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Abstract. We introduce the notion of infinitely log-monotonic sequences.
By establishing a connection between completely monotonic functions and in-
finitely log-monotonic sequences, we show that the sequences of the Bernoulli
numbers, the Catalan numbers and the central binomial coefficients are in-
finitely log-monotonic. In particular, if a sequence {a, },>¢ is log-monotonic
of order two, then it is ratio log-concave in the sense that the sequence
{@ns1/an}n>0 is log-concave. Furthermore, we prove that if a sequence
{@y}n>k is ratio log-concave, then the sequence {{/ay}n>i is strictly log-
concave subject to a certain initial condition. As consequences, we show
that the sequences of the derangement numbers, the Motzkin numbers, the
Fine numbers, the central Delannoy numbers, the numbers of tree-like poly-
hexes and the Domb numbers are ratio log-concave. For the case of the
Domb numbers D,,, we confirm a conjecture of Sun on the log-concavity of

the sequence {3/ D, }n>1.
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1 Introduction

In this paper, we introduce the notion of infinitely log-monotonic sequences
based on the classical concept of logarithmically completely monotonic func-
tions. A function f is said to be completely monotonic on an interval I if f
has derivatives of all orders on I and

(=1)"f"(z) > 0 (1.1)

for x € I and all integers n > 0.



A positive function f is said to be logarithmically completely monotonic
on an interval [ if log f satisfies

(—1)"[log f ()™ =0 (1.2)

for x € I and all the integers n > 1, see, for example, Atanassov and T-
soukrovski [3]. A logarithmically completely monotonic function is com-
pletely monotonic, but the converse is not necessarily the case, see Berg [4].

Recall that a sequence {a, },>¢ is said to be log-concave (resp. log-conver)
if for all n > 1, a2 > a,_1an41 (resp. a® < a,_10,41), and it is said to
be strictly log-concave (resp. strictly log-convex) if the inequality is strict.
Define an operator R on a sequence {ay, },>0 by

R{an}nzo = {bn}n207

where b, = an41/a,. We say that a sequence {a,},>0 is log-monotonic of
order k if for r odd and not greater than k— 1, the sequence R"{ay }n>0 is log-
concave and for r even and not greater than k — 1, the sequence R"{a, }»>0
is log-convex. A sequence {a,}n>o is called infinitely log-monotonic if it is
log-monotonic of order k for all integers k& > 1.

We establish a connection between completely monotonic functions and
infinitely log-monotonic sequences. Using the log-behavior of the Riemann
zeta function and the gamma function, we show that the sequences of the
Bernoulli numbers, the Catalan numbers and the central binomial coefficients
are infinitely log-monotonic.

Log-monotonic sequences of order two are of special interest. It can be
easily seen that a sequence {a,},>o is log-monotonic of order two if and
only if it is log-convex and the ratio sequence {a,11/a,}n>0 is log-concave.
A sequence {a,},>0 is said to be ratio log-concave if {a,41/an}n>0 is log-
concave. Similarly, a sequence {ay,},>0 is called ratio log-convex if the ratio
sequence {a,1/an}n>o is log-convex.

We prove that under a certain initial condition, the ratio log-concavity of
a sequence {an }n>y of positive numbers implies that the sequence { {/ay, }n>k
is strictly log-concave. Analogous to Firoozbakht’s conjecture that the se-
quence {{/Pn}n>1 is strictly increasing, where p, is the n-th prime number,
Sun [16] conjectured that for some combinatorial sequences {a, },>0, the se-
quences {{/an},>1 are strictly log-concave except for the first few terms.
Hou, Sun and Wen [10] proved this conjecture for the derangement numbers.
Luca and Stanica’s [13] showed that the conjecture holds for the Bernoulli
numbers, the Euler numbers, the Tangent numbers, the Motzkin numbers,
the Apéry numbers, the Franel numbers, the central Delannoy numbers, the
Schroder numbers and the trinomial coefficients.



In this paper, we prove that for the derangement numbers, the Motzkin
numbers, the Fine numbers, the central Delannoy numbers, the numbers of
tree-like polyhexes and the Domb numbers, the sequences {a, },>o are ratio
log-concave except for the first few terms. As consequences, we are led to the
log-concavity of the sequence { {/a,, }»>1 for the derangement numbers proved
by Hou, Sun and Wen and the log-concavity of the sequences {:/an}n>1
for the Bernoulli numbers, the Motzkin numbers and the central Delonnay
numbers proved by Luca and Stanica. Moreover, we confirm the conjecture
of Sun on the log-concavity of the sequence {/D,, },,>1 of the Domb numbers.
We also show that for the sequences {a,},>0 of the Catalan numbers, the
central binomial coefficients, the Fine numbers and the numbers of tree-like
polyhexes, the sequences {{/a,},>o are strictly log-concave except for the
first few terms.

Our approach also applies to the log-behavior of the harmonic numbers.
We prove that for any given integer m > 1, the sequence of the generalized
harmonic numbers {H,,,,},>1 is ratio log-convex. This leads to the strict
log-convexity of the sequence { {/H,m}n>3, as conjectured by Sun [16] and
confirmed by Hou, Sun and Wen [10].

We conclude this paper with a conjecture on almost infinitely log-monotonic
sequences, where a sequence {a, },>o is called almost infinitely log-monotonic
if for k > 0, {a, }n>0 is log-monotonic of order k except for certain entries at
the beginning.

2 Infinitely Log-monotonic Sequences

In this section, we establish a connection between completely monotonic
functions and infinitely log-monotonic sequences. We show that the Riemann
zeta function is logarithmically completely monotonic. Then we deduce that
the sequence of the Bernoulli numbers is infinitely log-monotonic. Using the
fact that [logI'(x)]"” is completely monotonic, we prove that the sequences
of the Catalan numbers and the central binomial coefficients are infinitely
log-monotonic.

