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POSITIVE SCALAR CURVATURE ON FOLIATIONS

WEIPING ZHANG

ABSTRACT. We generalize classical theorems due to Lichnerowicz and Hitchin on the
existence of Riemannian metrics of positive scalar curvature on spin manifolds to the
case of foliated spin manifolds. As a consequence, we show that there is no foliation of
positive leafwise scalar curvature on any torus, which generalizes the famous theorem
of Schoen-Yau and Gromov-Lawson on the non-existence of metrics of positive scalar
curvature on torus to the case of foliations. Moreover, our method, which is partly
inspired by the analytic localization techniques of Bismut-Lebeau, also applies to give a
new proof of the celebrated Connes vanishing theorem without using noncommutative

geometry.
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0. INTRODUCTION

EEIERIEEEEEElme=se

It has been an important subject in differential geometry to study when a smooth
manifold carries a Riemannian metric of positive scalar curvature (cf. [I8, Chap. IV]
and [12]). In this paper, we study related problems on foliations.

Let F' be an integrable subbundle of the tangent vector bundle T'M of a smooth
manifold M. For any Euclidean metric g* on F, let k' € C°(M), which will be called
the leafwise scalar curvature associated to g%, be defined as follows: for any x € M, the
integrable subbundle F' determines a leaf F, passing through = such that F|z, = T'F,.
Then, ¢g¥" determines a Riemannian metric on F,. Let k%= denote the scalar curvature
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of this Riemannian metric. We define
(0.1) Ef(z) = k7 ().

For a closed spin manifold M, let .,Z(M ) be the canonical KO-characteristic number

~

of M defined by that if dim M = 8k + 4i with i = 0 or 1, then A(M) = WA(M)E
if dim M = 8k + 4 with ¢ = 1 or 2, then ./Z(M) € Z, is the Atiyah-Milnor-Singer «
invariant;ﬁ while in other dimensions one takes A(M) = 0.

The main result of this paper can be stated as follows.

Theorem 0.1. Let F' be an integrable subbundle of the tangent bundle of a closed spin
manifold M. If F' carries a metric of positive leafwise scalar curvature, then A(M) = 0.

When F' = TM, one recovers the classical theorems due to Lichnerowicz [19] (for the
case of dim M = 4k) and Hitchin [17] (for the cases of dim M = 8k + 1 and 8k + 2).

Example 0.2. Take any 8k+1 dimensional closed spin manifold M such that ./T(M ) # 0.
By a result of Thurston [27], there always exists a codimension one foliation on M.
However, by our result, there is no metric of positive leafwise scalar curvature on the
associated integrable subbundle of T'M.

Remark 0.3. It is a longstanding open question in foliation theory (cf. [33, Remark
C14]) that whether the existence of gf" with k' > 0 implies the existence of g7 with
kKTM > 0. This question admits an easy positive answer in the case where (M, F') carries
a transverse Riemannian structure (when such a transverse Riemannian structure exists,
(M, F) is called a Riemannian foliation). An approach to this question for codimension

one foliations is outlined in the long paper of Gromov [12] page 193].

Combining Theorem [0.I] with the well-known results of Gromov-Lawson [14] and Stolz
[26], one gets the following consequence which provides a positive answer to the above
question for simply connected manifolds of dimension greater than or equal to five.

Corollary 0.4. Let F' be an integrable subbundle of the tangent bundle of a closed simply
connected manifold M with dim M > 5. If F' carries a metric of positive leafwise scalar
curvature, then M admits a Riemannian metric of positive scalar curvature.

For non-simply connected manifolds, recall that a famous result due to Schoen-Yau [25]
and Gromov-Lawson [13] states that there is no metrics of positive scalar curvature on
any torus. By combining Theorem [0 with the techniques of Lusztig [23] and Gromov-
Lawson [13], one obtains the following generalization to the case of foliations.

Corollary 0.5. There ezists no foliation (T™, F') on any torus T™ such that the integrable
subbundle F' of T(T™) carries a metric of positive leafwise scalar curvature.

If I is further assumed to be spin, then Corollaries [0.4] and can also be deduced
from the following celebrated vanishing theorem of Connes, which provides another kind
of generalization of the Lichnerowicz theorem [19] to the case of foliations.

1Ct. [31) pp. 13] for a definition of the Hirzebruch A-genus A(M).
2Cf. [18, §2.7] for a definition.
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Theorem 0.6. (Connes [10, Theorem 0.2]) Let F' be a spin integrable subbundle of
the tangent bundle of a compact oriented manifold M. If F' carries a metric of positive
leafwise scalar curvature, then A(M) = 0.

Recall that the proof of Theorem outlined in [10] makes use of noncommutative
geometry in an essential way. It is based on the Connes-Skandalis longitudinal index
theorem for foliations [I1] as well as the techniques of cyclic cohomology. Thus it relies
on the spin structure on F', and we do not see how to adapt it to prove Theorem [0.1],
where one assumes 7'M being spin instead.

On the other hand, while Theorem [0.1]is different from Connes’ result and also covers
the cases of dim M = 8k + 1 and 8k + 2 where the Hirzebruch E—genus vanishes tauto-
logically, a common difficulty for both Theorems and is that there might be no
transverse Riemannian structure on the underlying foliated manifold.

To overcome this difficulty, Connes [10] introduces an important geometric idea, which
reduces the original problem to that on a ﬁbrationﬁ over the foliation under consideration.
The key advantage of this fibration is that the lifted (from the original) foliation is almost
isometric, i.e., very close to Riemannian foliations. On the other hand, however, this
fibration is noncompact. This makes the proof of Theorem in [10], which relies
essentially on the noncommutative techniques, highly nontrivial.

Our proof of Theorem [0.1] is differential geometric and does not use noncommutative
geometry. It makes use of the sub-Dirac operators constructed in [22, §2b)] on the Connes
fibration, as well as the adiabatic limit computations on foliations also considered in [22].
The key point is that while Connes’ noncommutative proof of Theorem relies heavily
on the analysis near the (fiberwise) infinity of the associated Connes fibration, our main
concern is on a compact subset of the Connes fibration. To be more precise, inspired
by [5], [6] and [10], we introduce a specific deformation of the sub-Dirac operator on the
Connes fibration and show that the deformed operator is “invertible” on certain compact
subsets of the Connes fibration (cf. (2:21]) in Section [2.2 for more details).

Moreover, by modifying the sub-Dirac operators mentioned above (see Section [[.4] for
more details), our method applies to give a purely geometric proof of Theorem This
new proof provides a positive answer to a longstanding question in index theory (cf. [16],
Page 5 of Lecture 9]).

We would like to mention that the idea of constructing sub-Dirac operators has also
been used in [20] to prove a generalization of the Atiyah-Hirzebruch vanishing theorem
for circle actions [I] to the case of foliations.

This paper is organized as follows. In Section 1, we discuss the case of almost isometric
foliations and carry out the local computations. We also introduce the sub-Dirac operator
in this case and prove Theorem in the case where the underlying foliation is compact.
In Section 2, we work on noncompact Connes fibrations and carry out the proofs of
Theorems and [0.6 We also include some new results in the end of the paper.

3Which will be called a Connes fibration in what follows.
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1. ADIABATIC LIMIT AND ALMOST ISOMETRIC FOLIATIONS

In this section, we discuss the geometry of almost isometric foliations in the sense of
Connes [I0]. We introduce for this kind of foliations a rescaled metric and show that
the leafwise scalar curvature shows up from the limit behavior of the rescaled scalar
curvature. We also introduce in this setting the sub-Dirac operators inspired by the
original construction given in [22]. Finally, by combining the above two procedures, we
prove a vanishing result when the almost isometric foliation under discussion is compact.

