ 771,0(7')7750,0(7')% 7710,0(7')%7750,10(7')7750,20(7)7750,25(7)3
150,10 (T) 750,25 (T) 772,0(7)%77570(7)7710,0(7‘)2 7750,0(7')%771075(7')3

87710,0(7')7750,5(7')7750,20(7') 2150,20 (7')37750,25 (7)3
7750,0(7)7710,5(7)27750,10(7)7750,15(7)27750,25(7) 7710,5(7)47750,10(7)37750,15(7)3

_ 87750,0(7)%7750,5(7)47750,20(7)57750,25(7)3 - 167750,10(7)3
7]10,0(7')%7710,5(7')57750,10(7')37750,15(7)2 710,5(7)*150,20(7)?

+ 27750,0(7)%7750,5(7')37750,20(7')57750,25(7')4 87)10,0(7)%7750,0(7) 2750, 10( )

7710,0(7')%7]10,5(7')57750710(7')37750,15(7')2 15.0(T)2110.5(T) 50,5 (T) 3105015 (7) 215020 (T)?

327750,5(7')7750,20(7') i 47]50,0(7')%7750,10(7)37750,15(7')37750,25(7')3

7710,5(7)47]50,10(7)7750,25(7') ?710,0(7')%7710,5(7)57750,5(7')7750,20(7)
4ns0,25 (7)2 32150,20 (7') 167505 (7')37750,20 (7')

— : +
110,5 (7)47750,15 (7)2 110,5 (7)47750,10(7) 10,5 (7)47750,10(7)37750,15 (T)3

3

87750,0(7)%7750,10(7)37750,15(7)47750,25(7)2 B 27750,25(7)3
77107()(7')%7]1075(7')5775075(7')7]50,20 (T) 7710,5(7—)47750,5 (7—>7750,15(7_)2

C 3205005(T)ms0.20(T) 161710,0(7) 2 1725,0 () 2150,20(7)?
110,5(7)750,10(7) 150,25 () 775,0(7)%7750,0(7)%7710,5(7)37750,10(7)27750,15(7)27750,25(7)

It can be shown that each term of the above identity is a modular function with respect

to I'1(50). Using the algorithm in [13], we calculate the constant B in (3.21) which is

equal to —145. Thus, by Theorem 3.8, we need only verify the identity in the g-expansion
past ¢'*°. Hence we complete the proof of Lemma, 3.6. ]

We turn to Lemma 3.7.

_|_

Proof of Lemma 3.7. 1t is equivalent to show that

4 72 3 2 2 13 4 2
1 J5,50J15,50J20,50J25,50 1 J5,50J10,50J15,50J25,50

2 J2 2 J2
2 550 t0.50 15,50 02050 25,50 4S5 50T10,50 015 50T30,50 J25.50
50 J50
. (Q§Q)oo 4Q5J5J J5450J15 50 q5j530J225,50
a (_QQQ)oo { J5 10J JlO 50 - J52,10J15,50J20,50

19



( 4Q5J§J570J25,50 4q10<]§0<]5?,50<]225,50 8q15<]560<]160,50)

J§,10J140,50 J§0,5o J54,1o J10,50J15,50 JE?‘]52,50 J§0,50
T <_ Jg,gojgoisojz%fo 4 2J50J§o,ioj25,50 _ 46]10*6]56031]?0,5301125,50 - 216q10J§0 . )
J5,10J10,50J50 J5 J3 J5,50J20,50 J3 J5,10J10,50J15,50
n q3 (_ J530J245,50 I 2J§’OJ15,50JQ5,50 n 4Q5J§0J§0,50J225,50 4 16q15J§0J53,50)
T 100105001550 I 1005,50020,50 IS T35 50 J5 1072050
X q4 < 4J§’0J125,50 _ 2J§’,50J§0,50J255,50 8(]10J580
JZ 1075,5020,50 J2 T3 10750 J2 2 1015 5072050

IGQIOJgoJfo,w 16q15J530J§,50 ) }
J§J5,50J25,50 J§,10J1o,50u715,50 '

If we multiply both sides of above identity by 2.J3,J;, E?OJI_()?5O‘]1_5£,150J2_5?507 we find that
the obtained identity can be expressed in terms of the generalized n-product as follows.