The following theorem shows that a completely monotonic function gives
rise to an infinitely log-monotonic sequence.

Theorem 2.1 Assume that f(x) is a function such that [log f(x)]" is com-
pletely monotonic for x > 1. Let a, = f(n) for n > 1. Then the sequence

{an}n>1 is infinitely log-monotonic.

Proof. Denote the sequence R*{a,}n>1 by {bni}n>1 for i@ > 0. In other
words, b, o = a, and by, ;11 = byt1,:/bni. Let fo(x) = f(x), and define the
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functions fi(z), fao(x),... by the relation

fir1 () A (2.1)

It is clear that b,; = fi(n) for any ¢ > 0 and n > 1. We aim to show that
for j > 0 and k > 2,
(—1)"[log f5, ()] > 0, (2.2)

and
(—1)*[log foj1(z)]™ < 0. (2.3)

We use induction on j. Since [log f(x)]” is completely monotonic, we find
that for k > 2,
(—1)*[log f(a)]™ > 0, (2.4)

that is, (2.2)) holds for j = 0. Rewriting (2.4) as (—1)**![log f(z)]*+Y > 0
for kK > 1, we get

(—1)*flog f(a)]** <0, (2.5)
for k > 1. Since fi(z) = f(z +1)/f(x), by we find that for k& > 2,

(—1)*[log f1(2)]® = (=1)*[log f(z + 1)]*® — (=1)*log f(x)]® < 0.

Thus ([2.3) is verified for j = 0.

We now assume that (2.2)) and (2.3]) hold for j < n — 1. We proceed to
show that (2.2)) and (2.3]) hold for j = n. Rewriting the induction hypothesis
(2.3) as (—1)*[log fon_1(x)]*+D <0 for k > 1, we see that for k > 2,

(—1)*[log fon ()] = (=1)"[log fon—1(z + D]® = (=1)*[log fon—1(2)]* > 0.

Hence ([2.2)) holds for j = n. Similarly, it can be shown that for k& > 2,
(—1)*[log fans1(2)]™ <0,

that is, (2.3]) holds for j = n. Up to now, we have proved (2.2)) and ({2.3)) for
j=>0and k> 2.

In view of and , we conclude that for any ¢ > 0, the sequence
{f2:(n) }n>1 is log-convex and the sequence { fa;+1(n)},>1 is log-concave, in
other words, for any ¢ > 0, the sequence R*{a,},>1 is log-convex and the
sequence R**1{a,},>1 is log-concave. This completes the proof. ]

It is not difficult to see that the Riemann zeta function is logarithmically
completely monotonic. Indeed, it is known that for R(s) > 1,

C/(S) . S n n—s
o _;A( yn"*, (2.6)
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where A(n) is the von Mangoldt function defined by

(2.7)

A(n) logp, if n=p™, where p is a prime and m > 1,
n)=
0, otherwise,

see [11} pp.3]. Using the above formula (2.6]), we find that, for = > 1,

(~1)*flog ¢(2)] ™ =Y A(n)(logn)k~

n=1

> 0.

nl:
It follows that ((x) is logarithmically completely monotonic on (1, 00). Thus

[log ¢(z)]" is completely monotonic on (1, 00).

To prove that the sequence of the Bernoulli numbers {|Ba,|},>1 is infinite-
ly log-monotonic, we need to show that [log'(x)]” is completely monotonic
on (0,00). It is known that for z > 0,

?((:f)) - i (H—;_l - %) , (2.8)

where 7y is the Euler constant, see [2]. It follows that

F/(:E) (k)_ . 00 1
(M)) = (—1) klzm. (2.9)

m=0

Therefore, for k > 2 and x > 1, we have (—1)*[log'(2)]*®) > 0, namely,
[log I'(x)]” is completely monotonic on (0, 00).

Theorem 2.2 Let B,, be the n-th Bernoulli number. The sequence {|Bay|}n>1
1s infinitely log-monotonic.

Proof. 1t is well known that

22n—17r2n

L Bul. (2.10)

Set
(o) = KO Ce )
(27T>2x

Using ([2.10)), it can be checked that z(n) = |Ba,|. Since for x > 1 and k > 2,

(2.11)

log z(x)]® = 2*[log ¢(22)]™ + 2*[log I'(2z + 1)]%),



we see that for z > 1 and k& > 2, (=1)*[log 2(2)]*®) > 0. Thus for x > 1,
llog z(z)]"” is completely monotonic. Hence the proof is complete by using
Theorem 2.1 |

Next we consider the Catalan numbers C,,. Define

I'(2z+1)
L(z+ 1)z +2)

c(r) =

so that ¢(n) = C,, = n+1( ") for n > 1. To prove that the sequence {C,,}n>1
is infinitely log-monotonic, we shall demonstrate that [log ¢(x)]” is completely
monotonic on [1, o).

Theorem 2.3 The sequence {C,},>1 of the Catalan numbers is infinitely
log-monotonic.

Proof. By the definition of ¢(x), we find that for x > 1 and k > 2,
log c(2)]® = [log T(2z + 1)]® — [log I'(z + 1)]® — [logT'(z + 2)]®. (2.12)
In view of (2.9), we obtain that for x > 1 and k > 2,

(—1)*[log D(2z + 1)]®

[e.e]

1
2z + 14+ m)*

1

iy @y T E T2

o0

1
—_— )! 2.1
(x+1/2+14)k Zw+@+1 (2.13)

1=

= 2"k —1)!
=0

1
< (@ + 1/2+ (20 + 1)/2)F

M83

= (k—1)!