This section is organized as follows. In Section [[LT, we recall the definition of the
almost isometric foliation in the sense of Connes. In Section we introduce a rescaling
of the given metric on the almost isometric foliation and study the corresponding limit
behavior of the scalar curvature. In Section [[.3] we study Bott type connections on
certain bundles transverse to the integrable subbundle. In Section [I.4] we construct the
required sub-Dirac operator and compute the corresponding Lichnerowicz type formula.
In Section [I.5 we prove a vanishing result when the almost isometric foliation is compact
and verifies the conditions in Theorem

1.1. Almost isometric foliations. Let (M, F') be a foliated manifold, where F' is an
integrable subbundle of the tangent vector bundle T'M of a smooth manifold M, i.e., for
any smooth sections X, Y € I'(F'), one has

(1.1) [X,Y] € T(F).

Take a splitting TM = F @ TM/F. Let p"™/F : TM = F®TM/F — TM/F be the
canonical projection. Following [7], we define the Bott connection to be any connection
VIM/E on TM/F so that for any X € I'(F) and U € I'(TM/F), one has

(1.2) VIMIEY = pT™MIF X 1),

The key property of the Bott connection is that it is leafwise flat, that is, for any
X, Y € I'(F), one has (cf. [31, Lemma 1.14])

(1.3) (V™M/E) (X, Y) = 0.

However, it may happen that V7™/F does not preserve any metric on TM/F.
Let G be the holonomy groupoid of (M, F') (cf. [2§]).
We make the assumption that there is a proper subbundle E of TM/F and choose a
splitting
(1.4) TM/F=E®(TM/F)/E.
Let 1, g2 denote the ranks of E and (T'M/F')/E respectively.

Definition 1.1. (Connes [10, Section 4]) If there exists a metric g”™/F on TM/F with
its restrictions to £ and (T'M/F)/E such that the action of G on T'M/F takes the form

(15) (7% o )

where O(q1), O(go) are orthogonal matrices of ranks ¢, g2 respectively, and A is a go X ¢1
matrix, then we say that (M, F') carries an almost isometric structure.
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Clearly, the existence of the almost isometric structure does not depend on the splitting
(L4). We assume from now on that (M, F) carries an almost isometric structure as above.

For simplicity, we denote E, (TM/F)/E by Fi-, F;- respectively.

Let g¥ be a metric on F. Let gFi | g'> be the restrictions of g”M/F to Fi-, Fj-. Let
g™ be a metric on T'M so that we have the orthogonal splitting

(1.6) TM=FaFaF,  ¢"=¢" a7 g™,

Let VI™ be the Levi-Civita connection associated to g?.

From the almost isometric condition (ILH]), one deduces that for any X € I'(F), U;, V; €
L(F1), @ = 1, 2, the following identities, which may be thought of as infinitesimal
versions of (LH), hold (cf. [22, (A.5)]):

. ([X,Us],Ur) =0
Equivalently,
X, ViMy 4 vIMU) =0,
) (X VR V)

(VMU Uy) + (X, VMU ) = 0.

In this paper, for simplicity, we also make the following assumption. This assumption
holds by the Connes fibration to be dealt with in the next section.

Definition 1.2. We call an almost isometric foliation as above verifies Condition (C) if
F3- is also integrable. That is, for any Us, Vo € I'(Fy"), one has

(1.9) [Us, Vo] €T (Fy).

1.2. Adiabatic limit and the scalar curvature. In this subsection, we study the
relationship between the leafwise scalar curvature and the scalar curvature on the total
manifold of an almost isometric foliation. For convenience, we recall the formula for the
Levi-Civita connection (cf. [4, (1.18)]) that for any X, Y, Z € I'(T'M),

(1.10) 2(ViMY,Z) = X(Y,Z) + Y(X,Z) — Z(X,Y)
+ <[X> Y]’Z> - <[X’ Z]>Y> - <[Y> Z]aX>'

Recall that by [22, Proposition A.2], if one rescales the metric g i to 5% gt i and takes
¢ — 0, then the almost isometric foliation in the sense of Definition[I.Ilbecomes an almost
Riemannian foliation in the sense of |22, Definition 2.1]. In order to get information on
the leafwise scalar curvature, one further rescales the metric e%gF T ® gt by (standardly)
to %(E%gﬂl @ ¢%2) (compare with [22 (1.4)] and [21]), which is equivalent to rescaling
g to B%¢". Putting these two rescaling procedures together, it is natural to introduce
the following defomation of g7,

For any (3, € > 0, let ggy be the rescaled Riemannian metric on T'M defined by

1 1 1
(111) gg’y = ﬁ2gF@ ?gFl EBQF2 .

We will always assume that 0 < 3, € < 1.
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We will use the subscripts and/or superscripts “f3, €” to decorate the geometric data
associated to gB . For example, VTM:5¢ will denote the Levi-Civita connection associ-

e”, we will mean

ated to gg’ . When the corresponding notation does not involve “f,
that it corresponds to the case of f =¢ = 1.

Let p, pi, py be the orthogonal projections from TM to F, Fj-, F3+ with respect to
the orthogonal splitting (L6]). Let VA< VEiBe VF A€ he the Euclidean connections

on F, Fi-, F3+ defined by
1 1
(112) VF,B,& — vaM,B,ap’ VFl Be pf_vTM,B,Epf_’ VFZ Be pé_vTM,B,Epé_.

In particular, one has

(1.13) VI = pVT™p, VI = pt VTVl VI = M)
By (LI0)-(LI3) and the integrability of F', the following identities hold for X € I'(F):
(1.14) Vi = vF pviM et = pViMpE, i= 1, 2,

PV = B2 VM, py VT = By VM p.
From (L7)-(LI]), we deduce that for X e I(F), Ui, V,e(Fh),i=1, 2,

(1.15) <VTM5€V1, >—<v My XY = = (U, W], X) |
while
(1.16) <VTMB€V2,X> (VIMV,, X)) = % ([Us, V] , X) = 0.

Equivalently, for any U; € T(F-), i =1, 2,
(1.17) pVe, = BV, Vg, =0,

Similarly, one verifies that

(1.18) <VTMB€X U2> = % (U1, X], Us) — B—z (U1, Us], X},

(VX 0) = (0, X ﬁ
Us yY1 ) — 2<[ 1 ]U2>+ 9 <[U1>U2]>X>'

For convenience of the later computations, we collect the asymptotic behavior of var-
ious covariant derivatives in the following lemma. These formulas can be derived by
applying (L7)-(TI8). The inner products appear in the lemma correspond to f = ¢ = 1.

Lemma 1.3. The following formulas hold for X, Y, Z € T(F), U;, V;, W; € T(F;-) with
1=1,2, when B >0, e >0 are small,
(1.19)

<V§Mﬁvay, Z> — 0(1), <V§M’B’EY, U1> =0 (%), <V§M’B’EY, U2> —0(8),

(1.20)
<V§M’ﬁ’€U1,Y> —0(1), <V§M’5’€U1, v1> —0(1), <V§M’ﬁ’€U1, U2> —0(1),
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(1.21)
<V§M’B’5U2,Y> —0(1), <V§M’5’€U2, U1> — 0 (=), <V§M’5’€U2, v2> —0(1),

(1.22)
<v§j‘“’€x,y> —0(1), <VTM/“X v1> 0 (8%?), <VTM/“X U2> 0 (1),

(1.23)

<VTM5€V1,X> 0(1), <VTM5€V1,W1> 0 (1), <v§f”’€v1,U2>=0(5—12),
(1.24)

<VTMBEU2,X> 0(%), <VTMBEU2,V1>:O(1), <VTMB€U2,V2> 0 (1),

(1.25) <v5§”vﬁvax,y>=0(1), <VTM65X U1> 0 (e?), <VTM65X v2> 0,

(1.26)

<vTMﬁ€U1,X> (%) <VTMBEU1,V1>:0(1), <VTM5€U1,V2> 0 (1),

(1.27) <v5§“%,x>:o, <v5§“%,m>:0(52), <VTMB€V2,W2> 0(1).

Proof. Formulas in ([LT19) follows from (L.14]).