150,5(7)*150,20(T)>  2150,5(7)750,20(7T) 2050,5(7)* 150,20 (7)?
3 5 T o 2
7750,10(7') 7750,15(7') 7750,10(7')7750,25(7) 7750,10(7') 7750,15(7')7750,25(7')

—1+

o 771,0(7)7750,0(7')g 8775,0(7)%7725,0(7')%7750,5(7')47750,20(7')2
= 1 9 9 4 6 4
12.0(7)205,0(T)2110,0(1)2 | M10,0(7)150,0(T)*1110,5(7)N50,10 () 1150,25 (T)

—205,0(7)m0,0(7)n50,20 (T) 150,25 (T) n 815,0(7)*150,5(T)* 150,25 (7)
7750,0(7')7710,5(7)27750,10(7')7]50,15(7)3 7710,0(7')7710,5(7)67750,0(7')27]50,10(7)37750,20(7)
B 815,0(T)150,5(T)* 750,20 (T)* 150,25 (T) 16710,0(7)*150,0(7)150,10(7)°
7710,5(7)47750,10(7')27750,15(7')3 775,0(7')27750,5(7)27750,15(7')27750,20(7')7750,25(7)
o 25,0 (7)150,0(7) 50,5 (7) "M150,20 () 150,25 (7) 41710,0(7)*n50.20(7)°
7710,0(7')7710,5(7)6?750,10(7)57750,15(7')2 ?75,0(7')7750,10(7')7750,15(7)2
_ 8110.0(7)*150.0(T)150,10(7)° 3210,0(7)M50.20(7)?
7]5,0(7')27750,5(7)37]50,15(7)27750,20(7') 7]10,5(7')27750,10(7')27]50,15(7')47]50,25(7')
o 2775,0(7)7750,20(7)27750,25(7)3 4 4775,0(7)7710,0(7)7750,20(T)

7710,5(7')47750,10(7')27750,15(7')3 7750,0(7')7710,5(7')27750,5(7')7750,10(7')7750,15(T)
87}10,0(7)27750,0 (7')7)50,20(7')57750,25(7') 32?75,0(7')7750,5(7')37]50,20 (7')
2 6 + 4 2
775,0(7') 7750,10(7')7750,15(7') 7710,5(7') 7750,10(7')7750,15(7) 7750,25(7')

85.0(7)M10,0(T)M50,20(7) _ 4150,0(7)150,5(T)* 150,20 () 115025 (7)*
7750,0(7')7710,5(7')27750,5(7')7750,10(7')7750,25(7') 7710,5(7)47750,10(7)7750,15(7')2

167710,0(7)7750,20(7) I 327710,0(7)27750,0(7)7750,10(T)27750,20(T)2
7710,5(7‘)27750,10(7')7750,15(7)47750,25(7) 775,0(7)27750,5(7)7750,15(7)27750,25(7)2
_ 3215,0(T)150,5(T) “150,20(7)* }

7710,5(7')47750,10(7')27750,15(7')37750,25(7)

+

+
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It can be verified that each term of the above identity is a modular function with respect
to I'1(50). Using the algorithm in [13], we can determine the constant B in (3.21) which
is equal to —155. From Theorem 3.8, it suffices to verify the identity in the g-expansion
past ¢'®°. Thus, we complete the proof of Lemma 3.7. |

4 Proofs of Theorem 1.4 and Theorem 1.5

In this section, we give proofs of Theorem 1.4 and Theorem 1.5. A key ingredient of the
proofs is the following theorem due to Liaw [24].

Theorem 4.1 (Liaw). If p and r are positive integers with p > 2 and r < p, define

= (6" ") s
byr(n)g" := ;
2 b ()" = e

then by, .(n) >0 for all n.

We are now in a position to show Theorem 1.4.