%

= (k—1)

M2

Il
o

%

Since

! | — (_1)\k (k)
(k—1) Z xH/Qﬂ mzo :c+1+m (—1)*[log T (z-+1))
and
=S S =S (1)[log T(2+2)|®
k=Y e > (U Gy — (D el 2),

It follows from ([2.13) that

(=D)*log T2z + 1)]® > (=1)*[log D'(z: + 1)]™ + (=1)*[log '(z 4 2)]™.



According to (2.12)), we find that for > 1 and k > 2, (—1)*[log ¢(z)]*® > 0,
that is, [logc(z)]” is completely monotonic for z > 1. By Theorem [2.1], we
conclude that the sequence {C),},>1 is infinitely log-monotonic. |

For the sequence {(*")},>1 of the central binomial coefficients, we define

2z +1)

d(z) = =——.
@) = Ta 1)

Then we have d(n) = (2:) for n > 1. Using the same argument as in the

proof of Theorem it can be shown that for z > 1, (—1)*[logd(z)]*® > 0.

By Theorem , we come to the conclusion that the sequence {(*")},>; is

infinitely log-monotonic.

3 Ratio Log-Concavity

In this section, we show that the ratio log-concavity (resp. ratio log-convexity)
of a sequence {a,},>r implies the strict log-concavity (resp. strict log-
convexity) of the sequence {{/a, },>r under a certain initial condition. We
also show that the sequence of the derangement numbers is ratio log-concave
and the sequence of the generalized harmonic numbers is ratio log-convex.
Some known results are consequences of the log-behavior of these two ratio
sequences.

Theorem 3.1 Assume that k is a positive integer. If a sequence {an}n>k 1S

ratio log-concave and
Wk TV k2 (3.1)
v k+1/_ak+1’ )

then the sequence { /an tn>k is strictly log-concave.

To prove above theorem, we need the following lemmas.

Lemma 3.2 Assume that k is a positive integer. If a sequence {a,}n>k s
ratio log-concave, then for any k <1 < j <n, we have

log dit1 > (7 —1) (log Intl _ log n ) + log dit1 (3.2)
: a

@ n Qp—1

Q;

Proof. The ratio log-concavity of {a,},>x implies that for £ <i <n —1,

2
<Gi+2) > Ai+1  @i+3
Qi1 Ty Qo
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Thus, for k <7 <n—1,

Q42 Qi+1 Ai+3 log Q42

log

— log > log

Q41 a; Q42 Qi1

It follows that for k <i¢ <n —1,

> log AR log n_ (3.3)

Ai41 a; ap, Ap—1

Aiy2 lo Qj41

log

Since for j > 1,

j—1
a; Z a a a;

Q; 1= a141 aj Q;

by (3.3]), we finally get (3.2)). |

Under the initial condition (3.1) in Theorem (3.1, we have the following
inequality.

Lemma 3.3 Assume that k is a positive integer. If a ratio log-concave se-

quence {a, }n>k satisfies the initial condition (3.1) in Theorem then we
have for n >k,

K2+ k n
klog lan: > i (log Ot

ap,
—1 I . 3.4
o 5 og ) + log ay, (3.4)

n Ap—1

Proof. The initial condition (3.1) can be rewritten as

logariy logar _ logagys  logagi:

k+1 k k+ 2 E+17

that is,
2(k* 4 2k) log ap1 > (k* + k) log agyo + (K* 4 3k + 2) log ay. (3.5)

Expressing (3.5)) in terms of logarithms of ratios, we find that

klog

E2+k
k41 S + (log Qfy2

a
o 5 — log kH) + log ay. (3.6)

k41 Qg

By the ratio log-concavity of {a,}n>k, we deduce that for k < n,

a a an ap
log —=*2 _og L > > Jog ZMHL og . (3.7)
k11 ag ap Ap—1

Combining (3.6) and (3.7]), we arrive at (3.4). |
We are now ready to complete the proof of Theorem [3.1]
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Proof of Theorem . To establish the strict log-concavity of { ¢/a, }n>k, we

aim to show that for n > k,

2loga, - loga,.1 loga,_1

n n+1 n—1" (38)
It is easily verified that
2loga, B log @, 11 B log a,_1
n n+1 n—1
= ! (2(n* —1)loga, — (n* —n)logans1 — (n* +n)loga,_1)

n(n+1)(n—1)

1
— [n <log ntl |

nd—n

an+41

We wish to estimate nlog == and nlog . We claim that

n 1 n n
nloga RIS n(n+1) (loga + — log ¢ ) + log a,,
and
n -1 n n
nlog In_ - n(n—1) <loga o log a ) + log a,.
Ap—1 2 n n—1

Setting j = n in (3.2)) of Lemma[3.2] we see that for k <i <n —1,

log o+l (n — 1) (1og ntd _ log aa 1) + log i1

an n 7

Summing (3.12)) over i from k to n — 1 gives

n—1

Qp, n Qp—1 7

-1
an+1 An1 G, Q41
k)1 E - 1 -1 E 1 .

(n —k)log :kn i (oga og )—1— g —

i=k

Write klog “2+ in the following form

Z (og . og . + og

j=k+1 J it @k
It follows from the ratio log-concavity condition (3.7 that

k Z <log — log ) > k(n —k) (log o+l log n ) :
Qn, Ap—1

j=k+1

]—1

og dn ) —n? (log o+l og dn ) —210gan] .

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)



Applying (3.15) and Lemma [3.3] to the righthand side of (3.14)), we deduce
that

K2+ k
klog st (k:(n —k)+ 2+ ) (log GZH — log aa”1> + log ay,

an
k-1 " "
= E (n —1) (log L log —2 ) + log a. (3.16)
; Qn n—1
=0

Combining (3.13) and (3.16]), we obtain that

n—1
lo An41 > —_ah An+1
nlog Z(n i) (og .