The first formula in (L.20) follows from ([LI1]) and the second formula in (I.I9). The
second one is trivial and the third one follows from (LIS]).

The first formula in (L2I)) follows from (L.II)) and the third formula in (L.I9). The
second one follows from the second formulas in (7)) and (LI8]). The third one is trivial.

The first formula in (I.22]) follows from (I.T]), (LI0) and (LII)). The second one follows
from (LI7) and the third one follows from the first formula in (LIS]).

The first formula in (L23]) follows from (LI]) and the second formula in (T22). The
second formula is trivial. For the third formula, the 6% factor comes from the terms
involving ([Uy, Us], V1), ([V1, Us], Uy) and Us(Uy, V7).

The first formula in (L24) follows from the first formula in (II8]). The second one is
trivial, and the third one follows from (L9).

The first formula in (L25) follows from the first formula in (L.I4]). The second one
follows from the second formula in (LI8]), and third one follows from (L.16]).

The first formula in ([.26]) follows from ([LI1]) and the second formula in (I.25]). The
second one is trivial, and the third one follows from (L.9]).

The first formula in (L.27) follows from the third formula in (L.25). The second one
follows from the third formula in (L.26), and the third one is trivial.

The proof of Lemma is completed. 0J
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In what follows, when we compute the asymptotics of various covariant derivatives,

we will simply use the above asymptotic formulas freely without further notice.
Let RTM:Be = (VTM52)2 he the curvature of VIMA2. Then for any X, Y € I'(T M),
one has the following standard formula,

(1.28) RTM’B’a(X, Y) _ viMﬁ,angﬁ,a _ V£MB Ev']);MB £ V:,;(Myf e

Let RF = (V)2 be the curvature of V. Let kTM-P¢ k' denote the scalar curvatures
of gTM:B2 gF respectively. Recall that k" is defined in (@1). The following formula for
k¥ is obvious,

rk(F")
(1.29) K== >R (fi. 5) £ 1)

i j=1
where f;, i =1, ---, rk(F), is an orthonormal basis of (F, g*'). Clearly, when F' = T M,
it reduces to the usual definition of the scalar curvature k™™ of g

Proposition 1.4. If Condition (C) holds, then when B > 0, ¢ > 0 are small, the
following formula holds uniformly on any compact subset of M,

2

. kF £
(1.30) T = 7t O (1 + @) .

Proof. By (1)), (L14), (I28) and Lemma [[.3] one deduces that when g > 0, € > 0 are
very small, for any X, Y € I'(F'), one has

(1.31) (R™54(XY)XY) = (VB2 (p+ pf +p3) V772X, Y)
(TP o pt ) TRXY ) = (ViR Y)
= (RF(X,YV)X,Y) — 5% (py Vi X, VAMY) — 82 (p VI X, VEMY)
+ 6% (i VY X, VMY ) + 82 (i VAT X, VMY
= (RT(X,Y)X,Y)+ 0 (6%).

For X € I'(F), U € T'(Fit), by (L7)-(L28), one finds that when 3, € > 0 are small,
(182) (R™MPHX.D)XU) = (Vi (04 pi +p) VE2°X.0)

_ TM,B,e TM,B,e TM,B,e

<VU (p+pr+p2) Vi X, U> <V(p+p1¢+p2¢)[x,U}X’ U>
— 8262 (VRMpVEM X, U) + 8262 (VM P pt VIV X, U ) — &2 (py VM2 X, VM OeT )
—B22 (VRPN X, U) — 822 (VIO pt oM, U ) + e (pp VM X, VAU )

—B (VM X U) = (VIS X U) = 0 (824 %)

(p+pi) (X 5 [X,U]
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Similarly, for X € I'(F'), U € I'(F3"), one has that when 3 > 0, € > 0 are small,
(1.83) (RO, U)X,U) = (V"% (p -+ pi +p3) Vi X,U)

TM,B,e TM,B,e TM,B,e
— (VIO (p+ ot +p3) VIMEXL U <V(p+p%+p%>[X7U]X, U>

— B (VMM X, U giz (VMo X, VMU ) 4 2 (VM VX, U)
—B2<V pVTMX U> 52 2< TMBE J_VTMX U> 52< TMBa J_VTMX U>

—B (Vi 5y X, U) = B2 (VI X U ) = 0 (82 + %),

For U, V € T'(F{), one verifies that
(134) (RPAUUY) = (Vi (ot +03) V0V

_ <V€M’B S+t +pr) ViU V> <VTM’6LE s’ V>

(p+p1 +p3
— 3222 (VEMpVIM UL V) 4 (VEMEVEM UL V) - 2 (ph VMO, VMOV )

—g%=2 (VPMpVEMOU V) — (VM VEMNUL V) + 2 (p VMU, VAT

. <vﬁj{§fU, v> - <v MU v> - <VTMUﬁ;]U v>

1
— =2 (VMU VPPV ) e (VMU VMY £ 0(1) = 0 (?) :
from which one gets that when § > 0, € > 0 are small,
(1.35) e (R™P=(U, V)U,V) =0 (1)

For U, V € I'(Fy), one verifies directly that

(136) (BP9, V)0, V) = (VE"5 (p+ ph + ) VI, V)
— (VPO (o pt 4 p3) VMUV = (VUL Y)
— B2 (Vv V) Ei (Pt U, VM) 4 (VM VML Y)
- B (VP VU, v> < EVEMS, TRV ) — (VM pr VMU, v>
—(VEMU VY =0
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For U € T'(F{), V € T'(Fy), one verifies directly that,
(1.37) (R™MA<W,V)U,V) = (VEUO (p+ pit +p3) VP90, V)
— (e (p+p1 +p3) VEOU VY - (VU
_ _52< TMBaU vTMBaV> 5 < J_VTMBaU vTMBaV> <v5M7B,ap§_V€Mﬁ7EU’ V>
+ 52 <pv5M7B,aU7 V€M7B,av> n - <pf_ng,B,aU’ ng,B7EV> B <V€Mp§_v’{]M,B,EU’ V>
1 TM,B,e B 1 1
+5 <U,VW v> ~0 <€—2 + @) ,
from which one gets that when § > 0, ¢ > 0 are small,
€ € 62
(1.38) e (R™MP=(U,V)U,V) = (R™P=(V,U)V,U) = O (1 + @) .

From (L.29), (L.31)-(L.33), (L.33), (L.306) and (L.38), one gets (L.30). m

1.3. Bott connections on Fji- and F;-. From (7)) and (L3)-(LI2), one verifies di-

rectly that for X € T'(F), U;, V; € T(F-), i = 1, 2, one has

6252
2

(1.39) (VA0 ) = (X 01 V) = P ([0, i XD,

(VZ 705, V2 ) = (X, Ua], Va).
By (L.39), one has that for X € T'(F), U; e ['(F5), i =1, 2,

(1.40) lim V5 75U, = VUL = pt (XU

e—0t

Let V¥ be the connection on F:+ defined by the second equality in (L40) and by
%[I}?Ui = V?Ui for U € T'(Ff- @ F3"). In view of (I.2) and (L40), we call V" a Bott
connection on Fi- for i = 1 or 2. Let R'" denote the curvature of V% for i =1, 2.

The following result holds without Condition (C).