Proof of Theorem 1.4. (1) We first show (1.7) and (1.8). Comparing the coefficients of
¢ of (1.4) in Theorem 1.1, we find that

o — — — JeJ
> (N(0,6,3n) + N(1,6,3n) — N(2,6,3n) — N(3,6,3n))q" = Jg 3J§ (4.1)
n=0 1,6
Using the identity (1.2) in [22, Theorem 1.1],
N = (4% 6" (—4: @)ox T3 36
N(0,3,3n) — N(1,3,3n))q" = —1+ - =—-1+ =
2_(N(0.3,3m) = N(1,3,3m) (@ O (0% ) T2
we deduce that for n > 1,
N(0,6,3n) + N(1,6,3n) — N(2,6,3n) — N(3,6,3n)
= N(0,3,3n) — N(1,3,3n). (4.2)
Observe that
N(s,0,n) = N(s,20,n) + N({ +5,20,n) = N(s,20,n) + N({ — 5,2(,n), (4.3)

so (4.2) is equivalent to

N(0,6,3n) + N(1,6,3n) — N(2,6,3n) — N(3,6,3n)
N(0,6,3n) + N(3,6,3n) — N(1,6,3n) — N(2,6,3n),
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which implies that for n > 1
N(1,6,3n) = N(3,6,3n),

and hence (1.7) is obtained.
We turn to show (1.8). It suffices to show the coefficients of ¢" on the right-hand side
of (4.1) are nonnegative. First, observe that

Jodse _ (10°)%(0% )= (1) (@)% _ (@0 (%%
Jiel (0.5 0% (2 %) (0,05 (0,850 (0,0% %) (6:6%)

and

[e.9]

(0" (6 0s (600" 1 O el
(6% (=% ¢*)% (—¢% ) (4% ¢%) o ’

n=—oo

where the last summation is by Jacobi’s triple product [2]. Thus (4.1) can be written as

i(ﬁ(o, 6,3n) 4+ N(1,6,3n) — N(2,6,3n) — N(3,6,3n))q¢"

n=0

_ (q3; q3)00 1 i (3n2—n)/2
(4:6% ¢%) o (4% ¢%) o 1

n=—oo

o0 0 2m+ 3n2—n)/2

EF L 2

mOn*oo

)oo (@54 )m

The m =n = 0 term is ]

(45 0%)o0 (% ¢%)oo”
which each term in the above identity has strictly positive coefficients. Then, we deduce
that for n > 0

N(0,6,3n) + N(1,6,3n) — N(2,6,3n) — N(3,6,3n) > 0.

Together with (1.7), we obtain (1.8).
(2) We next show (1.9) and (1.10). Comparing the coefficients of ¢***! of (1.4) in
Theorem 1.1, we find that

> (N(0,6,3n+ 1) + N(1,6,3n + 1) — N(2,6,3n + 1) — N(3,6,3n + 1))q"
n=0
Y
J1,6J2‘

(4.4)

22



By the identity (1.3) in [22, Theorem 1.1],

> (N(0,3,3n+1) = N(1,3,3n + 1))q" =

n=0

2(¢% ¢*)oo(@%1¢%)oe _ 273
(4 9) oo JieJo

we deduce that for n > 0,

N(0,6,3n + 1) + N(1,6,3n + 1) — N(2,6,3n + 1) — N(3,6,3n + 1)
= N(0,3,3n+1) — N(1,3,3n + 1).

Using (4.3), we see that (4.5) is equivalent to

N(0,6,3n+1)+ N(1,6,3n+1) — N(2,6,3n + 1) — N(3,6,3n + 1)
= N(0,6,3n+ 1)+ N(3,6,3n+1) — N(1,6,3n + 1) — N(2,6,3n + 1),

which implies that for n > 0
N(1,6,3n+1) = N(3,6,3n + 1),

so (1.9) is verified.
To show (1.10), by (1.9), we find that (4.4) can be written as

(N v 278 (¢%1¢%)w 2
N(0,6,3n 4+ 1) — N(2,6,3n+ 1))g" = —F5 = ) .
;( ( ) ( ) Jigle (62,44 0% 0 (0,0°% %)

From Theorem 4.1, we see that the coefficients of ¢" in

(@50
(4%, 4% ¢%) o

(4.6)

is nonnegative for n > 0. In Earticular, when n = 0, the coefficient is equal to one. Hence,
from (4.6), we deduce that N(0,6,3n +1) > N(2,6,3n + 1), and so (1.10) is verified.
(3) To show (1.11), we first establish the generating function of N(0,6,3n + 2) —