On i=0
_ n(n2—|— 1) <log Uns1

)+Zl

— log n )—Hogan.

n Ap—1

This verifies (3.10)).

We continue to prove (3.11)). Setting j =n—1in (3.2) in Lemma[3.2] we
find that for k <7 <n — 2,

a
log
Ap—1

Summing (3.17)) over i from k to n — 2, we get

>(n—i—1) (log Ontl _ log
a

n Ap—1

) +log Lt (3.17)

7

n—2
An+1 z+1
—k—-1)1 —i—1) — 1
(n Ogan 1 ’Lz:;n ! ( Qp an 1)+Zog
(3. 18)
Note that
klog - — k Z (log I og U ) + klog 2t (3.19)
Ap—1 Q; aj—1 ag

j=k+1

Using the ratio log-concavity condition (3.7)), we find that

n—1
k Z (log ajfl — log aaj1> > k(n—k—1) (log o+l _ log n

a i a Qp—
j=k+1 J 9 n n—1

Applying (3.20) and Lemma to the righthand side of (3.19)), we obtain
that

k
klog > Z(n —i—1) <log g ) + log a. (3.21)

Ap—1 i—0 an Ap—1

> . (3.20)
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Combining (3.18)) and ([3.21]), we have

n—

2 n—2
anp, . Ap+1 Ay, a;
—1)1 > E —1—1) (1 —1 E 1
(n ) o8 Ap—1 i—0 (n ' ) (Og Qp o8 an—l) * i=k o8 Q;
-1 n n
= M (]og Intl _ log a ) +loga, ;.
2 n an—l

This proves (3.11)).
Utilizing the estimates of nlog Z—n“ and n log a:*_L - as given in (3.10) and
(3.11]), we deduce that

n <log &ZH + log n 1) > n? (log ntl log n ) + 2log ay,.

n Qp — n Qp—1

It follows from ((3.9) that

2loga, loga,.1 loga,_
> .
n n+1 n—1

This completes the proof. 1

In Section 2, we have shown that the sequences {|Ban|}n>1, {Chn}n>1
and {(27?) }n>1 are infinitely log-monotonic, and hence they are ratio log-

concave. For the sequences {{/|Ban|}n>2, {3/Cntns1 and {{/ (%) }s1, it
can be checked that the initial condition (3.1)) in Theorem holds. Thus
we obtain the following properties.

Corollary 3.4 The sequences { {/|Baon|}n>2, { VCn}n>1 and {1 (2:) tn>1 are
strictly log-concave.

Next we show that the sequence of the derangement numbers are ratio
log-concave. For n > 1, the n-th derangement number D,, is the number of
permutations o of {1,2,...,n} that have no fixed points, that is, o(i) # i
for i =1,2,...,n. It is known that the sequence {D,},>2 is log-convex, see
Liu and Wang [12].

Theorem 3.5 The sequence {Dy},>2 is ratio log-concave.

Proof. To prove that {D,,},> is ratio log-concave, we proceed to verify that

Drzwrl Dn+2 D, . .

11

oy log ay,



Using the recurrence relation
D, =nD,_1+ (-1)", (3.23)
we get

D721+1 Dn+2 Dn .

n+l n+3 2n+2) 1 1

> 1 + - . 3.25
Dn+2 Dn Dn+1 D721+1 Dn+2Dn ( )
From ([3.23)), it is easily seen that for n > 5,
D,, > 5(n + 3). (3.26)
It follows that . 3 o 2 4
n+ n+ n+
< -. 3.27
Dn+2 * Dn i Dn+1 5 ( )
Since the sequence {D,,},>2 is log-convex, that is,
1 1
(3.28)

>
D2, " DnisD,’

applying (3.27)) to the righthand side of (3.25)), we deduce that (3.22]) holds
for n > 5. On the other hand, it is easily verified that (3.22) holds for

2 < n < 5. Hence the proof is complete. |

Since v/ Dy/~/ D3 > v/D5/~/ Dy, by Theorem [3.1] we are led to the known
result that the sequence {3/ D, },>3 is strictly log-concave.

The above approach also applies to ratio log-convex sequences. We have

the following criterion.

Theorem 3.6 Assume that k is a positive integer. If a sequence {an}n>k 1S

ratio log-convexr and
MY k1 - MY (k42
Vag T

then the sequence { ¢/ap }n>k is strictly log-convex.

As an application of the above theorem, we find that for any m > 1,
the sequence {H,,,}n>1 of the generalized harmonic numbers is ratio log-
convex. Recall that for any positive integers m, n, the n-th generalized
harmonic number H,, ., of order m is defined by

"1
Hym =Y et (3.29)
k=1

12



Theorem 3.7 For any m > 1, the sequence {H,, }n>1 is ratio log-conver.

Proof. Towards the assertion of the theorem, we aim to show that %
n+1

+

is strictly increasing in n. By the definition given by (3.29)), we get’the
following recurrence relations

1

Hyom=Hpi1m +—— 3.30
+2 A T Ty (850

and ]
H,,, =H, 1, ——. 3.31
) +1, (TL + 1)k ( )

Thus
HyiomHym _ ( 1 1 ) 1
HT2L+1,m B (n+1)m™  (n+2)m Hyam
1

— . (3.32)

(n+1)"(n+2)"Hy

Since for # > 0, (7™ — (x4 1)™™) is strictly decreasing, we see that — —

W is strictly decreasing in n. By (3.32)), we deduce that W is
strictly increasing in n, that is, the sequence {H, , }n>1 is ratio log-convex
for any m > 1. 1

For any m > 1, it can be checked that ¢/ Hym/ 3/ Hsm < 3/ Hsm// Him.
As a consequence of Theorem [3.6] and Theorem [3.7, we arrive at the known
result that the sequence { {/H,, , }n>3 is strictly log-convex for any m > 1.