Lemma 1.5. For X, Y € I'(F) and i = 1, 2, the following identity holds,
(1.41) RI(X,Y) =0.
Proof. We proceed as in [31, Proof of Lemma 1.14]. By (IL40) and the standard formula
for the curvature (cf. [31, (1.3)]), for any U € T'(Fi*), i = 1, 2, one has,
(142) RFS(X, VU =VE VU -vEVE U - vpgy U
=pi (X, VU] + V(U X)) + (U, [X, Y])) = pi [X, (Id = p;) [Y,U]]
—p; [Y, (Id = p;") (U, X]]
=i [X.(p +p — ) VU] =i [Vo(pr + 07 — 7)) [U, X]]
where the last equality follows from the Jacobi identity and the integrability of F'.
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Now if i = 1, then by (L), one has U € I'(F) and

(1.43) pr [X.p VU] = pi [Y,pa (U, X]] = 0.
While if 4 = 2, still by (I7)), one has U € I'(F3") and
(1.44) pi[Y,U] = pr[U, X] = 0.
From ([L42)-([T44)), one gets (L4T)). The proof of Lemma [[5lis completed. O

Remark 1.6. For i = 1, 2, let R¥: %< denote the curvature of V¥ %<, From (L39)-
(LA4T), one finds that for any X, Y € T'(F), when § > 0, ¢ > 0 are small, the following
identity holds:

(1.45) RFEPE(XY) = 0 (8%2).
On the other hand, for ¢ = 1, 2, by using (7)), (L9), (II0), (I12) and (L28)), one

verifies directly that when 5 > 0, € > 0 are small, the following identity holds,
(1.46) RFSPE = 0(1).

1.4. Sub-Dirac operators associated to spin integrable subbundles. We assume
for simplicity that TM, F, F*, i = 1, 2, are all oriented and of even rank, with the
orientation of TM being compatible with the orientations on F, Fit and F3 through
(Ld). We further assume that F'is spin and carries a fixed spin structure.

Let S(F) = S (F)® S_(F) be the Hermitian bundle of spinors associated to (F, g*").
For any X € I'(F'), the Clifford action ¢(X) exchanges Sy (F').

Let i =1 or 2. Let A*(F;-) denote the exterior algebra bundle of F;~*. Then A*(F}-)
carries a canonically induced metric g*" (%) from ¢¥". For any U € F*, let U* € F-*
correspond to U via ¢¥7 . For any U € T (F), set

(1.47) c(U) = U A —iy, @U) =U* A+iv,

where U*A and iy are the exterior and interior multiplications by U* and U on A*(F/).
Denote q = tk(F), ¢; = tk(F}1).
Let hy, -+ -, hy, be an oriented orthonormal basis of Fi-. Set

(1.48) r (B ) = (%) ¢(hy)---c(hy).

Then

(1.49) r (- gFf)2 = 1d . ().

Set

(1.50) Ny (F) = {hen (B ir (Bh g™ ) n=2n}.

Since ¢; is even, for any h € F*, ¢(h) anti-commutes with 7(F*, ¢ ), while ¢(h)
commutes with 7(F-, g% ). In particular, ¢(h) exchanges A* (F1).
Let 7(F*) denote the Zj-grading of A*(F:-) defined by

(1.51) F(EY) | s () = 1

even

Aodd (Fil)'
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Now we have the following Z,-graded vector bundles over M:

(1.52) S(F)=S.(F)@ S_(F),
(1.53) AN (B =N (B eA (B, i=1,2,
and
(1.54) A (FF) =AY (FH) @ A (FF), i=1, 2.
We form the following Z,-graded tensor product, which will play a role in Section 2:
(1.55) W (F, Fi- F}) = S(F)®A* (Fi) ®A° (F),
with the Zs-grading operator given by
(1.56) Tw =TS(F) " T (FfaQFﬂ T(Fy),
where 7g(py is the Z,-grading operator defining the splitting in (I.52). We denote by
(1.57) W (F,F{-, F3") = W, (F, F{", F5") @ W_ (F, F{", Fy")

the Zs-graded decomposition with respect to .

Recall that the connections V¥, VFi' and V#2 have been defined in (LI3). They
lift canonically to Hermitian connections VS VA(Fi) YA () on S(F), A*(Fb),
A*(F3-) respectively, preserving the corresponding Zs-gradings. Let VW(PFHF2) be the
canonically induced connection on W (F, Fj-, F3-) which preserves the canonically in-
duced Hermitian metric on W (F, Fi*, F5"), and also the Zy-grading of W (F, Fi-, F3").

For any vector bundle E over M, by an integral polynomial of E we will mean a
bundle ¢(£) which is a polynomial in the exterior and symmetric powers of E with
integral coefficients.

For i =1, 2, let ¢;(F*) be an integral polynomial of F;*. We denote the complexifica-
tion of ¢;(F:+) by the same notation. Then ¢;(F:-) carries a naturally induced Hermitian
metric from g% 7 and also a naturally induced Hermitian connection V(. ) from V¥,

Let W(F, Fit, F5) @ ¢1(F) ® ¢o(F3-) be the Zs-graded vector bundle over M,

(L58) W (F.F"F ) @1 (F) © 62 (Fy) = Wa (RS F) © 61 (F) © s (Fy)
DW_ (FFFy ) @60 (F) @2 (Fy).

Let VW®91®92 denote the naturally induced Hermitian connection on W (F, Fi-, F3') ®

&1 (FiH) @ ¢o(F5h) with respect to the naturally induced Hermitian metric on it. Clearly,

VW®01892 preserves the Zo-graded decomposition in (L58).
Let S be the End(T'M)-valued one form on M defined by

(1.59) VM = F Vi v 4 8.

Let eq, - -+, eqim ar be an orthonormal basis of TM. Let VEOFD)®6(F5) he the Hermit-
ian connection on W (F, Fi-, F5-)®@¢1 (Fib) @ p2(F5-) defined by that for any X € I'(T'M),
dim M
1
(L60)  VENETIERIE _ geee L 2 N (S(Dene) e(e) eley).

i,7=1
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Let the linear operator DF¢1(F®0() - T(W(F, Fi- Fif) @ ¢1(F) @ ¢o(Fi)) —
D(W(F, Fi-, F5") ® ¢1(Fi) @ ¢o(F5")) be defined by

dim M
(1.61) DEo1(Fi)@da(Fs") _ Z c (&) vf_m(Fﬁ)@@(Fi).
i=1

We call DF#1(Fi)®¢2(F5) 5 gub-Dirac operator with respect to the spin vector bundle F.
One verifies that D@1 (Fi)®2(F3) ig g first order formally self-adjoint elliptic differen-
tial operator. Moreover it exchanges T'(Wx(F, Fi, F5") @ ¢1(F-) ® ¢o(F5-)). We denote
by DF(;Sl(Fl ®%2(F3) the restrictions of DF¢1(Fi)@62(F) to T(W,(F, Fl, Fy) ® ¢1(Fib) @
®2(F3)). Then one has
(1.62) < Df,¢1<F#)®¢2(F;>>* _ pFe1FEee(Fs)
Remark 1.7. In the special case of F' = {0}, the above sub-Dirac operator is simply
the sub-Signature operator constructed in [30] (cf. [32]). On the other hand, in the case
of F- = {0}, the above sub-Dirac operator is constructed in [22, Section 2], which is
sufficient for the proof of Theorem [0l The sub-Dirac operator constructed above will
be used in Section to prove the Connes vanishing theorem, i.e., Theorem

Remark 1.8. When Fit, Fib are also spin and carry fixed spin structures, then TM =
F @ Fi- @ Fj is spin and carries an induced spin structure from the spin structures on F,
Fj+ and F3-. Moreover, one has the following identifications of Z,-graded vector bundles
(cf. [18]) for i =1, 2,

(163)  AL(FH @A (R =S (B 95 (F) 05 (R @8 (R

(L64) A™ (B @ A (FH) = (8, (FH) @ 8, (F) @ s (F) e s (FY))

& (S+ (FH) @S- (F) @S- (F) ® 5, (Fii)*) .

By (I48)-(L61), (L63) and ([I64), DF¢rFi)®¢2(F5) ig simply the twisted Dirac operator

(1.65) DR 1 (S(TM)BS (Fy) @ S (FL) @ 6 (F) © 65 (F))
— T (STM)BS (FF) © 8 (FH) @61 (FY) @ 6 (F) ).

where for i = 1, 2, the Hermitian (dual) bundle of spinors S(F:-)* associated to (Fi-, gF)
carries the Hermitian connection induced from V¥ . The point of (L61) is that it only
requires I’ being spin. While on the other hand, (L63]) allows us to take the advantage
of applying the calculations already done for usual (twisted) Dirac operators when doing
local computations.