N(2,6,3n +2). We aim to show that

> (N(0,6,3n +2) — N(2,6,3n + 2))q"
n=0
nq3n2+6n+1

q

(03 ¢%)

2(—¢% ¢%) oo i (1)
3. 1 6n+2

n=—oo

By Theorem 1.1, we derive

[e.o]

> (N(0,6,3n+2) + N(1,6,3n +2) — N(2,6,3n +2) — N(3,6,3n + 2))q"
n=0
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> (_1)nq3n2+3n

472 2
_ _ 2 Z 4.8
s T Zw e (4.8)
Together with the identity (1.4) in [22]
> (N(0,3,3n+2) — N(1,3,3n + 2))q"
n=0
AP 6% ) i (=1)rg*n
(0% ¢%)oe (%1% 1— g+
B 4Jé’) 6 i (_1)nq3n2+3n (4 9)
e Jse = 1=t 7 .
and by (4.3), we obtain
> (N(0,6,3n +2) — N(2,6,3n + 2))q"
n=0
- 4Jg 3 i (_l)nq3n2+3n B i n 3n +3n (4 10)
- J2J3,6 J3,6 1— q3n+1 = 1 + q3n+1 : :

n=—oo

Then the identity (4.7) can be derived from (4.10) by using the following identity in [26,
p.1],

B (gl
j(za) 2 1—zg" (4.1

n=—oo

Replacing ¢ — ¢° and setting z = ¢* in (4.11), we have

J3 o0 (_1)nq3n2+3n

A D e

n=—oo
1 ( 1)n 3n243n 1 N n 3n +3n
- 5 Z 1+ q3n+1 5 1 _ q3n+1 (412)
Plug (4.12) into (4.10) to get
> (N(0,6,3n +2) — N(2,6,3n +2))q"
n=0
B 1 i (_l)nq3n2+3n 1 i (_l)nq3n2+3n
- J3,6 ~ 1+ q3n+1 J36 — 1— q3n+1
—q ’q3)oo Z n 3n2+6n+1
3’ 3)00 ]_ _ q6n+2 )
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which is the desired generating function (4.7) of N(0,6,3n +2) — N(2,6,3n + 2).
We now consider the non-positivity of (4.7). Note that

n 3n +6n+1
q q oo Z
6 +2
q q e — o0 "
(_q3.q3)oo i (_1)nq3n2+6n+1 i n 3n2+6n+2
<q3; 3)00 s 1 — q6n+2 — 1 _ q6n+4
0 q12n +12n+1 0 q12n2+24n+10 00 q12n2+12n+2 o q12n2+24n+11
<1 - 11— gizntz ] — 1S + rarfl N ] — g0
q q 12n et 12n+8 12n+9 24n+11 6
S n—+ n+ n-+
Z 1_q12n+2 1_q12n+8> ((1_q )(1_q >+q (1_q ))
0
12n +12n+2

CI CI 00 12n+9 12n+10 24n+13 6
) Z (1- q12n+4 1 — ¢12n+10) ((1 — 4 )(1—q )+4q (1—q ))
= 0

3) (00 12n2+12n+11 g2+
o0

o0 12n2+436n+12 3
q (1 +¢°)
)OO Z 12n+2 + Z 12n+2 q12n+8)

n n:O

o 19n2+412n+2 12n+9 o0 12n2+436n+15 3
q 1—g¢ q (14+4¢%)
+ Z 1 _ q12n+4 1 _ q3 + (1 _ q12n+4)(1 o q12n+10)

0

n=0 n=

4n+2
_ (—QS;QB)OO ( 0o q12n +12n+1 41 ny i 12n +36n+12(1 1q )

(@5 ¢%)oe 1_q12n+2 — g12nt2)(1 — ¢12n+8)
. oo q12n +12n+2 4142 i 12n2+36n+15(1+q> )
— _12n+4 — gl2nt)(1 — g12nt10
nzolq"m: £ (1 — g'2 ) (1 — g'2nt10)

It is easy to check that each term in the above identity has positive coefficients. It follows
from (4.7) that N(0,6,3n +2) < N(2,6,3n + 2), and so (1.11) is verified.