4 Sequences Satisfying a Three-term Recur-
rence Relation

In this section, we are concerned with sequences {a,, },>o satisfying a three-
term recurrence relation

ap = u(n)a,_1 + v(n)a,_o (4.1)

where u(n) and v(n) are rational functions in n and u(n) > 0 for n > 2.
We shall give a criterion for {a,},>r to be ratio log-concave. Using this
criterion, it can be shown that the sequences of the Motzkin numbers, the
Fine numbers, the central Delannoy numbers, the numbers of the tree-like
polyhexes and the Domb numbers are ratio log-concave. As consequences,
we are led to two known results for the Motzkin numbers and the central
Delannoy numbers. Moreover, we confirm a conjecture of Sun [I6] on the
log-behavior of the Domb numbers.

First, we consider the case when v(n) > 0 for any n > 2.
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Theorem 4.1 Let {a,},>0 be the sequence defined by the recurrence relation
(4.1). Assume that for n > 2, v(n) > 0 and u(n)® > u(n + 1)v(n). If there

exists a nonnegative integer N and a function g(n) such that for allm > N+2,
(1) an/an—y = g(n) = u(n);
(ii) g(n)* — u(m)g(n)* — u(n + Do(n)g(n) — vn)o(n +1) > 0,

then the sequence {an}n>n is ratio log-concave.

Proof. To prove that the sequence {a,},>n is ratio log-concave, we proceed
to show that for n > N + 2,

a2y o — apyias_, > 0. (4.2)
By the recurrence relation (4.1)), we deduce that

3 3
a’na/n—Q - an+1an_1

— U—mai(an —u(n)ay—1) — (u(n + a, +v(n+ Da,—1)a_,

(
- () e ()

—u(n + L(n) ( in ) — v(n)v(n + 1)] .

Ap—1

Since v(n) > 0 for n > 2, in order to prove (4.2), it suffices to verify that for
n>N+4+2,

(=2 )4_u<n>( @ )3_u<n+1>v<n>( ) el 1) > 0. (43

Ap—1 Ap—1 Ap—1

Define
f(z) = 2* —u(n)z® —u(n + Dv(n)z —v(n)v(n + 1).

Then 1} can be rewritten as f(;%) > 0. Note that

f'(x) = 42° — 3u(n)2z® — u(n + 1)v(n)
and
f"(z) = 122 — 6u(n)z.

Hence f”(z) > 0 for & > u(n)/2. This implies that for x > u(n)/2, f'(z) is
strictly increasing. Using the condition u(n)® > u(n+1)v(n) in the theorem,
we get f'(u(n)) > 0. It follows that for x > w(n), f'(x) > 0. Thus f(x) is
increasing for x > u(n). Given the condition g(n) > u(n), we see that f(z) is
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strictly increasing for > g(n). On the other hand, condition (ii) says that
f(g(n)) > 0 for any n > N 4 2. So we have f(z) > 0 for x > g(n). From
the condition a,/a,—1 > g(n) in the theorem, we deduce that f( %) > 0
for n > N + 2. This completes the proof. |

To apply the above theorem, we need a lower bound g(n) on the ratio
an/a,—1 subject to conditions (i) and (ii). The following lemma will be used
to give a heuristic approach to finding a lower bound g(n).

Lemma 4.2 Let {a,},>0 be the sequence defined by the recurrence relation
(4.1). Assume that v(n) > 0 for n > 2. If there exists a positive integer N
and a function g(n) such that

an < ?)(N—l— 1)
anN-_1 g(N + 1) — U(N -+ 1)

g(N) <

and the inequalities

v(n) v(n+1)
u(n) + gn—1) = gn+1) —u(n+1) (44)
hold for all n > N, then forn > N,
o(n) < an v(n+1) (45)

< .
an—1 g(n+1)—un+1)

Proof. We use induction on n. Assume that (4.5 hold for n, where n > N.
We proceed to show that (4.5)) also holds for n + 1, that is,

(g1 v(n+2)
n+1)< . 4.6
g ) an gn+2) —u(n+2) (46)
By recurrence relation (4.1)), we find that
an, u(n+ 1)a, +v(n+ 1)a,— Ay
o ( ) ( ) L—u(n41) +o(n+1)—==L
So (4.6)) is equivalent to
Ay v(n + 2
gin+1) <uln+1)+on+1)—= < (n+2) (4.7)

an  gn+2)—uln+2)
But the second inequality

n_ _ v(n+1)
an-1  gn+1)—u(n+1)
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in the induction hypothesis can be rewritten as

Ay
u(n+1) 4+ v(n +1)—==

> g(n+1), (4.8)

n

this yields the first inequality in (4.7). On the other hand, using condition
(4.4) with n replaced by n + 1, we get

v(n+1) - v(n+2)

u(n+1) + g(n) gn+2)—u(n+2)’

(4.9)

By the first inequality ¢g(n) < a,/a,—1 in the induction hypothesis and the
above inequality (4.9), we find that

. 1 2
-1 <u(n+1)+v(n+ )< vin+2)

u(n+1)+ov(n+1) o ) ST —ant2)

(4.10)

This leads to the second inequality in (4.7)). Hence the proof is complete by
induction. 1

Notice that Theorem and Lemma require a lower bound g(n) of
an/a,_1 subject to certain conditions. Adopting the framework in [7], we
give an iterative procedure to find a lower bound g(n). It should be noted
that the success of this procedure is not guaranteed, although it serves the
purpose in many cases.