Remark 1.9. It is clear that the definition in (L6I) does not require that F* C T'M
being integrable.
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Let AF#1(Fi)®92(F3) denote the Bochner Laplacian defined by

dim M
1 1 13\ 2 Fogn (Fi- Fy-
(1.66) AF¢1(FR)®o2(F) _ E (v£,¢1(F%)®¢z(Fg )) _ Vz?‘l“ilM)v@T)(iji )
=1

Let k7™ be the scalar curvature of ¢7M, RE:" (i =1, 2) be the curvature of V¥ 7. Let
R#1(F®92(F5) he the curvature of the tensor product connection on D1(Fi) @ do(F5-)
induced from V(i) and V#2(F2),

In view of Remark [I.§], the following Lichnerowicz type formula holds:

(1.67)
1 1 2 1 1 kTM dim M
(DF@l(Fl b (3 )) = —APSEDRR) g iglc( &) ¢ (e) RMFTE0U5) (¢ ¢))
2 dim M
42 Z 3 <R 6Z,ej)et,es>c(ei)c(ej)/c\(es)f(et).
k 114,7,s,t=1

When M is compact, by the Atiyah-Singer index theorem [2] (cf. [I§]), one has

(1.68) ind (Dfm(Fll J@o2(Fy ’)

a1 -

= 2% (AL (F) e (F) ch (6 (F)) ch (0 (1)) [M]),

where A(F) is the Hirzebruch A-class (cf. [31, §1.6.3]) of F', L(F) is the Hirzebruch
L-class (cf. [I8, (11.18’) of Chap. III]) of Fj*, e(F3") is the Euler class (cf. [31], §3.4]) of
Fs-, and “ch” is the notation for the Chern character (cf. [31], §1.6.4]).

1.5. A vanishing theorem for almost isometric foliations. In this subsection, we
assume M is compact and prove a vanishing theorem. Some of the computations in this
subsection will be used in the next section where we will deal with the case where M is
non-compact.

Let fi, - -+, f, be an oriented orthonormal basis of F'. Let hy, - -, hy, (resp. ey, -+ -, €g,)
be an oriented orthonormal basis of Fj- (resp. F;).

Let 5 > 0, e > 0 and consider the construction in Section [[L4] with respect to the metric
gﬁ M defined in (IEII) We still use the superscripts “(, €” to decorate the geometric data

associated to gg . For example, DF#1(Fi )®62(F5)8. now denotes the sub-Dirac operator

constructed in (L61]) associated to g . Moreover, it can be written as
(1.69)
DEoLEF©b2(F),B,e -1 Z (f,) qun FiH)@d2(F5H),8 £y 52 F¢1 (Fi)®¢2(F3-),B.e

q2
+ 3" ¢ (o) VEOTI20 )0
s=1
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By (L69), the Lichnerowicz type formula (L67) for (DF¢1(FiH®%(F).6)2 takes the
following form (compare with [22, Theorem 2.3]),

(1.70) (DF’%(Fﬁ@@(Fﬁﬁ,e)z — _APOi(FH@6(FF) B 4

q

TM,B.e

4

2 @0

1 c 3 1 o (F5),8,¢
c(fi) e (f;) RIS BE (5, it > c(hi) e (hy) ROFTIREDDE (b

i, j=1

J_ 1 1 1
) ROEDEHE (ewe 622 () e(hy) R0 (1,

i=1 j=1

T ZZ<RB (o fy) s > () () 2 (hs) 2k
5 Z Z<RF1 P (hi, ) hes ) () () (1) 2 ()
+3 Z Z<RF1 P2 (60, ej) hus oY e () e () 2 (1) 2 ()

+45222<RF% i hy) by () ¢ (hy) 2 () 2 (he)

i=1 j=1 s,t=1

zl]lstl
q

8ﬁ2 Hzlstzl <RF2 BE fz,f])€t>€s> (fi)C(fj)E(es)/c\(et)
o Z Z R h“h)et,es> (h) ¢ (hy) E(es) € (er)
42 Z Z <RF2 Be ( el,e])et,es>c(el)c(ej)/c\(es)g(et)

FEY S (R () ey () e (b)) Fle

i=1 j=1 s,t=1

oY S (R (e e e () (e P Fley

i=1 j=1 s,t=1

R¢1(F1 VRp2(Fs-) Ba(h

is €5)
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q1 q2 q2

+Z >0 <RF2L’B7E (hi, ;) ex, es> ¢ (hi)c(e;)Tes)Tler) .

i=1 j=1s,t=1

By (L30), (L49), (L46) and (LT0), we get that when 8 > 0, e > 0 are small,

2 k¥ 1 e?
171 ( DF7¢1(F%)®¢2(F2+),676> — _AFOF )@ (F) Be o= ‘
(L71) tE o Gt

Proposition 1.10. If k¥ > 0 over M, then for any Pontrjagin classes p(Fi-), p'(F3")
of Fi-, 5t respectively, the following identity holds,

(1.72) (A(P)p (FE) e (FE) o (F) [M]) =0,

Proof. Since k¥ > 0 over M, one can take 8 > 0, ¢ > 0 small enough so that the
corresponding terms in the right hand side of (IL71]) verifies that

k¥ 1 &2
1. L S
(1.73) 4B2+O<ﬁ+ﬁ2)>0
over M. Since —AFSFi)®62(F).6¢ i nonnegative, by (L62), (IL7I) and ([L73), one gets
(1.74) ind (Dy# R g,
From (L68) and (IL74), we get
(1.75) (A(P)L (F) ch (61 (F)) e (Ff) ch (62 (F3)) , [M]) = 0.

Now as it is standard that any rational Pontrjagin class of Fj- (resp. Fj-) can be
expressed as a rational linear combination of classes of the form L(Fj-)ch(¢1(Fib)) (resp.

ch(go(F3))), one gets (LT2) from (L7H). O

Remark 1.11. If one changes the Z,-grading in the definition of the sub-Dirac operator
by replacing 7(F3) in (I56) by 7(F4-, g™ ), then one can prove that under the same
condition as in Proposition [L.10]

(1.76) (AP (FE) o (F), [M]) =0

for any Pontrjagin classes p(Fil), p/(F3) of Ft, i

2. CONNES FIBRATION AND VANISHING THEOREMS

This section is organized as follows. In Section 2T, we recall the definition of the
Connes fibration and prove some basic properties of it. In Section 2.2, we introduce a
specific deformation of the sub-Dirac operator on the Connes fibration and prove a key
vanishing result for the deformed sub-Dirac operator on certain compact subsets of the
Connes fibration. This motivates the proof of Theorem [0.I] for the case of dim M = 4k
given in Section 2.3l In Section 2.4] we present the proof of the dim M = 8k+i (i =1, 2)
cases of Theorem [0.]] Finally, in Section we present the proof of Theorem [0.6], and
state some new vanishing results.
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2.1. The Connes fibration. Let (M, F') be a compact foliation, i.e., F' is an integrable
subbundle of the tangent vector bundle T'M of a closed manifold M. For any vector
space E of rank n, let £ be the set of all Euclidean metrics on E. It is well known
that & is the noncompact homogeneous space GL(n,R)*/SO(n) (with dim & = W),
which carries a natural Riemannian metric of nonpositive sectional curvature (cf. [15]).
In particular, any two points of £ can be joined by a unique geodesic.

Following [10, §5], let 7 : M — M be the fibration over M such that for any = € M,
M, = 77(z) is the space of Euclidean metrics on the linear space T, M/F,.

Let TV M denote the vertical tangent bundle of the fibration 7 : M — M. Then it
carries a natural metric gTVM such that any two points p, ¢ € M,, with x € M, can be
joined by a unique geodesic in M,. Let d™=(p, q) denote the length of this geodesic.