We finish the proof of Theorem 1.4 by showing (1.12). To this end, we aim to show
that forn >0

N(0,6,3n +2) + N(1,6,3n +2) > N(2,6,3n +2) + N(3,6,3n + 2). (4.13)

Then the inequality (1.12) can be derived by subtracting (1.11) from (4.13).
Combining (4.8) and (4.12), we find that

> (N(0,6,3n +2) + N(1,6,3n + 2) — N(2,6,3n +2) — N(3,6,3n + 2))q"
n=0
- 3)00 n 3n +3n
= e 300 Z 1_q3n+1 . (4.14)

n=—oo
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We now investigate the nonnegativity of (4.14). Observe that

(=% %) i o

(q3; q3)oo S~ 1— q3n+1
(=% ¢®)oo i q12n2+6n oo q12n2+18n+6>
= (3.3 _ _6n+l _ _6ntd
(% ¢%)00 \ = 1—gt = 1—¢
(_qs. q3) ot q12n2+6n ast q12n2+24n+11 st q12n2+18n+6 oo q12n2+12n+2
S S S A 4 £ 00 £ £
(q3; q3)oo nZ:; 1 — q6n+1 — 1— q6n+5 — 1— q6n+4 — 1 — q6n+2
— (_qg; q3>oo f: 12n +on ((1 o q6n+4)(1 _ q12n+6) + q18n+7(1 _ q3))
(q3; q3)oo n:0 1 _ q6n+1 1 — q6n+4)

g'anian2 6n+5 12n49 18n4+11 3
n+ n—+ n-+
+Z(1_q6n+2)(1_q6n+5)<<1_q )J(1—q )+q (1-4¢7)
n=0

(—q3‘ q3>oo o0 q12n +6n 4ntl \ 12n2+24n+7
_ ) m
o (q6; q3)oo Z 1 — 6n+1 Z T+ Z 1 _ q6n+1 1 — q6n+4)

(—q3' q3)oo 0 q12n +12n+42 4n+2 0 12n +30n+13
6 1 — gbnt2 Z (1— q6n+2 1 — ¢on+5)

n=0 m=0 [)

It is easy to see that in the first series, from n = 0 and m = 0 we get the term 1/(1 — ¢q)
which gives strictly positive coefficients of ¢". Hence we derive (4.13) and so (1.12) is
proved. Thus we complete the proof of Theorem 1.4. |

We conclude this section by showing Theorem 1.5.
Proof of Theorems 1.5. From Theorem 1.2, we derive that

e}

> (N(0,10,5n) + N(1,10,5n) — N(4,10,5n) — N(5,10,5n))q"
n=0
:J22,10J3?,10J§,10 8¢*J1.10/1y

Ji2<]4,10=]f() J1272J4,10

(q5.q5>2 1
(4,05 0°)% (0% 0" oo (a0, % 102 (0, 4% 0°)2 (6, 63 4°) o (0, 473 410) 3,
(¢"% ¢") oo 8¢2

(23,475 0" (4, 0% 4)3, (4%, % ¢10)2 (@3, 475 ¢*°)3, (¢, 45 )3, (4% ¢*0) 2,
By Theorem 4.1, we see that the coefficients of ¢" in
5. ,5)\2 10. 10
e
(¢,9% @)% (23,47 ¢"%) s
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are nonnegative for n > 0 respectively. Especially, the constant terms are equal to one.
Hence the inequality (1.13) follows. This completes the proof of Theorem 1.5. |

5 Proofs of Theorem 1.8 and Theorem 1.9

This section is devoted to showing the relations between the rank differences of overpar-
titions and mock theta functions stated in Theorem 1.8 and Theorem 1.9. To this end,
we express the third order mock theta functions w(q) and p(¢q) and the tenth order mock
theta functions ¢(q) and v¥(q) in terms of the Appell-Lerch sum m(z,q, z). Recall that
the Appell-Lerch sum is defined as

4, 2) = — 5.1
) = S L T g (5.1)
where z, 2 € C* with neither z nor zz an integral power of q.