Let us begin with the quadratic equation
A —u(n)\ —v(n) = 0. (4.11)
Since v(n) > 0 for n > 2, this equation has a unique positive root

244
An) = AW+ “(2”) +4v(n) (4.12)
If \(n) satisfies condition (ii) in Theorem and (4.4), then it is a fea-
sible choice for g(n). Otherwise, we construct a function r(n) such that
r(n) > A(n) for any nonnegative integer n. Since u(n) and v(n) are rational
functions, we may assume that

Pin)
Q(n)’

where P(n) and Q(n) are polynomials in n. If P(n) can be written as R(n)?—
¢, where R(n) is a polynomial in n and ¢ is a positive number, then we have

Vu(n)? +4v(n) < Rg&)

u(n)® + 4v(n) = (4.13)
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Clearly, (n) can be chosen as follows to meet the requirement r(n) > A(n),
r(n) = u(n)y/Q(n) + R(n) (4.14)
2\/Q(n)

If r(n) satisfies condition (ii) in Theorem |4.1| and (4.4]), then it is the desired
lower bound. Otherwise, we try to find a number x such that

g(n)=r(n)+ ﬁ% (4.15)

satisfies condition (ii) in Theorem and (4.4]), where d(n) is the denom-
inator of r(n). Since the lower bound g(n) in Lemma satisfies the two
inequalities in (4.5)), this implies that

v(n+1)

gn+1) —u(n+1) > g(n). (4.16)

We shall be guided by the above inequality (4.16)) in search for the number
x. More precisely, let
v(n+1)

C(z,n) = ST D a1 —g(n), (4.17)

where g(n) is given by (4.15)), and

1 x
gn+1)=r(n+1)+ dnsntl
If C(z,n) is a rational function, then let
Y(z,n)
C(‘T7n) Z(.I'7 n)?

where Y (z,n) and Z(x,n) are polynomials in  and n. We now consider z
as a number and treat Y (z,n) as a polynomial Y (n) in n. Denote by H(z)
the coefficient of the term of highest degree in Y'(n), and set H(x) = 0. If 24
is a solution of H(x) = 0, then we set

1 T
g(n) =r(n) + ann

If g(n) satisfies condition (ii) in Theorem 4.1 and (4.4)), then it is the desired
lower bound. Otherwise, we repeat the above process to find a number x5

such that ]
_ L 0 )
gln) = r(n) + —— (2 + =)



satisfies condition (ii) in Theorem [4.1|and (4.4)). If we are lucky, by iteration
we may find numbers w1, xo, ..., x such that

satisfies the lower bound condition (ii) in Theorem |4.1|and (4.4)). This leads
to a lower bound g(n) of the ratio a,/a,_1.

For example, let us consider the Motzkin numbers M,, defined by the
recurrence relation

2n+1 3n —3

n+2 "N p2

M, = M, s, (4.18)
where n > 2 and M, = M; = 1, see Aigner [I]. In the context of the general
recurrence relation (4.1), for the case of M, we have u(n) = (2n+1)/(n+2)
and v(n) = (3n — 3)/(n + 2). It is easy to see that for n > 2, v(n) > 0
and w(n)® > u(n + 1)v(n), that is, v(n) and u(n) satisfy the conditions in
Theorem [4.1]

Following the procedure of finding a lower bound g(n) of a,/a,_1, we
begin with the unique positive root of equation (4.11))

2n 4+ 1+ 1612 + 16n — 23

Aln) = 2(n +2)

Clearly, A\(n) does not satisfy condition (ii) in Theorem [£.1] So we continue
to construct a function r(n) such that r(n) > A(n) for any positive integer
n. Since

(4n +2)? — 27
4
)+ o) = LD
we have R(n) = 4n + 2 and Q(n) = (n + 2)?. By (4.14), (n) can be chosen
as
3 3
r(n) = n~|—2.
n+ 2

It can be checked that r(n) does not satisfy inequality (£.4) in Lemma [4.2]
Then we try to find a number x such that
3n + % x
+
n+2 n+2

g(n) =

satisfies condition (ii) in Theorem [4.1] and (4.4]). By the definition (4.17)) of
C(z,n), we have

— (162 + 9)n? — (162 + 9)n — 422 — 62
2(2n?2 4+ 5n+ 3+ 2z)(n+2)n

C(z,n) =
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Let Y(x,n) denote the numerator of C'(z,n). Setting the coefficient of n? in

Y (x,n) to zero, we get —16z —9 = 0 and 21 = —-%. So we get
6n* +3n — 3§
90 = =)

It is easy to verify that for n > 13, g(n) satisfies the conditions in Theorem

and Lemma [£.2, Thus we deduce that {M,},>11 is ratio log-concave.
Moreover, it can be verified that for 6 < n < 12,

M3M, 5 > M, M? .

Hence we arrive at the following assertion.

Theorem 4.3 The sequence {M,},>4 of the Motzkin numbers is ratio log-
concave.

Since for 2 < n < 5, ({/M,)* > "M, "/M,_;, Theorem and
Theorem imply the known result that the sequence { /M, },>1 is strictly
log-concave.

The Fine numbers f,, are given by the recurrence relation
2(n+1)f, = (Tn —5)fu1+2(2n — 1) f_o, (4.19)

where n > 2 and fy = 1 and f; = 0, see Deutsch and Shapiro [§]. Next we
show that the sequence {f,},>5 is ratio log-concave.

Theorem 4.4 The sequence { f, }n>5 of the Fine numbers is ratio log-concave,
and the sequence {/ fn}n>2 is strictly log-concave.