By using the Bott connection on TM/F (cf. (L2)), which is leafwise flat, one lifts F’
to an integrable subbundle F of T MH Let g© be a Euclidean metric on F', which lifts
to a Euclidean metric ¢* = 7*¢" on F.

For any v € M, T, M /(F,®T, M) is identified with Ty, M/ Fy(,) under the projection
7 : M — M. By definition, v determines a metric on Ty, M /F,T(U), which in turn
determines a metric on T, M /(F, & TV M). In this way, TM/(F & TV M) carries a
canonically induced metric.

Let Fi- C T'M be a subbundle, which is transversal to F & TV M, such that we have
a splitting TM = (F&TY M) & Fi-. Then Fj- can be identified with TM /(F & TV M)
and carries a canonically induced metric g~ i". We denote from now on that Fi =TV M.

Let g?™ be the Riemannian metric on M defined by the following orthogonal splitting,

(2.1) TM=FoFroF, M=¢dogd o¢*.

Let p3 be the orthogonal projection from T™M to F3. Let VIM be the Levi-Civita
connection of g7™™. Then V72 = piV™Mpl is a Euclidean connection on Fj not
depending on ¢7 and ¢77 .

By [10, Lemma 5.2], (M, F) admits an almost isometric structure with respect to the
metrics given by ([2)). In particular, for any X € I'(F), U;, V; € T(F*) with i = 1, 2,
one has by (7)) that

(22) ([X,Us],Uq) = 0.

Take a metric on TM/F. This is equivalent to taking an embedded section s : M —
M of the Connes fibration 7 : M — M. Then we have a canonical inclusion s(M) C M.

For any p € M\ s(M), we connect p and s(m(p)) € s(M) by the unique geodesic in
M. Let o(p) € F3-|, denote the unit vector tangent to this geodesic. Let p(p) =
dM=w) (p, s(m(p))) denote the length of this geodesic.

The following simple result will play a key role in what follows.

4Indeed, the Bott connection on TM /F determines an integrable lift Fof Fin TMV, where M =
GL(TM/F)* is the GL(¢q:,R)" (with ¢ = rk(TM/F)) principal bundle of oriented frames over M.
Now as M is a principal SO(g;) bundle over M, F determines an integrable subbundle F of T M.
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Lemma 2.1. There exists Ay > 0, depending only on the embedding s : M — M,
such that for any X € T'(F) with | X| < 1, the following pointwise inequalities hold on
M\ s(M),

(2.3) X (p)] < Ay,

1 A
(2.4) ‘vfg o—‘ <2
p
In particular, the following inequality holds on M,
(2.5) ‘vfg (pa)) < 24,.

Proof. Since the estimates to be proved are local, we may well assume that there is
Y € I(F) over M, with |Y| < 1, such that X = 7*Y. Let ¢, (resp. ¢), t € R, be
the one-parameter group of diffeomorphisms on M (resp. M) generated by Y (resp.
X =7"Y). Then qzt is the lift of ¢;.

Take any p € M\ s(M). By [10, Lemma 5.2] and (Z2), one sees that each ¢, maps the
fiber M) isometrically to the fiber Mg, ((p)). Thus, it maps the geodesic connecting p
and s(7(p)) in My to the geodesic connecting o:(p) and ¢, (s(m(p))) in Mg, (), such

that p(p) = 0 (G,(p), @i(s(x(p)))). Thus, one has

(2.6)
2 (30) = p0)| = |aMex (Gulp), s(0n(m(p))) ) = &Moo (Gu(p), uls(x(v)) ) |

< dMao (s(on(m(p))), e(s(x(p) ) = p (Su(s(x(p))) )

Since at p one has X (p) = lim,; o+ w, (2.3) follows from (2.6]) and the following

lemma.

Lemma 2.2. There exist ¢y, Ag > 0, depending only on the embedding s : M — M,
such that for any x € s(M) and 0 <t < ¢y, one has

(2.7) p <5t($)) < Agt.

Proof. Take any x € s(M). If t = 0, then ([27) clearly holds. Recall that ¢, maps M)
isometrically to M, (r(p)). Thus one has

(2:8) p (@) = p (6 (s(0u(x(2))
Since ¢; ' (s(¢y(m(x)))) depends smoothly on ¢, one sees from () that (Z7) holds at
x € s(M). By the compactness of s(M), it holds for all z € s(M). O

To prove (24), we first observe that by (Z.2) one has that for any U € T'(F3), the
following identity holds (cf. (I.2H)),

(2.9) Py ViMX = 0.



POSITIVE SCALAR CURVATURE ON FOLIATIONS 19

From (2.3) and the fact that [X, o] = [r*Y, 0] € ['(F3") (cf. [4, Lemma 10.7]), one sees
that in order to prove (2.4]), one need only to prove that

A
(2.10) X, 0] < =
p
To prove (2.I0), recall that (cf. [9, Theorem 2.3 of Chapter 6])
o— <¢t) o
(2.11) X, 0] = lim ———2*—,
t—0+ t

Since ta maps geodesics in My _,(=(p)) to geodesics in My (,), one sees as in [10, §5]
that at p € M\ s(M), (¢¢)«0 is the unit vector tangent to the geodesic connecting p

and ¢;(s(¢_i(m(p))))- B
Consider the geodesic triangle in M (,) with vertices p, s(m(p)) and ¢:(s(o—(7(p)))).
Let oy, be the angle at p. Then one has

(2.12) ‘ (@) 2 (1 — cos (a)) -

Since M) is of nonpositive curvature, one has (cf. [I5, Corollary 1.13.2]),
213) (p (G (s (Ol @))) > 2(1 — cos () plp) ¢ (p. G (s (6(x(p)) .
From (2.12) and (2.I3)), one gets

2

= (3) o] <t (3 (s (G(xo)))
e (5.6 (o)
From (2.11]), (2.14) and proceed as in Lemma 2.2] one gets (2.10). O

(2.14)

2.2. Sub-Dirac operators and the vanishing on compact subsets. From now on
we assume that there is § > 0 such that k¥ > § over M. We also assume that M is spin
and carries a fixed spin structure, then F @ Fi- = 7*(T'M) is spin and carries an induced
spin structure. For simplicity, we also assume first that JF, is oriented and both T'M
and F3- are of even rank.

For any 3, € > 0, following (LII), let g52* be the deformed metric of (ZI) on M
defined by the orthogonal splitting,

1L

F
(2.15) TM=FoFoF, @gl=pFdol e

In what follows, we will use the subscripts (or superscrlpts) B, € to decorate the
geometric objects with respect to the deformed metric ggﬁ/‘ It is clear that for any
XeFaFand U € Fi, cg(X), ¢(U) and E(U) act on Sz (F @ FiH)@A*(F5) and
exchange (Sp.(F @ FH)RA (F3))z.

Let fi, -+, f, (resp hy, -+, hy; resp e, -+, €4,) be an orthonormal basis of
(F.g7) (resp. (Fi,g”1); resp. (Fi, g2 )). By proceeding as in [22, Section 2] and
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Sections [[L4] [[5] we construct the sub-Dirac operator (cf. (L6I) and (L.G9), where we
take F in (L6I) to be F & Fi-, Fi- in (LEI) to be zero and F3- in (LE) to be Fy)

(2.16) Drgripe: U (Sse(F o FON (Fy)) — T (Sp(F & FiHQA (Fy))

given by
q

q1 q2
(217)  Drarip.= Z B s (B7'S;) V?f + Z ecpe (ehs) Vi© + Z c(ej) fo,
s=1 j=1

1=1

where as in (L69), V¢ is the canonical connection on Sg . (F @ Fi-)@A*(F3) determined
by (L60) with respect to ggé"‘ In particular, in view of Remark [I.8 one has

(2.18) (Vo< 2(o)] =2 (vf%a) .