Hickerson and Mortenson [17] showed that

. T3
wla) = —2¢"'m(g, "% ¢*) + ———, (5.2)
JoJ36
pla) = q 'm(q,¢% —q), (5.3)
. s Jo
#g) = —2¢'mlq,q", %) + ===, (5.4)
J2,5J2,10
qJs o),
Uig) = —2m(d® ¢ q) — (5.5)
J1,5J4,10

The universal mock theta function go(z, q) is defined by [14]

1 o (_1>nqn(n+l)

0= 50 2 T

Hickerson and Mortenson [17] showed ¢o(x,q) and m(z, g, z) have the following relation,

92(z,q) = —z'm(z%q, ¢*, x). (5.6)

We are ready to show Theorem 1.8 and Theorem 1.9. Let us begin with Theorem 1.8.

Proof of Theorem 1.8. From Theorem 1.1, we have

> (N(0,6,3n +2) + N(1,6,3n + 2) — N(2,6,3n +2) — N(3,6,3n + 2))q"
n=0

4T3 2 = (D) AgR
 Jadss Jag O Gt s

—2g5(—q, ¢%). (5.7)
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Replacing ¢ by ¢* in (5.6) and setting x = —¢, we have

92(—a.4°) = ¢"'m(a. 4", —q), (5.8)
and by (5.3), we deduce that

p(q) = 92(~4,4%). (5.9)
Using the identity [29]
w(q) +2p(q) = 3y (5.10)
JoJs6’
hence (1.16) follows upon substituting (5.9) and (5.10) into (5.7). Thus we complete the
proof of Theorem 1.8. |

We finish this paper with the proof of Theorem 1.9.
Proof of Theorem 1.9. (1) We first show (1.17). By Theorem 1.2, we have

> (N(0,10,5n 4 1) + N(1,10,5n + 1) — N(4,10,5n + 1) — N(5,10,5n + 1))q"
n=0
_ 2J4,10J§,10Jf)0 - qJﬁinloJé,lo 1 q3 J§,10J§,10‘]5,10Ji30
Jfl2<]2210=]3,10 Ji:’2<]22 1030 Jfl,zjziw
n 5n2+5n
5.11
J5 - Z_OO S (5.11)
We aim to show that
1 e —1)" 5n245n 1 3717 7
Z ( ) q5n+2 _ ——q*1¢( ) J5J10J4,10 J1_0J0,10J5,E] . (5'12)
J510 S I+gq 2 2qJ250210  J210J21073107 3,10
Then the identity (1.17) can be derived by plugging (5.12) into (5.11), namely
> (N(0,10,5n 4 1) + N(1,10,5n + 1) — N(4,10,5n + 1) — N(5,10,5n + 1))q"
n=0
= —¢(q) + Mi(q),
where
My(q) = J5J10J4,10 +2 Jf’_070,1075,£) 2*{14,1021]§,10J130
Ja 5J2 10 J2 10J2 10J3,10J3,10 J1,2J2,10J3,10
Jf10J4 10J5 0 6q3 J§,10J§,10J5,10Jf0
J1 2J2 10730 Jf,QJf,m
By the definition of gs(x,q), we find that
1 e -1 nq5n2+5n
Z (=1) = go(—¢*, ¢°). (5.13)

J5’10 = 1+ q5n+2
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Letting ¢ — ¢° and setting x = —¢* in (5.6) yields
92(=a* ") = a*m(q, 4", —¢*). (5.14)
Replacing g by ¢'°, putting 2, = —¢?, 29 = ¢* and = = ¢ in (??), it follows that

q ijo 1075 10

m(q,q", —¢*) = m(q,4"", ¢*) = (5.15)
J2,1072,103,1073,10
Substituting (5.15) into (5.14) and by (5.4), we derive that
1 J5J10. I3 Jo10
2 5 1 57104410 1070,10/5,10
2, = —= + + = —. 2.16
(=0, ¢") = =54 9la) + 5 Toshrts " Tordardsdom (5.16)

Hence, combining (5.16) and (5.13), we obtain (5.12). This completes the proof of (1.17).
(2) Analogue to the above process, we will show (1.18). By Theorem 1.3, we have