Proof. For the Fine numbers f,, we have u(n) = (7n — 5)/(2n + 2) and
v(n) = (2n — 1)/(n + 1) in the recurrence relation ([4.1). Clearly, for n > 2
we have v(n) > 0 and u(n)® > u(n + 1)v(n), that is, v(n) and u(n) satisfy
the conditions in Theorem with n > 2. Employing the above procedure
to find a lower bound g(n) of f,/f._1, we get

4n? —2n + 2
9(”)22—3-
ns+n

It can be verified that for n > 7, g(n) satisfies conditions in Theorem {4.1{and
Lemma [4.2] By Theorem [4.1 we deduce that {f,},>s5 is ratio log-concave.
Moreover, for 2 < n < 5, we have

(%)2 > n+\/1 fn+1 n7V1 fn—l'
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By Theorem , we conclude that {{/f, }n>1 is strictly log-concave. ]

Parallel to Theorem we give a criterion for the ratio log-concavity of
a sequence satisfying a three-term recurrence relation

an, = u(n)a,_1 +v(n)a, o (4.20)

where v(n) < 0 for n > 2. The proof of the following theorem is analogous
to the proof of Theorem 4.1, and hence is omitted.

Theorem 4.5 Let {a,},>0 be the sequence defined by the recurrence relation
(4.20). Assume that v(n) < 0 for n > 2. If there exists a nonnegative integer
N and a function h(n) such that for alln > N + 2,

(i) 3u(n)/4 < an/an—1 < h(n);
(ii) h(n)* —u(n)h(n)® —u(n + v(n)h(n) —v(n)v(n +1) <0,

then {an}n>N is ratio log-concave.

The following lemma will be used to derive an upper bound h(n) of the
ratio a,/a,_1, which is needed in Theorem . The proof of this lemma is
omitted since it is essentially the same as the proof of Lemma |4.2]

Lemma 4.6 Let {a,},>0 be the sequence defined by the recurrence relation
(4.20). Assume that v(n) < 0 for n > 2. If there ezists a positive integer N
and a function h(n) such that an/ax—1 < h(N) and the equalities

v(in+1)

h(n+1)>un+1)+ )

(4.21)
hold for all n > N, then for n > N, we have a,/a,—1 < h(n).

We now describe an iterative procedure to find an upper bound h(n) of
@y /a,—1 which is a rational function in n satisfying certain conditions. Since
v(n) < 0 for any n > 2, equation has either no real roots or two
positive roots. If has two positive roots, then A(n) given by (4.12))
is the larger root. If \(n) satisfies condition (ii) in Theorem [4.5] and ([4.21)),
then it is a feasible choice for h(n). Otherwise, we construct a function s(n)
such that s(n) < A(n) for any nonnegative integer n. If P(n) given by
can be written as T'(n)? + ¢, where T'(n) is a polynomial in n and ¢ is a
positive number, then we may choose s(n) to be

_ u(n)y/Q(n) +T(n)
s(n) = NG , (4.22)
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where Q(n) is given by (4.13). If s(n) satisfies condition (ii) in Theorem
and (4.21)), then it is a feasible upper bound. Otherwise, we try to find a

number x such that
1 =z

h(n) = —— 4.2
(n) = s(o) + o5 (4.23)
satisfies condition (ii) in Theorem [4.5( and (4.21)), where d(n) is the denomi-
nator of s(n). We use inequality (4.21]) to look for the number z. Let

1
D(z,n) =h(n+1) —u(n+1) — % (4.24)
where h(n) is given by (4.23)), and
1 x
1) = 1 .
h(n+1) =r(n+ )+d(n—|—1)n+1

If D(z,n) is a rational function, then we obtain z; from D(z,n) in the same
manner as we get x; from C'(z,n) in the above procedure of deriving g(n) as
a lower bound of a,/a,_1. We set

1 T
h(n) = —
() = s(n) + s
If h(n) satisfies condition (ii) in Theorem [4.5| and (4.21]), then it is a feasible
upper bound. Otherwise, we repeat the above procedure to find a number

Zo such that
1 T T2
=0+ 5t (34 2)
(n) = s(n) + i) \n + 3
satisfies condition (ii) in Theorem and (4.21)). Eventually, by using this
process we may find numbers xq, s, ..., x; such that

1 T, X9 Tk
hin) — - <_ T2 _>
(n) = s(m) + g (2 B4 2
satisfies the upper bound condition (ii) in Theorem {.5[and (4.21)). Then we
get a required bound h(n) of the ratio a,/a,_1.

For example, consider the central Delannoy numbers D(n) defined by the
recurrence relation

DmyzﬁﬁglgDm—1y—”;l

where n > 2 and D(0) =1 and D(1) = 3, see Sun [15].
In the context of recurrence relation (4.20)), for the case of D(n), we have

u(n) = 3(2n —1)/n and v(n) = —(n — 1)/n. It can be seen that for n > 2,
v(n) < 0 and

D(n —2), (4.25)

D(n) 3u(n)
Din—1) - 4
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that is, u(n) and v(n) meet the requirements of Theorem [4.5| with n > 2. In
this case, the quadratic equation (4.11]) becomes
32n—1). n—1

A+ ~0, (4.26)
n n

2 —

Thus the larger root of equation (4.26)) is

6n —3++/32n2 —32n+ 9
on '

A(n) =

It can be seen that A(n) does not satisfy condition (ii) in Theorem 1.5} Now,
we wish to find a function s(n) such that s(n) < A(n) for any positive integer
n. In this case,

2(4n — 2)?2 +1
2 —
u(n)? + av(n) = 2 2EEL
so we may set T'(n) = 4v/2n — 2v/2 and Q(n) 2. By (4.22)), s(n) can be
chosen as
(B+2v2)n—3 -2
s(n) = " .