Let Drezi g+ be the restrictions of Drgri 5. on (Sp(F @ FH)RA*(F3)) 4, then
(2.19) <DF®Ff,B,E,+> = Drart pe,—

For any R > 0, denote
(2.20) Mp={peM: p(p) <R}

Then My, is a smooth manifold with boundary OM g.

Let f :[0,1] — [0,1] be a smooth function such that f(t) =0 for 0 <t < —, Whlle
f(t)=1for £ <t <1. Let h:[0,1] — [0,1] be a smooth function such that h(t) =
for 0 <¢ <3, while h(t) =0for L <t <1.

Inspired by [5] and [10], we make the following deformation of Dygri 5. on Mg,
which will play a key role in what follows,

f () clo)

5 :
Remark 2.3. The usual deformation from the analytic localization point of view (such
as in [3]) deforms Dzgr: 5. by T(po), with T > 0 being independent of 3 and . On
the other hand, fc(o) has occured in [10], where it is viewed as the symbol of a fiberwise
Dirac operator. Here we use fc(o)/f to deform Dygz: 5., while Lemma 2.1] allows us
to get the needed estimates given in the following Lemma.

(2:21) Drortpe+

Lemma 2.4. There exists Ry > 0 such that for any (fired) R > Ry, when 3, € > 0
(which may depend on R) are small enough,
(i) for any s € T'(Sp(F ® FiH)RA(F3-)) supported in Mg, one hadi

(2.22) H <DF@F1L,@E - M) s|| > f

5 i} Is1;
(ii) for any s € T'(Sp.(F © FHRA*(F5-)) supported in MR\M% one has
clo 1
2.23) (1 (5) Drasct () + 52 o] 2 55 sl

5The norms below denpend on 8 and e. In case of no confusion, we omit the subscripts for simplicity.
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Proof. In view of Remark [[.8 and (2.I7)), one has

A (e
2:21) (Df@ff,@ﬁ%) = Do+ T a0
f(% AN
+ (ﬁR) [D]:EB]:%,B,@C(U)] + (5};> ’

where we identify dp with the gradient of p.
By definition, one has on M \ s(M) that

q2
(2.25)  cpe(dp) = Zﬁ cae (B7VF) filp +Zac§e (ehs) —|—Zc e;)ej(p
j=1
By (2I7) and (2.I8)), one has on M \ s(M) that
(2.26) [Df@flgg, ] Zg e (B 1fi)6< >+Zscﬁa 5h)E<V‘hF a)

+ ;c(ej)g(vgﬁﬂ .

By Lemma 2. (2.25) and (2.26]), we find that there exists a constant C' > 0, not
depending on R, 3, € > 0, such that the following inequality holds on Mg\ s(M),

(2.27) o4 £ (L) |[Drors s )] < 5+ On (1),

where by Og(-) we mean that the estimating constant might depend on R > 0.
On the other hand, by (LL71]), the following formula holds on Mg,

ABe k* 1 52
where —A#¢ > 0 is the corresponding Bochner Laplacian, and k% = 7*k¥ > 6.

From (2.24)), (227) and (2.28)), one sees that if one first fixes a sufficiently large R > 0
and then makes § > 0, € > 0 sufficiently small, one deduces (2.22) easily.
Now by (ZI7) one has on Mp \ s(M) that

029) (1(§) Prosio (§) + 55) = (1 (§) Prosio ()
h(5)’ .

B | Drart e ()] + g5
From (2.27)) and (2.:29), one gets (2.23)), where Supp(s) C Mg\ Mg, similarly. [

Lemma 2.4l motivates the proof of Theorem [0.1] (for the case of dim M = 4k) given in
Section 23] where we make use of a trick of Braverman [8], §14] (See also [24), §3]). This
approach reflects the topological nature of the A-genus and the involved indices.

1
+
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2.3. Proof of Theorem for the case of dim M = 4k. Let OMp bound another
oriented manifold Ny so that Nz = Mz U Ng is a closed manifold (for example, one
can take the double of Mpg). Let E be a Hermitian vector bundle over Mg such that
(Spe(F @ FHRA(FH))_ @ E is a trivial vector bundle over Mz. Then (Ss.(F @
FHRMN (Fy))4 @ E is a trivial vector bundle near M g, under the identification ¢(o) +
Idg.

By extending obviously the above trivial vector bundles to Ng, we get a Z,-graded
Hermitian vector bundle & = &, & &_ over N, r and an odd self-adjoint endomorphism
V =v+4+v* € '(End(§)) (with v : I'(§4) — T'(€-), v* being the adjoint of v) such that

(2.30) &= (S (FOF) RN (Fy)), 0 FE
over Mg, V is invertible on Ny and

_ (P~
(2.31) V=g (R) 2(o) + Idg

on M, which is invertible on Mz \ M.
Recall that h(%) vanishes near 9Mpg. We extend it to a function on N which equals
to zero on Ng, and denote the resulting function on Ny by hg. Let ng : TNg — Ng

be the projection of the tangent bundle of /VR. Let 7/\73 € Hom(ﬂj*vaJr, %Rg_) be the
symbol defined by

(2.32) fy/VR(pjw) = 7T;7.R (\/—_1%% cpe(w) + v(p)) , for peENp, we Tp./\NfR.

By (2.31]) and (2.32)), 7/\71" is singular only if w = 0 and p € M r. Thus 7/7 R ig an elliptic
symbol. i

On the other hand, it is clear that ?LRD]_—@ ]_—%ﬁ’aﬁR is well-defined on N if we define
it to equal to zero on Nz \ Mg.

Let A : L*(&) — L*(€) be a second order positive elliptic differential operator on
Ny preserving the Zo-grading of & = &, @ &, such that its symbol equals to |n|? at
ne TNy (to be more precise, here A also depends on the defining metric. We omit the
corresponding subscript/superscript only for convenience). Let Prg. : L*(§) — L*(§)
be the zeroth order pseudodifferential operator on N, r defined by

~ ~ 1%
(2.33) Prpe=A"ThgDreri 5 hpA™1 + 7

Let Prp.+ : L*(&4) — L*(£_) be the obvious restriction. Then the principal symbol of
Pr e, which we denote by 7(Prgs.), is homotopic through elliptic symbols to 4.
Thus Pgrg. + is a Fredholm operator. Moreover, by the Atiyah-Singer index theorem [2]
(cf. [I8, Theorem 13.8 of Chap. III]), one finds
(2.34) ind (Pgpcy) = A(M).

Inspired by [8, §14] (See also [24], §3]), for any 0 <t <1, set

(2.35) Prpes(t) = AT thgDygzi 5 hgATT + %” a4l _ﬁmA—i.
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Then Pg . +(t) is a smooth family of zeroth order pseudodifferential operators such that
the corresponding symbol vy(Pg . +(t)) is elliptic for 0 < ¢t < 1. Thus Prg.+(t) is a
continuous family of Fredholm operators for 0 < ¢ <1 with Prg. (1) = Prge+.

Now since Pg . +(t) is continuous on the whole [0, 1], in view of (2:34)), if Pr . +(0)
is Fredholm and has vanishing index, then Theorem [0l follows from (234]).

Thus we need only to prove the following result.

Proposition 2.5. There exist R, 3, € > 0 such that the following identity holds,
(2.36) dim (ker (Prg. +(0))) = dim (ker (Pr g +(0)*)) = 0.
Proof. By definition, Prs.(0): L*(§) — L*(§) is given by

(237) PR7B’€(O) == A_iTLRDf@flJ-7ﬁ,57LRA_% _'_ A_l%A_%.