> (N(1,10,5n + 1) + N(2,10,5n + 1) — N(3,10,5n + 1) — N(4,10,5n + 1))q"
n=0
8qJ§J170J5,10 8q2<]f0<]12,10(]52,10 16Q3J?0J§,10 - n 5” +on

=76 74 715 1 672 73 E :
V251075 10 Ji9J2,1005,10 JY It 1075 10 J5 10, 1+q5n+2

(5.17)

Then the desired identity (1.18) can be immediately obtained when substituting (5.12)
into (5.17), namely,

> (N(1,10,5n 4 1) + N(2,10,5n + 1) — N(3,10,5n + 1) — N(4,10,5n + 1))¢"
n=0

= ¢(q) + Ma(q),

where
 JsJwda0 I3 J0.1075.10 8qJ3 JfyJ5.10
MZ(Q)—_ To e J _2 J6 J4 J?
2,5J2,10 Jz 10J2,1073,1073,10 1,272.1074,10
B 8q2t]f’0=]12,10J5,10 16q J160J2,10
Jtod21073,10 JP Tt 1003 10

(3) Finally, we show (1.19). Similarly, using Theorem 1.3, we derive

> (N(1,10,5n 4 4) + N(2,10,5n + 4) — N(3,10,5n + 4) — N(4,10,5n + 4))q"

n=0
_ SJfOJ??,lo B 4J§,10J2,10J55,10 16¢*J5, 32(12J160J§,10 B 32q3<]f’ojf1o
J1272J1,10<]4,10 J%Jilygjilo J12J12,2<]§,10J4,10 J16<]1,10<]5,10 Jil72<]2,10<]3,10
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9 i (_1)nq5n2+5n

_ 5.18
J5’10 S 1+ q5n+4 ( )
To prove (1.19), it is necessary to show that
1 &L (—1)rgPrton 1 Js J10J: T30 J 010
D AR VRN T P = Y T
J5.10 S 14+gq 2 2J15J500  Ji10J110 010 410
We then obtain (1.19) upon substituting (5.19) into (5.18), that is,
> (N(1,10,5n 4 4) + N(2,10,5n + 4) — N(3,10,5n + 4) — N(4,10,5n + 4))q"
n=0
= ¢ "(q) + Ms(q),
where
Ms(g) = J5J10J2,10 2J3%J0,10) 5,10 8J%J3 10 4T3 10951075 10
2(q) = _ I 1 _
J15J4,10 Ji10d 1101100010 Jr2d1,107410 Ji It e d4
16(12!]180 32q2J160J§’,10 32‘]3Jfojfl,1o
JE 03 00010 JoTia0d500  Jtadaa0d3000
From the definition of gs(z, q), we note that
1 o (_1)nq5n2+5n 4 s
= go(— ) 5.20
Letting ¢ — ¢° and setting x = —¢* in (5.6) yields
92(=¢"¢°) = a'm(q7, 4", —¢*). (5.21)
On the other hand, we need the following relation
m(¢®, ¢, —¢*) = ¢ *m(q7, 4", —¢"), (5.22)

which can be derived from the following identity in [30] by letting ¢ — ¢'°, z = ¢* and
Z = _q_47
m(z,q,2) =2~ 'm(z7, q,27").

Combining (5.21) and (5.22) yields

92(=¢",¢°) = a7 'm(d’, ¢"°, —q7). (5.23)
Replacing ¢ by ¢'°, putting 2, = —¢™*, 20 = ¢ and z = ¢3 in (?7?), it follows that
_ qJ3J0105,
m(q®, ¢, —q~") = m(g®,¢"°, q) = — 2 (5.24)
J110J1,1004,10J 4,10
Substituting (5.24) into (5.23) and by (5.5), we derive that
1 JsJ10J: I3 Jo 10
A 5 1 510J2,10 10J0,1075,10
) = —= _ S U 0 5.25
92(=0",¢") = =54 ¥(a@) — 5 Trsdin " Irodioiedim (5.25)

Thus (5.19) follows from (5.20) and (5.25). This completes the proof of Theorem 1.9. 1
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