It can be checked that s(n) does not satisfy condition (ii) in Theorem [4.5]
So we further consider

hin) (3+2\/§)Z—%—\/§+ 1z

nn

By the definition (4.24]) of D(x,n), we have

(1622 + 1)n? —(24x—8\/_m—1)n+4\/_x—6x—|—4x

Dia,n) = 2(n + 1)(6n2 + 4v/2n% — 2¢/2n — 3n + 2)

Let Y (z,n) be the numerator of D(x,n), which is a polynomial of degree 2 in
n. Setting the coefficient of n? in Y (2,n) to zero, we obtain 16v/2x +1 = 0,

xlz—ﬂ/32and
(3+2v2)n? —3n — \/_n——

2

h(n) =

n

At this time, h(n) satisfies the conditions in Theorem and Lemma [4.6]
By Theorem [£.5] we reach the following conclusion.

Theorem 4.7 The sequence {D(n)},>o of the central Delannoy numbers is
ratio log-concave.
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Since D(2) > D(1){/D(3), Theorem and Theorem lead to the
known result that the sequence {{/D(n)},>1 is strictly log-concave.

Let t,, be the number of tree-like polyhexes with n + 1 hexagons, which
is given by the recurrence relation

(n+ 1)t, =32n — 1)t,—1 — 5(n — 2)t,_o,

where n > 2 and ¢y = t; = 1, see Harary and Read [9]. The following theorem
shows that the sequence {t,},>¢ is ratio log-concave.

Theorem 4.8 The sequence {t,},>2 is ratio log-concave, and the sequence
{0} n>1 is strictly log-concave.

Proof. For the numbers of tree-like polyhexes, we have u(n) = (6n—3)/(n+1)
and v(n) = —(5n — 10)/(n + 1) in the recurrence ([#.20). Clearly, for n > 2
we have v(n) < 0 and t,/t,_1 > 3u(n)/4, that is, u(n) and v(n) satisfy the
conditions in Theorem [4.5| with n > 2. Using the above procedure to find an
upper bound h(n) of the ratio t,/t,_1, we get

10n* — 5n* + 2n + 6

h(n) = 2n? + 2n3

For n > 7, it can be verified that h(n) satisfies the conditions in Theorem
and Lemma [4.6 Thus by Theorem we deduce that {t,},>5 is ratio
log-concave. Moreover, for 2 < n < 6, we have

B3tn_g — tppate | > 0.

Thus the sequence {¢,},>¢ is ratio log-concave.

It can be verified that \/fo/t; > /t3/+/t2. Hence Theorem implies
that the sequence {/t,},>1 is strictly log-concave. |

Finally, we consider the sequence of the Domb numbers D,, given by the
recurrence relation

n*D,, =2(2n — 1)(5n* — 5n + 2) D, — 64(n — 1)*D,, s,

where n > 2 and Dy = 1 and D; = 4. The n-th Domb number D,, is the
number of 2n-step polygons on the diamond lattice. Chan, Chan and Liu [5]
obtained a series for % involving the Domb numbers. Chan, Tanigawa, Yangc,
and Zudilin [6] found three analogues of Clausen’s identities involving Domb
numbers. Sun [I6] conjectured that the sequence {D,, },>¢ is log-convex and
the sequence {/D,, },>1 is strictly increasing and strictly log-concave. Wang
and Zhu [I4] proved the sequence {D, },>¢ is log-convex and the sequence
{C/D_n}nzl is increasing. Next we show {D,},> is ratio log-concave. As a
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consequence, we confirm the conjecture of Sun on the strict log-concavity of
{ n\/ Dn}nzl-

We shall slightly modify the above procedure to derive an upper bound
h(n) of D, /D, 1. It turns out that with some adjustment we can find an
upper bound h(n) without iteration.

Theorem 4.9 The sequence {D,}n>0 of the Domb numbers is ratio log-
concave, and the sequence { /Dy }n>1 is strictly log-concave.

Proof. As far as the recurrence is concerned, for the Domb numbers,
we have u(n) = 2(2n — 1)(5n* — 5n + 2)/n® and v(n) = —64(n — 1)3/n3. Tt
is easy to verify that for n > 2, v,, < 0 and for n > 24, D,,/D,,_; > 3u(n)/4,
that is, u(n) and v(n) satisfy the conditions in Theorem [4.5| with n > 24. By
the definition of A(n), we have

20n3 — 30n% + 18n — 4
2n3
N V/(12n3 — 18n2 + 22n — 8)2 4 208n2 — 208n + 48
2n3 '

An) =

It can be verified that A(n) does not satisfy condition (ii) in Theorem [4.5]
In order to find a rational function s(n) such that s(n) < A(n) for n > 0, we
may ignore 208n? — 208n + 48 in the square root. Set

16n% — 24n? + 40n — 12
s(n) = = :

Notice that s(n) does not satisfy condition (ii) in Theorem By adjusting
the constant term and the coefficient of n in s(n), we get a rational function

B 16n® — 24n? + 12n — 2
— e .

Clearly, h(n) < s(n) for n > 1. It can be checked that for n > 24, h(n)
satisfies the conditions in Theorem and Lemma [£.6] Thus by Theorem
the sequence {D,,},>22 is ratio log-concave. Moreover, for 2 < n < 23
D3D,, 5> D3 D, .. Hence, the sequence {D,, },>¢ is ratio log-concave.

It is easily seen that \/Dy/D; > v/ D3/+/Dy. By Theorem we are led
to the assertion that the sequence {{/D,, },>1 is strictly log-concave. |

To conclude, we conjecture that the sequences of the Motzkin numbers,
the Fine numbers, the central Delannoy numbers, the numbers of tree-like
polyhexes and the Domb numbers are almost infinitely log-monotonic. More
precisely, we say that a sequence is almost infinitely log-monotonic if for
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each £ > 0, it is log-monotonic of order k except for certain terms at the
beginning.

We also conjecture that the sequence of the Bell numbers B, is almost

infinitely log-monotonic, where B, is the number of partitions of {1,2,...,n}.
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