By (2.19), Prp.(0) is formally self-adjoint. Thus we need to show that
(2.38) dim (ker (Prg.(0))) =0

for certain R, 3, € > 0. Let s € ker(Pgrs.(0)). By (2.37) one has

- O
(239) <hRD}'EB]-—1L7ﬂ,5hR + E) A_iS = O

Since hr = 0 on N \ My, while V is invertible on Ny \ Mg, one has by (2:39)
(2.40) A7is=0  on N\ Mg
Write on My that

Nt

(2.41) A71s = 51+ 89,

with 51 € L?(Ss.(F @ FH)®A*(F5)) and sy € L*(E).
By (231)), (239) and (2.41]), one has

(242) Sg = 0,
while
~ ~ f(&)c(o
(243) (hRD}—@}—llvﬁ,ehR + % Sl = O

We need to show that (2.43) implies s; = 0.

Let o : [0,1] — [0,1] be a smooth function such that a(t) = 0 for 0 < ¢ < 3, while
aft)=1for 2 <t <1

Following [, pp. 115], let a, an be the smooth functions on Mg defined by

(2.44) 1 —Oz(%) _ Oz(%)

@ a-a)) (@ e ®))

N
N



24 WEIPING ZHANG
Then of + a3 = 1 on My. Clearly, aihg = aq, azf(%) = aa. Thus, one has

OECAY
B 1

2

2

* 5

~ ~ o
(0] (hRD}'@]:f-,ﬁ@h’R + Q) S1

from which one gets

(2.46) (ERDF@F%,@ﬁR+ (;%% ) >l (DFQBF%’@EJF%) 5
L
+ (hRDI@P ﬁehR %) <DI@P Be T %) (ars1)
| (FaDrer i+ 85 s ~ e () il = e (das) sl

where for each i € {1, 2}, we identify da; with the gradient of «;.

By Lemma 211, (2.25]) and (2.44)), there is C; > 0, not depending on R, /3, ¢ > 0, such
that

Cy

(2.47) |cs.e (don)| + |ese (daz)| < 3R Or(1).

From Lemma 24 (2:46) and (247), one finds that there exist R, #, ¢ > 0 such that
PR, sl

B ~ VB

From (239)-(243), (248) and the invertibility of A1, one sees that for suitable

R, 8, ¢ > 0, (238) holds. This completes the proof of Proposition 2.5 which implies
Theorem [01] for the case of dim M = 4k, when JF3- is orientable and of even rank. [

(2.48) H (%RDF69 Fipchr+

If rk(F3") is not even, we can consider M x M x M x M to make it even. If Fj is
not orientable, then we can consider the double covering of M with respect to w;(F5),
the first Stiefel-Whitney class of F5-, and consider the pull-back of F3- on the double
covering. The proof of Theorem [Tl for the case of dim M = 4k is thus completed.

Remark 2.6. One may also use % instead of f(%) in the above proof.

L
R
2.4. The case of the mod 2 index. In this subsection, we consider the cases of
dimM = 8k + i, i« = 1, 2. Here we deal with the case of dim M = 8k + 1, where
one considers real operators as in [3], in detail. By multiplying M by a Bott manifold
of dimension 8, which is a compact spin manifold B® such that E(Bs) =1, we may well
assume that ¢; > 1. Then O Mg is connected.

1
Let fi, --+, fy+q be an oriented orthonormal basis of (F & Fi-, 8%g” @ 9:21 ). Set

(2.49) Toe = Cge (f1) Coe (fora) -
Let 7 be the Zy-grading operator for A*(F3) = AR (Fih) @ A F).




POSITIVE SCALAR CURVATURE ON FOLIATIONS 25

Inspired by [3, §3] and [6, (3.1)] (compare with [29] which deals with the case of
dim M = 8k + 2), we modify the sub-Dirac operator in (Z.16) by
(2.50)
?TBvED]:@ff‘,ﬁ,e - (Sg,a(‘/—‘.@ ]:f') QR A* (]'—QJ')) — T (S@E(}—@J’—‘%) QR A* (JT"QJ')) ,

which is formally skew-adjoint (here by dimension reason there is no Zy-grading of the
real spinor bundle Sg . (F & Fi)). We also modify V = v + v* in (Z31]) by

~

(2.51) V=0-7"

such that one has, on Mg, the following formula for v acting between real vector bundles,

(2.52) T=f (%) 72(0) + 1dg : T (Sp(F & F) @ A (F)) @ E)
— T (Spe(FaFi) @ A (Fy) @ E).
We then modify the operator Pg s, in (2.33)) by

~

Vv

3’

which is clearly formally skew-adjoint. By direct computation, one has
(2.54) (7¢(0))* =¢(o)T = —7¢(0)

and that for any X € T M,

(2.55) Tre(X)1c(o) + 7c(0)T 1e(X) = T7e(X)e(o) —¢(o)re(X) = 0.

(2.53) Prp.=A"Thgrs 7 Dygpi g hrA™T +

From (253)-(255), one sees that (Pps.)? has an elliptic symbol. Thus Pg 4. is a
zeroth order real skew-adjoint elliptic pseudodifferential operator, and thus admits a
mod 2 index in the sense of [3]. Moreover, by the mod 2 index theorem in [3] (cf. [18]),
one has

(2.56) a(M) = dim (ker (IA’Rﬁ@)) mod 2.

Now by proceeding as in Section 2.3 one sees that there are R, 3, ¢ > 0 such that
(2.57) dim (ler (Prs-) ) =0.

From (2.50) and (2.57)), one gets a(M) = 0.

2.5. Proof of the Connes vanishing theorem and more. Without loss of generality,
we may and we will assume that all F = 7*F, Fi{- and F3- are oriented and of even rank.
The main concern here is that we only assume F' is spin, not T'M. Thus, here F = n*F
is spin and carries a fixed spin structure.

Instead of the sub-Dirac operator considered in (ZI]), we now consider the sub-Dirac
operator constructed as in (LG1)),

(2.58) DLV T (S(F)BA® (FR) A (F) @ ¢ (F)
— T (S(F)@A" (Fi) @A (Fy) @ 6 (Fi)) -
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Now we can proceed as in Sections and 2.3, by replacing the sub-Dirac operator
in (2.I6]) by D;”:’(Fll) above.

In particular, by the Atiyah-Singer index theorem [2], the right hand side of the formula
corresponding to (2.34]) is now

(2.59) 2% <E(F)Z(TM/F)ch(¢(TM/F)), [M]> .
In summary, if k" is positive over M, then we get
(2.60) <E(F)E(TM/F)Ch(¢(TM/F)), [M]> ~0.

Now as any rational Pontrjagin class of TM/F can be expressed as a rational linear
combination of classes of form L(TM/F)ch(¢(TM/F)), one gets from (2.60) that for
any Pontrjagin class p(TM/F) of TM/F, one has

(2.61) (AFyp(Ta/F), [M]) =0,

which has been proved in [10, Corollary 8.3]. In particular, one has
(2.62) A(ny = (A(rm), [M]) = (AR ATM/F), [M]) =0,
which completes the proof of Theorem 0.6l

Remark 2.7. If one modifies the sub-Dirac operator in (2.I6) by twisting an integral
power of Fi-, then one sees that (Z.61) also holds under the condition of Theorem [0l
This generalizes [22, Theorem 3.1].

By further modifying the sub-Dirac operators involved above, one gets the following
generalization of Theorems [0.1] and (compare with [22, Theorem 3.2]).

Theorem 2.8. Under the assumptions of either Theorem [0 or[0.4, if TM/F is also
oriented, then for any Pontrjagin class p(TM/F) of TM/F, one has for any integer
k > 0 that

(2.63) <X(F)p(TM/F)e(TM/F)k, [M]> = 0.
In particular,
(2.64) <2(F)6(TM/F), [M]> ~0.

Under the assumption of Theorem 2.8 if one assumes that dim M = 6 and rk(F) = 4,
then by (2.63) one gets

(2.65) (e(TM/F)? [M]) = 0.

From (2.63]), one obtains the following partial complement to a classical result of Bott
[7, Corollary 1.7] which states that there is no smooth codimension two foliation on the
complex projective space CP?" ! with n > 2.

Corollary 2.9. There is no smooth codimension two foliation of positive leafwise scalar
curvature on CP3.
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